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Unless otherwise specified, natural units are used so h = ¢ = land the metric is diagonal
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1. (i) Consider a theory for a single complex scalar field ® with Lagrangian density
L given by
L =(0,0")(0"P) — f(P*P). (1)

where f can be any function. The equations of motion are given by
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This Lagrangian is invariant under ® — @®' = e®® where 6 is an arbitrary
constant, i.e. 9,8 = 0. Show that the conserved Noether current J* associated
with this symmetry, i.e. where 8,J* = 0, may be written as

JH = —j(8*D")D + (D (BHD) (3)

[10 marks]

(i1) Consider the complex scalar field in the interaction picture given by

N _ d3p 1 " —ipx At ipx
CD(X) - / (271_)3 \/m (b(p)e +C (p)e+ )' (4)
po =w(p) =+vp?+m?. (5)
Here A A
[b(p), b'(a)] = [¢(p). €'(q)] = (27)°6°(p — q) (6)

but all other commutators between b(p), bf(p), &(p), and &f(p) are zero. By
replacing the classical fields by the quantum field operator ® of (4) find an
expression for the conserved charge operator @ = fd3x J in terms of the
annihilation and creation operators.

Interpret Q in terms of the charges of the particles of the theory.  [12 marks]
(iii) Show that [@, ®] is proportional to ® and find the constant of proportionality.

Find [Q, ®1].

If an operator 4 is transformed as A — 7' = e®RAe~Q where 6 is a real

parameter, then we find that %/ = €97 if [@ﬁ} = @g7). Hence give an

interpretation of the [Q, ®] and [Q, ®1] commutators in terms of the symmetry
and conserved charge of the fields ® and &f. [8 marks]

[Total 30 marks]
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2. Consider a set of real bosonic field operators ¢; in the interaction picture and with
corresponding masses m,. The field operators are split into two parts ¢; = (]57r + ¢

as follows
d®p 1 , d®p 1 .
+ — = 3. —ipx - — _ = 4t +ipx
0100 = [ sz 20 ™ 000 = [ e,
po=w; = +4/p2+ m?, (1)
where

a(p). 3l(0)] = eme°(p—@)dy.  [a(p). 3(@)] = |3l(p). 3(a)] = 0. (2)

(i) Show that
[67(). 8} ()] = [67 (). 87 ()] = 0. (3)
Define the normal ordered product of fields, here denoted as N(¢;...¢,), in
terms of ¢7".
Give an expression for N(¢;¢;) in terms of ¢~ and d)f.

Consider the vacuum state where 3;(p)| 0) = 0 for all / and p. Show that all
vacuum expectation values of normal ordered products are zero, i.e.

(OIN(¢1 ... ¢,)[0) =0. (4)
[7 marks]
(ii) Define the time-ordered product, T (¢(x1) ... d(x,)), for scalar fields.
—

Define the contraction ¢;(x)®,(y) between any two of these fields in terms of
normal-ordered and time-ordered products.

Show that

—

$i()G(y) = 6(x° —y°) [¢F (x), &7 )] +6(v° —x°) [¢] (v). ¢ (x)] (5)
where x° and y° are the time components of the coordinates. [7 marks]

(iii) Show that the contractions are equal to
[
di(x)pi(y) = 0;0i(x—y), (no sum over repeated indices) (6)

where you should give an explicit form for A;(x — y) in terms of the coordinate

difference x — y, the mass of the /-th field, m;, and an integral over three-

momentum (a four-momentum representation is not required) . [8 marks]
(iv) State Wick's theorem for arbitrary numbers of several different scalar fields.

Write down an expression for the time-ordered product of a single scalar field
¢ evaluated at four different coordinates Tio3s = T (¢(x1)P(x)P(x3)P(x4)).
This should be given in terms of the normal-ordered products of fields and in

[
terms of the appropriate contractions ¢(x)¢(y) = A(x — y).

Hence give the vacuum expectation value of the time-ordered products of four
fields in terms of A(x — y). [8 marks]

[Total 30 marks]
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3. In this question all states and operators are in the Interaction picture.

States in the Interaction picture evolve as | ¥, t) = U(t, to)| ¥, to) where the operator
U satisfies

.d
IEU(f,to) = Hn(t)U(L, to) (1)

and Hi,(t) is the interaction part of the full Hamitonian operator. Assuming t > s
then a solution of (1) is

U(t,s)=T (exp{—/’/st dt’ Hint(t’)}) (2)

where T(...) indicates the operators are time-ordered.

(i) Show that, for an arbitrary state | %), we have
lim ([U(t,5)[0) = (P|2)(€20) (3)

S——00

where | 0) is the free vacuum and |Q) is the vacuum for the fully interacting
theory. [8 marks]

(i1) The free propagator Iy and the full propagator I, are defined as

Mo(z—y) = (0T (¢(2)9(y)S)[0), (4)
Ne(z—y) = QT (#(2)o(y)S)[€2), (5)
where the S-matrix is given by S = U(+00, —0).
Show that )
Ne(z—y) = ?HO(Z — y) where Z = (0|S]0) . (6)
[6 marks]

(iii) Consider a theory of a single real scalar field ¢ with Feynman propagator A(x)
and an interaction Hamiltonian given by

A 3, 44
Hintza/d x ¢ (x). (7)

By using Wick's theorem (which you may quote without proof) or otherwise,
find an expression for Z in terms of A and the Feynman propagator A(x) to
first order in . [6 marks]

(iv) Find an expression for the free propagator My(z — y) defined in (4) to first
order in X. This should be given in terms of A and A(x). [6 marks]

(v) By using your expressions for Z and lNg(z — y), derive an explicit expression for
the full propagator M. (5) to first order in A, in terms of A and A(x).

Interpret your result in terms of the different types of Feynman diagram which
contribute to Z, My and M. [4 marks]

[Total 30 marks]
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4. In this question all quantities are given in the Interaction picture.

The scalar Yukawa theory for a real scalar field ¢ of mass m and a complex scalar
field 9 of mass M has a cubic interaction with real coupling constant g and the
Lagrangian density

1 1
£ = 5(8,0)(2") — 5P + (0,91)(0"w) — MYl — g ()w()e(x) . (1)
The field operators take the form
- d? 1 . .
() = £ (ap)e ™ +al(p)e™™),  po=uw(p), (2)

(2m)* \/2w(p)

P(x) = / — (b(p)e™"™ +&¥(p)e™™),  p=Q(p). (3)

(2m)3 \/2Q(p)

w(p) = +v/p2+ m?, Qp) = +Vp>+ M2, (4)

where the annihilation and creation operators obey their usual commutation relations
[a(p).4"(a)] = (2m)*6*(p—q),  [a(p).a(q)] = [a"(p),4"(q)] =0.  (5)

The b, bt pair and the & and &' pair of annihilation and creation operators obey
identical commutation relations to those of the 4 and &' pair. Different types of
annihilation and creation operator always commute e.g. [a(p), b'(q)] = 0.

You may assume that the vacuum expectation values of both fields are zero,
(0]¢| 0) = (0]¥| 0) = 0, so no tadpole diagram contributions are needed.

Consider the decay of a ¢ particle into a -1 (particle — anti-particle) pair in the
scalar Yukawa theory with an incoming ¢ particle of three-momentum p while the
outgoing -2 pair have three-momenta g, and g, respectively. The relevant matrix
element M is

M = (fIS]i) = AO|b(q1)é()5a"(p)0) . A= (8aqn)S2d)w(p))'/?.(6)
The vacuum | 0) is the free vacuum state annihilated by 4(p), b(p) and &(p).

(i) Derive the relationship between the matrix element M of (6) and the corre-
sponding Green function G where

G(z1,22,y) = (OIT(2)d"(2)6()5]0) (7)

[10 marks]

(i) State the Feynman rules needed to calculate Green functions in coordinate
space in this theory. No derivation is required. [5 marks]

(iii) Draw the only non-trivial Feynman diagram for G which is O(g'). Remember
you may assume diagrams with tadpole contributions are zero.
Hence derive an expression for G(zi, z2, y) to O(g') in terms of g and the
appropriate propagators. [5 marks]

[This question continues on the
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(iv) Draw all the Feynman diagrams, except for those containing tadpole subdia-
grams, which contribute g® terms to the Green function G(z;, 2, y).

In addition:-

(a) For each of these diagrams specify (a) the symmetry factor and (b) the
number of loop momenta.

(b) For each of these diagrams state if (a) they contain a vacuum diagram
contribution, (b) contain self-energy corrections to external propagators.

[10 marks]

[Total 30 marks]

2016/PT4.4 6 End of examination paper



