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PART A: Particle Symmetries

1. This question is about the quark model of baryons. We write the quarks as qiαa, such thatq1αaq2αa

q3αa

 =

uαadαa

sαa

 , qiαa 7→ ρijq
jαa, qiαa 7→ ραβq

iβα, qiαa 7→ ρabq
iαb,

where ρij is the defining representation of the SU(3)f of flavour, ραβ is the defining represen-
tation of the SU(2)s of spin, and ρab is the defining representation of the SU(3)c of colour.

(i) What are the dimensions of the defining representations of SU(3)f flavour, SU(2)s spin
and SU(3)c colour? Given the baryons are constructed from three quarks, as a tensor of
SU(3)f × SU(2)s × SU(3)c what index structure does the baryon have?

Consider the colour representation of the baryon. Show that there is an invariant sub-
space that transforms as a singlet under SU(3)c. What symmetry properties on the
colour indices does this singlet tensor have? [7 marks]

(ii) The Cartan matrix for sl(3,C) ' su(3)C is

Aij =
2〈αi, αj〉
〈αi, αi〉

=

(
2 −1
−1 2

)
.

How many fundamental roots αi are there? What are their relative lengths? What is
the angle between them? Draw the full root diagram and indicate the sets of positive
and negative roots.

How is the Weyl group generated and how many elements does it have in this case?

Draw the fundamental weights wi and define the weight lattice. What is the relation
between wi and αi? [12 marks]

(iii) Draw the weight diagram for the defining representation V1 of su(3) which has highest
weight λ = w1. Do the same for the conjugate of the defining representation and identify
the corresponding highest weight.

Now consider the adjoint representation V2. What is its dimension? Draw the weight
diagram and comment on how it is related to the root diagram. What are the dimensions
of the weight spaces?

Finally consider the representation V3 corresponding to the highest weight λ = 3w1.
Draw the weight diagram and show how V3 decomposes into sl(2,C) representations for
the different sl(2,C) sub-algebras defined by each positive root. [12 marks]

(iv) Assuming each weight space in the V3 representation is one-dimensional, write down the
characters of V1, V2 and V3.

Hence, using the properties of characters, give the decomposition of V1 ⊗ V1 ⊗ V1 into
irreducible representations. [12 marks]

(v) What does the decomposition described in the last question tell us about the classification
of baryons? Given the largest and smallest representations in the decomposition are
totally symmetric and totally antisymmetric tensors respectively, what do we know about
the spin of the corresponding baryons? [7 marks]

[Total 50 marks]
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PART B: Unification and the Standard Model

2. In this question, general theorems relating to broken symmetry systems may simply be quoted;
they do not have to be proved. Consider a theory with two complex scalar fields Φ(x), χ(x) ∈ C
and a real vector field Aµ(x) ∈ R, described by the Lagrangian

L = −DµΦ∗DµΦ−Dµχ∗Dµχ−
1

4
F µνFµν − V (|Φ|2, |χ|2) , (2.1)

where

DµΦ = (∂µ − igAµ)Φ Dµχ = (∂µ + igAµ)χ (2.2)

Fµν = ∂µAν − ∂νAµ (2.3)

V (B,C) = 2αB + 2βC + λ1B
2 + λ2C

2 + λ12BC , (2.4)

in which α, β, λ1, λ2 and λ12 are all real constants, and where λ1, λ2 and λ12 are all positive.

(i) What is the rigid internal (non-spacetime) symmetry group of this theory? What is the
local symmetry? Give explicit expressions for the corresponding transformations of each
field for each symmetry.

[8 marks]

(ii) What are the unbroken rigid and local symmetries if α > 0 and β > 0? Give the masses
of all the physical degrees of freedom in this case. How many degrees of freedom per
space-time point are there?

[10 marks]

(iii) If α < 0 and β > 0 together with positive values of the λ1, λ2 and λ12 parameters, show
that the vacuum values of the scalar fields satisfy

|Φ|2 = − α

λ1
> 0 , χ = 0 . (2.5)

Is the χ = 0 vacuum stable for these values of α, β, λ1, λ2 and λ12? What are the
unbroken rigid and local symmetries in this case? Give the transformations of the fields
with respect to the unbroken symmetries. Give the masses of the physical degrees of
freedom and the charges with respect to the unbroken symmetry in this case and show
that the overall number of degrees of freedom per spacetime point is the same as in part
(ii). [20 marks]

(iv) Now consider a different choice of α and β, where, for suitable values of the λ1, λ2&λ12
parameters, the vacuum values of the scalar fields satisfy

|Φ|2 > 0 , |χ|2 > 0 . (2.6)

What are the unbroken rigid and local symmetries in this case? Give the mas-
sive/massless character of the physical degrees of freedom in this case and show that
the overall number of degrees of freedom per spacetime point is the same as in part (ii).
You do not have to give detailed expressions for the masses in this case.

[12 marks]

[Total 50 marks]
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