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1. In this question we will work in the Heisenberg picture. A free real scalar field in the
Heisenberg picture, ¢(t, x), is defined to be the operator

~ d3p 1 o A—lwpt+ip-x st alwpt—ip-x
(D(tlx) g (ape P +ape i ) . (1)

(2m)3 /2w,
where w, = ‘\/p2 + m2‘ >0 (2)

(i) Show that ¢t = ¢. [3 marks]

(i) Show that if we define the conjugate momentum to be 1 = 9¢/0t then in the
Heisenberg picture we have

=~ . d3p jw A a—iw ip-x at Alwpt—ip-x

[3 marks]
(iii) Assume that the annihilation and creation operators obey the commutation
relations
35, 8] = 2m)°6°(p—q).  [4, 4] = [4}, 4} = 0. (4)
Show that the ¢ field and its conjugate 1 obey their canonical commutation
relations
Bex). Tt y)| = i x-y). (5)
[t (. y)] = [Ae.x). Aty)] = 0. (6)
[9 marks]
(iv) Show that if the operator for energy, the Hamiltonian H, is
H= / o*x (L2 + l(V<l3)2 i (7)
2 2 2
then
H= /ﬁ (w ala ) + (constant) (8)
— ) (am)3 \Kekk '
[9 marks]

(v) Given the Hamiltonian of a free field (8) and the commutation relations for the
annihilation and creation operators (4)show that

[ﬁ, ép} = —w,d,. (9)
[4 marks]

(vi) Using the commutator (9), prove by induction that
(H)"ap = ap(H —wp)". (10)

You may assume that if A and B are two operators that commute, then eheb =
e*B (special case of the Baker-Campbell-Hausdorf identity). [4 marks]

[This question continues on the
2015/T/QFT 2 next page . ..]



(vii) Show that R -
e'ta,e Mt = 5,6 "rt (11)
[4 marks]

(viii) Operators in the Schrodinger picture (Os) are related to operators in the
Heisenberg picture (On(t)) by On(t) = e'"tOse™'"t. Show that the form (1)
is consistent with this equation. [4 marks]

[Total 40 marks]

2. The retarded propagator (two-point Green function) for the real scalar field ¢(x) is
defined as

Dr(x) = 6(x°){0] [(x). $(0)] |0) (1)

Consider this propagator in the Heisenberg picture for a free field theory where the
field is given as

N d3 1 . . A ,
d)(tv X) — P (épe—/wpt—i-/px_'_é\;;e/wpt—/p-x) Y (2)

(2m)3 | /2w,
where w, = ‘\/p2 + m?

(i) Starting from the definition of the retarded propagator Dgr(x) given in (1),
show this may be rewritten as

>0 (3)

d*p i o
D — : —ipot+ip-x h 2 — 2 2 . 4
r(X) / onY e = (wp)2e ., where w, = p~+m*. (4)

The integrals are from —oo to +o00 along the real axis and € is a real, positive
but infinitesimal quantity. [10 marks]

(ii) Show that
(6% + m?*)Dr(x) = —id*(x)
[10 marks]

[Total 20 marks]
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3. In this question all fields are in the Interaction picture.

The scalar Yukawa theory for real scalar field ¢ of mass m and complex scalar field
1 with mass M has a cubic interaction

Hie = g / Jx Y )P()(x) (1)

where the coupling constant g is real and a measure of the interaction strength.

Consider the Green function in coordinate space which contributes to Yy — Yy
scattering, namely

G(y1,y2,21.22) = (0| T ("/J(Zl)'(/)(zz)TPT(M)"/JT(JQ)S) 0) = Z Gn, G, ~0(9")

n=0
(2)
where S = T(exp{—i [ dtHix}) is the S matrix, T(fields) is the time ordering
operator, and G, is the O(g") term in the perturbative expansion of this Green
function.

(i) State the Feynman rules for this theory needed when calculating Green func-
tions in coordinate space. [5 marks]
(ii) Derive an expression for the O(g°) term Gg.
Draw the two Feynman diagrams which correspond to Gg. [5 marks]
(i) Explain why G, = 0 if n is odd using Wick's theorem. (Hint no detailed
calculations are needed here).
Interpret this in terms of Feynman diagrams. [5 marks]
(iv) Draw all the Feynman diagrams which contribute to Gs, the O(g?) term in the
expansion of G. There are three distinct types of diagram in G,.
(a) Identify which of the diagrams for G, contain vacuum diagrams.

(b) Identify which of the diagrams for G, represent self-energy contributions
to a full propagator.

(c) Hence identify the remaining two diagrams which are the only ones de-
scribing non-trivial scattering in the quantum theory at this order.

[20 marks]
(v) (originally the previous part was split over two parts). [0 marks]

(vi) Write down the contribution to G, coming from the two diagrams found in part
(c) above which are the only ones describing non-trivial scattering. This should
be an algebraic expression in terms of g, the propagators and should contain
any appropriate symmetry factors. [5 marks]

[Total 40 marks]
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