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1. Consider the classical real scalar field ¢ (x) with Lagrangian density

@

(ii)

(iii)

(iv)

v)

40835

L= 33,00 ¢ — sm*¢* .
What is the momentum density m(x) conjugate to ¢ (x)? Show that the Hamiltonian
H is given by
H= /d3x (370 + AV - Vo + 1m?¢?) .

[4 marks]

Using the Klein-Gordon equation (9,,0* + m?) ¢ = 0, show that the tensor
T =3"p3"¢ — " (3:99°¢ — m*¢?)

) ) o
is conserved, thatis 0, T"" = 0. [3 marks]

What do the corresponding conserved charges
o' = / dPx1%

represent physically? Show explicitly that one component of Q* can be related to
H. Noether’s theorem relates these charges to a symmetry of the action. What is

the symmetry? [5 marks]

Now consider
MHPYP = THYxP _ THP XV,

Using 9,,T*" = 0 (or otherwise) show that 9, M*"P = 0. [2 marks]

Show that, for the plane wave solution ¢ (x) = Ae PX 4 A*elPX | the conserved
charges arising from M*"? are given by

QMV — _2/d3x p0|A|2 (xll«pl) _xvpﬂ) ,
and that
0" = 2/d3x POIAP .

(You may assume that oscillating terms integrate to zero.)

Given the first expression, what do the charges QY with i, Jj = 1,2, 3 represent?

What symmetry of the action leads to the conserved currents M*"°?
[6 marks]

[TOTAL 20 marks]



2. Consider a free real scalar field with, in the Heisenberg picture,
dp 1

(2m)3 V2Ep
dp |E . :
n(x) = —1 (2;))3 71’ (ape—lp-x _ a;;elp'x> ,

where pO = Ep and 7(x) is the momentum density conjugate to ¢ (x).

¢(X) — (ape—ip~x _'_a;;eip.x)

(1) The equal time commutation relations (ETCRs) state that

[¢(t, %), n(t,y)] =8> (x — y).

What are the ETCRs for [db (t,x), p(t, y)] and [Tc(t, x), m(t, y)] ?

[2 marks]
(i1) Show that
/ 3 eip-x
ax = | &’x—==I[Ex¢(,Xx) +in(,Xx)] .
2Ex [4 marks]
(iii)) Hence, using the ETCRs, show that
[ap. a}] = 21)*8°(p — q).
[ap, aq] =0, [al',, a}i] =0.
[6 marks]
(iv) Using the results from part 2(iii), show that at unequal times
dp 1 ; .
— _ (emir-Gx=y) _ 1p~(x—y)) )
b 00 = | GosaE (e c
[4 marks]

(v) Show that when x — y is spacelike, [(,b(x), qf)(y)] = 0 . What is the physical

implication of this result?
[4 marks]

[TOTAL 20 marks]
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Consider the classical Dirac field y(x) satisfying the Dirac equation

(iy" 0, —m) ¥ (x) =0,

where the gamma matrices y* satisfy { yH, y”} = 2n"*V1I. Under a Lorentz transforma-

tion x* > x"* = (A™1)" ,xV the Dirac field maps as

Y = Y ) = A AT,

where A1 is a matrix acting on the spinor .
2

@

(ii)

(iii)

@iv)

v)
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Show that
O = (A_l)vuan/; )

where 8], = 9/0x"" . [2 marks]

You are given that AT y“A L= AM,y". Hence show that if 1 (x) satisfies the Dirac
2

equation then
(iy" 9 —m)¥'(x) = Ay (iy"0, —m) ¥ (") =0.

Comment on the significance of this result. [6 marks]

Using the definition ¥ (x) = ¥y and (y")T = 309150 show that if ¥ (x) satisfies
the Dirac equation then

18,9 )y +my(x) =0.
[4 marks]

Hence show that the current j* = ¥y is conserved, that is 9, j* = 0.
[3 marks]

The matrix y5 = iy%y'y2y> has the property that { V5, Vu} = 0. Show that the
‘axial vector’ current j5“ = YyHysyr satisfies

I jt = 2imyrysyr .

Comment on what this result implies about the symmetries of the Dirac equation

when m = 0. (5 marks]

[TOTAL 20 marks]



4. Consider a free Dirac field in the Heisenberg picture, with

d3p

Ve = | Gar g,

[apu* (17 + byt (pei?™ ]

@
[\S)
HM

where p° = Ep. The non-vanishing anti-commutation relations are
{ap. aj"} = {bp. b} = @m)*8* (p — 8™ .

(i) Define the vacuum state |0), the single fermion state |p, s, —), and the single anti-
fermion state |p, s, +).

Define the two-fermion state, and show that the particles have Fermi statistics.

[4 marks]
(i1) The Hamiltonian can be written as
H= :/d3x1ﬁ (—iy'Vi +m)
2
Ep (ay'ay +byb3)
(2].[)3 Z +
To what are the normal ordered expressions : ay\ayy’ =, : ayi by’ - and : aj b by’
equal? [2 marks]
(iii) Show that
[AB,C]=A{B.C}-{A,C}B
[2 marks]

(iv) Hence show that |0), |p, s, —) and |p, s, +) are eigenstates of H and give the eigen-

values. Comment very briefly on the physical meaning of this result. [6 marks]

(v) Furthermore, show that ¥ (x) satisfies the Heisenberg equation of motion

Wy =i[H, v].

[6 marks]

[TOTAL 20 marks]
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5. ()

(ii)

(iii)

(iv)

v)
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Consider the interacting Yukawa theory with Lagrangian density
L= 30,00" ¢ — 3M>¢* + ¥ (iy" 0y —m) ¥ — gy

Define the free Lagrangian density £, and the interaction Lagrangian density £, .

Give the corresponding interaction Hamiltonian Hjp,. [3 marks]

In the Heisenberg picture operators O (t) evolve with time, while states |{) ; are
fixed, that is

atOHzl[HH’ OH]’ al“ﬁ)H:()v
where Hp is the total Hamiltonian in the Heisenberg picture.

What are the corresponding expressions for the evolution of operators O, (¢) and
states |y, ¢); in the interaction picture, in terms of Hy ; and Hiy s (the free and

interaction Hamiltonians in the interaction picture)? [3 marks]

Let operators in the two pictures be related by
O;(1) = Ut, 1)) Oy (DU 1, 10)~"
where U (1, to) = 1. Show that, for any operator O, () ,
3,0, =[@U)U " +iH;, O],

where Hj is the total Hamiltonian in interaction picture. [6 marks]

Hence show that
U = —iHin 1 U .

Show that this equation is consistent with U being a unitary operator. [4 marks]

As an expansion in Hiy 7, show explicitly that

t

Ut,1p)=1-— i/ dry Hing, 1 (1) + . ..
t

0

is a solution for U (¢, tp) up to first order in Hiy, ;. (4 marks]

[TOTAL 20 marks]



Consider the scattering of two ¢ particles with momenta p; and p; to two ¢ particles with

momenta p; and p), in scalar A¢* theory. The S-matrix is given by

S=Texp (—i/d4x : %)«b“ :) ,

where ¢ (x) in the interaction picture has the expansion

dp 1

_ 4t - _
b0 =90 +9™W = | G

(ape—lpx _i_al'gelp-x) ,

with p® = E}, and the only non-zero commutator is [ap, a(Tl] = (21)%83(p — q).

@

(i)

(111)

(iv)

v)

(vi)
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Define the states |in) and |out) for the two incoming particles with momenta p; and
p2 and the two outgoing particles with momenta pj and p) respectively.

[2 marks]
Given that
1 .
+ X ’aT — —e—lp-x ’
O
show that _ _
¢+ (x)? |in) = 2e 7P ¥e P2 |0y
[5 marks]
Using ¢~ (x) = ¢ 1 (x)" hence show that
(out] ¢~ (x)? = 2eP1¥elP2¥ (0] .
[2 marks]

Show that

Lp(0) = dT () YT ()T ()46 (x) 2T () e (x) T () +o ()4

[3 marks]

Using the results from parts 6(ii), 6(iii) and 6(iv), show that Ségﬁ e the contribution
to (out| S |in) at order A, is given by

1 .
SSige = —ih QM8 (P} + ph — p1 — pa) .
[6 marks]

Draw the Feynman diagram corresponding to S(% e

[2 marks]

[TOTAL 20 marks]
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