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Abstract

We analyze fading relay networks, where a source-destination terminal pair communicates through a set of half-
duplex single-antenna relays using four time-division-multiple-access (TDMA) based protocols with linear processing
at the relay level. For each protocol, we derive the diversity-multiplexing (DM) tradeoff curve, and the sufficient
conditions on the set of linear processing schemes and codebooks for achieving the DM-tradeoff curve. We show
that these conditions are independent of the underlying fading distribution, and guarantee the achievability of the
DM-tradeoff curve for any fading distribution. Our results show that the protocol with the highest degree of broadcasting
and receive collision dominates the other protocols in terms of the DM-tradeoff performance. Further, we demonstrate
that delay diversity and phase-rolling at the relay level are optimal with respect to the entire DM-tradeoff curve for
each protocol, provided the family of codebooks, the delays and the modulation frequencies are chosen appropriately.
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I. INTRODUCTION

This paper is concerned with improving link reliability in wireless networks. Specifically, we consider
fading relay networks, where a source-destination terminal pair communicates through a set of K half-duplex
single-antenna relays. We analyze a single-antenna source-destination pair communicating over two time
slots using one of four time-division multiple access (TDMA)-based protocols. The source terminal and the
relays do not have any channel state information (CSI), and the destination terminal knows all channels in the
network perfectly. We do not assume a particular kind of fading distribution for the channels in the network.

Previous work and contributions: Cooperative diversity was originally proposed to realize spatial diversity
in a distributed fashion [1], [2], [3]. In [4], Laneman and Wornell propose a space-time coded cooperative
diversity protocol which achieves full spatial diversity gain in the number of cooperating terminals. In [5]
and [6], Nabar et al. analyze three TDMA-based protocols for single-relay fading channels and establish the
superiority of the protocol that exhibits the highest level of receive collision and the highest level of degree
of broadcasting (we shall call this protocol NBK-AF). In [7], Azarian et al. show that the NBK-AF protocol
is diversity-multiplexing tradeoff (DMT) optimal for the single relay channel. However, the multi-relay
extension of this protocol, the so-called non-orthogonal amplify-and-forward (NAF) protocol is optimal only
for a certain class of time-division based strategies, i.e., only when all the relays are forced to receive during
a listening phase, and transmit during a relaying phase where the durations of the listening and relaying
phases are equal. We shall call such strategies equal-duration-cooperation (EDC). EDC-type strategies might
be more suitable for implementation when compared to variable-duration-cooperation (VDC) strategies.
Examples of VDC strategies are the slotted amplify-and-forward (SAF) protocol [8] and the dynamic decode-
and-forward (DDF) protocol [7], which can both achieve a higher DMT curve than the EDC strategies can.
In this work, we focus on EDC strategies where the relays are required to listen during the initial half of the
source transmission, and do not consider VDC-type protocols with varying ratios of listening and relaying
durations.

In this paper, we are interested in linear relay transmit diversity schemes that realize full distributed spatial
diversity gain. Specific examples include phase-rolling [9] and delay diversity [10], [11] developed in the
context of point-to-point multiple-antenna systems and adopted to relay networks in [12], [13], [14]. Phase-
rolling and delay diversity at the relay level are attractive from an implementation point-of-view as they convert
distributed spatial diversity into time-diversity and frequency-diversity, respectively, which can be exploited
using standard forward error correction over the resulting effective single-antenna point-to-point-channel.
In [12], it is concluded, through simulation results that a K-relay cyclic delay diversity (CDD) system can
achieve a diversity gain of K. In [13], it is demonstrated that phase-rolling at the relay level can achieve
second-order diversity. In [15], it is shown that, for the three protocols analyzed in [6], any square complex
orthogonal design achieves full diversity in the number of cooperating terminals. Recently, Rao and Hassibi
derived the DMT curve for a K-relay Rayleigh-fading MIMO system; they considered multiantenna source
and destination terminals, which communicate using a two-hop EDC-type protocol, and they assumed that
there is no direct link present between the source and the destination and the relays use unitary transformations
on their received signals prior to amplifying and forwarding [16].

The contributions in this paper can be summarized as follows:
• We introduce a broad family of relay transmit diversity schemes encompassing delay diversity and

phase-rolling as special cases. Unlike prior work [15], [16], we do not restrict relays to use unitary
transformations.

• While the (numerical) results in [12], [13] and the (analytical) results in [15] are for the case of fixed
rate (i.e., the rate does not scale with SNR), we provide a sufficient condition on the family of relay
transmit diversity schemes introduced in this paper to achieve the entire DM-tradeoff curve as defined
in [17]. DM-tradeoff curves for various protocols are derived using a novel technique that is used to
calculate DM-tradeoffs in selective fading channels [18] and a set of methods that we describe in this
manuscript. The novelty of the methods we use arise from their decreased dependence on the probability
distribution of the underlying fading coefficients.
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• The NAF protocol requires orthogonality between the relay transmissions [7] and the Rao-Hassibi
protocol requires unitary transformations at relays [16], we show that neither orthogonality nor unitary
relay transformations is required for achieving DM-tradeoff optimality.

• While the previous works in the literature are concerned with the special case of Rayleigh fading [7],
[4], [15], [16], our results are valid for a general class of fading distributions. Finally, we establish
the approximately universal code design criterion for the half-duplex relay channel for any fading
distribution.

Notation: The superscripts T,H and ∗ stand for transpose, conjugate transpose, and conjugation, respectively.
xi represents the ith element of the column vector x, and Xi,j stands for the element in the ith row and jth
column of the matrix X. X ◦ Y denotes the Hadamard product of the matrices X and Y. rankX stands
for the rank of X. Tr(X), ‖X‖F , and λi(X) (i = 0, 1, . . . , N − 1) denote the trace, the Frobenius norm,
and the ith eigenvalue (sorted in descending order) of X, respectively. For N × N positive semi-definite
matrices A,B, A � B means λi (A) > λi (B) (i = 0, 1, . . . , N − 1), A � B is similarly defined. IN is the
N ×N identity matrix. 0 denotes the all zeros matrix of appropriate size. We say that the square matrices X
and Y are orthogonal if 〈X,Y〉 = Tr

(
XYH

)
= 0. All logarithms are to the base 2 and (a)+ = max(a, 0).

diag(a1, . . . , aN) denotes the N ×N diagonal matrix with ai on diagonal entry i. The N ×N discrete Fourier
transform (DFT) matrix, F, has entries Fln = 1√

N
e−j 2π

N
(l−1)(n−1). X ∼ CN (0, σ2) stands for a circularly

symmetric complex Gaussian random variable (RV) with variance σ2. f(ρ)
.
= g(ρ) denotes exponential

equality in ρ of the functions f(·) and g(·), i.e.,

lim
ρ→∞

log f(ρ)

log ρ
= lim

ρ→∞

log g(ρ)

log ρ
.

The symbols ≥̇, ≤̇, >̇ and <̇ are defined analogously.

Preliminaries
The DM-tradeoff realized by a family (one at each SNR ρ) of codebooks Cr with rate R = r log ρ, where

r ∈ [0, 1], is given by the function

d(r) = − lim
ρ→∞

log Pe(ρ, r)

log ρ

where Pe(ρ, r) is the error probability obtained through maximum likelihood (ML) decoding. We say that
Cr operates at multiplexing gain r. For a given SNR ρ, the codebook Cr(ρ) ∈ Cr contains ρ2Nr codewords
xi. Following the framework in [17], we define the probability of outage at multiplexing gain r and SNR ρ
as the probability of mutual information between the transmit signal x and the received signal y given the
channel matrix falling below the target rate r log ρ, i.e.

PO(ρ, r) = P[I(y;x|M) < r log ρ] .

II. PROTOCOL DESCRIPTIONS AND SYSTEM MODEL

For the fading relay channel shown in Fig. 1, information is to be transmitted from the source terminal (S) to
the destination terminal (D) with the assistance of K half-duplex relay terminals. We assume that all terminals
are equipped with single antenna transmitters, and cannot receive and transmit simultaneously. The relay
terminals perform linear operations on their received signal. In [5], [6] and [19], three different cooperative
protocols are identified for the single-relay half-duplex fading channel, implementing varying degrees of
receive and transmit collision. In what follows, we generalize these three protocols to the multi-relay case
and analyze a fourth protocol, which might be more suited to certain scenarios. Throughout, we assume that
communication takes place in time slots.
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Fig. 1. Two-hop relay network with K single-antenna relay terminals.

Protocol 0 (P0): In this protocol, D is either unable to or chooses not to receive transmissions from S . In
practice, this assumption might be motivated by heavy shadowing of the S → D1 link. In the first time slot,
S communicates with the relay terminals ( {Rk}). Each relay terminal Rk processes its received sequence
using a linear transformation and transmits the result during the second time slot toD, S remains silent during
the second time slot.

Protocol 1 (P1): S transmits to both {Ri} and D during the first time slot. In the second time slot, each
{Ri} processes its received sequence using a linear transformation and transmits the result simultaneously to
D. S also transmits new information to D during the second time slot.

Protocol 2 (P2): This protocol is identical to P1 except that S does not transmit during the second time
slot.

Protocol 3 (P3): This protocol is identical to P1 except that D does not receive transmission from S during
the first time slot.

The protocols are summarized in Table I. P1, P2 and P3 are the extended versions (to the multi-relay case)
of protocols originally proposed for the (single) relay channel in [6], [5] and [19] respectively. The difference
of P1 from the NAF protocol of [7] is that in the NAF protocol, the transmissions from different relays
are orthogonal, i.e. no two relays transmit at the same time. All K relay terminals are allowed to transmit
simultaneously in P1, requiring less overhead in terms of scheduling.

TABLE I

PROTOCOL DESCRIPTIONS

Protocol 1st slot 2nd slot
P0 S→ { Rk } { Rk } → D
P1 S→ D, { Rk } S→D, { Rk } → D
P2 S→ D, { Rk } { Rk } → D
P3 S→ { Rk } S→D, { Rk } → D

Assumptions and Signal Model: We consider a wireless network with K + 2 single-antenna terminals,
where a source terminal S communicates with a destination terminalD. A set of K half-duplex relay terminals

1A → B denotes the link between terminals A and B.
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Rk (k = 1, 2, . . . , K) assists S using one of the four TDMA based protocols. The channels S → D, denoted
as f0, S → Rk, denoted as fk, and Rk → D, denoted as hk, (k = 1, 2, . . . , K), are i.i.d. with distribution
obeying

lim
z→0

log(P[|hk|2 ≤ z])

log(z)
= a

lim
z→∞

log(P
[
|hk|2 > zδ

]
)

log(z)
= −∞

for all (k = 1, 2, . . . , K) and

lim
z→0

log(P[|fk|2 ≤ z])

log(z)
= a

lim
z→∞

log(P
[
|fk|2 > zδ

]
)

log(z)
= −∞

for all (k = 0, 1, . . . , K) and for every δ > 0. Many fading distributions, such as the Rayleigh distribution, fall
within this class of distributions. We define the column vectors f = [f1 f2 · · · fK ]T and h = [h1 h2 · · · hK ]T .

Communication takes place under one of the four protocols described earlier. We assume that S and the
relay terminals do not have CSI, whereas D knows f0 and fk, hk (k = 1, 2, . . . , K) perfectly. For simplicity,
we further assume perfect synchronization and ignore the impact of pathloss.

Input-output relation for P1: In the following, we derive the signal model for P1. Signal models for other
protocols are to follow from this derivation. The vectors s[t], rk, d[t] ∈ CN represent the N -dimensional
transmitted signal in time slot t (t = 1, 2), received signal at Rk in the first time slot2, and received signal in
time slot t at D, respectively. The transmit signal s[t] obeys E{(s[t])Hs[t]} = N for (t = 1, 2). Throughout
the paper, we assume that N ≥ K + 1. The transmit power constraint at S is given by Nρ, and the power
constraint at each relay is given by Nρ/K. The vectors rk and d[1] are then given by

d[1] =
√

ρf0s[1] + z (1)
rk =

√
ρfks[1] + wk, k = 1, 2, . . . , K (2)

where ρ denotes the average signal-to-noise ratio (SNR) (for all links) and wk is the N -dimensional noise
vector at Rk for (k = 1, 2, . . . , K) and z is the N -dimensional noise vector at D, with i.i.d. CN (0, 1) entries.
The wk’s are assumed to be independent across k as well.

Relay k (Rk) applies the linear transformation Gk to rk, where the N ×N matrix Gk obeys ‖Gk‖2
F =

N , (k = 1, 2, . . . , K). Rk scales the result to obey the per-relay power constraint Nρ/K and retransmits√
ρ

NK(1+µρ)
Gkrk where µ = E {|fk|2}. We justify this statement by the following steps

E

{∥∥∥∥√ ρ

NK(1 + µρ)
Gkrk

∥∥∥∥2

F

}
=

ρ

NK(1 + µρ)
E
{
‖Gkrk‖2

F

}
≤ ρ

NK(1 + µρ)
E
{
‖Gk‖2

F ‖rk‖2
F

}
(3)

=
Nρ

NK(1 + µρ)

(
E{ρ|fk|2(s[1])Hs[1]}+ E{wH

k wk}
)

=
ρ

K(1 + µρ)
(ρµN + N) =

Nρ

K(1 + µρ)
(ρµ + 1) =

Nρ

K

2Since the relays only receive symbols in the first time slot, we drop the time index t and use rk instead of rk[1].
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where (3) follows from the Cauchy-Schwarz inequality [20, Theorem 5.1.4]. This results in the overall
input-output relation in the second time slot

d[2] =
√

ρf0s[2] +
ρ√

NK(1 + µρ)

K∑
k=1

hkfkGks[1] + z̃ (4)

where the effective noise term z̃ (when conditioned on h) has mean E{z̃|h} = 0 and covariance

Rz̃z̃ = E{z̃z̃H |h} = IN +
ρ

NK(1 + µρ)

K∑
k=1

|hk|2GkG
H
k .

Since Rz̃z̃ is Hermitian and positive definite, we can use the spectral theorem for Hermitian matrices to obtain
Rz̃z̃ = UΛUH where U is unitary and Λ is real and diagonal [20, Theorem 4.1.5]. We are interested in the
mutual information under the assumption that D knows all the channels and the channel and noise statistics in
the network perfectly, therefore D can whiten the noise by left-multiplying (4) with V = Λ− 1

2UH to obtain
the effective input-output relation

d[2] =
√

ρf0Vs[2] +
ρ√

NK(1 + µρ)

K∑
k=1

hkfkVGks[1] + z̄

where z̄ (when conditioned on h and given knowledge of Gk k = (1, 2, . . . , K) at the destination) is a
circularly symmetric Gaussian noise vector with E{z̄|h} = 0 and E{z̄z̄H |h} = IN . In the remainder of
the paper, we shall be interested in the ρ →∞ case where ρ√

NK(1+µρ)
≈
√

ρ
µNK

. We can now rewrite the

input-output relation for Protocol 1 as
y =

√
ρH1x + n. (5)

where the vectors x, y, n ∈ C2N are defined as follows

y =

[
d[1]
d[2]

]
x =

[
s[1]
s[2]

]
n =

[
z̃
z̄

]
(6)

and the effective channel matrix H1 is given by

H1 =

 f0IN 0N

1√
µNK

K∑
k=1

hkfkVGk f0V

 .

Input-output relations for other protocols: The respective input output relations for P0, P2 and P3 can
be derived from (5) and (6) . The 2N -dimensional received signal vector y at destination under protocol p
satisfies

y =
√

ρHpx + n. (7)

where x, y, n ∈ C2N are as defined in (6) and the effective channel matrix for protocol p, Hp, is

H0 =

 0N 0N

1√
µNK

K∑
k=1

hkfkVGk 0N

 (8)

H2 =

 f0IN 0N

1√
µNK

K∑
k=1

hkfkVGk 0N

 (9)

H3 =

 0N 0N

1√
µNK

K∑
k=1

hkfkVGk f0V

 .
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As explained in [6], the four protocols investigated differ in the amount of receive collision and degree of
broadcasting provided. It is therefore not surprising that the difference between any two protocols amounts
to replacing entries of the effective block channel matrix. Since Protocol 1 encapsulates all other protocols,
describing other protocols using the effective block channel matrix of Protocol 1 is effectively replacing the
appropriate blocks with the all-zero matrix. Finally, we note that the lower triangular nature of the effective
block channel matrices is a result of the half-duplex nature of the TDMA protocols considered.

III. DIVERSITY MULTIPLEXING TRADEOFF

In this section, we derive the DM-tradeoff curves for the four protocols described under the assumptions
stated in the previous section. The maximal mutual information for protocols p = 0, 1, 2 and 3 with effective
block channel matrices Hp is achieved by i.i.d. Gaussian codebooks. Assuming an i.i.d. Gaussian codebook
with covariance matrix Rxx = E{xxH} = I2N , we have

I(y;x|Hp) =
1

2N
log det(I2N + ρHpH

H
p ) (10)

where the factor 1/2N is due to considering 2N source transmissions.
Deriving the DM-tradeoff curve by evaluating the outage probability directly is difficult since the joint

eigenvalue distribution of HpH
H
p does not seem to be available for most of fading distributions. We instead

employ a technique developed in [18] for deriving DM-tradeoffs for selective fading channels. We start by
rewriting I(y;x|Hp)

I(y;x|Hp) =
1

2N
log det

[
Ap Bp

BH
p Cp

]
. (11)

where Ap, Bp and Cp are N ×N matrices for each protocol p. We note that the determinant of the above
block matrix can be decomposed using the following equation [20] to be

det

[
Ap Bp

BH
p Cp

]
= det(Ap) det(Cp −BH

p A−1
p Bp). (12)

We insert (12) into (10) to get

I(y;x|Hp) =
1

2N
log
(
det(Ap) det

(
Cp −BH

p A−1
p Bp

))
=

1

2N

(
N−1∑
n=0

log λn(Ap)+
N−1∑
n=0

log λn

(
Cp−BH

p A−1
p Bp

))
. (13)

We note that I2N + HpH
H
p is a positive definite matrix, i.e. I2N + HpH

H
p � 0. Hence, we have that Ap � 0

and Cp−BH
p A−1

p Bp � 0 [20, Corollary 7.7.4] and therefore we can use Jensen’s inequality to get an upper
bound on I(y;x|Hp) as follows

I(y;x|Hp) ≤ IJ(y;x|Hp) (14)

where

IJ(y;x|Hp)

=
1

2
log

1

N

N−1∑
n=0

λn(Ap)+
1

2
log

1

N

N−1∑
n=0

λn

(
Cp−BH

p A−1
p Bp

)
=

1

2
log

1

N
Tr(Ap) +

1

2
log

1

N
Tr
(
Cp −BH

p A−1
p Bp

)
=

1

2
log

Tr(Ap)

N
+

1

2
log

(
Tr(Cp)

N
−

Tr
(
BH

p A−1
p Bp

)
N

)
. (15)
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We will show that the DM-tradeoff of I(y;x|Hp) equals that of IJ(y;x|Hp). The importance of this bounding
technique lies in the fact that the resulting expressions can be analyzed using simple probability theory. Next,
we specify the protocol-dependent matrices Ap,Bp and Cp for each protocol. These matrices do not describe
any particular physical attribute of the channel by themselves, but their introduction simplifies the ensuing
analysis. For Protocol 0, we have

A0 = IN (16)
B0 = 0N (17)

C0 = IN +
ρ

µNK

K∑
k=1

K∑
j=1

hkfkh
∗
jf
∗
j VGkG

H
j VH . (18)

Then for Protocol 1 we obtain

A1 =
(
1 + ρ|f0|2

)
IN (19)

B1 =
ρ√

µNK

K∑
k=1

h∗kf
∗
kf0G

H
k VH (20)

C1 = C0 + ρ|f0|2Λ−1. (21)

Since the P0 and P1 include all possible orderings of S and R transmissions, we can describe the matrices
Ap,Bp and Cp for P2 and P3 in terms of the matrices of P0 and P1. Therefore, the mutual information
expression for P2 can be described using

A2 = A1 (22)
B2 = B1 (23)
C2 = C0. (24)

Similarly, for P3, we have

A3 = A0 (25)
B3 = B0 (26)
C3 = C1. (27)

In the following, we will need the normalized codeword difference matrix Φp(∆x) for protocol p defined as

Φ0(∆x) =
[

G1∆x1 G2∆x1 · · · GK∆x1

]
Φ1(∆x) =

[
∆x1 0 · · · 0 0

G1∆x1 G2∆x1 · · · GK∆x1 ∆x2

]
Φ2(∆x) =

[
∆x1 0 · · · 0

G1∆x1 G2∆x1 · · · GK∆x1

]
Φ3(∆x) =

[
G1∆x1 G2∆x1 · · · GK∆x1 ∆x2

]
where ∆x = [∆x1 ∆x2]

T = x̃− x̂ for any two codewords x̃, x̂ in codebook Cr(ρ). We will need the Gram
matrix K(A) defined as

K(A) =

 Tr
(
G1AGH

1

)
· · · Tr

(
GKAGH

1

)
... . . . ...

Tr
(
G1AGH

K

)
Tr
(
GKAGH

K

)
 . (28)

for a N ×N positive definite matrix A. Our main finding is given by the next theorem.
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Theorem 1 (DM-Tradeoff for Protocols 0-3): For the half-duplex relay channel operating under protocol
p and described by (7), the DM-tradeoff curve is given by

dp(r) =


aK(1− 2r)+, if p = 0, r ∈ [0, 1/2]

aK(1− 2r)+ + a(1− r)+, if p = 1, r ∈ [0, 1]

a(K + 1)(1− 2r)+, if p = 2, r ∈ [0, 1/2]

a(K + 1)(1− 2r)+, if p = 3, r ∈ [0, 1/2].

Let {G1,G2, . . . ,GK} be a set of transformation matrices and Cr be a family of codebooks such that for any
codebook Cr(ρ) ∈ Cr and any two codewords x̃, x̂ ∈ Cr(ρ) the conditions

rankΦp(∆x) =


K if p = 0,

K + 1 if p = 1,

K if p = 2,

K + 1 if p = 3.

(29)

rankK(IN) = K (30)

hold. Then the ML decoding error probability under protocol p satisfies

Pe(ρ, r)
.
= ρ−dp(r). (31)

Proof: See Appendix A

Fig. 2. Diversity-Multiplexing Tradeoff for protocols 0,1,2 and 3.

Discussion
Theorem 1 shows that P1 dominates P0, P2 and P3 in terms of DM-tradeoff performance. Further, P1

achieves the entire optimal DM-tradeoff of the half-duplex relay channel for the K = 1 case [7]. Yang and
Belfiore show that the DMT curve for amplify-and-forward protocols in which the relays transmit and receive
in exactly half of the source transmission is upper bounded by

d(r) = K(1− 2r)+ + (1− r)+ r ∈ [0, 1] (32)

for Rayleigh fading channels [8]. It follows that for Rayleigh fading channels, P1 combined with any family
of codebooks satisfying the rank conditions in Theorem 1 achieves this upper bound. The DMT for the NAF
protocol, proposed by Azarian et al., also matches this upper bound in Rayleigh fading channels [7], however
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the NAF protocol attains orthogonality between the relay transmissions by allowing only one relay to transmit
in any given time slot (concurrently with the source transmission). The NAF protocol is a special case of our
formulation with Gk’s being diagonal matrices with

[Gk]ii =

{√
N , if i = k

0, otherwise.
(33)

It can be seen that for the NAF protocol, the full rank condition rankΦ1(∆x) = K + 1 amounts to
[∆x1]i 6= 0 for all (i = 1, 2, . . . , N) and [∆x2]1 6= 0 for every codebook Cr(ρ) ∈ Cr and any two codewords
x̃, x̂ ∈ Cr(ρ). A relaying protocol is called an orthogonal scheme, if the set of transformation matrices
G = {G1,G2, . . . ,GK} is orthogonal in the inner product space defined by 〈A,B〉 = Tr

(
ABH

)
, i.e.,

〈Gk,Gj〉 =

{
N , if k = j

0, otherwise

for all (j, k = 1, 2, . . . , K). Therefore, the NAF protocol is an orthogonal scheme and it follows trivially that
K(IN) = IK . Our results show that there exists a whole family of linear processing schemes that achieve
the DM-tradeoff curve of the NAF protocol given in Theorem 1. Furthermore, within the set of half duplex
protocols, this is the best possible DMT.

P2 and P3 achieve the same tradeoff even though P2 maximizes the degree of broadcasting whereas P3
maximizes the degree of receive collision in the network. This suggests that (for this network) maximizing the
degree of broadcasting and the degree of receive collision has the same DM-tradeoff performance. Further,
the dominance of P1 shows that it is possible to maximize both the degree of broadcasting and the degree of
receive collision in the network, and that this is the optimal mode of transmission from a DM-tradeoff point
of view. P2 and P3 achieve a maximum multiplexing gain of 1

2
. This is due to the fact that S terminal does

not transmit to D terminal in all available time slots. However, it turns out that for P2 and P3 the direct link
does provide extra diversity gain. Due to half-duplex constraint and the lack of a direct link, P0 reaches a
multiplexing gain of 1

2
.

It can be shown that the rank conditions on Φ0(∆x) and Φ3(∆x) imply rankK(IN) = K, however this
is not the case for P1 and P3. As a simple example, consider a two relay scenario where relays are given the
transformation matrices G1 = G2 = IN . Then Φ1(∆x) is given by

Φ1(∆x) =

[
∆x1 0 0
∆x1 ∆x1 ∆x2

]
which can be made to have full rank by an appropriate choice of ∆x1 and ∆x2, but K(I) has rank 1 since

K(IN) = N

[
1 1
1 1

]
.

Unitary Designs
The matrices Gk can be chosen to be unitary for all (k = 1, 2, . . . , K). We give some specific examples of

unitary designs that are also orthogonal in the next two subsections.
Cyclic Delay Diversity: We start by noting that the cyclic delay diversity scheme [12] can be cast into our

framework by setting Gk = Pk where Pk denotes the permutation matrix that, when applied to a vector x,
cyclically shifts the elements in x up by k − 1 positions.With

〈Pk,Pj〉 =

{
N, k = j

0, k 6= j
(34)
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the condition rankΦ0(∆x) = K takes a particularly simple form, namely (F∆x)i 6= 0 for all i ∈
{1, 2, . . . , N}. To see this note that rankΦ0(∆x) = rankFΦ0(∆x) and Pk = FHΛkF where

Λk = diag
(
ejθk[0], ejθk[1], · · · , ejθk[N−1]

)
(35)

with θk[n] = 2πn(k−1)
N

. Next, we have

rankFΦ0(∆x) = rankΣ [l1 l2 · · · lK ] (36)

where Σ = diag ((F∆x)1, (F∆x)2, . . . , (F∆x)N) and [lk]i = ejθk[i−1], i = 1, 2, . . . , N , k = 1, 2, . . . K. As
a consequence of (34), the columns of the matrix [l1 l2 · · · lK ] are orthogonal and hence rankFΦ(∆x) = K
if Σ has full rank which is the case if (F∆x)i 6= 0 for all i ∈ {1, 2, . . . , N}.

Phase-rolling: In the case of phase-rolling [13], [14], we have Gk = Λi. Again, the condition rankΦ0(∆x) =
K takes a particularly simple form, namely (∆x)i 6= 0 for all i ∈ {1, 2, . . . , N}. The proof of this statement
follows by considering Φ0(∆x) directly, putting rankΦ0(∆x) into the form of the right-hand side of (36)
and applying the remaining steps in the argument for the cyclic delay diversity case. While the (numerical)
results in [12], [13] are for the r = 0 case, our analysis reveals optimality of cyclic delay diversity and
phase-rolling for the entire DM-tradeoff curve, provided the codebooks satisfy the full-rank condition in
Theorem 1. We finally note that cyclic delay diversity and phase-rolling are time-frequency duals of each
other in the sense that the linear transformation matrices for the two schemes obey Gk = FPkF

H .
Relation to approximately universal codes [21]: For the half-duplex relay channel investigated in this

paper, a family of codes Cr achieves the DM-tradeoff curve of the underlying channel if

ηmin(Φ0(∆x)HΦ0(∆x)) >̇ ρ−2r (37)

ηmin(Φ1(∆x)HΦ1(∆x)) >̇ ρ−r (38)

ηmin(Φ2(∆x)HΦ2(∆x)) >̇ ρ−r (39)

ηmin(Φ3(∆x)HΦ3(∆x)) >̇ ρ−2r (40)

where ηmin is the smallest eigenvalue of (Φp(∆x))HΦp(∆x) over all ∆x = x̃− x̂ with x̃, x̂ ∈ Cr(ρ). This
result follows immediately from (93) in the proof of Theorem 1. However, the choice of the transformation
matrices Gk effects the statistics of the underlying channel and therefore the DM-tradeoff curve. Hence, a
further condition that guarantees the best possible DM-tradeoff curve for the underlying channel is required;
namely we need

rankK(IN) = K. (41)

Based on (37) and (41), we can conclude (using the same arguments as in Sec. IV. A in [18]) that any family
of codes Cr satisfying (37) and (41) will also be approximately universal in the sense of [21, Th. 3.1]. We
point out that the conditions ηmin(Φ0(∆x)HΦ0(∆x)) >̇ ρ−2r and ηmin(Φ3(∆x)HΦ3(∆x)) >̇ ρ−2r imply
(41) for protocols 0 and 3, respectively. In [16], the authors consider unitary Gk and claim (without proof)
that choosing “different” unitary matrices is sufficient for extracting diversity benefits. However, our analysis
reveals that choosing different unitary matrices is not always enough (even when there is a rank condition on
the normalized codeword difference); the unitary matrices should be chosen according to (41). For protocols
0 and 3, enforcing a rank condition on the normalized code difference matrix will guarantee (41), however
this is not true for all possible protocols.

IV. CONCLUSIONS

We identify the conditions on linear processing at the relay level which guarantee DM-tradeoff achievability
for various TDMA based protocols. Unlike the previous works in the literature, our results are valid for a
large class of fading distributions, and therefore system architectures using these design criteria are robust
against channel measurement errors. Relative to the previously proposed linear relaying architectures (for
Rayleigh fading channels), the class of relaying schemes we introduce is less restrictive and encompasses a
larger number of design choices.
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APPENDIX A
PROOF OF THEOREM

Proof: In the following, we will give a proof of the theorem for protocol 1. The proof of the theorem
for other protocols can be derived from this proof. We need to evaluate (15) for P1

IJ (y;x|H1) =

1

2

(
log

Tr(A1)

N
+ log

(
Tr(C1)

N
−

Tr
(
BH

1 A−1
1 B1

)
N

))
. (42)

First, Tr(A1) /N simply evaluates to

Tr(A1)

N
= 1 + ρ|f0|2. (43)

Next, for Tr(C1) /N we obtain

1

N
Tr(C1) =

1

N
Tr(C0) +

ρ|f0|2

N
Tr
(
Λ−1

)
= (44)

1 +
ρ

µN2K

∥∥∥∥∥V
(

K∑
k=1

hkfkGk

)∥∥∥∥∥
2

F

+
ρ|f0|2

N
Tr
(
Λ−1

)
since

1

N
Tr(C0)

=
1

N
Tr(IN) + Tr

(
ρ

µN2K

K∑
k=1

K∑
j=1

hkfkh
∗
jf
∗
j VGkG

H
j VH

)

= 1 +
ρ

µN2K

∥∥∥∥∥V
(

K∑
k=1

hkfkGk

)∥∥∥∥∥
2

F

.

Finally, to evaluate Tr
(
BHA−1B

)
, we need to calculate the inverse of A1, which can be readily seen to be

A−1
1 =

1

1 + ρ|f0|2
IN . (45)

Hence, Tr
(
BHA−1B

)
/N is

1

N
Tr
(
BHA−1B

)
=

1

N(1 + ρ|f0|2)
Tr
(
BHB

)
(46)

=
ρ2|f0|2

µN2K(1 + ρ|f0|2)
Tr

(
K∑

k=1

K∑
j=1

hkfkh
∗
jf
∗
j VGkG

H
j VH

)

=
ρ2|f0|2

µN2K(1 + ρ|f0|2)

∥∥∥∥∥V
(

K∑
k=1

hkfkGk

)∥∥∥∥∥
2

F

. (47)

Then, we further obtain
1

N
Tr
(
C1 −BH

1 A−1
1 B1

)
=

1 +
ρ|f0|2

N
Tr
(
Λ−1

)
+

ρ

µN2K(1 + ρ|f0|2)

∥∥∥∥∥V
(

K∑
k=1

hkfkGk

)∥∥∥∥∥
2

F

.
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Denoting H̃1 =
K∑

k=1

hkfkGk and combining the previous results yields

IJ (y;x|H1)

=
1

2
log

(
1+ρ|f0|2

(
1+

Tr(Λ−1)

N
(1+ ρ|f0|2)

)
+

ρ

µN2K

∥∥∥VH̃1

∥∥∥2

F

)
.

Next, we compute a lower bound on P[J ] by upper-bounding IJ (y;x|H1) as follows

IJ (y;x|H1) ≤ IU

where

IU =
1

2
log

((
1 + ρ|f0|2

)2
+

ρ

µ
h̃Hh̃

)
(48)

with h̃ = h ◦ f . We have used the fact that Tr(Λ−1) ≤ N in addition to the Cauchy-Schwarz inequality to
arrive at the upper bound (48). To see that Tr(Λ−1) ≤ N , note that

λi(Rz̃z̃) = 1 +
ρ

NK(1 + µρ)
λi

(
K∑

k=1

|hk|2GkG
H
k

)
≥ 1. (49)

(49) follows from Weyl’s theorem [20, 4.3.1] since λi

(
K∑

k=1

|hk|2GkG
H
k

)
≥ 0 for (k = 1, 2, . . . , K) and (i =

1, 2, . . . , N). Using λi(Λ
−1) = 1

λN−i(Rz̃z̃)
, we have λi(Λ

−1) ≤ 1, and therefore Tr(Λ−1) =
N∑

i=1

λi(Λ
−1) ≤ N .

To see that ρ
µN2K

∥∥∥VH̃1

∥∥∥2

F
≤ ρ

µ
h̃Hh̃, consider rewriting

ρ

µN2K

∥∥∥VH̃1

∥∥∥2

F
=

ρ

µN2K
h̃HK(R−1

z̃z̃ )h̃ (50)

≤ ρ

µN2K
λmax(K(R−1

z̃z̃ ))h̃Hh̃ (51)

≤ ρ

µN2K
Tr
(
K(R−1

z̃z̃ )
)
h̃Hh̃ (52)

≤ ρ

µN2K
N2Kh̃Hh̃ =

ρ

µ
h̃Hh̃ (53)

where K(A) is defined in (28). Now, (51) follows from the Rayleigh-Ritz inequality [20, Theorem 4.2.2], (52)
follows since the Gram matrix K(R−1

z̃z̃ ) has non-negative eigenvalues by [20, Theorem 7.2.10]. For (53), we
have used Tr

(
GkR

−1
z̃z̃ GH

k

)
= Tr

(
GH

k GkR
−1
z̃z̃

)
and the positive semi-definiteness of matrices GH

k Gk (k =
1, 2, . . . , K) and R−1

z̃z̃ to deduce Tr
(
GH

k GkR
−1
z̃z̃

)
≤ Tr

(
GH

k Gk

)
Tr
(
R−1

z̃z̃

)
≤ N2 and hence Tr

(
K(R−1

z̃z̃ )
)
≤

N2K. Therefore

IJ (y;x|H1) ≤
1

2
log

((
1 + ρ|f0|2

)2
+

ρ

µ
h̃Hh̃

)
(54)

Define the event

U = {f0, h̃ :
(
1 + ρ|f0|2

)2
+

ρ

µ
h̃Hh̃ < ρ2r}
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Next, we calculate P[U ]

P[U ]

≥ P
[(

1 + ρ|f0|2
)2

<
ρ2r

2

]
P
[

ρ

µ
h̃Hh̃ <

ρ2r

2

]
(55)

.
= P

[
1 + ρ|f0|2 <

ρr

2

]
P
[

ρ

µ
h̃Hh̃ <

ρ2r

2

]
(56)

.
= P

[
|f0|2 < ρr−1

]
P
[
h̃Hh̃ < ρ2r−1

]
(57)

.
= P

[
|f0|2 < ρr−1

]
P

[
K∑

k=1

|hk|2|fk|2 < ρ2r−1

]
(58)

.
= P

[
|f0|2 < ρr−1

] (
P
[
|h1|2|f1|2 < ρ2r−1

])K (59)
.
= ρ−a(1−r)+

(
ρ−a(1−2r)+

)K

(60)

= ρ−a(1−r)+−Ka(1−2r)+ (61)

where (55) follows from the independence of f0 and h̃, (57) is true since multiplicative and additive constants
do not alter the limiting behavior in (57), (58) is by definition of h̃Hh̃. (59) follows due to independence of
fihi, and final step (60) is justified by Theorem 2 in Appendix B.

Now, we find an upper bound on Jensen outage probability. We start by writing |hk|2 = ρ−uk and |fk|2 =
ρ−vk , where uk and vk are RVs; the choice of this transformation will become clear later. We define the event
A = {u1, . . . , uK , v0, v1, . . . , vK |uk ≥ 0, v0 ≥ 0, vk ≥ 0 ∀k ∈ {1, 2, . . . , K}} and its complementary event
Ā as the event where at least one uk or vk is strictly negative. Using the law of total probability, we can write

P[J ] = P[A] P[J |A] + P
[
Ā
]
P
[
J |Ā

]
(62)

and bound P[J ] according to

P[J ] ≤ P[A] P[J |A] + P
[
Ā
]

(63)

P[J ] ≤̇ P[A] P[J |A] (64)

P[J ] ≤̇ P[J |A] (65)

where (64) follows from the definition of the uk and the vk, their independence and by noting that P
[
Ā
]

decays exponentially fast in ρ and therefore can be ignored. The inequality (65) results from lim
ρ→∞

log P[A]
log ρ

= 0.

Next, we have

λi(Rz̃z̃) ≤1 +
ρ

NK(1 + µρ)

K∑
k=1

|hk|2Tr
(
GkG

H
k

)
(66)

=1 +
ρ

NK(1 + µρ)
N

K∑
k=1

|hk|2 (67)

=1 +
ρ

K(1 + µρ)

K∑
k=1

|hk|2 (68)

where (66) follows from Weyl’s Theorem [20, Theorem 4.3.2] and the fact that GkG
H
k ’s are positive semi-

definite Hermitian matrices. The eigenvalues of R−1
z̃z̃ are therefore lower bounded by

λi(R
−1
z̃z̃ ) ≥ 1

1 + ρ
K(1+µρ)

∑K
k=1 |hk|2

. (69)
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This leads to an upper bound on P[J |A]

P[J |A] ≤ P[L] (70)

where

L = (71)

{f0, h̃ :
µ

1 + µ

(
1 + ρ|f0|2

)2
+

λmin (K(I))

1 + µ
ρh̃Hh̃ < ρ2r}.

To see this, note that for uk ≥ 0, it follows that 0 ≤ |hk|2 ≤ 1 since |hk|2 = ρ−uk and, thus,

λi(R
−1
z̃z̃ ) ≥ 1

1 + ρ
K(1+µρ)

∑K
k=1 |hk|2

(72)

≥ 1

1 + ρ
(1+µρ)

=
1 + µρ

1 + (1 + µ)ρ
. (73)

Therefore, the matrix R−1
z̃z̃ majorizes the matrix 1+µρ

1+(1+µ)ρ
IN given uk ≥ 0 (k = 1, 2, . . . , K). It follows that

Tr
(
Λ−1

)
= Tr

(
R−1

z̃z̃

)
≥ 1 + µρ

1 + (1 + µ)ρ
N. (74)

Thus, we have

1 + ρ|f0|2
(
1+

Tr(Λ−1)

N
(1+ ρ|f0|2)

)
(75)

≥ 1 + ρ|f0|2
(
1+

1 + µρ

1 + (1 + µ)ρ
(1+ ρ|f0|2)

)
(76)

≥ 1 + µρ

1 + (1 + µ)ρ

(
1+ ρ|f0|2

)2 (77)

=
µ

1 + µ

(
1+ ρ|f0|2

)2 (78)

where (76) follows from (74), (77) is due to 1+µρ
1+(1+µ)ρ

≤ 1 and (78) follows due to the high SNR assumption
1+µρ

1+(1+µ)ρ
≈ µ

1+µ
. Furthermore, by [20, Observation 7.7.2], we have

H̃H
1 R−1

z̃z̃ H̃1 �
1 + µρ

1 + (1 + µ)ρ
H̃H

1 H̃1 (79)

which combined with [20, Corollary 7.7.4] gives

Tr
(
H̃H

1 R−1
z̃z̃ H̃1

)
≥ Tr

(
1 + µρ

1 + (1 + µ)ρ
H̃H

1 H̃1

)
. (80)

Thus, the term
∥∥∥VH̃1

∥∥∥2

F
can be bounded as follows∥∥∥VH̃1

∥∥∥2

F
= Tr

(
H̃H

1 VHVH̃1

)
= Tr

(
H̃H

1 UHΛ−1UH̃1

)
= Tr

(
H̃H

1 R−1
z̃z̃ H̃1

)
≥ 1 + µρ

1 + (1 + µ)ρ
Tr
(
H̃H

1 H̃1

)
=

µ

1 + µ
Tr
(
H̃H

1 H̃1

)
=

µ

1 + µ
h̃HK(IN)h̃ (81)

≥ µλmin(K(IN))

1 + µ
h̃Hh̃ (82)



16

where (81) follows from the high SNR assumption and (82) follows from the Rayleigh-Ritz theorem [20,
Theorem 4.2.2 ]. Since we assume rankK(I) = K, it follows that λmin(K(IN)) > 0. Now P[L] can be
calculated easily

P[L] = P
[

µ

1 + µ

(
1 + ρ|f0|2

)2
+

λmin (K(I))

1 + µ
ρh̃Hh̃ < ρ2r

]
.
= P

[(
1 + ρ|f0|2

)2
< ρ2r

]
P
[
ρh̃Hh̃ < ρ2r

]
(83)

.
= P

[
|f0|2 < ρr−1

]
P
[
h̃Hh̃ < ρ2r−1

]
(84)

.
= ρ−a(1−r)+

(
ρ−a(1−2r)+

)K

(85)

= ρ−a(1−r)+−Ka(1−2r)+ . (86)

Therefore we have bounded P[J ] from above and below as follows

P[U ] ≤ P[J ] ≤̇ P[J |A] < P[L] (87)

ρ−d(r) ≤ P[J ] ≤̇ ρ−d(r) (88)

where d(r) = a(1− r)+ + Ka(1− 2r)+ for r ∈ [0, 1] and hence

P[J ] = PJ (ρ, r)
.
= ρ−d(r). (89)

Since PJ(ρ, r) ≤ PO(ρ, r) as a result of (14), and since the outage probability is a lower bound to the error
probability achieved by any code [17], we have

PJ(ρ, r) ≤ PO(ρ, r) ≤ Pe(ρ, r). (90)

Following the approach introduced in [18], we now complete the proof of the theorem by identifying a
family of codes which has Pe(ρ, r)

.
= PJ(ρ, r) and hence results in a DM-tradeoff curve which equals the

“Jensen” DM-tradeoff curve derived above. We start by writing

Pe(ρ, r) = P[L] P[error|L] + P
[
error, L̄

]
≤ P[L] + P

[
error, L̄

]
.

Next, we upper-bound P
[
error, L̄

]
through the union bound

P
[
error, L̄

]
≤ ρ2Nr P

[
x̂ → x̃, L̄

]
(91)

where we used the fact that the codebook, Cr(ρ), contains ρ2Nr codewords and P
[
x̂ → x̃, L̄

]
denotes the

maximum pairwise error probability (over all codeword pairs and all channels in L̄) for ML decoding. With
∆x = x̃− x̂, we have

P[x̂ → x̃|H1] = Q

(√
ρ

2
||H1∆x||F

)
≤ exp

[
−ρ

4
||H1∆x||2F

]
≤̇ exp

[
− ρµ

4(1 + µ)
‖Φ1(∆x)f̃‖2

F

]
≤ exp

[
− ρµ

4(1 + µ)
ηmin(ρ)‖f̃‖2

]
(92)
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where ηmin(ρ) is the minimum eigenvalue of Φ1(∆x)HΦ1(∆x), f̃ = [f0 h1f1 h2f2 · · · hKfK ]T and (92)
follows from applying the Rayleigh-Ritz theorem. Taking the expectation over the vector of all fading
coefficients f̃ ∈ L̄, we have

P
[
x̂ → x̃, L̄

]
≤̇ Ef̃∈L̄

{
exp

[
− ρµ

4(1 + µ)
ηmin(ρ)‖f̃‖2

]}
≤̇ exp

[
− µηmin(ρ)

4
√

max(µ, λmin(K(IN)))
ρr

]
(93)

where (93) follows since the event L̄ requires that ρ‖f‖2 ≥ 1+µ√
max(µ,λmin(K(IN )))

ρr. Finally, inserting (93) into

(91), we get

P
[
error, L̄

]
≤̇ ρ2Nr exp

[
− µηmin(ρ)

4
√

max(µ, λmin(K(IN)))
ρr

]
. (94)

The proof is complete since Φ1(∆x) has full rank for all ∆x and for all codebooks in Cr and, hence,
ηmin(ρ) > 0 which implies that (94) decays exponentially in ρ for all r ∈ [0, 1]. Summarizing our results, we
obtain

Pe(ρ, r) ≤ P[L] + P
[
error, L̄

]
≤̇ P[L] + ρ2Nr exp

[
− µηmin(ρ)

4
√

max(µ, λmin(K(IN)))
ρr

]
≤̇ P[L] = PJ(ρ, r)

which combined with (90) yields the desired result.

APPENDIX B
SOME BASIC RESULTS ON DIVERSITY

A. Series in Single Dimension
Lemma 1 (Taylor Series in Single Dimension): Assume function f(x) obeys

f(x) = cxα + o(xα), x → 0

where constant c > 0 and α > −1. Then∫ R

0

f(x)dx =
1

1 + α
cR1+α + o(R1+α), R → 0.

Proof: ∫ R

0

f(x)dx =

∫ R

0

cxα + o(xα)dx

=
1

1 + α
cx1+α

∣∣R
0

+

∫ R

0

o(xα)dx

=
1

1 + α
cR1+α +

∫ R

0

o(xα)dx. (95)

It remains to prove that ∫ R

0

o(xα) = o(R1+α). (96)
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In other words, we need the show that for any ε > 0, there exists a R0 such that (s.t.) for all R < R0∫ R

0
o(xα)dx

R1+α
< ε. (97)

By definition of o(xα), for all ε > 0 there exists an x0 ≥ 0 s.t. for all x ≤ x0, we have

o(xα)

xα
< ε. (98)

Now, we fix ε > 0. Let R0 = x0, then from (98) it follows that for all R < R0∫ R

0
o(xα)dx

R1+α
<

∫ R

0
εxαdx

R1+α
< ε (99)

which concludes the argument.
Corollary 1: Assume that a RV X has pdf fX(x) s.t.

fX(x) = cxα + o(xα), x → 0

where c > 0 and α > −1. Then,

lim
z→0

log P
[
X < zδ

]
log z

= (1 + α)δ (100)

for all δ ∈ [0, 1].
Proof: By Lemma 1, with R = zδ.

B. The Diversity of Sum of Positive Random Variables
Lemma 2: Assume that independent RVs X and Y have pdfs fX(x) and fY (y) s.t.

fX(x) = cxx
αx + o(xαx), x → 0

fY (y) = cyy
αy + o(yαy), y → 0

where constants cx, cy > 0 and αx, αy ≥ 0.

lim
z→0

log[P
[
X + Y < zδ

]
]

log z
= (2 + αx + αy)δ (101)

for all δ ∈ [0, 1].
Proof: We bound P

[
X + Y < zδ

]
from above as follows

P
[
X + Y < zδ

]
≤ P

[
X < zδ

]
P
[
Y < zδ

]
(102)

Then we have

log[P
[
X + Y < zδ

]
] ≤ log[P

[
X < zδ

]
P
[
Y < zδ

]
]

= log[P
[
X < zδ

]
] + log[P

[
Y < zδ

]
]

Then diving by log z, taking the limit on both sides and invoking Corollary 1, we get

lim
z→0

log[P
[
X + Y < zδ

]
]

log z
≥ (2 + αx + αy)δ (103)

Similar steps for the lower bound yield

P
[
X <

zδ

2

]
P
[
Y <

zδ

2

]
≤ P

[
X + Y < zδ

]
log[P

[
X <

zδ

2

]
P
[
Y <

zδ

2

]
] ≤ log[P

[
X + Y < zδ

]
].



19

Then diving by log z, taking the limit on both sides and invoking Corollary 1, we get

(2 + αx + αy)δ ≥ lim
z→0

log[P
[
X + Y < zδ

]
]

log z
. (104)

Putting the upper (103) and lower bound (104) together completes the proof

lim
z→0

log[P
[
X + Y < zδ

]
]

log z
= (2 + αx + αy)δ

for all δ ∈ [0, 1].

C. The Diversity of Product of Positive Random Variables
Theorem 2: Assume that independent RVs X and Y have pdfs fX(x) and fY (y) s.t.

fX(x) = cxx
α + o(xα), x → 0

fY (y) = cyy
α + o(yα), y → 0

where constants cx, cy > 0 and α ≥ 0. Then

lim
z→0

log P
[
XY ≤ zδ

]
log z

= (1 + α)δ (105)

for all δ ∈ [0, 1].
Proof: Consider breaking P

[
XY ≤ zδ

]
into five regions as shown in Fig. 3. Trivially,

T1 T2 T3

T5

T4

XY = z
δ

z
δε

z
δε

√

z
δ

√

z
δ

Fig. 3. Depiction of partitioning of P
ˆ
XY ≤ zδ

˜
.

P
[
XY < zδ

]
=

5∑
i=1

P[Ti]

where events Ti (i = 1, 2, . . . , 5) are defined according to

T1 = {x, y : X ≤
√

zδ, Y ≤
√

zδ}
T2 = {x, y :

√
zδ ≤ X ≤ zδε, XY ≤ zδ}

T3 = {x, y : zδε ≤ X,XY ≤ zδ}
T4 = {x, y :

√
zδ ≤ Y ≤ zδε, XY ≤ zδ}

T5 = {x, y : zδε ≤ Y, XY ≤ zδ}.
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Invoking lemma (1), we can directly arrive at

P[T1] = P
[
X <

√
zδ
]

P
[
Y <

√
zδ
]

= c1z
(1+α)δ + o(z(1+α)δ)

where c1 is a positive constant. To calculate P[T2] (and by symmetry P[T4]), we substitute the pdfs for each
variable with its series expansion by making use of the fact that for ε ∈ [0, 1] both pdfs can be approximated
with their series representation.

P[T2] =

∫ zδε

√
zδ

fX(x)

∫ zδ/x

0

fY (y)dxdy

=

∫ zδε

√
zδ

fX(x)

(
cy

1 + α

(
zδ

x

)1+α

+ o

((
zδ

x

)1+α
))

dx

Then we plug in fX(x) = cxx
α + o(xα) to get

P[T2] ≤ z(1+α)δ

∫ zδε

√
zδ

c3

x
dx +

∫ zδε

√
zδ

o

(
z(1+α)δ

x

)
dx

(106)

By definition of o
(

z(1+α)δ

x

)
, for all γ > 0 there exists an z(1+α)δ

x
≥ 0 s.t. for all z(1+α)δ

x
≤ z0, we have

o
(

z(1+α)δ

x

)
z(1+α)δ

x

< γ. (107)

Now, we fix γ > 0. Let v = z0, then from (107) it follows that for all zδ < v
1

0.5+α∫ zδε
√

zδ o
(

z(1+α)δ

x

)
dx

z(1+α)δ
<

∫ zδε
√

zδ
γ z(1+α)δ

x
dx

z(1+α)δ
< γ(ε− .5)(ln zδ). (108)

Combining the above, we get

P[T2] ≤ z(1+α)δ

∫ zδε

√
zδ

c3

x
dx + o

(
z(1+α)δ(ε− .5)(ln zδ)

)
= z(1+α)δ

(
ln zδε − ln

√
zδ
)

+ o
(
z(1+α)δ(ε− .5)(ln zδ)

)
= z(1+α)δ(ε− .5)(ln zδ) + o

(
z(1+α)δ(ε− .5)(ln zδ)

)
.

There is ζ1, ζ2 s.t. for all ζ1, ζ2 > 0, we have

z(1+α)δ+ζ1 < z(1+α)δ(ε− .5)(ln zδ) < z(1+α)δ−ζ2 . (109)

Therefore we conclude that

P[T2] ≤ c4z
(1+α)δ + o(z(1+α)δ) (110)

where c4 is a positive constant.
Now we only need to upper bound P[T3]

P[T3] =

∫ ∞

zδε

fX(x)

∫ zδ/x

0

fY (y)dydx (111)

≤ c5z
(1+α)δ(1−ε) + o(z(1+α)δ(1−ε)). (112)
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Since (111) holds for every positive ε, which can be made arbitrarily small, we conclude that

P[T3] ≤ c4z
(1+α)δ + o(z(1+α)δ). (113)

Hence we have

c6z
(1+α)δ + o(z(1+α)δ) ≤ P

[
XY < zδ

]
≤ c5z

(1+α)δ + o(z(1+α)δ)

for some positive constants c6 and c5, we conclude that

lim
z→0

log P
[
XY ≤ zδ

]
log z

= (1 + α)δ. (114)

APPENDIX C
DIVERSITY ORDER OF INCOHERENT SUMS

As a simple case of rank deficient K consider the scenario when B relays use identical transformation
matrices. If one writes the modified signal model for this scenario, one would get

y =
ρ√

1 + ρ(1 + ‖h‖2)

(
K−B∑
i=1

hifiGi +

(
K∑

j=K−B+1

hjfj

)
GK

)
x + z (115)

The analysis for the DM-tradeoff of this scheme is very similar to that of Theorem 1, except that we have to
calculate the diversity order of the incoherent sum

(∑K
j=K−B+1 hjfj

)
for the reduced-rank problem. In what

follows, we show that for a certain sub-class of random variables the incoherent sum
(∑K

j=K−B+1 hjfj

)
has

the same diversity order as each one of the terms included in the sum.
Definition: A real random variable X is said to be subgaussian if

P[|X| > t] ≤ e−c1t2 (116)

for some positive constant c1 > 0 and all t ≥ 0. In the following, we need two properties of subgaussian RVs.
Lemma 3 (Vershynin - Moment Generating Function): Let X be a zero-mean RV. Then, the following are

equivalent;
1) X is subgaussian.
2) E[etX ] ≤ ect2 ∀t ≥ 0.

Proof: For a proof, see [22].
Theorem 3 (Vershynin- Sum of Subgaussian RVs): Let X1, X2, . . . Xn be independent random variables.

Also let a1, a2, . . . an ∈ R be such that
∑

k a2
k = 1. Then

∑
k akXk is a subgaussian RV.

Proof: Let Y =
∑

k akXk.

E etY = E et
P

k akXk = E
∏

k

etakXk =
∏

k

E etakXk (117)

By the subgaussianity of Xk, E etakXk ≤ ect2 , for all t ≥ 0 and for all k. Therefore,

E etY = E et
P

k akXk ≤
∏

k

ect2a2
k = ect2 (118)

E etY ≤ ect2 . (119)

Hence by Lemma 3, we conclude the argument.
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Theorem 4 (Diversity order of magnitude of subgaussian sums): Assume that independent zero-mean sub-
gaussian RVs X1 and X2 are such that

P[|a1X1 + U | < z1] ≤ P[|a1X1| < z1] (120)
P[|a2X2 + V | < z2] ≤ P[|a2X2| < z2] (121)

for all U and V and all z1, z2 ≥ 0. Further |X1| and |X2| have pdfs f|X1|(x) and f|X2|(x) s.t.

f|Xk|(x) = cxx + o(x2), x → 0

where constants cx > 0 for all k. Then

lim
z→0

log P
[
|a1X1 + a2X2| < zδ

]
log z

= 2δ. (122)

where a2
1 + a2

2 = 1.
Proof:

P
[
|a1X1 + a2X2| < zδ

]
=

∫ ∫
|a1x1+a2x2|<zδ

fX1(x1)fX2(x2)dx1dx2 (123)

We know from the assumption in the theorem that for any fixed x2 we have∫
|a1x1+a2x2|<zδ

fX1(x1)dx1 ≤
∫
|a1x1|<zδ

fX1(x1)dx1. (124)

Hence we have,

P
[
|a1X1 + a2X2| < zδ

]
≤
∫ ∫

|a1x1|<zδ

fX1(x1)dx1fX2(x2)dx2 (125)

= P
[
|a1X1| < zδ

]
. (126)

The lower bound follows from subgaussianity of a1X1 + a2X2. We have that

P
[
|a1X1 + a2X2| > zδ

]
≤ e−cz2δ

(127)

P
[
|a1X + a2X2| ≤ zδ

]
≥ 1− e−cz2δ

(128)

Putting the upper and lower bounds together we have

1− e−cz2δ ≤ P
[
|a1X1 + a2X2| < zδ

]
≤ P

[
|a1X1| < zδ

]
(129)

log(1− e−cz2δ

) ≤ log P
[
|a1X1 + a2X2| < zδ

]
≤ log P

[
|a1X1| < zδ

]
(130)

For z < 1, we further have

log(1− e−cz2δ
)

log z
≥

log P
[
|a1X1 + a2X2| < zδ

]
log z

≥
log P

[
|a1X1| < zδ

]
log z

(131)

Finally, taking the limit and invoking Corollary 1, we have

lim
z→0

log P
[
|a1X1 + a2X2| < zδ

]
log z

= 2δ. (132)
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