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You may use the following results without proof:

• Loop integral in d dimensions (Minkowskian):

In(m2) ≡
∫

ddp

(2π)d
1

(p2 −m2)n
= (−1)n

imd−2n

(4π)d/2
Γ(n− d/2)

Γ(n)

• Gamma functions: zΓ(z) = Γ(z + 1) and

Γ
(
−m+

ε

2

)
=

(−1)m

m!

(
2

ε
+

m∑
p=1

1

p
− γ +O(ε)

)
for integer m ≥ 0

• Feynman parameters:
1

ab
=

∫ 1

0

dx

[xa+ (1− x)b]2

• Gaussian two-point function ∫
dNq qiqje

− 1
2
qTMq∫

dNqe−
1
2
qTMq

=
(
M−1

)
ij
.

• Gaussian Grassmann integral∫ (∏
i

dθ∗i dθi

)
exp (−θ∗iBijθj) = det B.
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1. This question deals with Feynman integrals in d-dimensional Minkowski space.

(i) (a) Show that, if ∆ is a scalar quantity,∫
ddp

(2π)d
pµpν

(p2 −∆)2
=
gµν

d

∫
ddp

(2π)d
p2

(p2 −∆)2
.

[4 marks]

(b) Using

I1(∆) =
2

d− 2
∆I2(∆),

Show that ∫
ddp

(2π)d
pµpν

(p2 −∆)2
=

gµν

d− 2
∆I2(∆).

[3 marks]

(ii) Consider now the integral

Iµν(kρ) =

∫
ddp

(2π)d
pµpν

p2(p+ k)2
.

(a) Show that

Iµν(kρ) =

∫ 1

0

dx

∫
ddp

(2π)d
pµpν + x2kµkν

[p2 + x(1− x)k2]2
.

[6 marks]

(b) Show further that

Iµν(kρ) =

∫ 1

0

dx

(
x2kµkν − x(1− x)

d− 2
k2gµν

)
I2(−x(1− x)k2).

[5 marks]

(c) Show that in d = 4− ε dimensions, the divergent piece is

Iµν(kρ) =

(
1

3
kµkν − 1

12
gµνk2

)
i

16π2

2

ε
.

[2 marks]

[Total 20 marks]
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2. Scalar electrodynamics is a theory of an electrically charged (complex) scalar field φ. It has
the bare Lagrangian

L = −1

4
(∂µABν − ∂νABµ)(∂µAνB − ∂νA

µ
B)

+(∂µφB + ieBABµφB)∗(∂µφB + ieBA
µ
BφB)−m2

Bφ
∗
BφB −

1

4
λB(φ∗BφB)2.

The superficially divergent 1PI correlation functions at one loop in naive perturbation theory
(in the Lorentz gauge) are

�µ ν = − ie2B
48π2

(k2gµν − kµkν)
(

2

ε
+ log

4πµ2

m2
B

− γ + finite

)
,

� = −3ie2B
16π2

k2

(
2

ε
+ log

4πµ2

m2
B

− γ + finite

)
+
iλB
16π2

m2
B

(
2

ε
+ log

4πµ2

m2
B

− γ + finite

)
,

�
k

p

q

µ

= ieB(pµ + qµ)− 3ie3B
16π2

(pµ + qµ)

(
2

ε
+ log

4πµ2

m2
B

− γ + finite

)
,

�
µ ν

= 2ie2Bg
µν − 6ie4B

16π2
gµν
(

2

ε
+ log

4πµ2

m2
B

− γ + finite

)
,

�
= −iλB +

(
3ie4B
4π2

+
5iλ2

B

32π2

)(
2

ε
+ log

4πµ2

m2
B

− γ + finite

)
,

where γ is the Euler-Mascheroni constant.

(i) In renormalised perturbation theory, one defines

AµB = Z
1/2
A Aµ,

φB = Z
1/2
φ φ,

Zφm
2
B = m2

R + δm2,

Z2
φλB = λ+ δλ,

ZφZ
1/2
A eB = Z1e,

ZφZAe
2
B = Z2e

2.

and ZX = 1 + δZX for any X. Write the Lagrangian in terms of renormalised fields,
renormalised couplings and counterterms. Identify the piece that is treated as the free
Lagrangian L0 in renormalised perturbation theory. [4 marks]

(ii) Draw all counterterm vertices. The Feynman rules for the two-point counterterms are

−iδZA
(2!)

(k2gµν − kµkν) and i(δZφk
2 − δm2).
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Write down the Feynman rules for the other counterterms. (Note that you can deduce
them from the correlators shown above, by comparing the forms of different terms in the
Lagrangian.) [4 marks]

(iii) What are the values of the same 1PI correlators as above in renormalised perturbation
theory? [4 marks]

(iv) Explain how the values of the counterterms are determined in the MS scheme, and
calculate them. [4 marks]

(v) Calculate the leading non-trivial terms in the beta functions of the two couplings

βλ =
dλ

d logM
, βe =

de

d logM
,

where M is the renormalisation scale. You should find

βλ =
1

16π2

(
5λ2 − 12λe2 + 24e4

)
, and βe =

e3

48π2
.

[4 marks]

[Total 20 marks]
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3. The action of the electromagnetic field can be written as

S = −1

2

∫
d4qd4kAµ(q)(2π)4δ(k + q)

(
k2gµν − kµkν

)
Aν(k).

(i) Explain how you would calculate the propagator Dµν
F (k) defined by

〈Aµ(k)Aν(q)〉 = (2π)4δ(k + q)Dµν
F (k),

and show that it cannot be done in this case. [3 marks]

(ii) Show that for a given gauge fixing function G(Aµ), the path integral can be written as∫
DAµO[Aµ]eiS[Aµ] ∝

∫
DAµδ(G(Aµ)) det

(
δG(Aαµ)

δα

)
O[Aµ]eiS[Aµ],

where O[Aµ] is a gauge-invariant observable and Aαµ is the gauge transform of Aµ,

Aαµ = Aµ +
1

e
∂µα.

[5 marks]

(iii) Choosing G(Aµ) = G̃(Aµ)− ω(x), where ω(x) is an arbitrary function in spacetime and
G̃ is independent of ω, show that you can write∫

DAµO[Aµ]eiS[Aµ] ∝
∫
DAµ det

(
δG̃(Aαµ)

δα

)
O[Aµ]eiSξ[Aµ],

where

Sξ[Aµ] = S[Aµ]−
∫
d4x

1

2ξ
G̃2.

[4 marks]

(iv) Express the determinant as a path integral, and show that∫
DAµO[Aµ]eiS[Aµ] ∝

∫
DAµDc∗DcO[Aµ]eiSgf [Aµ,c],

where the full gauge-fixed action is

Sgf [Aµ, c] = S[Aµ]−
∫
d4x

[
1

2ξ
G̃2 + c∗

(
δG̃(Aαµ)

δα

)
c

]
.

What are the properties of the new field c, which you introduced? [4 marks]

(v) Write down the gauge-fixed action Sgf for the gauge fixing function

G̃(Aµ) = ∂µA
µ + γAµA

µ,

where γ is a constant number. Draw the corresponding interaction vertices. Do they
represent real, physical interactions? [4 marks]

[Total 20 marks]
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4. The Lagrangian of the SU(N) Georgi-Glashow model is

L = −1

2
TrFµνF

µν + Tr[Dµ,Φ][Dµ,Φ]−m2TrΦ2 − λTrΦ4,

where Dµ = ∂µ + igAµ is the covariant derivative. The scalar field Φ, which is in the adjoint
representation, and the SU(N) gauge field Aµ can be written as Φ = Φata and Aµ = Aaµt

a,
where a ∈ {1, . . . , N2 − 1}.

(i) Draw the interaction vertices of this theory (in naive perturbation theory) and indicate
which term in the Lagrangian each of them corresponds to. [3 marks]

(ii) Use the identities

Trtatb =
1

2
δab, [ta, tb] = ifabctc,

where fabc are the SU(N) structure constants, to show that in terms of the field compo-
nents, the scalar-gauge interaction terms are

L = . . .+ gfabc(∂µΦa)ΦbAcµ +
g2

2
gµνfacef bdeΦaΦbAcµA

d
ν + . . . .

[4 marks]

(iii) Derive the Feynman rules corresponding to these two terms and write them in their
symmetric form. [4 marks]

(iv) Draw all one-loop 1PI diagrams that contribute to the scalar two-point correlator
〈Φa(k)Φb(q)〉. [3 marks]

(v) Using the propagators

δabDµν
F (k) =

−iδab

k2

[
gµν − (1− ξ)k

µkν

k2

]
,

and

δabDF (k) =
iδab

k2 −m2
,

and the identity facdf bcd = Nδab, show that the two diagrams that involve the gauge
field correspond to the integrals

g2Nδab
∫

ddk

(2π)d
d− 1 + ξ

k2
,

and

−g2Nδab
∫

ddk

(2π)d
(2pµ − kµ)(2pν − kν)
k2 [(k − p)2 −m2]

[
gµν − (1− ξ)kµkν

k2

]
.

[5 marks]

(vi) Explain why one of these integrals vanishes in dimensional regularisation. [1 mark]

[Total 20 marks]
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