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SECTION A: Particle Symmetries

1. Consider the matrix Lie algebra

g =
{
M ∈ sl(2n,C) : MTΩ + ΩM = 0

}
where Ω =

(
0 1

−1 0

)
and 1 is the n × n identity matrix.

(i) Name any of the real Lie groups that have g as the corresponding complexified

Lie algebra. Writing M ∈ g as

M =

(
A B

C D

)
,

give the conditions on the component n×n matrices A, B, C and D and hence

show that the complex dimension of g is 2n2 + n. [3 marks]

(ii) Consider the set h of matrices M with B = C = 0 and

A = −D =


λ1 0 . . . 0

0 λ2 . . . 0
...

...
. . .

...

0 0 . . . λn

 .
Show that h forms a maximal Abelian subalgebra of g. [3 marks]

From now on you may assume that n = 2.

(iii) Assuming h ⊂ g forms the Cartan subalgebra, find the set of roots {αi} of

g, identifying an element eαi ∈ g with root αi in each case. Identify two

fundamental roots. [6 marks]

(iv) Using the standard inner product on X ∈ h given by the trace

〈X,X〉 = 1
2

trX2 = λ21 + λ22,

calculate the lengths of the two fundamental roots and the angle between them.

Hence write down the Cartan matrix and Dynkin diagram of g. [4 marks]

(v) Show that the Weyl group of g is isomorphic to the symmetry group of the

square, that is, the Dihedral group Dih4. [4 marks]

[Total 20 marks]
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SECTION B: Unification – the Standard Model

2. Consider an SO(3) gauge field theory with a three-component real scalar field φ in

the fundamental representation and the Lagrangian

L = −
1

2
Tr FµνF

µν +
1

2
(Dµφ)TDµφ+

1

2
µ2φTφ−

λ

4

(
φTφ

)2
,

where Dµ = ∂µ + igAµ, Aµ = Aaµt
a is the gauge field, g is a real constant, and

Fµν = − i
g

[Dµ, Dν] is the field strength tensor. The generators of SO(3) are

t1 =

0 0 0

0 0 −i
0 i 0

 , t2 =

 0 0 i

0 0 0

−i 0 0

 , t2 =

0 −i 0

i 0 0

0 0 0

 .
(i) (a) Assuming φ → Mφ under an SO(3) gauge transformation M, how does

the gauge field Aµ have to transform for the Lagrangian to be invariant?

(b) Express the field strength tensor Fµν in terms of the gauge field Aµ.

(c) How does Fµν transform under gauge transformations?

[10 marks]

(ii) Assume µ2 > 0.

(a) What is the vacuum state of the theory?

(b) What is the residual symmetry group?

(c) Using a suitable gauge choice, identify the physical degrees of freedom and

their masses.

(d) Comment on your results in light of Goldstone’s theorem and the Higgs

mechanism.

[10 marks]

[Total 20 marks]
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