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1.
(a)

(c)

(f)

(4 marks) Write down the Schwarzschild metric for a black hole of mass M in
Schwarzschild coordinates (t, r, 8, ¢) in units in which the speed of light ¢ = 1 and
Newton's constant G = 1.

What is the metric with the G and ¢ dependence put in explicitly?

(14 marks) Define the ingoing null Eddington-Finkelstein (EF) coordinate, v and
calculate the Schwarzschild metric in terms of (v, r, 0, ¢). Prove that r = 2M is a
coordinate singularity of this metric.

Prove that in the spacetime described by the metric in ingoing EF coordinates, no
future directed timelike worldline that starts in region r < 2M can leave that region.
(Future directed means dv > 0).

Now define the outgoing Eddington-Finkelstein coordinate u and calculate the
Schwarzschild metric in terms of (u,r,0,¢). Show that r = 2M is a coordinate
singularity of this metric and prove that in the spacetime described by the metric
in outgoing EF coordinates, every future directed timelike or worldline that starts in
region r < 2M must eventually leave that region. (Future directed means du > 0.)

(14 marks) Draw the Penrose diagram for the maximally extended

Schwarzschild spacetime, in other words the Kruskal spacetime. Show on the di-
agram: the black hole (interior, horizon and singularity) the white hole (interior,
horizon and singularity), the exterior regions, Z= (“scri-plus and scri-minus”), i
and 1y, r =2M and r = 0. Explain the physical meaning of all these features. Also
draw an ingoing and an outgoing null geodesic.

Indicate on the diagram where the wormhole (or Einstein-Rosen bridge) is and de-
scribe its geometry, illustrating your answer with a sketch. Would such a wormhole
form when a black hole forms from the collapse of a star? Explain where in the
Kruskal spacetime ingoing EF coordinates are defined and where outgoing EF coor-
dinates are defined. Hence explain why the results of part (c) are not contradictory.

(8 marks) There are three small spaceships, A, B and C. A remains at a fixed large
radius, far away from a very big Schwarzschild black hole. B and C both fall freely
from rest from the same radial coordinate r = R > 2M, B first and then C, and
both fall into the black hole. All three spaceships are at the same fixed angular
coordinates, 8 and ¢. B sends signals by sending photons at regular intervals of
proper time along its worldline.

Sketch their three worldlines on a Penrose diagram. And sketch some representative
signal photon worldlines between them.

Describe what A sees of B, as B falls into the black hole. Describe what C sees of
B, as B falls into the black hole.

2 Please go to the next page



2.

(a)

Raychaudhuri’'s equation for null geodesic congruences is

de 1

5 —592 — "o, + 0w, — Rt
where [* is the tangent field along the congruence, 6 is the expansion, & is the shear,
w is the twist and R, Is the Ricci tensor,.

(10 marks) State the Weak Energy Condition.

Assuming that the tangent vector to the null geodesic congruence is everywhere
normal to a family of null hypersurfaces and that the spacetime is a solution of
Einstein’s equations in which the energy momentum tensor satisfies the Weak Energy

Condition, show that
do

1

— < 262,
dx — 2

Hence prove that if 8 < 0 at any point on a null generator of a null hypersurface 6
diverges to infinity within a finite affine parameter along that null generator.
(You may assume that @), vanishes for null hypersurfaces.)
(10 marks) State the black hole Area Theorem, also known as the “Second Law of
Black Hole Mechanics”. Sketch a proof of the Theorem.

You can use results you do not prove if you state them clearly.

(10 marks)

Consider two widely separated nonrotating black holes of masses M; and M,. They
merge to form a single black hole. What is the maximum energy that could be
radiated during this process?
The area of the horizon of a black hole with electric charge @ and mass M is given
by

A=dnr?
where rp, = M ++/M? — Q2. Can a single charged black hole split into two charged
black holes? Explain your answer.
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3.
(a)

(b)

(c)

(c)

(7 marks) What does it mean for a spacetime to be stationary?

A free massive real scalar field, ¢ satisfies the Klein Gordon equation
V2 —mPp=0.

Describe how this field theory is quantised in a stationary spacetime with a Cauchy
surface. Define the vacuum state. Why does it make sense to call it the vacuum
state in a stationary spacetime?

(8 marks) Suppose a spacetime (M, g) has the form of a sandwich: there are two
non-intersecting Cauchy surfaces, ¥; and ¥, such that the spacetime is stationary
to the past of >; and to the future of >5, and in between it is time dependent.

Describe how this may lead to particle production. Derive the formula, in terms of
Bogoliubov coefficients, for the expectation value of the number of particles in a
certain mode as measured by an observer in the far future, in the vacuum state as
defined by an observer in the far past?

(6 marks) Explain why the sandwich spacetime example above is relevant to the
derivation of late time Hawking radiation in the spacetime of gravitational collapse
to a black hole? lllustrate your answer with a Penrose diagram.

Briefly explain what the discovery of black hole radiation means for the Laws of
Black Hole Mechanics.

(9 marks)

Consider an uncharged spherically symmetric black hole which starts with initial mass
M and radiates with Hawking radiation. Assume that it evaporates completely in
a finite time 7. Assuming that 7 is proportional to a power of M, T = aM?, is
the exponent b positive or negative? Find the dependence of the constant a on b,
Newton's constant G, the speed of light ¢ and Planck’s constant #i by dimensional
arguments. What else can you deduce about b given that this a quantum process?

Assume that Stefan’s Law for the power radiated by a hot body holds for the black
hole, in other words the power is proportional to the fourth power of the temperature,
T, and to the surface area, A, of the body:

Power = cAT*

where o is a constant of order 1 in units where ¢ = h = kg = 1 and kg is Boltzmann's
constant. Ignoring the potential barrier around the black hole, and assuming it
evaporates completely, estimate the lifetime of the black hole, 7, and determine the
exponent b.

Why does this process not violate the Second Law of Black Hole Mechanics (the
Area Theorem)? Why can we not be sure what happens to the black hole in the
final stages of the evaporation?
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4,

(a)

(b)

(c)

The metric for a Schwarzschild-anti-de Sitter black hole in 5 dimensions is:
ds? = —f(r)dt® + f(r)~tdr® + r?dQ;

where L is the radius of curvature of the anti-de Sitter spacetime to which this black
hole metric asymptotes at large r and

r2
f(l’):ﬁ‘f’l——.

and ry is a constant.

dQ3 is the round metric on the 3-sphere
dQ3 = dx? + sin® x(d6? + sin® 0d¢?) .

(4 marks) For this spacetime define the analogues of ingoing and outgoing
Eddington-Finkelstein coordinates, v and u, respectively. (Do not solve explicitly
for the intermediate coordinate r,.)

(12 marks) Define a Killing horizon.

The black hole horizon is at r = r where r, is the positive real root of the polynomial

r2f(r). Show that the black hole horizon is a Killing horizon of the Killing vector
k=2 =2,
ov ot

Using the formula for the surface gravity

k? = lim g"'V,VV,V

r—ry

where V2 = —g,,,k#k", prove that the surface gravity is

2ry 1

(3 marks) Assuming the same relation between the surface gravity and the temper-
ature of the black hole holds as for asymptotically flat 4 dimensional black holes,
what is the temperature? What calculation might one do to check that this is the
physical temperature?

(11 marks ) What does it mean for a body to have positive or negative specific
heat? For a black hole in anti-de Sitter space with fixed L and variable mass, there
is a critical mass M., where the specific heat changes from positive to negative.
Conjecture whether the anti-de Sitter black hole has negative specific heat for M
smaller or larger than M. and explain your reasoning briefly given what you know
about the Schwarzschild black hole.

Assuming that the mass of the anti-de Sitter black hole is M = arg where a is a
constant, prove your conjecture, and calculate the critical mass M. in terms of L.
What is the temperature of a black hole with this critical mass?
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