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1. This question is about unitary representations of the proper orthochronous com-

ponent ISO+(3, 1) of the Poincaré group. Elements (Λ, a) ∈ ISO+(3, 1) act on

Minkowski spacetime by

xµ 7→ Λµνx
ν + aν,

with det Λ = 1, Λ00 ≥ 1 and ΛTηΛ = η, where

η =

(
1
−1
−1
−1

)
is the four-dimensional Minkowski metric.

(i) Give the definition of an abstract group.

Find the group product between two elements (Λ, a) and (Λ′, a′), and hence

show that ISO+(3, 1) forms a group (you may ignore the conditions on det Λ

and Λ00). [4 marks]

(ii) What is the definition of the Lie algebra g of a matrix group G? Show that the

Lie algebra so(3, 1) of the Lorentz subgroup SO+(3, 1) ⊂ ISO+(3, 1) is given

by the set of 4× 4 real matrices X satisfying XTη + ηX = 0. [2 marks]

(iii) Let S(Λ, a) be a unitary representation of ISO+(3, 1) acting as an operator

on a Hilbert space H. Suppose we have a basis of states |pµ〉 ∈ H that each

transform in an irreducible representation of the translation subgroup, that is

S(1, a)|pµ〉 = e−ip·a|pµ〉,

and define S(Λ, 0)|pµ〉 = |Λµνpν〉.
Check that this indeed defines a representation S(Λ, a). Show that the repre-

sentation is reducible. [5 marks]

(iv) To build spin representations of ISO+(3, 1) Wigner defined the “little group”

Hp =
{

Λ ∈ SO+(3, 1) : Λµνp
ν = pµ

}
,

for a given fixed four-vector pµ. Show that if p2 > 0 then Hp ' SO(3).

[2 marks]

(v) Suppose that pµ = (E,E, 0, 0) so that p2 = 0. Show that the Lie algebra hp
of the little group Hp is given by matrices of the form

X =


0 0 a b

0 0 a b

a −a 0 c

b −b −c 0

 .
Show that hp is isomorphic to the Lie algebra iso(2) of the group ISO(2) of

rotation and translation symmetries of the plane.

Briefly discuss the unitary representations of Hp in this case, and what they

correspond to physically in Wigner’s construction. [7 marks]

[Total 20 marks]
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2. This question is about product and quotient groups.

(i) The product G×G ′ of two groups G and G ′ has elements that are pairs (a, a′)

where a ∈ G and a′ ∈ G ′, with a product

(a, a′)(b, b′) = (ab, a′b′).

Prove that, so defined, G × G ′ is a group.

In the special case where G = G ′ show that, given a fixed element s ∈ G, the

subset

Gdiag = {(a, sas−1) ∈ G × G : a ∈ G}

forms a subgroup and is isomorphic to G. [4 marks]

(ii) Given a subset H ⊂ G and a ∈ G, one defines the left coset

aH = {ah ∈ G : h ∈ H},

and the product of two subsets S, T ⊂ G by

S · T = {st ∈ G : s ∈ S and t ∈ T}.

Show that, if H is a normal subgroup, then the set of all cosets, with this

product, forms a group (denoted the quotient group G/H). [4 marks]

(iii) Consider the (finite) cyclic group Zn = {e, a, a2, . . . , an−1} with an = e.

Show that Zp × Zq ' Zpq if p and q are coprime (that is, have no common

factor). [2 marks]

(iv) The (finite) dicyclic group Dic2 is the group formed by the set of quaternions

{±1,±i ,±j,±k}

under multiplication. (Recall that i2 = j2 = k2 = −1, i j = −j i = k , jk =

−kj = i and ki = −ik = j .)

Find Z4 and Z2 subgroups of Dic2 and show that both are normal.

Calculate the left cosets for the Z2 subgroup and show that Dic2/Z2 ' Z2×Z2.
Do the same for the Z4 subgroup and show that Dic2/Z4 ' Z2. [7 marks]

(v) Let G be a connected Lie group and G̃ be a simply connected Lie group with

a group homomorphism Φ : G̃ → G such that the associated map between Lie

algebras φ : g̃→ g is an isomorphism. If e is the identity in G, define

ker Φ = {a ∈ G̃ : Φ(a) = e}.

Give an example of such a pair of groups, G and G̃, and map Φ. Show that

ker Φ is a normal subgroup of G̃. Argue that ker Φ cannot be a Lie group.

[3 marks]

[Total 20 marks]
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3. In the quark model, the quark wavefunctions q iαa transform asq1αaq2αa

q3αa

 =

uαadαa

sαa

 , q iαa 7→ ρ(3)
i
jq
jαa, q iαa 7→ ρ(2)

α
βq

iβα, q iαa 7→ ρ(3)
a
bq
iαb,

where ρ(n) is the defining representation of SU(n), i , j are SU(3)f flavour indices,

α, β are SU(2)s spin indices and a, b are SU(3)c colour indices.

(i) What is meant by a representation ρ of a group G? What does it mean if two

representations ρ and ρ′ are isomorphic (denoted ρ ∼ ρ′)?

The dual ρ∗ and conjugate ρ̄ representations are defined by

ρ∗(a) = ρ(a−1)T , ρ̄(a) = [ρ(a)]∗,

for all a ∈ G, where [ρ(a)]∗ is the complex conjugate of the matrix ρ(a). Show

that ρ∗ and ρ̄ are representations.

Define the representation ρ(n) for general n and show that for SU(2) one has

ρ∗(2) ∼ ρ̄(2) ∼ ρ(2). [5 marks]

(ii) Let V be the vector space on which ρ(n) acts. Discuss briefly how a given

Young tableau encodes an irreducible representation ρ of SU(n) as the action

on a tensor u i1...ip ∈ V ⊗ · · · ⊗ V .

What is the relation between the Young tableau for ρ and ρ∗? [2 marks]

(iii) Using the notation where n denotes the representation space of dimension n,

using Young tableaux (or otherwise), show that for SU(3)

3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10.

What is the 8 representation also known as?

Give the corresponding decomposition for 2⊗ 2⊗ 2 for SU(2). [3 marks]

(iv) Assuming there is no orbital angular momentum, what are the symmetry prop-

erties of a baryon state under exchange of colour, flavour and spin indices?

Hence argue that baryons transform as an octet (8) and decuplet (10) of

flavour with spin 1
2

and 3
2

respectively and write explicit expressions for the

corresponding baryon wavefunctions as SU(3)f , SU(2)s and SU(3)c tensors.

[5 marks]

(v) Suppose the strong force has an SU(5)c gauge symmetry instead of SU(3)c
but is still confining. Using only quarks and no anti-quarks, how many quarks

are required to build a composite baryon-like particle? Assuming there is no

orbital angular momentum, what is the largest spin such a particle can have?

How many particles will there be with this spin?

Again assuming there is no orbital angular momentum, how many mesons will

there be of spin 1 and of spin 0? [5 marks]

[Total 20 marks]
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4. (i) Give the definition of an abstract (real) Lie algebra. What does it mean for a

Lie algebra to be simple?

What is a Cartan subalgebra of a simple Lie algebra g? How are the dimension

and rank of g defined?

How are the roots of g defined and how is a subset of fundamental roots picked

out? How many fundamental roots are there? [5 marks]

(ii) Simple Lie algebras can be classified using Dynkin diagrams. Give the four se-

quences of diagrams corresponding to the complexified su(n)C, sp(n)C, so(2n)C

and so(2n + 1)C algebras. Using these diagrams, argue for the “accidental”

isomorphisms

so(3)C ' su(2)C ' sp(1)C, so(4)C ' su(2)C ⊕ su(2)C,

so(5)C ' sp(2)C, so(6)C ' su(4)C.

[4 marks]

(iii) Consider the three rank-two simple Lie algebras, su(3)C, sp(2)C and g2,C. In

each case, give the Cartan matrix and sketch the root diagram, identifying a

possible set of fundamental roots.

Recall that the Weyl group is generated by reflections in the planes orthogonal

to the fundamental roots. Argue that the Weyl groups for su(3)C, sp(2)C and

g2,C are isomorphic to the symmetry group Dihn (including both rotations and

reflections) of a regular n-sided polygon, for n = 3, 4, 6 respectively.

[4 marks]

(iv) For g2,C the fundamental roots {α1, α2} and fundamental weights {w1, w2} are

related by

α1 = 2w1 − 3w2, α2 = 2w2 − w1,

where α1 is the long root. Let Vλ denote the g2C-module built from the highest

weight λ.

Find the set of weights in the 14- and 7-dimensional modules Vw1 and Vw2 (Note

that the former has one weight space of dimension two; all the other weight

spaces are dimension one.) Show that Vw1 is the adjoint module. [5 marks]

(v) The group G2 has SU(3) as a subgroup. Show that the long g2,C roots match

the roots of su(3)C, and hence, graphically or otherwise, argue how the Vw2
module decomposes into su(3)C modules. [2 marks]

[Total 20 marks]
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