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Answer 8 out of the following 4 questions.
Marks shown on this paper are indicative of those the Fxaminers anticipate assigning.

General Instructions
Complete the front cover of each of the THREE answer books provided.

If an electronic calculator is used, write its serial number at the top of the front cover of each answer
book.

USE ONE ANSWER BOOK FOR EACH QUESTION.

Enter the number of each question attempted in the box on the front cover of its corresponding
answer book.

Hand in THREE answer books even if they have not all been used.

You are reminded that Examiners attach great importance to legibility, accuracy and
clarity of expression.
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You may use the following results without proof:

e Loop integral in d dimensions (Minkowskian):

o [ ' 1 o wimT T (n —d/2)
') = [ s e =V i T

Gamma functions: 2I'(z) =I'(z + 1) and

~m (2 &1
(—1) (_ + Z - — v+ O(e)> for integer m >0
m! € = P

roneg)-

Feynman parameters:

1 ! dx
%_/0 [za + (1 — 2)b]2

e Gaussian path integrals
— Real .
cons
Dpe 2 1 [dlzdlyp(a)M(z,y)e(y) _ 20710
/ vdet M
— Grassmannian

/ DO*DY e~ Fd W @MEDIW) = det M

Gamma matrices:
try* =0, {3",7"} = 29",
try? =0, ()'=9" {»"7"} =0
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1. Consider a simple harmonic oscillator with action

> 1 1
S = /_OO dt <§mi2 — §mw§x2) .

The amplitude for the oscillator to move from point x, at time t, to point z, at time ¢, is
given by the path integral

z(ty)=xp

U(Za, Ty ty — ta) = (wp; ty|xe; ta) = / Da:(t)eis,

z(ta)=2aq
where |z;t) = exp(iHt)|z) is an eigenstate of the coordinate operator &(t) with eigenvalue z.
Furthermore, we have for any operator O[z]
R z(t)=mp '
(2 1| Ol ) — / Da(t) Ol (1))
z(ta)=2q

(i) Show that you can write the ground state |0) as

0)  lim |z.;—T),
T—o0

with an appropriate rotation of the time coordinate on the complex plane. [4 marks]

(ii) Show that the ground state two-point correlator (z(0)z(t)) = (0|7Z(0)Z(¢)|0) can be
expressed in terms of path integrals as

[ Dz x(0)z(t) e
0)x(t)) = .
(r(0)a(e)) = -2
[4 marks]
(iii) How can the two-point correlator (z(0)x(t)) be obtained from the the generating func-
tional

Z[J] = /D.I 6iS+ifdtJ(t):c(t) ?

[4 marks]

(iv) For the harmonic oscillator, we have

1 [ dwdd

i2m0 (w + w')
m(w? — w? + ie)

J(w) J(W],

where C' is a constant and J(w) = [dte™'J(t). Calculate the two-point function
(x(w)x(w")) of the Fourier transformed coordinate variable

(w) = / ety (p).

o0

[4 marks]

v) Take the Fourier transform of your result to show that you obtain the standard result
for ZGI‘O—pOiIlt fluctuations

1
t)?) = .
(@() = 5o
[Hint: To do the integral, you may make use of I'(1/2) = /7. [4 marks]

[Total 20 marks]
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2. The Lagrangian of the SU(N) Yang-Mills field A coupled to a complex scalar (Higgs) field
¢; in the fundamental representation is

1 a a av v Aa
L= —(DuAL— 0,4 (0" A" — 0 A™)
2
+gfabc(a“Ag o a,,AZ)Ab‘uACV o ngabCfadeAZAlchd,uAeu
+0, 070" ¢: + igtis AL [(0"67) 05 — 07(0"65)] + g tt509" OF AL A5,

where ¢ is the gauge coupling constant, fe¢ are the structure constants and t7; are the group
generators. The colour indices are i,j € {1,..., N} and a,b,c,d,e € {1,...,N? —1}.

(i) Find the dimensionalities of the fields ¢; and Af and the coupling g in d spacetime
dimensions. [3 marks]

(ii) Draw the interaction vertices. Find the corresponding Feynman rules in their symmetric
form, labelling all indices and momenta carefully. [12 marks]

(iii) Gauge fixing introduces an extra factor
det [i0" (60, + g " AS)]

in the path integral. Explain how this determinant can be represented by a ghost field c,
and describe the properties of this field. Write down the new terms that appear in the
Lagrangian and the Feynman rules for the new vertex/vertices. [5 marks]

[Total 20 marks]
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3. The bare Lagrangian of Quantum Electrodynamics is

1 1
R ) e
L P %

; (0, A")2 + D69 — ) — el b A,

where ¢ is the electron field, A, is the U(1) gauge field, F,, = J,A4, — 0,A, is the field

strength tensor, v are the Dirac gamma matrices and @ = v#0,,.

At one-loop level in naive perturbation theory, the superficially divergent one-particle irre-
ducible correlation functions are

(i)

;52 2 4 2
M\@-\N = —%(lfg‘“’ — kMEY) (E + log ;/; — fy) + finite.
B ’i€2 2
@ - 16m2

(EF+ (3+Em)y, (% + log 4;/; — ”y) + finite.

, 2 47y ,
= —ieYhs — —5ap (E + log o~ —7) + finite. (1)

Consider the same theory in renormalised perturbation theory. The renormalised fields
are defined by ¢ = Z;}/ Z@ZJR and A* = Zil/ 2A’}‘%, and renormalised parameters er, mgr and

§r by
Zi/QZwe = er+de,
Zym = mpg+om,
ZalE = ZE/fR-
The renormalisation constants are written in terms of counterterms as Z4 = 1 + 024,
Zy=1+0Zyand Z =1+ 6.

Doing these changes of variables explicitly, write the Lagrangian in terms of renormalised
fields, renormalised parameters, and counterterms.

Identify the terms that are treated as interactions in renormalised perturbation theory.
[5 marks]

Using the counterterm Feynman rules

07,
AN S —1 (5ZA (kQQNV — I{J‘LL]CV) — g—gl{?‘ukl}
R
——0—>— < 0 (0Zyf —om),,
& —idev)s,

write the correlation functions (1) in renormalised perturbation theory in terms of renor-
malised parameters and counterterms (i.e., without imposing a renormalisation condition
yet). Then determine the values of the counterterms in the MS scheme, and use them to
write the correlation functions (1) in terms of renormalised parameters only.  [7 marks]

[This question continues on the next
5 page ... ]|



(iii) Show that, to leading order in e, the beta function of the theory is

degr e3

By =Mz~ 12

Assuming that at M = 0.5 MeV, e = 0.3, and that there is only one species of charged
particles (i.e. electron/positron), find the Landau pole of the theory (a rough approxi-
mate value is enough). Discuss the implications of your answer. [8 marks]

[Total 20 marks]
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4. Consider the d-dimensional (Minkowskian) integral

) . B ddp pM
m0) = [

(i) Explain why 5 (k;m,0) has to be parallel to k*. [2 marks]
(ii) Show that

) . B 1 N ddp pﬂ
14 (k;m, 0) = /0 d / 2m) [(p + kx)2 — (1 — 2)(m2 — zk?)]2’
[5 marks]
(iii) Show that
. B ) 1 dip 1
Bliam0) == [V de [ o e
[3 marks]

iv) Carry out the momentum integration to express I4'(k;m,0) as an integral over = only.
y g 2 g y

[2 marks]
/1d ln(l— )—1 1—i ]n(l— )_1 1_|_g
i T ar) = o > @)= ~

calculate the integral in d = 4 — € dimensions (with € < 1). You should find

(v) Using

€

ikt |2 A m? m? k?
IV (k;m,0) = ~ 35,2 [—+logﬁ—7+2+ﬁ— (1_ﬁ) In (1_ﬁ)] + O(e).
[8 marks]

[Total 20 marks]
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