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SECTION A: Particle Symmetries

1. Consider the first generation of quarks and leptons. Under the SU(2)× U(1) elec-

troweak symmetry the left- and right-chirality states transform as

SU(2) doublets:

(
νL
e−L

)
Y = −1,

(
uL
dL

)
Y = 1

3
,

SU(2) singlets: e−R Y = −2, uR Y = 4
3
, dR Y = −2

3
,

where Y denotes the U(1) charge. Recall also that given a representation ρ : G →
GL(n,C) one defines the conjugate representation ρ∗ by

ρ∗(a) = [ρ(a)]∗ for all a ∈ G,

where A∗ is the complex conjugate of the matrix A.

(i) Show that a general element of SU(2) can be parametrised as

a =

(
x −y ∗
y x∗

)
∈ SU(2) where x, y ∈ C and |x |2 + |y |2 = 1.

The standard model doublets transform in the two-dimensional “defining” rep-

resentation ρ(2). What is ρ(2)(a) for a ∈ SU(2) in the form above? [6 marks]

(ii) Show that in general ρ∗ defines a representation and that in particular ρ∗(2) is

isomorphic to ρ(2). Hence derive how the conjugate quarks and leptons (e+,

ν̄, ū and d̄) transform under SU(2)× U(1). [10 marks]

(iii) Consider the Higgs scalar field SU(2) doublet

Φ =

(
φ+

φ0

)
with Y = 1, and assume it gets a vacuum expectation value (vev) with φ+ = 0

and φ0 = V/
√

2 6= 0.

Show that there is a U(1) subgroup of SU(2)× U(1) that leaves the vev of Φ

invariant. Find the charges of the quarks and leptons under this symmetry and

comment on its physical meaning. [12 marks]

(iv) Show that one can unify the right-handed e+R , ν̄R and dR states into a single

module transforming as the defining representation of SU(5). In particular,

identify how the Standard Model SU(3) × SU(2) × U(1) group embeds in

SU(5). [10 marks]

(v) Show that the remaining left-handed e−R , uL, dL and ūL states can be unified

into a single SU(5) module corresponding to the Young tableau .

[12 marks]

[Total 50 marks]

2 Please go to the next page



SECTION B: Unification and the Standard Model

2. The gamma matrices in 3 + 1 spacetime dimensions satisfy the Dirac algebra

{γµ, γν} = 2ηµν1l , where the spacetime metric is ηµν = diag(−1, 1, 1, 1).

(i) Define the hermitian matrix γ5 by γ5 = i γ0γ1γ2γ3.

(a) Show that e iθγ
5

= cos θ1l + i sin θγ5 and hence that e iθγ
5
γµ = γµe−iθγ

5
.

(b) Show that the axial transformation ψα → ψ′α =
[
e iθγ

5]
αβ
ψβ is a rigid

symmetry (constant θ) of the kinetic term Lkin = −i ψ̄∂µγ
µψ for a Dirac

spinor field (where ψ̄ = ψ†γ0), but not of the mass term Lmass = −imψ̄ψ.

[15 marks]

(ii) In 2-component notation, the basic SL(2,C) transformations on the four types

of spinor doublet representation (undotted and dotted, raised and lowered in-

dices) are given by

λα → Aα
βλβ λ̄α̇ → λ̄β̇A

† β̇
α̇

ψα → ψβA−1β
α ψ̄α̇ → (A−1)† α̇β̇ψ̄

β̇ .

(a) Apply these rules to transform a bispinor Vαβ̇ and use this to find the

transformation behaviour of V µ = −1
2

Tr(σ̃µV ). Show that this is the

correct transformation behaviour of a contravariant Lorentz vector under

a Lorentz transformation with Λµν = −1
2

Tr(σ̃µAσνA
†) where (σµ)αβ̇ =

(1l, σi) , (σ̃µ)α̇β = (1l,−σi). You may use that σµαα̇σ̃µ
ββ̇ = −2δβαδ

β̇
α̇.

(b) Show that e iθσ2 = cos θ1l + i sin θσ2. Then show that the SL(2,C) trans-

formation corresponding to a spatial rotation through an angle θ around

the y = x2 axis is

A = e
i
2 θσ

2

=

(
cos θ/2 sin θ/2

− sin θ/2 cos θ/2

)
.

Thus, show that a spatial rotation by 2π around the y axis corresponds to

the matrix A = −1l, and that one needs to make an SL(2,C) transformation

by 4π radians in order to reobtain A = 1l. What happens under a 2π

transformation?

[15 marks]
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(iii) Derive the Dirac equation of motion for a massless spinor field from the kinetic

Lagrangian Lkin = −i ψ̄∂µγ
µψ. You may use the fact that (γµ)†γ0 = −γ0γµ.

Show that the δψ and δψ̄ variations just produce conjugated equations. Re-

member that spinor fields anticommute. Transform the Dirac equation into

momentum space with coordinates pµ.

(a) Show that solutions to the momentum-space Dirac equation satisfy

pµpµψ(p) = 0 and ψ(p) = −ζ
pi
|p|γ

0γ iψ(p)

with ζ = 1 if p0 > 0 and ζ = −1 if p0 < 0, where the pi are components

of three-momentum, i = 1, 2, 3, and |p| =
√
pipi . The former solutions

are called particle solutions; the latter are antiparticle solutions.

(b) The helicity Λ of a particle is the projection of its angular momentum 3-

vector in the direction of the spatial momentum. Given that the Lorentz

generators for spinors are Mµν = − i
2
γµν = − i

4
(γµγν − γνγµ) and the

spatial angular-momentum 3-vector operator is Si = εi jkMjk , show that

the helicity operator Λ can be written as Λ = −1
2
γ5γ0γ i pi|p| . Hence, show

that massless chiral fermions are eigenstates of helicity, and specifically

that
ΛψL(p) = 1

2
ζψL(p)

ΛψR(p) = −1
2
ζψR(p)

}
ζ = ±1 for p0 >

<
0 ,

where γ5ψ L
R

= ±ψ L
R

. [20 marks]

[Total 50 marks]
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