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Abstract:

In this deliverable, we analyze fading interference relay networks where M single-antenna source-
destination terminal pairs communicate concurrently and in the same frequency band through a set of K
single-antenna relays using half-duplex two-hop relaying. We assume that relays have channel state
information (CSl), perform matched-filtering, and the destination terminals cannot cooperate. The main
contributions of the report are:

* We consider two different protocols, P1 introduced (for the finite-M case) in [14] and P2 introduced in
[13]. P1 relies on the idea of relay partitioning and requires each relay terminal to know one backward
(source to relay) and one forward (relay to destination) fading coefficient only. P2 does not use relay
partitioning and requires each relay terminal to know all M backward and all M forward fading coefficients.
We prove that in the large-M limit, provided the number of relay terminals grows fast enough as a function
of M, under both protocols, the network “decouples” in the sense that the individual source-destination
terminal pair capacities are strictly positive. The corresponding minimum rates of growth are shown to be
K=MA3 for P1 and K=M"2 for P2. The protocols P1 and P2 are thus found to trade off CSI at the relays for
the required (for the network to decouple) rate of growth of relays.

* We show that the growth rates K=M"3 for P1 and K=M"2 for P2 are sufficient to not only make the
network decouple, but to also lead to the individual source-destination fading links converge to nonfading
links. We say that the network “crystallizes” as it breaks up into a set of isolated “wires in the air”. A large-
deviations analysis is performed to characterize the “crystallization” rate, i.e., the rate (as a function of M,
K) at which the decoupled links converge to nonfading links. In the course of this analysis, we develop a
new technique for characterizing the large-deviations behavior of certain sums of dependent random
variables.

* For P1 and P2, we establish the impact of cooperation at the relay level on network capacity scaling.
More specifically, it is shown that, asymptotically in M and K, cooperation in groups of L relays (which can
also be interpreted as having multi-antenna relays in MEMBRANE settings) leads to an L-fold reduction in
the total number of relays needed to achieve a given per source-destination terminal pair capacity.

Keyword list: capacity scaling, interference relay networks, asymptotic analysis.



I. INTRODUCTION

The capacity of the relay channel [1], [2] is still unknown in the general case. Recently, the
problem has attracted significant attention, with progress being made on several aspects [3].
Sparked by [4], [5], analysis of the capacity scaling behavior of large wireless (relay) networks
has emerged as an interesting tool [6]-[14], which often allows to make stronger statements than a
finite-number-of-nodes analysis. In parallel, the design of distributed space-time codes [15]—-[17],
the area of network coding [18], [19], and the understanding of the impact of relaying protocols
and multiple-antenna terminals on network capacity [17], [20], [21] have seen remarkable activity.

This report deals with interference fading relay networks where M single-antenna source-
destination terminal pairs communicate concurrently and in the same frequency band through
half-duplex two-hop relaying over a common set of K single-antenna relay terminals (see
Fig. 1). It is assumed that the relays have CSI, perform matched-filtering, and the destination
terminals cannot cooperate. The network operates in a completely distributed fashion, i.e., with
no cooperation between any of the terminals.
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Fig. 1. Dense wireless network with dead-zones around source and destination terminals. Each terminal employs
one antenna.

A. Contributions and Relation to Previous Work

Our main contributions for the coherent case can be summarized as follows:



o We consider two different protocols, P1 introduced (for the finite-M case) in [14] and P2

introduced in [13]. P1 relies on the idea of relay partitioning (i.e., each relay is assigned to
one source-destination terminal pair) and requires each relay terminal to know its assigned
backward (source to relay) and forward (relay to destination) channel only. The relays
perform matched-filtering with respect to (w.r.t.) their assigned backward and forward
channels. P2 does not use relay partitioning, requires each relay terminal to know all M
backward and all M forward channels, and performs matched-filtering w.r.t. all M backward
and M forward links.
Previous work for the coherent case has established the power efficiency scaling of P2 for
M — oo with K = M? [13]; in [14] it was shown that for P1 with M fixed, in the K — oo
limit, network capacity scales as C = (M/2)log(K) + O(1). The results in [14] and the
corresponding proof techniques, however, rely heavily on M being fixed when K — oo.
When M, K — oo, the amount of interference (at each destination terminal) grows with
M. Establishing the corresponding network capacity scaling behavior, therefore, requires
fundamentally new techniques, which are developed in this report. In particular, we derive
the network (ergodic) capacity scaling behavior for M, K — oo for P1 and P2 by computing
a lower and an upper bound on the per source-destination terminal pair capacity, and by
showing that the bounds exhibit the same scaling (in M, K) behavior. The technique used to
establish the lower bound is based on a result found in a completely different context in [22]
and applied in [13] to derive the power efficiency scaling of P2. For our purposes, we need
a slight generalization of the result in [22], which follows, in a straightforward fashion,
from a result on nearest-neighbor decoding reported in [23]. For the sake of completeness,
we present the derivation of the relevant inequality in Appendix E. The matching upper
bound on the per source-destination terminal pair capacity poses significantly more technical
challenges and is based on a large-deviations analysis of the individual link SINR (signal
to interference plus noise ratio) random variables (RVs). In summary, we prove that in
the large-M limit, provided the number of relay terminals K grows fast enough as a
function of M, under both protocols P1 and P2 the network “decouples” in the sense
that the individual source-destination terminal pair (ergodic) capacities are strictly positive.
The corresponding minimum rates of growth are K oc M? for P1 and K o< M? for
P2, with the per source-destination terminal pair capacity scaling (when M, K — o0) as
Cp1 = (1/2)log(1 + ©(K/M?)) and Cpy = (1/2)log(1 + ©(K/M?)), respectively. The
protocols P1 and P2 thus trade off CSI at the relays for the required (for the network to
decouple) rate of growth of relays. We hasten to add that the ergodic-capacity lower bound
for P2 was previously established in [13] and is restated (and reproved under slightly
different assumptions) in this report for the sake of completeness. It appears, however,
that [13] does not provide an upper bound and establish the minimum rate of growth of
the network to decouple.

o We analyze the network outage capacity behavior induced by P1 and P2 using a large-
deviations approach. More specifically, we show that the growth rates K oc M3 in Pl
and K o< M? in P2 are sufficient to not only make the network decouple, but to also



lead to the individual source-destination fading links converge to nonfading links. We say
that the network “crystallizes” as it breaks up into a set of isolated “wires in the air”.
Each of the decoupled links experiences distributed spatial diversity (or relay diversity),
with the corresponding diversity order going to infinity as M — oo. Consequently, in the
large-M limit, time diversity (achieved by coding over a sufficiently long time horizon) is
not needed to achieve ergodic capacity. We obtain bounds on the outage capacity of the
individual source-destination links, which allow to characterize the “crystallization” rate
(more precisely a guaranteed “crystallization” rate as we do not know whether our bounds
are tight), i.e., the rate (as a function of M, K) at which the decoupled links converge to
nonfading links. In the course of this analysis, we develop a new technique for characterizing
the large-deviations behavior of certain sums of dependent RVs. This technique builds on
the well-known truncation approach and is reported in Appendix A.

« For P1 and P2, we establish the impact of cooperation at the relay level on network (ergodic)
capacity scaling. More specifically, it is shown that, asymptotically in M and K, cooperation
(realized by vector matched filtering) in groups of L relays leads to an L-fold reduction in
the total number of relays needed to achieve a given per source-destination terminal pair
capacity.

B. Notation

The superscripts ©, #, and * stand for transposition, conjugate transpose, and element-wise

conjugation, respectively. |X| is the cardinality of the set X. log(z) stands for the logarithm
base 2, and In(z) is the natural logarithm. I[x] = 1 if = is true and I[z] = 0 if = is false.
d[k] =1 for k = 0 and 0 otherwise. The unit step function u(z) = 0 for x < 0 and u(z) =1
for x > 0. E and Var denote the expectation and variance operator, respectively. [x] stands for
the smallest integer that is greater than or equal to x. arg(z) stands for the argument of x € C.
A circularly symmetric zero-mean complex Gaussian RV is a RV Z = X + jY ~ CN(0,0?),
where X and Y are independent identically distributed (i.i.d.) N'(0,02/2). An exponentially
distributed RV with parameter A is a real-valued RV X with probability density function (pdf)
given by fx(x) = Aexp(—Az)u(z). A Rayleigh-distributed RV with parameter o is a real-
valued RV X with pdf fx(z) = (z/a?)exp (—2%/(202))u(x). U (a,b) denotes the uniform
distribution over the interval [a,b]. 6(x) is the Dirac delta distribution. The moment-generating
function (MGF) of a RV X is defined as Mx(s) £ [ e** fx(x)dz if 3so > 0 such that
(s.t.) the integral converges Vs s.t. Rs < sg. (z)T = z for z > 0 and 0 otherwise. For two
functions f(x) and g(x), the notation f(x) = O(g(x)) means that | f(z)/g(z)| remains bounded
as z — oo. We write g(x) = ©(f(x)) to denote that f(z) = O(g(z)) and g(x) = O(f(x)).
For two functions f(z) and g(x), the notation f(z) = o(g(z)) means that |f(x)/g(z)] — 0
as x — oo. Matrices and vectors (both deterministic and random) are denoted by uppercase
and lowercase, respectively, boldface letters. The element of a matrix X in the nth row and
mth column and the nth element of a vector x are denoted as [X],,, and [x],, respectively.
X oY is the Hadamard (or element-wise) product of the matrices X and Y. ||x|| denotes
the /2-norm of the vector x. Rz and 3z designate the real and imaginary part of z € C,



respectively. Ct £ {2z € C: 3z > 0}. For any n,m € N, m > n, [n:m] denotes the natural

numbers {n,n+1,...,m}.

C. Organization of the Report

The rest of this report is organized as follows. Section II describes the general channel model
and the parts of the signal model'. Section III contains the large-deviations analysis of the
individual link SINRs for P1 and P2. In Section IV, we present our ergodic-capacity scaling
results, discuss the “crystallization” phenomenon, and study the impact of cooperation at the relay
level. We conclude in Section V. The new technique to establish the large-deviations behavior
of certain sums of dependent RVs is presented in Appendix A. Appendix B summarizes a set
of (union) bounds used heavily throughout the report. Appendices C and D contain the proofs
of Theorems 1 and 6, respectively. The result from [23] needed for the proof of the ergodic
capacity lower bounds for P1 and P2 is summarized in Appendix E.

II. CHANNEL AND SIGNAL MODEL

In this section, we present the channel and signal model and additional basic assumptions.
We restrict ourselves to the aspects that apply to both protocols P1 and P2. Relevant specifics
for P1 and P2 will be provided in Sections III-A and III-B, respectively.

A. General Assumptions

We consider an interference relay network (see Figs. 1 and 2) consisting of K + 2M single-
antenna terminals with M/ designated source-destination terminal pairs {Sy,, Dy, } (m € [1: M])
and K relays Ry (k € [1:K]). We assume that no direct link between the individual source-
destination terminal pairs exists (e.g., caused by large separation). Transmission takes place
in half-duplex fashion (the terminals cannot transmit and receive simultaneously) in two hops
(a.k.a. two-hop relaying) over two separate time slots. In the first time slot, the source terminals
simultaneously broadcast their information to all the relay terminals (i.e., each relay terminal
receives a superposition of all source signals). After processing the received signals, the relay
terminals simultaneously broadcast the processed data to all the destination terminals during the
second time slot. Our setup can be considered as an interference channel [24] with dedicated
relays, hence the terminology interference relay network.

B. Channel and Signal Model

Throughout the report, frequency-flat fading over the bandwidth of interest as well as perfectly
synchronized transmission and reception between the terminals is assumed. For the finite-M,
K — oo case it has been shown in [25] that the perfect-synchronization assumption can be
relaxed, under quite general conditions on the synchronization errors, without impact on the

"The motivation of the channel model considered. in this report can be found in [14].
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Fig. 2. Two-hop wireless relay network setup.

capacity scaling laws. The input-output (I-O) relation for the link between the source terminals
and the relay terminals during the first time slot is given by

r=(EocH)s+z (1)

where r = [r1,79,...,7k]T with r, denoting the signal received at the kth relay terminal, E €
REXM with (Eli.m = \/Ek,m Where Ej ,,, denotes the average energy received at Ry, through
the S,, — Ry link? (having accounted for path loss and shadowing in the S,, — R link),
H € CKM with [H]gm = him (k € [1: K], m € [1: M]) where hy,, ~ CN(0,1) denotes the
i.i.d. complex-valued channel gains corresponding to the S,, — Ry links, s = [s1, 82, ..., su]"
where s, is the zero-mean Gaussian signal transmitted by S,,, and the vector s is i.i.d. temporally
and spatially (across source terminals). Finally, z = [21, 22, ..., 2x]? where 2 ~ CA(0,0?) is
temporally and spatially (across relay terminals) white noise. The kth relay terminal processes its
received signal r; to produce the output signal ;. The collection of output signals ¢, organized
in the vector t = [t1,ta,...,tx|T, is then broadcast to the destination terminals during the
second time slot, while the source terminals are silent. The mth destination terminal receives
the signal y,,, with y = [y1,%2,...,ym]’ given by

—(PoF)t+w )

where P € RM*K yith [Plynk = /Pmi and P, denotes the average energy received
at D,, through the Ry — D, link (having accounted for path loss and shadowing in the

2 A — B signifies communication from terminal A to terminal B.



Ry — Dy, link). Furthermore, F € CM*X with [Fl,ux = fiux (m € [1:M], k € [1:K])
where fp,z ~ CN(0,1) denotes the ii.d. complex-valued channel gains corresponding to
the Ry — Dy, links, and w = [wy,wo,...,wy]? with w,, ~ CN(0,0?) being temporally
and spatially (across destination terminals) white noise. Throughout the report, we impose a
per-source-terminal power constraint E Hsmm < 1/M (m € [1:M]), which results in the total
transmit power trivially satisfying IE[HS||2] < 1. Furthermore, we impose a per-relay-terminal
power constraint E[|tx|?] < P.ei/K (k € [1: K]), which results in the total power transmitted
by the relay terminals satisfying IE[||t||2] < P,o. As already mentioned above, path loss and
shadowing are accounted for through the E}, ,,, (k € [1: K], m € [1: M]) (for the first hop) and
the P, (m € [1:M], k € [1:K]) (for the second hop). We assume that these parameters are
deterministic, uniformly bounded from above (follows from the dead-zone assumption) and
below (follows from considering a domain of fixed area) so that

0<E <Epm <E<oo, 0<P <Py <P<cx, Yk, m. 3)

Throughout the report, we assume that the source terminals S,, (m € [1: M]) do not have
CSI. The assumptions on CSI at the relays and the destination terminals depend on the protocol
(P1 or P2) and will be made specific when needed.

A discussion of the motivation for the two scenarios analyzed in this report can be found
in [14].

III. ANALYSIS OF PROoTOCOLS P1 AND P2

In this section, we describe the two protocols P1 and P2 and derive the corresponding SINR
concentration results along with the resulting bounds on the individual source-destination link
outage probability induced by P1 and P2. Note that the results in this section do not require
ergodicity of H and F.

A. Protocol 1 (P1)

The basic setup was introduced in Section II. We shall next describe the specifics of P1.
The K relay terminals are partitioned into M subsets M,,, (m € [1: M]) with® |[M,,| = K/M.
The relays in M,,, are assumed to assist the mth source-destination terminal pair {S,,, Dy, }. This
assignment is succinctly described through the relay partitioning function p : [1, K| — [1, M]
defined as

p(k) 2 m < Ry € My,

We assume that the kth relay terminal has perfect knowledge of the phases arg(hy, (1)) and
arg( To(k), 1) of the single-input single-output (SISO) backward (from the perspective of the relay)
channel S,y — Ry and the corresponding forward channel Ry — D), respectively. We
furthermore define ilk7p(k) = exp(j arg(hk,p(k))) and fp(k),k = exp(j arg(fp(km)). The signal

3For simplicity, we assume that K is an integer multiple of M. Moreover, in the remainder of the report all results
pertaining to P1 implicitly assume K > M.



rg received at the kth relay terminal is first cophased w.r.t. the assigned backward channel
followed by an energy normalization so that

up = dp1k EZ,p(k) Tk 4)
where
o M —-1/2
dprk = VPt |37 D B + Ko (5)
m=1

ensures that the per-relay power constraint IEHuk‘Q] = P,/ K is met. The relay terminal Ry

then computes the transmit signal ¢; by cophasing w.r.t. its assigned forward channel, i.e.,
ty = f;(k),k Uk (6)
which, obviously, satisfies EHtkP] < P,/ K with equality and hence meets the total power
constraint (across relays) ]E[HtHQ] = ZszlEHtkP] = Py,. In summary, Pl ensures that

the relays Ry € M,, forward the signal intended for D,,, namely, the signal transmitted
by S, in a “doubly coherent” (w.r.t. backward and forward channels) fashion, whereas the
signals transmitted by the source terminals S; with m # m are forwarded to D,, in a
“noncoherent” fashion (i.e., phase incoherence occurs either on the backward or the forward
link or on both links). The idea underlying P1 has originally been introduced in [14] (for the
finite-M case).

We shall next derive the I-O relation for the SISO channels S,, — D,, (m € [1:M]). The
destination terminal D,, receives doubly (backward and forward link) coherently combined
contributions corresponding to the data signal s,,,, with interfering terms containing contributions
from the signals s;, with m # m as well as noise, forwarded by the relays. Combining (1),
(4), (6), and (2), it follows (after some straightforward algebra) that the signal received at D,,
is given by*

1
m,m
=S —E a,’ +
Ym m ,—Kk:1 k

effective channel gain

K K
1 5 1
D s =y =Y Wt wn,  me [1:M] ™
mzm VRS VK )
inter;errence noise
where
ai™ & Cpiy Pk Frnsk Wiy P @®)

bZn = Cgl,k f;(k),k fm,k: B;p(k) (9)

“The notation > Stands for the summation over 77 € [1: M] s.t. 7 # m. If not specified, the upper limit of
the summation is understood from the context.



with

Coit = VEdp1 /P ik Erm (10)
CPy . = VEdp1 /P . (11)

The normalization factor v/K in (7), (10), and (11) is introduced for convenience of exposition.
Using (3), it now follows that

c A, ==l o oman o 20 12
- E+o2 = "=V E+0? (12)
PP, PP
A 4 1Irel m rel A —
CNE+o SO S\ grae = © (13)

forall k € [1: K], m € [1: M], and 7 € [1: M]. In the following, it will be essential that the
constants C, ¢, C, and ¢ do not depend on M and K.

Since we assumed that the destination terminals D,,, (m € [1: M]) cannot cooperate, the D,,
cannot perform joint decoding so that the network can be viewed as a collection of M SISO
channels &, — D, i.e., as an interference channel with dedicated relays. We can see from (7)
that each of these SISO channels consists of a fading effective channel, interference, caused by the
source signals not intended for a given destination terminal, again with fading interference chan-
nels, and finally a noise term incorporating thermal noise forwarded by the relays and thermal
noise added at the destination terminals. In the remainder of this section, we make the conceptual
assumption that each of the destination terminals D,,, has perfect knowledge of the fading and
path loss and shadowing coefficients in the entire network, i.e., D,, (m € [1: M]) knows H,F | E
and P perfectly. An immediate consequence of this assumption is that D,, (m € [1:M]) has
perfect knowledge of the effective channel gain (1/vK)Y i, a;”"", the interference channel
gains (1/VK) Zle a?’m (72 # m), and the quantity (1/v/K) Zszl by*. This assumption is
certainly critical in practice, but it does result in an upper bound on the theoretically achievable
performance. Conditioned on H and F, both the interference and the noise term in (7) are
Gaussian, so that the mutual information for the S,, — D, link is given by

1
L(ym; m | H, F) = 5 log (1 + SINR;}') (14)
where the effective SINR in the SISO channel S,,, — D,,, is defined as
K b
’Ejk:1a$n12
K N K :
>t ey a2 MO b2+ KMo

We conclude by noting that the large-deviations results in Section III-C rely heavily on the
assumption that D,,, (m € [1: M]) knows H, F, E, and P perfectly. The ergodic capacity-scaling
results in Section IV will, however, be seen to require significantly less channel knowledge at
the destination terminals.

SINRP'L £

(15)
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B. Protocol 2 (P2)

The only difference between P1 and P2 is in the processing at the relays. Whereas in P1 the
K relay terminals are partitioned into M clusters (of equal size) with each of these clusters
assisting one particular source-destination terminal pair, in P2 each relay assists all source-
destination terminal pairs so that relay partitioning is not needed. In turn, P2 requires that each
relay knows the phases of all its M backward and M forward channels, i.e., Ry needs knowledge
of iLhm and fmk respectively, for m € [1: M]. Consequently, P2 requires significantly more
CSI at the relays than P1. The relay processing stage in P2 computes

M
ty = dpak (Z hlem ff;,k> Tk (16)

m=1

where

dpa g = \/ Pral

ensures that the power constraint E[|t;|?] = P.1/K and hence E[||t||2} = zgzlEHtk‘Q] =
P.q) 1s met.

Again, we start by deriving the I-O relation for the SISO channels S,, — D,, (m € [1: M]).
Like in P1, the destination terminal D,, receives doubly (backward and forward link) coher-
ently combined contributions corresponding to the data signal s,,, interfering terms containing
contributions from the signals s,; with m % m, as well as noise forwarded by the relays.
Combining (1), (16), and (2), it follows that the signal received at D,, (m € [1: M]) is given

M —-1/2
K> Epm+ MKO’2]

m=1

effective channel gain

K M K M

1 T 1 s
—i—EsA E a,’ "+ EEb’z%—w, m € [1: M17)
mVKMkzlfnzl ‘ VEM = b " | :

m#m m=1
interference noise
where
ap ™ & 3273 Fre e Fme e i (18)
bZMh 2 CgLZ,k f:%,k fm,k ﬁz’m (19)
with

CITQ’Z‘ 2 VK Mdps j\/ P Ern (20)
CPyr & VK Mdps /P i Q1)
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Again, the normalization v KM in (17), (20) and (21) is introduced for convenience and
c<epmh<C (22)
c<Cpyp<c (23)

for all k € [1: K], m € [1: M], and 1 € [1: M] with the constants C, ¢, C, and ¢ not depending
on M and K.

Recalling that we assume perfect knowledge of H, F, E, and P at each of the destination
terminals, D,,, the mutual information for the S,, — D,, link in P2 is given by

1
L(ym; sm | H,F) = 5 log (1 + SINR;?) (24)
where the effective SINR in the SISO channel S,,, — D,,, is defined as

DI DL

K M ’A’~ K M "' .
Zm#m‘Zkzl S a2 A oMY Yo O 2+ M2 K o

SINRPZ 2 (25)

C. Large-Deviations Analysis of SINR

Our goal in this section is to prove that SINRF! and SINRF? for m € [1: M] [and, thus,
the corresponding mutual informations (14) and (24)] lie within “narrow intervals” around their
mean values with® “high probability” when M, K — oo. The technique we use to prove these
concentration results is based on a large-deviations analysis and can be summarized as follows:

1) Consider each sum in the numerator and denominator of (15) and (25) separately.

ii) Represent the considered sum as a sum of independent RVs or as a sum of dependent
complex-valued RVs with independent phases.

iii) Find the mean value of the considered sum.

iv) Employ a large-deviations analysis to prove that the considered sum lies within a narrow
interval around its mean with high probability, i.e., establish a concentration result.

v) Combine the concentration results for the separate sums using the union bounds summa-
rized in Appendix B to obtain concentration results for SINRY! and SINRF2.

1) Chernoff bounds: Before embarking on a detailed discussion of the individual Steps i—v
above, we note that a well-known technique to establish large-deviations results for sums of
RVs (as required in Step iv above) is based on Chernoff bounds. This method, which yields the
precise exponential behavior for the tails of the distributions under question, can, unfortunately,
not be applied to all the sums in (15) and (25). To solve this problem, we develop a new
technique, which allows to establish large-deviations results for sums of dependent complex-
valued RVs with independent phases where the RVs occurring in the sum are s.t. their MGF
does not need to be known. The new technique is based on the well-known idea of truncation
of RVs and will, therefore, be called truncation technique. Even though truncation of RVs is a

SThe precise meaning of “narrow intervals” and “high probability” is explained in the formulation of Theorems 1
and 2 in Section III-D.



12

standard concept in probability theory, and in particular in large-deviations analysis, we could
not find the specific approach developed in this report in the literature. We therefore decided to
present the truncation technique as a stand-alone concept and summarized the main results in
Appendix A. Before proceeding, we note that even though the truncation technique has wider
applicability than Chernoff bounds, it yields weaker exponents for the tails of the distributions
under question.

Although the proofs of the main concentration results, Theorems 1 and 2 in Section III-D,
are entirely based on the truncation technique, we still discuss the results of the application of
Chernoff bounds (without giving all the details) in the following, restricting our attention to
P1, to motivate the development of the truncation technique and to provide a reference for the
quality (in terms of tightness of the bounds) of the results in Theorems 1 and 2. Moreover, the
developments below introduce some of the key elements of the proofs of Theorems 1 and 2.

Following the approach outlined in Steps i—v above, we start by writing SINRE! as

50 1 5@

SINR!! = 26
SG) +02MS™ + KMo? (26)
and establishing bounds on the probability of large deviations of
st & Z Coig ol Pl 27)
k:p(k)=
s £ Z Cor'k Faopn frnd P iy P (28)
k:p(k)#£m
2
SH LD Z oLk Tyt fons i o) M (29)
m#m | k=1
a 2
SWEY (B [l (30)
k=1

We shall see in the following that the pdfs of the terms in S, S and S™ have a structure
that is simple enough for Chernoff bounds to be applicable. We start with the analysis of the
simplest term, namely S*). To avoid unnecessary technical details and to simplify the exposition,
we assume (only in the analysis of the large deviations behavior of S¥)) that

Cﬁ$=0%,k=1 VYm,m € [1:M], k€ [1:K]. (31)

Defining® X, = 2, we have

M=

SW =3 "X,

k=1

®For notational convenience, we shall omit the index m in what follows.
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where the X}, are i.i.d. exponentially distributed with parameter A = 1, i.e., fx, () = e "u(x)

and hence IE[X k] = 1. For convenience, we centralize X}, and define Z;, = X}, — 1. The MGF
of Zj is given by

e—S

1—3s’

Mgz, (s) = / T ey = Rs < 1. (32)
0

Since the RVs Z; are independent, we obtain, using the standard Chernoff bound (see, for
example, [26, Section 5.4]), for x > 0

<s<1

K
P{; Zy > ZL‘} < Omin (Mg, (s))* e™>®

= jnin, exp(—Ks— K1In(l —s) — sx). (33)

Using the fact that (M, (s))™ e~ is convex in s [26, Section 5.4], the minimum in (33)
follows in a straightforward way at s = x/(x + K), which gives

K
P{ZZka} <exp(KIn(z+ K) — KIn(K) —z). (34)
k=1

The corresponding relation for negative deviations (z < 0) is
K
P ZZkSIL" < exp(Kln(z+ K)— KIn(K) —x), = > —-K 39)
P 0, z < —-K.

Equation (35) is obtained in exactly the same manner as (34) with the only difference that
minimization in (33) should be performed over s < 0 and that Ziil Zy, > —K. Finally,
setting = v/Kt, we get the desired concentration result for the sum S® as

t
IP’{S(4) ~ K> \/Et} < exp <K ln<1 + \/?> — \/Et) >0, (36)

o0z < [ ) )

We now consider the case when K is large and ¢ = 0(\/F ) so that

1 <1—i— ! ) ! e + 0 ( f >3 (38)
n —_— | == == — .

VK VK 2K VK
If we omit higher (than second) order terms in (38), the bound in (36) and (37) can now be
compactly written as .

P{‘S“) - K} > \/Et} < 2%, (39)
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We can, therefore, conclude that the probability of large deviations of S(*) decays exponentially.

Similar concentration results, using Chernoff bounds, can be established for S(!) and S®.
The derivation is somewhat involved (as it requires establishing upper bounds on the MGF), does
not provide insights into the problem and will, therefore, be omitted. Unfortunately, the simple
technique used above to establish concentration results for S(*) (and applicable for S 1) and
S5(2)) does not seem to be applicable to S). To see this, we start by noting that S contains
two classes of terms (in the sense of the properties of their pdf), i.e.,

SB) = 5Bl 4 5(32) (40)
with
K N 2
SRE (Qﬁ?) | el ® e ® (41)
m#m k=1
K
32 A m,m o 7 % . m,m r o * ~A . *
56 2 Z Z ZCPl,k: oty Sk Mg ey Tt in CPl,l% fp( k fm,fc hk,p(k) hl%,m' (42)
m#Em k=1 j£f

Now, there are two problems in applying the technique we have used so far to S®): First, it
seems very difficult to compute the MGFs for the individual terms in S and S2); second, the
individual terms in S® and S®2) are not jointly’ independent across the summation indices.
The first problem can probably be resolved using bounds on the exact MGFs (as can be done
in the analysis of S() and S®)). The second problem, however, seems more fundamental. In
particular, the individual terms in S©!) are independent across k but not across 7. In S32), the
individual terms are independent across k but not across k and 1. Assuming that the problem of
computing (or properly bounding) the MGFs is resolved, a natural way to overcome the second
problem mentioned above would be to establish concentration results for the sums over k, i.e.,
for

K

. N2

S0 23 () b il ? (43)
k=1

(32) =

A(32) a m,m Fx 7 * m,m F * 7 *

Sm,i; - Z Cp1 g Stk e P (i Tokin CP1,12; otk Ton i P () hl%,m (44)
k=1

and to employ the union bound for sums (Lemmas 1 and 3 in Appendix B) to obtain concentration
results for SG1) and SG2). Unfortunately, this method, although applicable, yields results that are
very loose in the sense of not reflecting the correct “order-of-magnitude behavior” of the typical
deviations. To understand why this is the case, we perform an order-of-magnitude analysis as

"We write “jointly independent”, as opposed to “pairwise independent” here and in what follows to stress the fact
that the joint pdf of the RVs under consideration can be factored into a product of the marginal pdfs. In several
places throughout the report we will deal with sets of RVs that turn out to be pairwise independent, but not jointly
independent.
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follows. For simplicity, we again restrict ourselves to C’g”l’? =Cpip=1 Vm,me [1:M], k €
[1: K]. Note that for any k, k € [1: K] s.t. k # k and any 7 € [1: M] s.t. 1 # m, we have

E | Fyu S B pay W i £ iy W] = O
Chernoff bounding Sf:%) would, therefore, yield that IP’{ ‘5’7(:2]3{ > VK t} decays exponentially®

k
&(32)

in t. Then, applying the union bound for sums (Lemma 1) to S (32) — Zﬁ#m i £k th > we
would conclude that 7

P{‘SW( > (M —1)(K — 1)\/Et} (45)

decays exponentially in ¢t. Even though the terms in S(32) are not completely independent across k
and m, we will see in Section III-C.2 that there is still enough independence between them for
the truncation technique to reveal that

IP’{’S(?’Q)‘ > VM~ 1)(K — I)Kt} (46)

decays exponentially in ¢, which is a much stronger concentration result than (45). The impor-
tance of the difference between (46) and (45) becomes clear if we consider S (1) Since Sﬁsl)
is a sum over K independent terms, each of which satisfies EH fm,kmhkﬁm = 1, Chernoff

bounding would yield that
p{|s5 — K| = VK]
&(31)

decays exponentially in . Applying the union bound to SGY = " 2m S
show that

, one can then

P{ ’5(31) K(M — 1)) > (M — 1)\/?15} 47)

decays exponentially in ¢. When M and K are large, we would now conclude from (45) and (47)
that S = §B 4 §(32) deviates around K M with a typical deviation of order M K+/K. Since
the typical deviations are larger (by a factor of v/K) than the mean, the corresponding deviation
result is useless. On the other hand, if we use the bound (46) combined with (47), again assuming
that M and K are large, we can conclude that S®) deviates around K M with a typical deviation
of order VMK + MVK , which is an order of magnitude smaller than the mean. As already
mentioned, the truncation technique allows us to establish useful concentration results for sums
with dependent terms such as that in (44).

2) Application of the truncation technique: In this section, we demonstrate how the desired
concentration results for SG1) and SG?) as defined in (41) and (42), can be obtained by
application of the truncation technique. The following results will be used in the proof of
Theorem 1 and will, therefore, be formulated for general C?ﬁ’ﬁf and C’{D”Lk.

8We do not specify the exponent here. It depends on the MGF or the bounds on the MGF of S'Szk) .
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Analysis of SGBL . Consider 5‘7(5’1). The variables X}, = {fmkP and Y} 5, = o |% are

exponentially distributed with parameter A = 1. Therefore, we have

P{Xy >z} =P{Yyn >} <e®, x>0, Vk,m.

Define Zj, £ X %Yk - From the union bound for products it follows that
P{Zym > 2%} = P{X}; Vi > 2%} < 2e7°

which yields
P{Z}am 2 LL‘} S 26_\/5.

Next, using E[Zj,;] = 1 and E[(ka)ﬂ = 4 Vk,im # m and the independence of the
RVs Zj, ;5 across k € [1: K], it follows from Corollary 2, taking into account (12), that

p{ 5903~ (o)’
A

k=1
where AGY £ min]1, (1/8)5_4]. Applying the union bound for sums (see Lemma 1) and
using (12), we finally obtain the desired’ concentration result for S®1) as

P{SCV > (M~ 1)KC” + (M ~ )VKz} < 6(M ~ 1)K exp(-aC0227)  48)

> @x} <6Ke AT K >0

and
P{sC) < (M - 1)KC? — (M~ 1)VKz} < 6(M - 1)K exp(-A00227) . 49)

Analysis of S®?): We start by rewriting (42) as

32
=VE-1)Y Zoplkf e Fnse Ty T T ) (50)
m#m k=1
where TS’ i) is defined as
(32) a *
Tﬁ%k \/72 Plk k)kf K kyp(k) hfc,m'
k+£k

The concentration result for S(32) (and other similar sums occurring in the proofs of The-
orems 1 and 2) will be established by applying (one or multiple times) the following general
steps:

o Establish a concentration result for T (32)

“We note that we do not avoid using the union bound on S GY It is important, however, that we do not use it
when analyzing S©%).
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Represent the terms on the right-hand side (RHS) of (50) in the form CITI’?Z L ej‘lgk"ﬁ
where 3
i 2 T | Fonoel Vi

and
S 2 arg(f i S By k) 51)

so that the sum S®2) can be written as

K
5(32) L /K —1 Z chblﬁ; vak ej‘i’k,m‘

m#m k=1

2)

Use the concentration result for 7> Tk together with the union bound for products (see
Lemma 4) to establish bounds on the tail behavior of Zy, . and verify condition (115) in
Theorem 10. )

If needed, split up the sum S®2) into several sums, so that the phases e/?*m are jointly
independent in each of these sums and Theorem 10 can be applied (to each of these sums
separately).

Finally, apply Theorem 10 (to each of the sums resulting in the previous step separately)
and use the union bound for sums to establish the desired concentration result for S2).

Following this procedure, we start by deriving a concentration result for TS’ i). Since Tngjj’ ? is of

the same nature as S (2), we could, in principle, use Chernoff bounds. This would, however, lead
to an exponent with a complicated dependence on ¢, which can be simplified only under certain
assumptions on ¢, such as in (38). What we need is a simple universal bound for IP’{ !T S’ ?} > x},
which is valid for all = and allows to verify condition (115) in Theorem 10 for Zy, ;.. Such a

bound can be obtained by applying the truncation technique to Tg’ i) as follows. Define X; =

‘f ’hk m} and
¢E,A—arg<f * ol ()h;m)
so that
732) _ o™ mX Y; ej‘f’;},m'

mk \/72 P1,k

etk

The RVs X; and Y a5 (7 k, ) are Rayleigh distributed with parameter o® = 1/2. Therefore,
we have

P{X; >} =P{Y,, >s} <e, 220 (52)

and the union bound for products yields

P{XVj, 2o} <277 @20 (53)
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which shows that condition (122) in Corollary 1 is satisfied. Next, rewrite ¢;, . as

¢k,m = arg (fp(,;)£> @ arg (f;k> @ arg <B%7p(k)> @ arg (hzm> (54)
where @ stands for addition modulo 27. Because the f’s and the h’s in (54) are independent

across k € [1: K], it follows that the phases ®;. », are also independent across k € [1: K], which
is precisely what we need for the truncation technique to be applicable. Recalling that m # 1,

and, therefore, either p(k) # m or p(k) # m, (54) implies that ¢; . ~ U(—m, ) and hence
E[e?:n] =0, Vk, . Since ¢;. -, is independent of X; and Y}, ., we have E[e/%:n XY, ] =
0, Vk, 7 and hence E[TS ?] = 0, Vm, k. Finally, applying Corollary 1 to Ts?, taking into
account (12), we get for K > 2 and = > 0 that

P{)Tﬁ)‘ > x} < 8(K —1) exp(—A<T>x2/3) (55)

with AT) £ 9-1/3 min[l, (1/2)6’2]

We are now ready to establish the concentration result for S(32) | First, rewrite qgkm as

Orin = arg <f;(k),k) & arg(fm,k) ® arg (iLz,p(k)) & arg(hi.m) - (56)
Similar to ¢; . in (54), because 1 # m we conclude that qgkm ~ U(—m, 7). Furthermore,
because k #+ k the ékvm are independent of 732

m,k

, and therefore also of Zy, i, Vk,m. To apply
Corollary 1 to SG?) the gﬁkm are required to be jointly independent across m € [1: M] for
m # m and k € [1: K]. It can be verified that this is not the case. There is, however, a simple
way to resolve this problem by considering the two disjoint index sets

L2 {(m,k):me[l:M], m#m, ke[l: K], p(k)#m}

Iy 2 {(m,k):mel: M], m#m, ke[l: K], p(k)=rm}.

It follows by inspection that within each of the sets {(ikm}(km) ¢y, and {ékm}(km) oy, the
phases are jointly independent. Separating S(32) into two sums corresponding to the group of
indices [; and I3, we get
9(32) — g(321) 4 g(322) (57)
with
5(321) A /K — 1 Z Z Cgf;? Zm,k €j¢k,m
m#m k:p(k)#m
g(322) & VE —1 Z Z Cglsz Zin eI Prm
m#m k:p(k)=mh
Applying the union bound for products first to ‘fmk’ ‘hk7m| as in (53), then to Z, j, using (55),
and using the simple bound

2¢™" + 8(K — 1)e 277 < 16(K — 1)e

ZAT) /3
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which is valid for x > 1, we get
P{|Zy x| > x} < 16(K — 1)exp<—A(T):c1/3>

for K > 2 and & > 1. Therefore, using E[Z, i ej‘g’kﬁl] =0, Vk,m # m, applying Corollary 1
to SG21 (which consists of K (M —1)2/M terms) and to S322) (which consists of K (M —1)/M
terms) separately, taking into account (12), we obtain that for K > 2, M > 2, and = > 1

_ _ _ _1)2
P{‘S@?l)‘z\/(K DEM 1)2x}§64(K DEWM - 1) exp(—AB2227) (58)

M M
and

where A2 = 2-10/21 min1, (1/2)5_2] . Combining (39) (and similar bounds for S*) and S(?)),
(58), (59), (57), (48), (49), and (40), we can now state the final concentration result for SINREL1

by carrying out Step v in the summary presented in the first paragraph of Section III-C. Recall,

however, that we used the classical Chernoff-bounding technique to establish the large-deviations
behavior of S, $2) and S™, whereas we employed the truncation technique to analyze the
large-deviations behavior of S). Even though the Chernoff bounds are tighter than the bounds
obtained through the truncation technique, the tightness of the final bounds for the tail behavior
of SINRF! and SINR!? is determined by the weakest exponent in the bounds for the individual

terms S, S SG) and S™). Therefore, employing Chernoff bounds for S, §) and S*)

and the truncation technique for S will not lead to a significantly tighter final result, compared
to the case, when the truncation technique is used throughout. Motivated by this observation and
for simplicity of exposition, we therefore decided to state the concentration results in Section III-

D for SINRE@1 and SINRS@2 obtained by applying the truncation technique throughout.

D. Concentration Results for P1 and P2

In Section III-C, we outlined how the large-deviations behavior of the SINR (for P1 and P2)
can be established based on the truncation technique and on union bounds. The resulting key
statement, made precise in Theorems 1 and 2 below, is that the probability of the SINR falling
outside a narrow interval around its mean is “exponentially small”. We proceed with the formal
statement of the results.

Theorem 1: For any K > 2, M > 2, for any = > 1, the probability Pp; of the event

SINRP! ¢ [Lpy,Upy|,  m € [1:M] (60)
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where
2
2K max 0,1 - A 2o
.[/Plzﬁéi2 ﬁ62+ 3 x+02<2+w)+02 (61)
SN a Tenvm e \C TVR) T A
2
—2 8 M
U 2T K (1 &) ©2)
16 03\ M3 C* M-1 _ 3 2 (=2 2
Con M a0, 027! = ]+ ma o2 (- )|+
with the constants C'sy and Cgy defined as
Osn = \/52 +02(2+1) Cqv= \/Q2 +02(c?+1)
satisfies the following inequality
Ppy < 302 K2M exp(—APl x2/7> 63)
with Apy £ min|275,1/(25C%),1/(8C"), 1/ (424 |
Proof: See Appendix C. [ |
Theorem 2: For any K > 2, M > 2, for any x > 1, the probability Pps of the event
SINRFZ ¢ [Lpy,Ups|,  m € [1:M] (64)
where
2
9 2 max (0,1 — % %x
AT C K 194
Lpz = T662 W c’ 4 x o2 (=2 z o2 65)
SNt e mvarva] T (& +2%) + ol
2
_ 148 ,./M
g am O K <+Cw K””)
P2 = —— =73
16 C%N M? C? M—1 4 o2 o?
ax|0, G5 ~ Ox e VAT VE] Fmax|0, & (e -2 )] + &
(66)
satisfies the following inequality
Ppy < 814 K2 M3 exp (—Am x2/9> 67)

with Apy £ min|27%,1/(25C%),1/(8C"), 1/ (4¢4)

Proof: The proof idea is the same as that underlying the proof of Theorem 1 with large
parts of the proof itself being very similar to the proof of Theorem 1. For the sake of brevity
the details of the proof are omitted. [ |

The concentration results in Theorems 1 and 2 form the basis for showing that, provided
the rate of growth of K as a function of M is fast enough, the network “decouples” (see
Theorems 3 and 4) and “crystallizes” (see Theorem 5). Moreover, as outlined in Theorem 5, the
outage capacity behavior of the S,, — D,, links can be inferred from (63) and (67).
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IV. ERGODIC CAPACITY AND COOPERATION AT THE RELAY LEVEL

The focus in the previous section was on establishing concentration results for the individual
link SINRs for P1 and P2. Based on these results, in this section, we study the ergodic capacity
realized by the two protocols and we establish the corresponding capacity scaling and outage
capacity behavior.

A. Ergodic Capacity of P1 and P2

Throughout this section, we assume that all channels in the network are ergodic. The two
main results are summarized as follows.

Theorem 3 (Ergodic capacity of P1): Suppose that destination terminal D,, (m € [1:M])
has perfect knowledge of the mean of the effective channel gain of the S,, — D,, link, given
by (7r/(4\ﬁ))zkp(k Plk Then, for any €,5 > 0 there exist My, Ko > 0 s.t. for all
M > My, K > Ky, the per source-destination terminal pair capacity achieved by P1 satisfies

2 02 K 1 2 C ]ﬂ]aX[K ]\[2+5]
— < < — — .
log <1 + — 16 CéN —= (1 =€ Cp1 5 log( 1+ 16 2, 3 (I1+¢)
(68)

Theorem 4 (Ergodic capacity of P2): Suppose that destination terminal D,, (m € [1:M])
has perfect knowledge of the mean of the effective channel gain of the S,,, — D, link, given
by (77/(4\/KM))Z,I::1 sz Then, for any €,0 > 0 there exist My, Ko > 0, s.t. for all
M > My, K > K, the per source-destination terminal pair capacity achieved by P2 satisfies

™ C? K 72 C° max[K, M'*7]
- _ < - .
log (1 + — 16 62 e (1 e)) < Cpy < log <1 + — 162, e (1+¢)

(69)

The proofs of Theorems 3 and 4 are very similar. Below we present the proof of Theorem 3
only. The proof of Theorem 4 is omitted.
Proof (Theorem 3): We start by establishing the lower bound in (68), the proof of which
uses the result summarized in Appendix E. To apply Lemma 6 in Appendix E, we start from (7)
and define

Fm

(>
=1~
i\t
=
BN

3
3

1>

Fp,
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With these definitions, we can now rewrite (7) as
Ym = (Fm+ﬁm> Sm + Wi
Straightforward manipulations yield

Pu= g, X ORI

k:p(k)=

~ A 5 a2 2
Var[Fm]z? Z(Cg;g 16 Z (C’lgnf,r/?)

k=1 k:p(k)=m

1 - m,m 2 02 = m 2 2

Var[Win] = 77 > (Cpf,k) T D (CBL) +0”
it k=1 k=1

Next, we use (12) and (13) to lower-bound F,, and upper-bound Var [ﬁ’m} and Var [Wm],
substitute the resulting bounds into (163), and obtain'’

2 02 K
I(Yym; Sm) > log 1+ 1617 . (70)
27C +C’SN
Finally, fix € > 0 and set
1—e€ 62
€ CSN
It then follows that for any M > My, the inequality
C? C?
> —(1—¢) (72)

LSO+ T COin
is satisfied, which together with (70) completes the proof of the lower bound in Theorem 3.
Proving the upper bound on Cp; in (68) turns out to be significantly more challenging. The
method we use to this end is based on the concentration result for SINRF'! in Theorem 1. We
start by noting that the per-stream ergodic capacity can be upper-bounded by assuming that D,,
has perfect knowledge of H and F, i.e.,

cPl < %EH,F[I(ym;sm |H, F)]
- % Eg,r[log (1 + SINR})]
%log(l + Egpp [SINRP!)

IN

where the last step follows from Jensen’s inequality.

'We note that this bound is valid for arbitrary M and K and is, therefore, somewhat stronger than the asymptotic
bound we are actually proving.
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Now fix € > 0. To prove the upper bound in (68), it suffices to show that there exist My, Ky >
0 s.t. for all M > My and K > K

max[K, M>9]

Enr[SINR}!] < A VE (1+e€)
where we define s
A A 2207 (73)
16 C3,
To simplify the exposition, we define
1 M3
M,K)% —SINRDN (M, K)————— .

Note that we make the dependence of SINan1 on M and K explicit by using the nota-
tion SINRF'L (M, K). In the remainder of the proof, we show that

Eurlg(M, K)] <1+ (74)

for M and K large enough. Let f,(x) denote the pdf of g(M, K). Then, the expectation Exy y[g(M, K)]
can be written as

fo'e) 1+e; e’}
BurlgOLK) = [ eh0d= [ th@des [ ehwa 75)
0 0 1+61
where ¢; > 0 is chosen s.t. .
Consequently, we have
1+e; 1+€; €
/ tf,(t)dt < (1+ 61)/ fot)dt < (1 +e) <1+ (76)
0 0

For bounding the second integral on the RHS of (75), it is convenient to write the upper bound
in Theorem 1 in the following form: there exist A > 0, §; > 0, d3 > 0, and A;, Ay, A3 > 0
such that for any x > 1 and M, K > 2

P{g(M,K) > B(M,K,z)} < AsM® K%¢=A%

2 (77)
with
A BN(M7 K7 l’)

B(M, K, z) PO KD

(78)
and

K M \?
BYNM,K,2)42 —————— ([1+ A —
1) & s (14 A1)

2 M-1  Asx 2 2 __x 2
C maX[O,T sz]+go max[(),l gz\/?}—i—a
Cix

BP(M,K,z) &
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The second integral on the RHS of (75) will be shown, for M and K large enough, to be upper
bounded by 2¢/3 by splitting it up and proving that

[to] €
/ t fg(t)dt < B (79)
1+e;
and o
/[ 11t Fo(t)dt gg (80)
to

where the parameter ty > 1+ ¢;, independent of M and K, will be chosen later. It will become
clear later why we need to split up the second integral on the RHS of (75) according to (79)
and (80). The integral in (79) can be bounded as follows

[to] [to]
[t <l [ o < ol Bou K) 2 1+ a).
+€1 +e€1

Set (M) = (min[vM, M°])"/*. With this choice of z(M), it is not difficult to show that

M x(M
lim A, z(M) =0
M,K—oo max|K, M?+9]
M
lim A :”2( L _yg
M,K—oco Q \/M
x
MEK—co ¢2\/K !
which yields K
b BN K (M) = L K o 1
MJl{rgoo (M, K,z(M)) Mjgﬂoo max[ K, M?+0] — .

Using Q%N = C? + o2 (g2 + 1), we can conclude furthermore that

lim BP(M,K,z(M))=1
M,K—oo

which, together with (81), implies that

lim B(M,K,z(M)) <1.
M,K—oco
. (11) ,-(11) (11)
We can, therefore, conclude that there exist My ", K > 0 s.t. for any M > M, and
K> Ké“)

Trivially, we have

: 01 f02 _ 2/7\ _
Jm MO exp< A (z(M)) )_o (83)
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and, therefore, there exist Mélz), (()12) > 0 s.t. for any M > Mém) and K > K0(12)
€

Az MO K0 exp(—A (:U(M))2/7> < (84)

Combining (82) and (84) and setting M" = max[M{"™), M) kI = max[K{'", k"],
we get that for any M > Mo(l) and K > Kél)

[t P{g(M.K) 2 1+ a1} < g (85)
which concludes the proof of (79).
To show (80), we note that
/ tfo(t)dt < > (n+1)P{g(M,K) >n} £ 8. (86)
[to] n=[to]

Expanding the square and upper-bounding = by x? in B (M, K, x) and substituting the max
terms in B” (M, K, z) by 0, we obtain the bound

K 2 M M?
B(M.K.z) < =N (14 (24— + A2

Making the change of variables y = 2 in (87) and (77), we finally get
P{gw, K) > Bi(M, K, \/@} < P{g(M, K)> B(M,K, \/@} < AsMO e A

) :c?) 2 Bi(M,K,z%). (87)

(88)
Equating B1(M, K,y) with n and solving for y, we find that
P{g(M, K) > n} < AgM® K% exp(—A (yo(n, M, K))'/7)
with max[K,M2+0] ( o K )
" (n, M, K) _ K C2x max[K,M2+9] (89)

241 + AV
Now, S defined in (86) can be upper-bounded as

S<2 Y nP{g(M,K) > n} < 24,MP K% 3" nexp(—A (ga(n, M, K))V7) . 90)
n=[to] n=[to]

If n is s.t. 02n/ Q%N > 1, then the expression in the parentheses in the numerator of (89) is
strictly positive and it follows that limps o0 y2(n, M, K) = co. Therefore, if ¢y is chosen s.t.
[to] > C%\/0?, each term in the sum in (90) goes to zero exponentially fast. Note that the
split-up in (79) and (80) was needed to be able to choose ty large enough here. To simplify the
exposition in the following, we set ty = (27 + 1) Q%N /o2, so that

o2 _ K 1/7>2
3" max[K,MPP]) T
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for n > [to]. Next, we note that

y max[K, M?19) 1
im 5 = 00
M, K —00 K 2A17M? + A%MT

2 >0 s.t. for any M > Méz) and K > K(()Q)

1/7
max[K, M?+9] 1 / S
K 24, M 4 pA2M2 2 2.
1\/f+ 1K

so that there exist Mé2)7 Ké

Now using that, trivially,
zy>x+y

for z,y > 2, we have for any M > M(Q), K > Ké2) and n > [to]

1/7
? K )1/ T max[K, M2*] 1 /
Ciy  max[K, M2+] K 241 1L + 322

(ya2(n, M, K)VT > (

which yields

oD

2 2 71/7 o0
S < 243MP K% exp | —A <2A1M‘/E+ ATM ) > hfn)

max|[K, M?2+9] o

with

Clearly, h(n) decays fast enough for > > lto] h(n) to converge to a finite limit, in other words,
there exists a constant C' < oo (independent of M and K) s.t.

Y hn)<C. (92)

n=[to]

Moreover, it is easily seen that

lim M%K% exp —A( (93)

—-1/7
2 MVE + a2\
M,K o0 o

max|[K, M?2+9]

which, together with (92), shows that S can be made arbitrarily small by choosing M and K

large enough. More specifically, there exist Még), K, [()3) > 0 s.t. for any M > Még) and K > Kég)
€

S <. 94

<3 (94)

Taking Mo 2 maxLMél), M, M| and Ko 2 max [K{", K, k(Y| and combining (76),

(85), and (94), we have shown (74), which completes the proof. [ |
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B. The “Crystallization” Phenomenon

As pointed out in the introduction, the “crystallization” phenomenon occurs for M, K — oo,
provided that K scales fast enough as a function of M, and manifests itself in two effects,
namely, the decoupling of the individual S,, — D,, links and the convergence of each of the
resulting SISO links to a nonfading link.

1) Decoupling of the network: Theorems 3 and 4 show that in the M, K — oo limit, the
per-source destination terminal pair capacity scales as Cp; = (1/2)log(1 + ©(K/M?)) in Pl
and Cpy = (1/2)log(1 4+ ©(K/M?)) in P2. We can, therefore, conclude that if K oc M*T in
Pl and K oc M2 in P2 with a > 0, apart from the factor 1 /2, which is due to the use of two
time slots, P1 and P2 achieve full spatial multiplexing gain [27] (i.e., full sum-capacity pre-log)
without any cooperation of the terminals in the network, not even the destination terminals. The
corresponding distributed array gain (i.e., the factor inside the log) is given by M in both cases.

The fact that the per source-destination terminal pair capacity is strictly positive when K scales
at least as fast as M3 in P1 and at least as fast as M2 in P2 shows that the individual S,, — D,,
links in the network “decouple” in the sense that the SINR is strictly positive for each of the
links. Note that this does not imply that the interference at the D,,, (created by s, with m # m)
vanishes. Rather, if K scales fast enough, the signal power starts dominating the interference
(plus noise) power. Since both upper and lower bounds in Theorems 3 and 4 exhibit the same
scaling behavior, the K oc M? and K o< M?, respectively, thresholds are fundamental in the
sense of defining the critical scaling rate by delineating the regime where interference dominates
over the signal and hence drives the per source-destination terminal pair capacity to zero from the
regime where the signal dominates the interference and the per source-destination terminal pair
capacity is strictly positive. Further inspection of the upper and lower bounds in (68) and (69)
reveals that, for fixed € > 0, unless all path-loss and shadowing coefficients Ej, ,,, and P, i
(k € [1:K],m € [1: M]) are equal and hence % =(C? and 6§N = O3y, there is a gap, apart
from that due to € > 0, between the bounds.

The order-of-magnitude reduction in the threshold for critical scaling in P2, when compared
with P1, comes at the cost of each relay having to know all M backward and M forward
channels. We can, therefore, conclude that P1 and P2 trade off the number of relay terminals
for channel knowledge at the relays.

Finally, it is worthwhile to point out that in contrast to the finite- M results (for P1) in [14], the
destination terminals D,, do not need knowledge of the fading coefficients hy, ,,, and f,,, 5. This
can be seen by noting that the quantity (/(4vVK)) > kep(k)=m 0173”1”72, which has to be known at
Dy, depends on E, ,,, Py, 1., K, and M only. Moreover, the coefficient (7T / (4\/? )) > kip(k)=m ClTl’?Z
can easily be acquired through training.

2) Convergence to nonfading links and “crystallization”: When the network decouples, it
is interesting to ask how the decoupled SISO links behave (in terms of their fading statistics)
when M and K grow large. The answer to this question follows from the concentration results in
Theorems 1 and 2, which can be reformulated to establish upper bounds on the outage probability
for the individual S, — D,, links. For the sake of brevity, we focus on P1 in what follows.
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The goal is to arrive at a statement regarding
1
Pout,p1(R) = IP{2 log (1 + SINR}!) < R}

=P{SINR},} < 2?f —1}. (95)

The corresponding result is summarized in
Theorem 5 (Outage probability for Pl):

1) Assume that K > 2, M > 2, and R > 0 are s.t.

1-— M,K,R
o(R) = gl )1 —_— (96)
0-2
where
16 CSN 2R
Then, the individual link outage probability is upper-bounded as
Pouep1(R) < 151 K2Mexp<—A z(R)Y 7) . 97)
2) Under the same conditions on K, M and R as in 1), for any €¢,6 > 0, K > M3+9 and
1 2 C? K
R < - log (1 + — —2 s3 (1 - 6)) ) (98)
2 16 ¢ SN M
we have
Powpi(R) < lim 151 K2M eXp(—Apl x(R)2/7> —0. (99)
M,K—oo

Proof: We start with the proof of statement 1). Recall that Theorem 1 provides us with a
parametric upper bound on ]P’{SINRP1 < Lpi(z)} with Lp; defined in (61). Assuming that

CnvK
z < OrvK (100)
16 M
and using Coy = C- + 02 (¢® + 1), we can lower-bound Lp; as
2 02 K 1— 16 M,
Lpi(a) > == — VR 21 (a).
160 M314 3 =z 4 o
SN GV T VR
Solving
22 —1 = Lp (w) (101)

for z(R) yields (96), which, by assumption, satisfies z(R) > 1. With
P{SINR;, < Lp,(z)} < P{SINR;,! < Lp;(z)}
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we can now apply'! Theorem 1 to obtain
Poupi(R) < 151 K2M exp(—Apl x(R)2/7) . (102)

Finally, we note that 2(R) in (96) is trivially seen to satisfy (100). This concludes the proof
of statement 1).

The proof of statement 2) is obtained by establishing a sufficient condition on z(R), for
any R > 0, to grow with increasing M (and by K > M3*+% with increasing K). Using (96), it
is easily verified that guaranteeing

0<epi(M,K,R)<1—c¢

for some 0 < € < 1 (independent of M, K) provides such a condition. The final result is now
obtained by solving

—2
16 Csy M3 | _op
for R. [ ]
The implications of Theorem 5 are significant: For any transmission rate R less than the
ergodic capacity (in the case Ej,, = P, Vk,m) or the ergodic capacity lower bound in

Theorem 3 (in the case of general E}, ,, and P, 1), the outage probability of each of the decoupled
links goes to zero exponentially fast in the number of nodes in the network, provided K scales
supercritically in M. We have thus shown that choosing the rate of growth of K fast enough
for the network to decouple automatically guarantees that the decoupled SISO links converge
to nonfading links. Equivalently, we can say that each of the decoupled links experiences a
distributed spatial diversity (or, more precisely, relay diversity) order that goes to infinity as M —
0o. Consequently, in the large-M limit time diversity (achieved by coding over a sufficiently long
time horizon) is not needed to achieve ergodic capacity. We say that the network “crystallizes”
as it breaks up into a set of isolated “wires in the air”’. From (97), we can furthermore infer the
“crystallization” rate, i.e., the rate (as a function of M and K) at which the individual S,,, — D,,
links converge to nonfading links. We note, however, that the exponent 2/7 (and 2/9 for P2) is
unlikely to be fundamental as it is probably a consequence of the application of the truncation
technique. In this sense, we can only specify a guaranteed crystallization rate. We conclude by
noting that the upper bound (102) (as well as the corresponding result for P2) tend to be rather
loose. This is probably a consequence of the truncation technique and the use of union bounds
to characterize the large-deviations behavior of the individual link SINR RVs.

Numerical results: We shall finally provide numerical results quantifying the outage be-
havior of P1 and P2. For simplicity, we set Ej ,, = P, x = 1 Vm, k and o2 = 0.01 in both
simulation examples. This choice for the path loss and shadowing parameters, although not
representative of a real-world propagation scenario, isolates the dependence of our results on the

"Strictly speaking, one needs to use the upper bounds on ]P’{SINREL1 < Lpl} derived in the last paragraph of
Appendix C.



30

network geometry. Moreover, the distribution of the different SINR RVs for a given protocol is
identical for all links so that it suffices to analyze the behavior of only one SINR RV for each
of the two protocols. For K = M? in P1 and K = M? in P2, Fig. 3 shows the cumulative
distribution functions (CDFs) (obtained through Monte-Carlo methods) of SINRF! and SINR"?,
respectively, for different values of M. We observe that, for increasing M, the CDFs approach
a step function at the corresponding mean values, i.e., the SINR RVs, indeed, converge to a
deterministic quantity, and, consequently, the underlying fading channel converges to a nonfading
channel. The limiting mean values are given by the lower and upper bounds (which coincide
in the case Ky, = Py = 1 Vm, k) in (68) and (69) for P1 and P2, respectively. We can
furthermore see that for fixed M the CDFs are very similar for P1 and P2 (recall, however, that
K = M?3 in P1 and K = M? in P2), suggesting that the convergence behavior is similar for
the two protocols. The difference in the theoretically predicted convergence exponents (2/7 for
P1 and 2/9 for P2) does not seem to be fundamental to the two protocols and may, indeed, be
a consequence of our proof technique as already pointed out above.

C. Cooperation at the Relay Level

The analysis carried out so far was based on the assumption that the relays cannot cooperate.
The purpose of this section is to investigate the impact of cooperation (in fact, a specific form of
cooperation) at the relay level on the ergodic-capacity scaling behavior in the coherent case. Note
that we continue to assume that the destination terminals cannot cooperate. Before proceeding,
we would like to mention that concentration results and an outage analysis along the lines of
the discussion in Sections III and IV are possible, but will be omitted for brevity of exposition.

Cooperation at the relay level will be accounted for by grouping the K single-antenna relay
terminals into ) groups

Gq = {R(qfl)L+17R(q L+25- - qL} qge1:Q]

with L relays in each group!? and by assuming that the relays in each group can fully cooperate,
but cooperation across groups is not possible. In order to simplify the exposition, in the remainder
of this section, we think of a group G, (¢ € [1:Q)]) as a single relay element with L antenna
elements and use the term ‘“‘vector-relay (v-relay)” terminal to address the L-antenna relays
G1,G2,...,Gq. For g € [1:Q] and m € [1: M], the following notation will be used:

A T
T(q—1)L+15T(g—1)L+25 - - - > TqL]

||l>

T
tq—1)L+1> t(g=1)L+2> - - - s tqL]

||l>

||l>

[

[

[Z(q 1)L+15 #(q—1)L+25 - - 7ZqL]T
[h(g—1)Lt1.m> Pg—1) L 42m5 - - > Pgrm]”
=

T
fm (¢— 1L+17fm (q— 1)L+27---7fm,qL]

For simplicity, we assume that Q divides K so that K = QL.
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P{SINR < z}

P{SINR < z}

Fig. 3. Simulated (Monte-Carlo) SINR CDFs for different values of M for (a) K = M 3in Pl and (b) K = M?
in P2.
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where r; and t, are the (L-dimensional) vector-valued signals received and transmitted by the
gth v-relay, respectively, z, is additive noise at the gth v-relay, h, ,,, contains the channel gains
for the S,;, — G, link, and f,, , contains the channel gains for the G, — D, link. Additionally,
for simplicity, we assume that relays belonging to a given group ¢ are located close to each
other so that

A
Egm = Eq-1)L+1,m = Eg-1)Ly2m = = Eqrm

A~

PrgE Ppg-1)p41 = Pog-nr+2 == PngqL

for ¢ € [1:Q)] and m € [1:M]. With this notation, the I-O relations (1) and (2) for the S,,, — G,
links and the G, — Dy, links can be written as

M
rg= Y Egmhgmsm+2q,  q€[1:Q] (103)
m=1
and
Q A
Ym = _ Pmgfh g +wm,  m€[1:M] (104)
q=1

respectively. Next, we describe the generalization of the protocols P1 and P2 to the case of
v-relays making the aspect of cooperation at the relay level explicit.

1) PI for the Cooperative Case: Like in the case of single-antenna relays (described in
Section III-A), we partition the () v-relay terminals into M subsets M,, (m € [1: M]) with!3
|IMp| = Q/M. The v-relays (each of which has L antenna elements) in M,, are assumed to
assist the mth source-destination terminal pair {S,,, D,,}, and the relay partitioning function
p:[1,Q] — [1, M] is defined as

p(q) ém<:>gq e M,,.

We assume that the gth v-relay terminal has perfect knowledge of the phases of the single-input
multiple-output backward channel S,,) — G, and the phases of the corresponding multiple-input

single-output forward channel G, — D),,). This implies that perfect knowledge of the vectors
flq o(q) AL [ejarg([hq,p(q)]l)’ ejarg([hq,p(q)]z)’ e ’6jarg<[hq‘p(4)h):| T (105)
and T
f‘p(q) q =S |:€jarg([fp(q)"’]1)7 ejarg([fp(q},q}z)’ cee ejarg([fp(q),q]L)} (106)

is available at G,. The signal r, received at the gth v-relay terminal is phase-matched-filtered first
w.r.t. the assigned backward channel S,y — G, and then w.r.t. the assigned forward channel
Gq — Dy followed by a normalization so that

o s H
tq = dp1qfpg) <hq7p(Q) rq> (107)

BFor simplicity, we assume that M/ divides Q.
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where!* the choice

M

1 Q A m(L—-1)Q -~

dPl,qéZVPrel MZEq,mWL (4M) Eq,p(q)+QJ2
m=1

—-1/2

ensures that the per-v-relay power constraint E[|[t,]|*] = Pre1/Q (¢ € [1:Q]) and consequently
the total (across v-relays) power constraint ZqQ:1E[thH2] = P,o is met. As in the single-
antenna relay (i.e., noncooperative) case, P1 ensures that the relays G, € M,, forward the
signal intended for D,,, in a “doubly coherent” (w.r.t. the assigned backward and forward channel)
fashion whereas the signals transmitted by the source terminals S,;, with 7 # m are forwarded
to D,, in a “noncoherent” fashion (i.e., phase incoherence occurs either on the backward or
the forward link or on both links). From (107), we can see that cooperation in groups of L
single-antenna relays is achieved by phase combining on the backward and forward links of
each v-relay. More sophisticated forms of cooperation such as equalization on the backward
link and precoding on the forward link are certainly possible, but are beyond the scope of this
report.

2) P2 for the Cooperative Case: Like in the case of single-antenna relays (i.e., the nonco-
operative case), P2 requires that each relay, in fact here v-relay, knows the phases of all its
M vector-valued backward and forward channels, i.e., G, needs knowledge of flq’m and f'm’q,
respectively, for m € [1: M]. The relay processing stage in P2 computes

M
ty = dpag (Z f;;L,thm) r, (108)
m=1

where

u (L-1Q & o

N T — N

QY Bom+ =57 D Eam + MQ02]
m=1

1
dPZ,q £ Z V Prel

ensures that the per-v-relay power constraint IE[thHQ] = P.a/Q (¢ € [1:Q]) and, consequently,
the total (across relays) power constraint Z(?:l E[||tq||2] = Py is met.

3) Ergodic-Capacity Results: We are now ready to establish the impact of cooperation at the
relay level on the ergodic capacity scaling laws for P1 and P2. Our results are summarized in
Theorems 6 and 7 below.

Theorem 6 (Ergodic capacity of P1 with cooperation): Suppose that destination terminal D,,
(m € [1: M]) has perfect knowledge of the mean of the effective channel gain of the S,,, — Dy,
link, given by (W/4)L2Zq:p(q)=m dP17qu7qEA1q7m. Then, for any €, > 0, there exist My, Qg > 0

YThe quantity dp1,q, used in this section is (for L > 1) different from dpq, defined in (5). We use the same
symbol for notational simplicity and employ the index ¢ (instead of k) consistently, in order to resolve potential
ambiguities. The same comment applies to other variables redefined in this section.
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s.t. for all M > My and @ > Qg the per source-destination terminal pair capacity achieved by
P1 satisfies'

1 2012 2 1 2 7M2+6 1,2 2
2103(1+7T el C(1—e)>§CP1S210g<1+WmaX[Q 1204 g).

16 M G2, 16 M3 Ciy

(109)

Theorem 7 (Ergodic capacity of P2 with cooperation): Suppose that destination terminal D,,
(m € [1: M]) has perfect knowledge of the mean of the effective channel gain of the S,,, — Dy,
link, given by (77/4)ngqu1 dPQ’qugEA‘q’m. Then, for any €, > 0, there exist My, Qg s.t. for
all M > My, Q > Qo the per source-destination terminal pair capacity achieved by P2 satisfies

2 2 2 2 M 12 72
;log<l+w QL C(l—e)) gcpgg;10g<1+wmaX[Q’ | (1—e)>.

16 M2 02 16 M? Cin

(110)

Proof (Theorems 6 and 7): The upper bounds in (109) and (110) are again established
based on a concentration result for the individual link SINRs and the lower bounds build on
the technique summarized in Appendix E. The proofs of Theorems 6 and 7 are almost identical
to the proofs of Theorems 3 and 4, respectively, and do not require new techniques. There
is, however, one important aspect in which Theorems 6 and 7 differ from Theorems 3 and 4,
namely, the appearance of the factor L? in (109) and (110). To demonstrate where this factor
comes from, we provide the proof of the ergodic capacity lower bound for P1 in Appendix D.
The proofs of the remaining statements will be omitted for brevity of exposition. [ |

Discussion of results: Just like in the noncooperative (i.e., single-antenna relay) case, we
can conclude that asymptotically in M if K oc M37 in P1 and K o< M?%% in P2 with o > 0,
the network decouples.

The effect of cooperation (through phase matched-filtering) at the relay level manifests itself in
the presence of the factor L? inside the log in the bounds for Cp; and Cpy stated in Theorems 6
and 7, respectively. We can summarize the results of Theorems 6 and 7 as'®

1 QL?
1 QL?

We can, therefore, conclude that the per-stream array gain A is given by Ap; = QL?/M? for
Pl and Apy = QL?/M? for P2. On a conceptual level, the array gain can be decomposed into
a contribution due to distributed array gain, A4, and a contribution due to cooperation at the

5Note that the quantities Csn, C, C, and Cgx used in this section have been defined in Section III.

*Note that we use the O(-) notation only to hide the dependence on E, E, P, and P. Strictly speaking, as L is
finite it should also be hidden under the O(-) notation. However, our goal is to exhibit the impact of cooperation at
the relay level on Cpq and Cpa, which is the reason for making the dependence on L explicit.
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relay level (realized by phase matching on backward and forward links), A, i.e., A = AjA.
with Agp1 = QL/M3, Agps = QL/M?, and A.p; = A.p2 = L. To illustrate the impact
of cooperation at the relay level, we compare a network with K noncooperating single-antenna
relays to a network with a total of K = QL single-antenna relays cooperating in groups of L
single-antenna relays. In the case where there is no cooperation at the relay level, we have

(ne) 1 K
whereas if the relays cooperate in groups of L single-antenna relays, we get
@ 1 KL

Cooperation at the relay level (realized by phase matched-filtering) in groups of L single-antenna
relays therefore yields an L-fold increase in the effective per-stream SINR due to additional
array gain given by A. = L. Equivalently, the total number of single-antenna relays needed to
achieve a given per source-destination terminal pair capacity is reduced by a factor of L through
cooperation in groups of L single-antenna relay elements. The conclusions for P2 are identical.

As already pointed out above, the network decouples into isolated source-destination pair links
for any finite L > 1. Even though a concentration analysis along the lines of Theorems 1 and 2
was not performed (for the sake of brevity), it can be shown that for finite L > 1 the individual
links converge to nonfading links as M,() — oo, provided that () scales supercritically as a
function of M.

Numerical example: We conclude this section with a numerical example that demonstrates
the impact of cooperation at the relay level, where we use the same parameters as in the
simulation examples at the end of Section IV-B. Figure 4 shows the SINR CDF for P1 with L =4
and QL = M? (the case L = 1 shown in Fig. 3 is included for reference). We observe that,
as pointed out above, for increasing M, we, indeed, get convergence of the fading link to a
nonfading link. Moreover, we can also see that increasing L for fixed M results in higher per
source-destination terminal pair capacity, but at the same time slows down convergence (Ww.r.t.
M and hence also Q) of the link SINRs to their deterministic limits.

V. CONCLUSION

The minimum rate of growth of the number of relays K, as a function of the number of source-
destination terminal pairs M, for coherent fading interference relay networks to decouple was
shown to be K oc M3 under protocol P1 and K oc M? under protocol P2. P1 requires relay
partitioning and the knowledge of one backward and one forward fading coefficient at each
relay, whereas P2 does not need relay partitioning, but requires that each relay knows all its M
backward and M forward fading coefficients. The protocols P1 and P2 are thus found to trade
off CSI at the relays for the required (for the network to decouple) rate of growth of K as a
function of M.
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Fig. 4. Simulated (Monte-Carlo) SINR CDFs for different values of M for QL = M? in P1 with L = 4.

We found that cooperation at the relay level in groups of L relays, both for P1 and P2, results
in an L-fold reduction of the total number of relays needed to achieve a given per source-
destination terminal pair capacity. An interesting open question in this context is whether more
sophisticated signal processing at the relays (such as equalization for the backward link and
precoding for the forward link) could lead to improved capacity scaling or outage behavior.

It was furthermore shown that the critical growth rates K oc M3 in P1 and K oc M? in P2
are sufficient to not only make the network decouple, but to also lead to the individual source-
destination fading links to converge to nonfading links. We say that the network “crystallizes”
as it breaks up into a set of isolated “wires in the air”. More pictorially, the decoupled links
experience increasing distributed spatial (or more specifically relay) diversity. Consequently, in
the large-M limit time diversity (achieved by coding over a sufficiently long time horizon) is not
needed to achieve ergodic capacity. We furthermore characterized the “crystallization” rate (more
precisely a guaranteed “crystallization” rate as we do not know whether our bounds are tight),
i.e., the rate (as a function of M, K') at which the decoupled links converge to nonfading links. In
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the course of our analysis, we developed a new technique for characterizing the large-deviations
behavior of certain sums of dependent random variables.

The large-deviations analysis, along with the notion of decoupling of the network, as carried
out in this report could serve as a general tool to assess the impact of protocols, processing at the
relays, propagation conditions, routing, and scheduling on network outage and ergodic capacity
performance. More specifically, an interesting question is under which conditions “crystalliza-
tion” can happen in a general network and, if it occurs, what the corresponding “crystallization”
rate would be. It has to be noted, however, that, in view of the technical difficulties posed by
the basic case analyzed in this report, it is unclear whether this framework can yield substantial
analytical insights into the above-mentioned questions.

Finally, we note that if we interpret our results in terms of per-node throughput, we find that
P1 achieves O(1/ n?/ %) whereas P2 realizes O(1/y/n). The scaling law for P2 is exactly the
same as the behavior established by Gupta and Kumar in [4] and the per-node throughput goes
to zero. On the other hand, it is interesting to observe that we can get an O(1/y/n) throughput
without imposing any assumptions on the path-loss behavior. General conclusions on the impact
of fading on the network-capacity scaling law cannot be drawn as we are considering a specific
setup and specific protocols.

APPENDIX A
TRUNCATION OF RANDOM VARIABLES AND LARGE DEVIATIONS

We start by recalling the famous Hoeffding inequality along with an important variation that
will be central for our developments.

Theorem 8 (Hoeffding [28]): Let X1, Xo, ..., X be independent real-valued RVs and A,, <
X, < B, forn € [1:N]. Let Sy = ¥ | X,,. Then,

P{Sy — E[Sn] > Nz} < 2% (113)
N — N| > Nx} <exp| — )
S (Bn = Ap)?
Theorem 9 (Maurer [29]): Let X1, X», ..., X be independent real-valued RVs with X, > 0
and E[X2] < oo for n € [1:N]. Let Sy = >.°_, X,,. Then,

N2g?
P{Sy —E[Sn] £ =Nz} <exp| ———5——r— | - (114)
23 E[X7]
The following theorem builds on the Hoeffding inequality (Theorem 8) and constitutes the
core of the truncation technique.
Theorem 10: Assume on a common probability space:
o The real-valued RVs X1, X, ..., X (possibly dependent) have marginal distribution func-
tions F'x,, n € [1: N]. The tails of these distributions are exponentially decaying uniformly
in n, i.e., there exist B >0, a >0, 8> 0, and xg > 0 s.t. for x > x9 > 0

P{|X,| >z} =1— Fy,(z) + Fx,(~z) < Bexp(—axﬁ) . me[l:N]. (115
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o The real-valued RVs ¢1, ¢2, ..., ¢ are jointly independent and satisfy
-1<¢, <1, E[pn] =0, n € [1:N].

o The real-valued deterministic nonnegative coefficients A, Ao, ..., Ax are uniformly bounded
from above, i.e., there exists a constant A independent of n s.t.

0<A, <A, n € [1:N].
o The set of RVs {Xn}f;;1 is independent of the set {gf)n}fj:l.
Let Sy =N | A, X,¢,. Then, for all N > 0 and > 0 s.t. 2 > z{*T9/2

28

IP{|SN\ > \/ﬁx} < 2max[2, N B] exp<— min[2;2,a} xw) . (116)

Proof: The proof is based on the idea of truncation of the RVs X,,. We start by fixing
N and choosing ¢ s.t. (Nt?)” > z,. The truncation parameter 0 < v < 1 will be chosen later.
Next, we truncate the RVs X,,, n € [1: N], according to

X, & X, I[|Xn| < (Nt?)7].
Define Sy £ Zivzl ApXnn. Note that the independence of {Xn}N and {d)n}N and the

n=1 n=1

condition E[¢,] =0 (n € [1:N]) implies that E[Sy] = E[Sx] = 0. Let I,, denote the event
that X, is equal to its truncated version, i.e., [, = {Xn = Xn} and, I,, the event that X,, # Xn,
ie, I, & {Xn #* Xn} With these definitions, distinguishing the events where either all X, are

equal to their truncated version, i.e., ﬂgzl I,, and where at least one of the X, is not equal to
its truncated version, i.e., Ur]j:l I, we get

P{|Sn| > Nt}
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where the last step follows by using the trivial bounds

N
P{mln}gl, {|SN|>Nt

n=1

y }
and applying the union bound to IP’{UTLN:1 I_n}. Since —1 < < 1,n € [1:N], we obtain the

following bounds for the individual terms in Sy
A, (N£2)" < 4, X, 00 < Ay (Nt?)7, n e [1:N].

Moreover, conditioned on X’l,f(g, ... ,X’ N, the RVs Aan¢>n are independent owing to the
independence of the ¢,,. Therefore, using Bayes’ rule and the Hoeffding inequality (Theorem 8),

. . YN
noting that E[SN‘ {Xn}n:1
e

N2 (Ni2) >
< < _Wr) )
< 2exp( QZN 2 (Nt2)27> < 2exp< 5 12 (118)

Next, using (115), and assuming [this will be justified in (120)] that (NtQ)7 > xg, we have
P{L,} =P{ X0 # Xn} =
= P{|Xu| = (N#?)"} < Bexp(—a(Nt?)""). (119)

} = 0, we can conclude that

To get the fastest possible exponential decay in (117), we need to choose the free parameter ~y
s.t. it maximizes min[l — 2, (], which is the solution that makes the exponents of ¢ in (118)
and (119) equal and is given by v = 1/(2 4 /3). Finally, setting t = 2/+/N results in

(N#2)7 = 2% = 22/ H8) > 4 (120)
as required. Combining (117), (118) and (119), we finally obtain

1 28 28
P{\SN\ > \/Nx} < 2exp<—2A2xzfs) +NBexp(—axz+‘a) . (121)

The final result (116) is a trivial upper bound to (121). ]

The following corollary is the generalization of Theorem 10 to the complex-valued case and

will be used repeatedly in the proofs of Theorems 1 and 2.

Corollary 1: Assume on a common probability space:

o The absolute values of the complex-valued (possibly dependent) RVs X7, Xs,..., XN
have marginal distribution functions Fx,, n € [1 : N]. The tails of these distributions
are exponentially decaying uniformly in n, i.e., there exist B > 0, o > 0, § > 0 and
xg>0s.t.forx>x9>0

P{|X,| >z} =1— Fy, (z) < Bexp(—axﬂ) . nell:N]. (122)
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o The real-valued RVs ¢1, ¢o, . .., ¢ are jointly independent and satisfy ¢, ~ U (—7,m) (n € [1: N])
and henceE [e/?] = 0.

o The real-valued deterministic nonnegative coefficients A, Ao, ..., Ay are uniformly bounded
from above, i.e., there exists a constant A independent of n s.t.

0< A, <A, n € [1:N].
o The set of RVs {Xn}i\[:1 is independent of the set {qbn}gzl.
Let Sy = S| A, X,ei%. Then, for all N >0 and z > 0 s.t. & > 2§77/
1 _B 28
P{\SN] > \/Na:} < 4max|[2, NB] exp(— min {w,a] 2 aﬁrzxﬁiZ) .

Proof: Apply Theorem 10 to RSy and &Sy separately and combine the two bounds using
the Pythagorean union bound (Lemma 2). ]
The following corollary is a modification of Theorem 10 for the case of independent nonneg-

ative RVs and will be used repeatedly in the proofs of Theorems 1 and 2.

Corollary 2: Assume on a common probability space:

o The real-valued nonnegative RVs X1, Xo, ..., X are jointly independent and have marginal
distribution functions Fx, , n € [1: N]. The right tails of these distributions are exponentially
decaying uniformly in n, i.e., there exist B > 0, o > 0, # > 0 and z¢p > 0O s.t. for all
x>x9>0

P{X, >z} =1 Fx,(z) < Bexp(—a mﬁ) . ne[l:N] (123)

o The expectations E[X?2] are uniformly bounded from above, i.., there exists a constant C
independent of n s.t.

E[X2] <C, mne[l:N]. (124)
o The real-valued deterministic nonnegative coefficients A, Ao, ..., Ay are uniformly bounded
from above, i.e., there exists a constant A independent of n s.t.
0<A, <A, n € [1:N]. (125)

Let Sy = 25:1 A, X,. Then, for all N >0 and x > 0 s.t. x > x(()2+ﬁ)/2
2 1 28
]P’{\SN —E[Sy]| > \/Nx} < 3max[l, NB] exp<— min[Az, a, QA,ZC] xai2> . (126
Proof: The proof idea of this corollary is similar to that used in Theorem 10. However,
there are several technical details, which do not occur in the proof of Theorem 10. We have,

therefore, decided to present the full version of the proof of Corollary 2.
Unlike in the proof of Theorem 10, here we have E[S N] # 0. To obtain an upper bound

on JP’{‘SN — E[SN] ’ > \/Nx}, we establish an upper bound on P{SN > E[SN] + \/Nx} and
on P{S v <E [S N} - VN a:} and use the union bound to combine the results.
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We start by deriving an upper bound on ]P’{S N> E [S N] ++VN. .CC} Following the same steps
as in the proof of Theorem 10, we define the truncation parameter 0 < « < 1, which will be
chosen later. Fix N and choose ¢ s.t. (NtQ)7 > xo. We truncate the RVs X,, (n € [1:N])
according to

X, & X, I[X, < (N3]

and define Sy 2 22[21 ApX,. It is easily seen that E[Sy] > E[g ~] and therefore

P{Sy > E[Sy] + Nt} < IP{SN > E[S’N} + Nt} . (127)

Let I,, denote the event that X, is equal to its truncated version, i.e., [, =S {Xn = Xn}, and
I,, the event that X,, # X,,, i.e., I, £ {X £ X, } With these definitions, distinguishing the

events where either all X, are equal to their truncated version, i.e., ﬂ 1 In, and where at least
one of the X,, is not equal to its truncated version, i.e., U I, we get

]P{SN > E[SN} + Nt} ) )
N In} IP’{ N In}

n=1

:]P{SN > E[S‘N} + Nt

+
Z

=

=
—
=
—_— ——

Il
—

+ IP’{SN >E|$n]

3
Il
—

:P{SN > E[SN} n Nt}

+ P{SN > E[SN} + Nt

1=
;u

—
=

3

1=
:’\u

—

27

<P{Sy > E[Sn| + Nt} + > P{L.} (128)
n=1

where the last step is obtained by using the trivial bounds

IP’{ ﬁv] In} <1, P{SN > E[S‘N} + Nt

n=1

N
U In} <1
n=1

and applying the union bound to IP’{UnN:1 fn}. The individual terms in Sy are bounded accord-
ing to R
0< A, X, <A, (Nt?)", ne[l:N].
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Using Bayes’ rule and the Hoeffding inequality (Theorem 8), we can conclude that

IP’{S”N > E[S‘N] + Nt} < exp (_ ZNZIQEE;Q)QJ

( 2(Nt2)12”>
<exp| ———— | . (129)

12
Next, using (123), and assuming [this will be justified in (131)] that (N#2)” > x0, we have
P{L,} = P{ X, # Xn} =
= P{X, > (N2)"} < Bexp(—a(Ne2) 7). (130)

To get the fastest possible exponential decay in (128), we need to choose the free parameter
s.t. it maximizes min[l — 2+, (], which is the solution that makes the exponents of ¢ in (129)
and (130) equal and is given by v = 1/(2 + (3). Finally, setting ¢t = z/ VN results in

(N#?)" = 2 = 2%/ P > g (131)

as required. Combining (127)-(130), we obtain
2 28 26
IP’{SN > E[Sn] + \/N:):} < exp(—m:n‘zfﬁ) + NBexp(—ax?fﬁ) . (132)

It remains to establish an upper bound on ]P’{SN < IE[SN] —VN. m} From Theorem 9 it
follows that

]P’{SN < E[Sn] — \/Nx} < exp (— - Na® > (133)
23 E[A2X7]
which, using (124) and (125), can be further upper-bounded as
22
]P’{SN < E[Sy] - \/Nx} < exp<—2A2C> . (134)

Combining (132) and (134) and using the union bound, we obtain

2 28 26 2
IP’{|SN — E[SN]| > \/N:E} < exp<—AQ:U2fﬁ> +NBexp(—aa:2+Bﬂ) +exp<—2j;c> :

(135)
The final result (126) is a trivial upper bound to (135). [ |
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APPENDIX B
UNION BOUNDS

In this appendix, as a reference, we present several variations of union bounds for probability
that we use frequently throughout the report.
Lemma 1 (Union bound for sums): Assume the complex-valued RVs X1, X, ..., X are s.t.

P{|X,| >Cy} <P,, nel[l:N]

where C1,C5,...,Cy and Py, Ps, ..., Py are fixed positive constants. Then,
N N N

SRR AT oF
n=1 n=1 n=1

Proof: Let A, denote the event that ‘Xn‘ > Cp, n € [1: NJ]. Let B denote the event
that ’25:1 Xn‘ > Zfl\;l Cp. By inspection, it follows that B = Ugil Ay, which implies
P{B} < Y, P{4.}. u
The proofs of the remaining union bounds follow exactly the same pattern as the proof of
Lemma 1 and will hence be omitted.

Lemma 2 (Pythagorean union bound): Assume the complex-valued RV X is s.t.

P{|RX| > Cr} < Pr

and
P{ISX|>Ci} < P

where CR, C1, PR, and P; are fixed positive constants. Then,

Lemma 3 (Union bound for mixed sums): Assume the complex-valued RVs X1, Xo,..., Xx
are S.t.
P{|X,| > Cn} < P, n € [1:N]

where C1,C5,...,Cy and P;, P,..., Py are fixed positive constants; then, the following
statements hold:

1) If the real-valued RVs X|, X/ ..., X}, are s.t.
P{X, <C,} <P, n € [1:N]

where C,C5,...,C and P|, Py, ..., P are fixed positive constants, then

N N N N N N

IP’{ o Xu+ ) X[ < max[o,ZC; -Y G } <> P+ P
n=1 n=1 n=1 n=1 n=1 n=1

2) If the real-valued RVs X1, X/, ..., X}, are s.t.

P{X, >C,} <P, n € [1:N]
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then,
N N N N N N
SRS SEIED RS SEAES oD 918
n=1 n=1 n=1 n=1 n=1 n=1
Lemma 4 (Union bound for products): Assume the complex-valued RVs X7, Xo, ..., X are
such that
P{|X,| > Cp} < P,, n€[1:N]

where C1,Cy,...,Cy and Py, Ps, ..., Py are fixed positive constants. Then,

N N N
]P’{ 11 x| = ch} <> P
n=1 n=1 n=1

Lemma 5 (Union bound for fractions): If for real-valued positive RVs X7 and X9 and posi-
tive constants C1,Cy and Py, Py

P{Xl > Cl} < P1 and ]P){XQ < CQ} < P2

then X o
P!> op 1 p.
{XQ_CQ}_ 1+
If, in turn,
P{Xl S Cl} < P1 and P{XQ > CQ} S P2
then X o
1 1
P{—< —3% <P, Ps.
{X202} 1+ 2
APPENDIX C

PROOF OF THEOREM 1

We start by recalling that we want to establish a concentration result for SINRF!, given by (26),
using the truncation technique throughout. As already mentioned, this entails establishing the
large-deviations behavior of S, §(2) () and S*). For S®), this has already been done in
Section III-C.2. It remains to establish the corresponding (based on the truncation technique)
concentration results for S, §2) and S® defined by (27), (28), and (30), respectively.
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A. Analysis of SV

The sum S() can be written as

sO =N cprizl! (136)
k:p(k)=m
with
Z 2 fr il ] (137)

For any k € [1: K] s.t. p(k) = m, we have E[Z,gl)] = 7/4 and E[(Z,S_l))Q] = 1. Application of
the union bound for products yields

P{z,gU > x} <277 >0 (138)

Noting that the sum S(!) contains K /M terms, which are jointly independent, taking into
account (12), and using Corollary 2, we get for x > 0 and K/M > 1

P S(l)_% Z Cpip| > \/%x SG%exp<—A(l)x2/3> (139)

k:p(k)=m

with A = min[l, 1 /(262)]. Finally, using (12), it follows that

K [K K
(1)>Z - - < 6 — A ,.2/3
IP’{S > 207+ :Jc}_G exp( A g ) (140)
and
K [K K
(1)<E = < 6 A1) ,.2/3
IP{S <3¢ :c}_G eXp( A g ) (141)

for any x > 0 and K/M > 1.

B. Analysis of S

The sum S can be written as

s®= N cpnz? (142)
kep(k) #m
with
2. 2 o S B iy B

For any k € [1: K] s.t. p(k) # m, we have E[Z,?)} = 0. Application of the union bound for
products yields
P{|27]| 20} <2e72, a0



46

Noting that the sum S contains K (M — 1)/M terms, which are jointly independent, taking
into account (12), and using Corollary 1, we get for x > 0 and K(M —1)/M > 1

K(M —1) K(M —1)

(2) i S i S _A(2).2/3

P{‘S ‘ > x} <8 exp( A ) (143)
with A®) =273 min[l, 1/(2 02)]

C. Analysis of SW

The sum S™ can be written as

with
= [ frmkl .
Since Z ,£4) is exponentially distributed with parameter A\ = 1, we have
P{Z,g‘” > :c} <e®  kel[l:K], x>0

Noting that the sum S® contains K jointly independent terms, taking into account (13) and
using E[Z,@] =1 and ]E[(Z,Sl))g] =2 (ke [l:K]), we get forx >0 and K > 1

K
P{ SO -3 ()

k=1
with AW =min[1,1/(42*)]. Therefore, using (13), it follows that

> \/Ex} < 3K exp(—A(4)x2/3> (144)

{S<4 > K+ fx} < 3Kexp(—A<4)w2/3> (145)
and

P{S<4> <K& - \/Rx} < 3K exp(—A(4)a:2/3> . (146)

We are now ready to carry out the final Step v of the program outlined in the first paragraph
of Section III-C. The concentration result for SINRE} is expressed in terms of upper bounds on

PiSINRS} > Upl} and IP’{SINRE1 < ﬁpl}, where the exact form of Upl and ﬁpl is specified
below. R
To establish an upper bound on ]P’{SINR};1 > Upl}, we proceed as follows:

1) Apply Part 2 of Lemma 3 to (140) and (143) to establish a stochastic upper bound!’
for }S(l) + 5(2)}.

"For a RV X, a “stochastic upper bound” in this context means a bound of the form P{X > A} < P.
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2) Apply Part 1 of Lemma 3 to (49), (58), and (59) to establish a stochastic lower bound'®
for }S (3)‘.

3) Apply Part 1 of Lemma 3 to the result from Step 2) and (146) to establish a stochastic
lower bound for S®) + ¢2MSW + KMo?.

4) Apply the union bound for fractions (Lemma 5) to the stochastic upper bound from Step 1
and the stochastic lower bound from Step 3 to establish the final result:

P{SINRE! > Upy ) < P (147)
with
K K(M—1)
U a8 _A),2/3 A =4 _A2),2/3
Pp 6Mexp< AV ] ) +38 U exp( A x5, )
2
_ B2 (K -—1)K(M—1) A(32),2/7
+6(M 1)Kexp( A ) + 64 % exp( AYY x5, )
(K—-1)K(M-1) 27 2/3
+ 64 - exp(—A02a307) + 3Kexp(— D21 (148)
- L. KUY
Up1 £ CLLAPTD (149)
oy & / 4 MM -1) (150)
P1 CT(
. M-1_ 1 M-1 (K —1)(M —1)2
US, £ ma [O — \/ x
Pl X 2 M O MVE z31 oy eV 321
1 [(K—-1)(M~-1) o? s 1 o?
- 02 \/ KM3 Z322 + Q%N max O,Q - \/? 4| + §§§51)

An upper bound on IP’{SINR};1 < ﬁpl} can be obtained as follows:

1) Apply Part 1 of Lemma 3 to (141) and (143) to establish a stochastic lower bound
for }S(l) + 5(2)}.

2) Apply Part 2 of Lemma 3 to (48), (58), and (59) to establish a stochastic upper bound
for }S (3)‘.

3) Apply Part 2 of Lemma 3 to the result from Step 2 and (145) to establish a stochastic
upper bound for S®) 4+ o2MS® + KMo2.

4) Apply the union bound for fractions to the stochastic lower bound from Step 1 and the
stochastic upper bound from Step 3 to establish the final result:

IED{SINRi1 < ﬁpl} < PY, (152)

BFor a RV X, a “stochastic lower bound” in this context means a bound of the form P{X <A} <P.
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with
A 72 ¢ K LY
Lp & ——=———tl (153)
16Ty M Lpy

2
4 M 4 MM 1)
1 (K

—1)(M —1)2

LY, £ max

P M-1 1 M-1

LB 2 = + = 31 + =5 \/ 3 321
Con M Cox MVE Csn KM
1 J(K—-1)(M-1) o (5, 1 o?
+ — \/ 3 322 + — | +——x4 | + — - (155)
Csn KM SN VK Csn

The result presented in Theorem 1 is a simpler and slightly weaker form of the bounds (147)
and (152). To obtain this simplification we do the following. Set 1 = x9 = x31 = x4 = T321 =
x322 = x in (148), (150), (151), (154) and (155). Note that in this case Lpi(z) < ﬁpl(x) and
Upi(x) > Upi(z) and therefore

P{SINRP! > Upi} < P{SINR} > Up1 | < P} (156)
P{SINRF! < Lp,} < P{SINRS} < ﬁpl} <Py, (157)

Finally, combine bounds (156) and (157) according to
P{(SINRE} > Up1) | (SINR! < Lpl)} < P{SINR;, > Up; }+P{SINR}! < Lp1} < 2Pp,

and note that 2P§1 is upper bounded by the RHS of (63).
]

APPENDIX D
PROOF OF LOWER BOUND IN THEOREM 6
As already mentioned in the main body of the report, the proof of the lower bound in (109) is
based on the technique summarized in Appendix E. After some straightforward algebra, it follows
that the I-O relation of the SISO channel between the terminals S,,, and D,, (m € [1:M]) is
given by

where
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Q Q
A 1 m,m 1 my H
Wi = Z Siin 0 Zaq + JO Z bg By p(g)Za + Wm
m#m q=1 g=1

and
ag™ & ClTlZ1 <fp(q) i q) <h5p(q)hq,m> (158)
m A H
Ko (f( ) ofm ) (159)
Coy™ 2 \/Qdp1g P Eqmn (160)
CPig = fdm,qﬁm,q. (161)

It is not difficult, but tedious, to verify that

_ x L2
P = \ﬁ Z 01211:;

-1 L man\2 (L TL(L—1))? - T4 o\ 2
“F-5 %, (5 A 5 ()
q:p(q)#m g:p(g)=m
L2 7rL2
Var[W,] = Z Z (qu)
mimqp
L2 7rL2 _—
+ Z Z (Pl,q> QMZ Z (CPl,q> +
o) T
2 T2 _
+L +4ICi2(L 1)02 Z (C}’;"’Lq)2+ga2 Z (C’fprLLq)2+a2.
g:p(qg)=m a:p(q)#m

Using (3), we lower-bound F},, and upper-bound Var [Fm] and Var [Wm], substitute the resulting
bounds into (163), and obtain

1 2Q
Tmisn) = g (14+ 5L p0r,1) ) (162)
where P EP.L2
i(Ma L) _ (L 5 L Irel —
(E+ E—i—o)(e(M,L)—i—C +0262+a2)
with

c HL-1)° 1+ (L —1)) (2C° + o2&
dmm=z+“+ﬁilnﬁ+(+ﬁ &( +o2e?)
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Finally, since L is finite, it follows by inspection that limp; .o, €(M, L) = 0 and, therefore,

L2C?
lim f(M,L) = ——
M—o0— CSN
which, together with (162), concludes the proof. ]
APPENDIX E

LOWER BOUND ON CHANNEL CAPACITY WITH IMPERFECT CHANNEL KNOWLEDGE

The following Lemma is obtained by recognizing that the expression in [23, Eq. (66)] is
trivially a lower bound to I(X;Y’) in (163) below. For completeness, we present the result in
the form needed in this report. For the proof of the statement the interested reader is referred
to [23].

Lemma 6: Consider a SISO channel with I-O relation

Y=FX+W

where X ~ CN(0,0%), W is zero-mean noise'® with variance o, F' is the random channel
gain with variance a%, and Y is the output of the channel. Assume that F' can be decomposed
as

F=F+F

where F = E[F] is known at the receiver and F with E[F] = 0 is not known at the
receiver. Assume that X is statistically independent®® of both F' and W. Then, the mutual
information I(X;Y’) can be lower-bounded as follows

2

F?o3
ngy)zkg<1+f2)f2>. (163)
0pox + oy

REFERENCES

[1] E. C. van der Meulen, “Three-terminal communication channels,” Adv. Appl. Prob., vol. 3, no. 1, pp. 120-154,
1971.

[2] T. Cover and A. El Gamal, “Capacity theorems for the relay channel,” IEEE Trans. Inf. Theory, vol. 25, no. 5,
pp. 572-584, Sep. 1979.

[3] G. Kramer, M. Gastpar, and P. Gupta, “Cooperative strategies and capacity theorems for relay networks,” IEEE
Trans. Inf. Theory, vol. 51, no. 9, pp. 3037-3063, Sep. 2005.

[4] P. Gupta and P. R. Kumar, “The capacity of wireless networks,” IEEE Trans. Inf. Theory, vol. 46, no. 2, pp.
388-404, Mar. 2002.

[5] M. Gastpar and M. Vetterli, “On the capacity of wireless networks: The relay case,” in Proc. IEEE INFOCOM,
vol. 3, New York, NY, Jun. 2002, pp. 1577-1586.

[6] P. Gupta and P. R. Kumar, “Towards an information theory of large networks: An achievable rate region,” IEEE
Trans. Inf. Theory, vol. 49, no. 8, pp. 1877-1894, Aug. 2003.

“In contrast to [22, Section III], the noise is not necessarily Gaussian.
21n [22, Section III], it is assumed that X, F, and W are statistically independent. The condition required here is
weaker: F' and W need not be statistically independent.



(71

(8]

[9]
(10]
(11]
[12]
[13]
[14]
[15]
[16]
[17]
(18]
[19]
(20]
(21]
(22]
(23]

[24]
(25]

(26]
(27]
(28]

[29]

51

M. Grossglauser and D. Tse, “Mobility increases the capacity of ad hoc wireless networks,” IEEE/ACM Trans.
Netw., vol. 10, no. 4, pp. 477-486, Oct. 2002.

O. Lévéque and I. E. Telatar, “Information-theoretic upper bounds on the capacity of large extended ad hoc
wireless networks,” IEEE Trans. Inf. Theory, vol. 51, no. 3, pp. 858-865, Mar. 2005.

L. Xie and P. R. Kumar, “A network information theory for wireless communication: Scaling laws and optimal
operation,” IEEE Trans. Inf. Theory, vol. 50, no. 5, pp. 748-767, May 2004.

A. Jovi¢i¢, P. Viswanath, and S. R. Kulkarni, “Upper bounds to transport capacity of wireless networks,” IEEE
Trans. Inf. Theory, vol. 50, no. 11, pp. 2555-2565, Oct. 2004.

M. Franceschetti, O. Dousse, D. Tse, and P. Thiran, “On the throughput capacity of random wireless networks,”
submitted.

B. Wang, J. Zhang, and L. Zheng, “Achievable rates and scaling laws of power-constrained wireless sensory
relay networks,” IEEE Trans. Inf. Theory, vol. 52, no. 9, pp. 4084 — 4104, Sep. 2006.

A. F. Dana and B. Hassibi, “On the power efficiency of sensory and ad-hoc wireless networks,” IEEE Trans.
Inf. Theory, vol. 52, no. 7, pp. 2890-2914, Jul. 2006.

H. Béleskei, R. U. Nabar, O. Oyman, and A. J. Paulraj, “Capacity scaling laws in MIMO relay networks,” IEEE
Trans. Wireless Commun., vol. 5, no. 6, pp. 1433-1444, Jun. 2006.

J. N. Laneman and G. W. Wornell, “Distributed space-time-coded protocols for exploiting cooperative diversity
in wireless networks,” IEEE Trans. Inf. Theory, vol. 49, no. 10, pp. 2415-2425, Oct. 2003.

J. N. Laneman, D. Tse, and G. W. Wornell, “Cooperative diversity in wireless networks: Efficient protocols and
outage behavior,” IEEE Trans. Inf. Theory, vol. 50, no. 12, pp. 3062-3080, Dec. 2004.

R. U. Nabar, H. Bolcskei, and F. W. Kneubiihler, “Fading relay channels: Performance limits and space-time
signal design,” IEEE J. Sel. Areas Commun., vol. 22, no. 6, pp. 1099-1109, Aug. 2004.

R. Ahlswede, N. Cai, S.-Y. R. Li, and R. W. Yeung, “Network information flow,” IEEE Trans. Inf. Theory,
vol. 46, pp. 1204-1216, Jul. 2000.

R. Koetter and M. Medard, “An algebraic approach to network coding,” IEEE/ACM Trans. Netw., vol. 11, no. 5,
pp. 782795, Oct. 2003.

K. Azarian, H. El Gamal, and P. Schniter, “On the achievable diversity-multiplexing tradeoff in half-duplex
cooperative channels,” IEEE Trans. Inf. Theory, vol. 51, no. 12, Dec. 2005.

B. Wang, J. Zhang, and A. Hgst-Madsen, “On the capacity of MIMO relay channels,” IEEE Trans. Inf. Theory,
vol. 51, no. 1, pp. 29-43, Jan. 2005.

M. Médard, “The effect upon channel capacity in wireless communications of perfect and imperfect knowledge
of the channel,” IEEE Trans. Inf. Theory, vol. 46, no. 3, pp. 933-946, May 2000.

A. Lapidoth and S. Shamai (Shitz), “Fading channels: How perfect need “perfect side information” be?” IEEE
Trans. Inf. Theory, vol. 48, no. 5, pp. 1118 — 1134, May 2002.

A. Carleial, “Interference channels,” IEEE Trans. Inf. Theory, vol. 24, no. 1, pp. 60-71, Jan. 1978.

R. U. Nabar and H. Bdlcskei, “Capacity scaling laws in asynchronous relay networks,” in Proc. Allerton Conf.
Commun., Contr., Comput., Oct. 2004.

R. G. Gallager, Information theory and reliable communication. Wiley, 1968.

D. Tse and P. Viswanath, Fundamentals of Wireless Communication. Cambridge Univ. Press, 2005.

W. Hoeffding, “Probability inequalities for sums of bounded random variables,” J. Am. Statist. Assoc., pp. 13-30,
Mar. 1963.

A. Maurer, “A bound on the deviation probability for sums of non-negative random variables,” J. Inequalities
Pure Appl. Math, vol. 4, no. 1, 2003.



