Examination Paper

MSc IN QUANTUM FIELDS AND
FUNDAMENTAL FORCES

TP.7 -- Supersymmetry

Wednesday, May 31st 2000

14:00 - 17:00
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Answer Three of the following Five questions

Use a separate booklet for each question. Make sure that each booklet
carries your name, the course title and the number of the question
attempted.
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1. Consider a particle of mass m in its Lorentz rest frame.

a)

c)

b)

Start from the d = 4, N-extended supersymmetry algebra in 4-component notation,
{QF, @7} = 264™ P, i=1,...,N

where Q7 = (Q’ )T'yo. Specialise this algebra to the subspace of mass m states in the rest
frame and show that, within this subspace, the supersymmetry algebra in 2-component
notation takes the form

{Q’fw (Qjﬁ)*} = 2m5aﬂ5;‘ a,f=12

To do this, recall that in the Weyl representation, the ~y-matrices take the form

0 iamaB)
= : m=0,...,3
Hm (i&f,’f’ 0

where 0, .5 = (1,7), 528 = (1,— o) (where o are the Pauli matrices), and a

Majorana spinor At is given by
M= Aze where A, = (A))*
= eaﬁ)‘ﬁi Bi 8/

Give the explicit form of the representation matrices for the Lorentz little group acting
on the @, and give their commutators with the Q3.

Use the Clifford vacuum construction and the above relations to construct the simplest
N = 1 and N = 2 massive supermultiplets (in the latter case assume there are no
central charges active).

Solve the chiral superfield constraint Ds® = 0, where Dy = ——5%; ~i#%0™ Oy, showing

thus that ®(z,6,8) may be represented as
B(y,0) = p(y) + VI Ua(y) +0%0aF(y),  y™ =a™ +i6%050%

Show how this solution corresponds to a definition of the component fields of the super-
multiplet obtained by taking lowest components of a sequence of superfields obtained
by repeatedly differentiating ¢ using Dy = 3-‘3-5 + 1070 6%Om.

Starting from the chiral superfield action

Iwz = / dizd*9d2901 o + ( / d*zd®W(®) + h-C-) y

introduce the unconstrained superfield X such that ® = D;D*X, and find the field
equation for ®.

Consider the system of three chiral superfields with a superpotential
W(B) = A + m®a®3 + g®193 .

Eliminate the auxiliary fields from the action, thus determining the scalar potential.
Show that supersymmetry is broken at-its minimum.
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3. Consider the free field action in d = 4 for a real scalar field A, a real pseudoscalar field B
and a Majorana spinor field 1:

—_1 / 420 AT A + 0 BO™ B + 1y O],

a) Assuming that the supersymmetry transformations for this action are linear, write the
most general form of the transformations for the pseudoscalar B and the spinor 3 that
is consistent by dimensional analysis with

- 0A =iy,

leaving three numerical coefficients to be determined.

b) Determine the restrictions on these numerical coefficients required to make the action
invariant, :

¢) Determine the further restrictions on the coefficients needed to ensure that the com-
mutators of two supersymmetry transformations, when acting on A and on B (with
anticommuting parameters €] and ez), yield spacetime translations according to

[5627 561] = 2i-€_1’ym€2am.

d) Verify that the commutation relation of part c) also holds for the transformation of ¥,
up to terms proportional to the 1 field equation.

Fierz identity for anticommuting o, 8,~: Béy = —-i—(d'yAﬁ)'yAw, where

1
YA = 1, Y5, Ym» V5 Ym, "\/—"2"7mn

, 1 .
Y =1, —5,9™, ¥57™, —--\—/-57"‘"-
Basic relations: {y™, 7"} = 20™"; ypmn = %('Ym’)’n = YnYm); 7§ = —1.
For Majorana a & f3, the following hold: _ i
af = fa ay"f = —py"a 51" B = Bysv"a aYmnf = —BY¥mnor.



4. The superspace action for supersymmetric QED, involving two chiral superfields ¢4 and
¢— (Dadp+ = 0) and the real gauge superfield V is

[=- / d*zd* oW W, — / dzd? W, W&
+ / d*2d?0d%0(p+e? ¢y + e p_ + 2(V)

+ m( / dizd®0¢,¢_ + / d*zd®0,¢_),

where W, = D?D,V. The parameter ( is known as the Fayet-Iliopoulos coefficient and q
is the charge. Recall that {Do, Dy} = —2i0,.

a)

b)

d)

Show that the action is invariant under the generalised gauge transformation ¢, —
e"hp p_ —etp_ VoV + ig”!(A — A), where A is a chiral superfield.

The U(1) electromagnetic current occurs at the 88 level of the current superfield
J=¢idr—_¢_.

Defining the component expansion of this superfield by taking repeated superspace
covariant derivatives and then setting § = 6 = 0 to extract the lowest components of
the resulting sequence of superfields, find the component electromagnetic vector current
by applying [Da, Dg].

The Wess-Zumino gauge for the gauge superfield V' is one in which all the components
of dimension lower than that of the component vector gauge field A, (z), as well as a
complex scalar of the same dimension, are set to zero. Use this gauge to write out the
equations of motion for the auxiliary fields of the theory and hence find the effective
potential for the scalars.

The auxiliary fields are extracted from V and ¢+ by the definitions D =
(D*D?*D,V) , f+ = (D%*pz) . You may proceed either by working out

§=6=0 9=6=0
the component auxiliary field terms in the action and then varying to obtain the aux-

iliary field equations, or by varying the superfield action and extracting the auxiliary
field parts of the superfield equations.

Show that supersymmetry is spontaneously broken when 0 < %q( < m2. What happens
when m? < %a( ?

5. Write an essay describing the principal features of the minimal supersymmetric standard
model. Your discussion should cover the following: the supersymmetric representations
used in combining known particles with superpartners, the structure of the mass-generation
mechanism, renormalization properties, supersymmetry breaking, problems with tree-level
gauge symmetry breaking and how these are resolved, and the naturalness of gauge coupling
unification.



