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1 Introduction

This thesis discusses a method of generating curvature perturbations in the early
universe using the curvaton model. This particular model assumes a light scalar
field to be present in the very early stages of the universe, perturbations in which
eventually lead to perturbations of the spacetime curvature. These curvature per-
turbations are the seeds for the structure we observe in the universe today, both
in terms of (dark) matter distribution and in the cosmic microwave background,
or CMB. Scalar fields in the early universe have been studied extensively since
the discovery of inflation in the early 1980s [1]. Later, inflationary theories got a
huge experimental boost because they could explain the existence of a near scale-
invariant power spectrum of curvature perturbations as observed in the CMB.

Most inflationary theories predict this form of the curvature power spectrum,
which has subsequently been confirmed by the COBE and WMAP experiments [2].
The new challenge is to exclude particular theories by comparing their prediction
of non-Gaussianities in the curvature power spectrum with experimental results.
Although the Gaussian part of the power spectrum has now been measured in great
detail, upcoming measurements to be performed by the Planck satellite might be
able to measure non-Gaussian parts to the curvature perturbation, as long as these
are not too small [3].

In this thesis we discuss one particular model which could lead to large and
observable non-Gaussianities in the curvature power spectrum. This is the model
of curvaton preheating, in which the scalar curvaton field decays into another
field during a period of parametric resonance. This resonance leads to a period
of nonlinear dynamics, during which large non-Gaussianities may be generated.
The name preheating stems from earlier models [4, 5, 6, 7] in which the inflaton
decayed into another scalar field through a parametric resonance. In more recent
articles [8, 9], the same approach has been applied to the curvaton, which has
similar properties to the inflaton, but is subdominant in the energy density during
inflation.

New in this thesis is the case in which the curvaton resonantly decays into
a U(1) gauge field. This process shows many similarities with the scalar field
resonance, but there are a few subtleties that arise when trying to apply the
original methods of preheating to a gauge-scalar interaction.

The structure of this thesis is as follows. In the remainder of this section, we
will present a general and historic introduction to inflation. This is intended to
give less experienced readers some background information and to put the subse-
quently introduced models into an appropriate context. In section 2 we discuss
how curvature perturbations are generated in the simplest single field inflationary
models and show that this leads to a near scale-invariant power spectrum. In sec-
tion 3 we introduce the curvaton model and discuss the canonical way in which this
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model can generate curvature perturbations with higher levels of non-Gaussianity.
In section 4 we discuss the curvaton preheating model. We discuss the paramet-
ric resonance and calculate the resulting curvature perturbation. Then we apply
the same methods to a gauge-coupled curvaton model and we consider the cur-
vature perturbation. Finally, in section 5 we discuss the differences between the
scalar resonance and the new gauge-coupled. We also look ahead towards possible
future numerical simulations, which are necessary to perform the full nonlinear
calculation.

A note on conventions: throughout this thesis we will use the (−+ ++) signa-
ture for the Minkowski metric, we will work in natural units ~ = c = G = kB = 1
and we will work with a standard FRW metric, which can be written as:

ds2 = −dt2 + a2(t)

[
dr2

1− κr2
+ r2(dθ2 + sin2 θdφ2)

]
, (1.1)

where a(t) is the scale factor and κ the spatial curvature.

1.1 Historic introduction to inflation

In this section we will describe the basics of inflation: the discovery, the basic
workings of the theory and the problems it solves in standard FRW cosmology.
Although the main focus of this thesis is the curvaton model and the way in
which curvature perturbations can be generated, it is important to note that this
is a particular model of inflation. Therefore we included this section to give the
non-experienced reader some background information on the theory of inflation.

1.1.1 Magnetic monopole production in GUTs

After the successes of electroweak unification, theoretical physicists in the 1970s
started working on a theory that would combine the electroweak force with the
strong force in a so-called “Grand Unified Theory”, or GUT for short. The earliest
models were based on an SU(5) gauge theory, which would spontaneously break
down into the SU(3) x SU(2) x U(1) standard model at an energy scale of ∼ 1016

GeV (the so-called GUT-scale).
There is no way we can do experiments at this energy scale here on earth

with current technology and most likely with any technology in the foreseeable
future. There was however a time when GUT physics would have been valid. In
the standard hot big bang model, there is a time in the very early universe when
the energy scale is above the GUT-scale. However, as the universe expands, the
energy density drops and when it reaches the GUT-scale a process of symmetry
breaking occurs, which is similar to the SU(2) x U(1) → U(1)em breaking in the
Weinberg-Salam model.

4



One of the predictions of most GUTs is the existence of magnetic monopoles:
particles with a fixed magnetic charge. These particles are obviously different
from standard model particles, which do not have magnetic charge. As the energy
of the universe drops below the GUT-scale, the interaction between monopoles
and the other particles freezes out and the abundance of magnetic monopoles is
fixed. To date, no magnetic monopoles have been found in nature, so their number
density must be quite small, especially since GUT monopoles are believed to be
very massive (1016 times heavier than the proton).

In the late 1970s people started doing research on the effects of magnetic
monopoles on cosmology. It was found that the number density of monopoles
is about equal to the number density of protons and neutrons [10]. Apart from the
problem that monopoles had never been detected before this implied another, even
bigger problem: the huge mass of the monopoles would have caused such a great
gravitational force that the universe would have hardly expanded at all and could
not be older that 1200 years, whereas we know that the universe is more than
10 billion years old. This over-abundance of magnetic monopoles in the theories
became known as the “magnetic monopole problem”.

1.1.2 GUT phase transition and inflation

Just like with electroweak symmetry breaking, GUT symmetry breaking occurs
because there is a potential for a scalar (or Higgs) field which has the full gauge
symmetry at a local extremum, which is not the true vacuum. This local extremum
is called the false vacuum. At early times the universe is in this false vacuum, which
can have a much higher energy than the true vacuum. The energy density of the
field in this false vacuum is constant. This means that, as the universe expands,
the total energy increases which implies the scalar field has a negative pressure.
The gravitational effect of this is similar to a cosmological constant, as long as in
the equation of state:

p = wρ, (1.2)

the equation of state parameter w < −1/3. From the acceleration equation (second
Friedmann equation):

ä

a
= −4πG

3
ρ(1 + 3w), (1.3)

we can see that in this case ä/a > 0, which implies an accelerating scale factor.
The solution for such an accelerating scale factor is the De Sitter solution, given
by:

a(t) = C1e
Ht + C2e

−Ht, (1.4)

where H =
(
−4πG

3
ρ(1 + 3w)

)1/2
is the Hubble rate, which in this case is constant.

Although the integration constants can be fixed by using the (first) Friedmann
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equation, at times later than about one Hubble time H−1 all solutions will prac-
tically look like exponential growth: a(t) ∼ eHt.

In only 10−35s, the universe would have undergone 100 e-folds, which would
have increased its size by a factor 1030. Clearly, such a scenario would drastically
lower the number density of magnetic monopoles. The first person to discover
this gravitational effect of the false vacuum state of the GUT Higgs field was Alan
Guth. He is subsequently considered the one who discovered inflation, which he
first described in [1]. As we can see from the title of his classic paper, inflation can
solve several other problems which Guth considered clearly more important than
the monopole problem.

1.1.3 The horizon problem

The horizon problem has to do with the amount of homogeneity we see across
the entire sky, for instance when looking at the cosmic microwave background.
Although experiments like COBE and WMAP have mapped the small anisotropies
in the CMB, which provide the experimental basis for the work done in this thesis,
overall the CMB is incredibly smooth and isotropic. Since any information can
only travel as fast as the speed of light, the only reason why the universe would
look exactly the same in all directions, is because all those regions were in causal
contact when the universe was much smaller.

However, if we calculate the comoving horizon distance, which is the maximum
distance any particle can have travelled from an initial time (t = 0) to a particular
time t0, rescaled by the expansion of the universe, (this is equivalent to conformal
time, multiplied by the speed of light). We can write this as:

η(t0) =

∫ t0

0

dt

a(t)
. (1.5)

If we compare the comoving horizon distance at last scattering, when the CMB
was created, with its current value, we find the ratio:

η(t?)

η(t0)
≈ 10−2, (1.6)

where t? is time of last scattering and t0 is today. Cubing this, we can see that
the current observable universe consists of some 106 different regions that were
causally disconnected when the CMB was created, yet it looks identical in every
direction. The problem becomes worse when we compare the horizon distance
today with the horizon distance at the Planck time. Then we have:

η(tP )

η(t0)
≈ 10−26, (1.7)
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which means the current observable universe consists of 1078 regions that were
causally disconnected at the Planck time.

To see how a period of inflation can help solve this, problem, let us change
variables and rewrite equation (1.5) as:

η(a0) =

∫ a0

0

d ln a
1

aH
, (1.8)

where H = ȧ/a is the Hubble parameter, so 1/aH is the comoving Hubble radius
(or time). This quantity gives us the maximum distance between two points that
are in causal contact at any particular time. If the comoving Hubble radius was
much bigger in the past than it is now and then decreased in size, regions that
were once causally connected would have fallen out of causal contact. The only
way for the comoving Hubble radius to decrease is to have ä > 0, i.e. a period in
which the expansion of the universe is accelerating: inflation.

We can calculate the number of e-foldings inflation must have lasted in order to
solve the horizon problem. To do this, we look at the current size of the comoving
Hubble radius 1/a0H0 and argue that, before inflation, this must have been as least
this large. Then during inflation the comoving Hubble radius decreased rapidly,
only to slowly increase from the end of inflation until today. To see how much the
comoving Hubble radius must have decreased during inflation, we first calculate
how much it has grown after. For this, we assume the universe to be radiation
dominated for the rest of its history. This is because, for a radiation dominated
universe with a ∼ t1/2 we have 1/aH ∼ a, while for a matter dominated universe
with a ∼ t2/3, the comoving Hubble radius only grows as 1/aH ∼ a1/2.

Using this scaling law, we can calculate the ratio of the current comoving
Hubble radius with the one just after the end of inflation, as:

1

a0H0

=
a0

af

1

afHf

=
TGUT

T0

1

afHf

, (1.9)

where we made use of the fact that during radiation domination a ∼ T and we
assumed inflation happens at temperatures around the GUT scale, with TGUT ∼
1016 GeV. Under these assumptions and using the current temperature of the CMB
(2.7K), it is easy to see that:

1

a0H0

= 1029 1

afHf

, (1.10)

i.e. for inflation to solve the horizon problem, the comoving Hubble radius had
to decrease by at least 29 orders of magnitude during inflation. Since H is nearly
constant during inflation, this would mean the scale factor had to increase by 29
orders of magnitude, i.e.:

af
ai

= eH(tf−ti) ≡ eN = 1029, (1.11)
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with ai and af the scale factors directly before and after inflation, respectively.
This implies inflation solves the horizon problem if it lasts for a minimum of
N = ln(1029) = 67 e-foldings.

1.1.4 The flatness problem

From various measurements we can deduce that the universe is nearly spatially
flat, which means κ = 0 in the first Friedmann equation:

H2 =
ρ

3m2
P

− κ

a2
. (1.12)

This equation can be rewritten in terms of the critical energy density Ω = ρ/ρcrit,
where ρcrit = 3m2

PH
2 as:

Ωκ ≡ Ω− 1 =
κ

a2H2
(1.13)

and Ω contains contributions of matter and radiation (and possibly a cosmological
constant). Now the problem lies in the fact that Ω is approximately 1. Since in
general the expansion rate of the universe ȧ has been decreasing, this means that
Ω− 1 has been getting progressively larger.

During the period of matter domination, when a ∼ t2/3, this means Ωκ ∼ t2/3,
while during radiation domination, when a ∼ t1/2, we have Ωκ ∼ t. Combined
data [2] shows that currently Ωκ(t0) < 0.01. If we assume the initial conditions
were set at the Planck time (10−43s), use the current age of the universe (∼ 1017s)
and assume matter-radiation equality happened at ∼ 1011s, then we can calculate
how small Ωκ must have been at initially:

Ωκ(tP ) < 10−61, (1.14)

i.e. to explain the current flatness of the universe, one must fine-tune the initial
flatness of the universe to an extreme amount. Of course, the problem vanishes
if one assumes the universe to be perfectly flat (κ = 0), since in this case κ will
remain zero forever in the past and future. Although this is in agreement with
observations, there is no reason why κ should be exactly zero. In fact, assuming
this might be as arbitrary as fine-tuning it to one part in 1061.

Inflation provides a much more elegant solution to this problem, without having
to make any of these assumptions. Again, the solution relies on the fact that ä > 0
during inflation. During most of the lifetime of the universe, ȧ has been decreasing
and the deviation from flatness has been growing. However, if we had a period of
exponential growth in the early universe, then this would have caused ȧ to grow
enormously, which would have destroyed any significant deviation from flatness
that was present initially (at tP ).
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1.2 Ending inflation

Now that we have looked at the possible solutions that inflation can provide for
several large cosmological problems, we now turn our attention to the the problem
that plagued all early inflationary models: how does inflation end?

1.2.1 Original idea

In Guth’s original paper [1], the universe starts out in the unbroken symmetry
phase (false vacuum). During inflation, bubbles of the broken symmetry phase
form. This happens through a tunneling process, which is shown in figure 1:
in every region in space there is a probability the field can tunnel through the
potential barrier and end up in the true vacuum state.

Within these bubbles, the energy released by the transition would have gone
into the bubble walls. The original idea was that as these bubbles grow, they collide
and when they do the energy stored in the walls would thermalise the universe,
leading to the starting point of standard big bang nucleosynthesis (BBN). However,
while the bubbles of the new phase are forming and growing, the whole universe
is expanding exponentially, which could mean the bubbles would never collide and
thermalise the universe. Furthermore, a large part of the universe would remain
in the symmetric phase, which means inflation would never stop. This became
known as the graceful exit problem. This was already recognised in the original
paper [1] and confirmed just a few months later [11].

Figure 1: Original potential for the inflaton field. The field is trapped in a false
(metastable) vacuum, with a probability of tunneling to the true vacuum. In
the regions where this happens, inflation suddenly ends and a bubble of the true
vacuum (broken symmetry) phase forms. Ref: [12].
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1.2.2 Slow-roll inflation

Only a few months later, several papers appeared [13, 14] which solved this graceful
exit problem by introducing a different mechanism of symmetry breaking, called
the Coleman-Weinberg (CW) mechanism. Here, the shape of the potential dra-
matically depends on the temperature of the universe. This is shown pictorially in
figure 2 At early times, the symmetric phase is the true (stable) vacuum. However,
as the temperature decreases, the slope of the potential starts to decrease and a
second local minimum forms at some field value where the full gauge symmetry
is broken. As the temperature of the universe drops below the critical GUT-scale
Tc = TGUT ∼ 1016GeV, the energy of the broken symmetry phase drops below the
symmetric phase, which becomes metastable.

Figure 2: The Coleman-Weinberg mechanism: the shape of the scalar field poten-
tial changes with the background temperature of the universe. As T < Tc, the
gauge-symmetric phase φ = 0 is no longer a local minimum and the field starts to
slowly roll down the potential until it settles into some broken-symmetry vacuum
phase. Ref: [12].

However, unlike the original scenario, this time the potential is very flat from
the symmetric phase to the broken symmetry phase. As the temperature drops
below TGUT, the field starts to roll slowly down the flat potential towards the true
vacuum. The regions (bubbles) in which this transition occurs therefore undergo
a much longer period of inflation than in the original scenario, which causes them
to grow by many e-foldings. As a result, in such models our entire observable
universe is contained in just a small fraction of one such bubble. This immediately
solves the three cosmological problems discussed earlier. Because of the enormous
expansion, the number density of monopoles is diluted down to a tiny amount, so
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we wouldn’t expect so see any monopoles at all. The expansion also takes care
of the flatness problem. Because the whole observable universe lies within one
bubble, this would explain the large homogeneity of our universe and it would also
explain why we don’t observe any domain walls or other topological defects.

1.3 From GUT symmetry breaking to inflaton

The previous section gave a historic account of the theory of inflation. As we have
seen, inflation was discovered in the context of magnetic monopole production in
GUT phase transitions, where it was found to solve the monopole problem. Then
it was realised this could also solve the horizon and flatness problems. While
the promise of solving these problems sparked the initial interest in inflationary
models, these are “only” naturalness problems. Nowadays there is much more
solid, experimental evidence to support a period of inflation. Measurements of the
CMB temperature fluctuations performed by WMAP [2], reveal a nearly scale-
invariant power spectrum of density perturbations in the early universe. This
form of the power spectrum is exactly the one predicted by slow-roll inflation.
This experimentally rules out the oldest models of inflation with a false vacuum,
since these models do not generate the required density perturbations.

In early inflationary models, the scalar field responsible for the exponential
expansion was a Higgs field from Grand Unified Theories. However, the GUTs
that were considered, including the simple and elegant Georgi-Glashow model [15]
predicted an unstable proton with a lifetime that has since been disproved by
experiments. While inflation became ever more accepted as a real period in the
history of the universe, there is to date no certainty that GUTs actually exist.
This lead people to consider models where the scalar field that drives inflation
is not related to any GUT. This field is called the inflaton. In section 2 we will
consider this field in more detail and we show how it leads to inflation and the
scale-invariant density perturbations.

Many more advanced models of inflation have since been proposed, including
models that contain multiple fields. One such multi-field model, called the curvaton
model, is the focus of this paper and will be introduced in section 3.

2 Single field inflation

In this section we review the simplest model of slow-roll inflation: the single field
model. This model consists of a single scalar field (the inflaton) φ, which causes
exponential expansion of the universe while slowly rolling down a potential. As it
nears the end of the potential, it starts to oscillate and transfer its energy. We will
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show that this oscillation leads to a nearly scale-invariant spectrum of curvature
perturbations.

2.1 Inflation from a single scalar field

The inflaton is a scalar field φ which is assumed to be nearly homogeneous. There-
fore we can write it as:

φ(x, t) = φ(t) + δφ(x, t), (2.1)

where δφ � φ is a small perturbation. To derive the equations of motion (Fried-
mann equations) for this scalar field, we have to know its energy density and
pressure. These can be obtained from the stress energy tensor, which for a scalar
field is given by:

Tαβ = gαν
∂φ

∂xν
∂φ

∂xβ
− gαβ

[
1

2
gµν

∂φ

∂xµ
∂φ

∂xν
+ V (φ)

]
, (2.2)

where we can use the Minkowski metric gµν = ηµν , as long as gravity is weak.

2.1.1 Homogenous part

Although the field perturbations δφ are essential for understanding the curvature
perturbations, if we want to see how a period of inflation arises, we just need to
look at the homogeneous part φ(t). In that case the spatial derivatives vanish and
we are left with:

Tαβ = −ηα0 η0
βφ̇

2 + ηαβ

[
1

2
φ̇2 − V (φ)

]
, (2.3)

where the dot represents the derivative w.r.t. time. From this expression we can
distill the two quantities of interest:

ρ = −T 0
0 =

1

2
φ̇2 + V (φ)

P = T ii =
1

2
φ̇2 − V (φ), (2.4)

from which we see that the field generates a negative pressure as long as the
potential energy is greater than the kinetic term. More precisely, if we look at the
acceleration equation (1.3), we see that the inflaton generates an accelerating scale
factor as long as V > φ̇2. The Friedmann equations now become:(

ȧ

a

)2

=
1

3m2
P

[
φ̇2

2
+ V

]
ä

a
= − 1

3m2
P

[
φ̇2 − V

]
. (2.5)
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Differentiating the first Friedmann equation and plugging both of (2.5) into the
LHS gives us the equation of motion for φ:

φ̈+ 3Hφ̇+ V ′ = 0, (2.6)

where V ′ = dV/dφ.

2.1.2 Slow-roll conditions

We discussed the concept of slow-roll inflation in section 1.2.2 and we will now
quantify what is meant by this. Basically it means we ignore the φ̇ term in the
Friedmann equation and ignore the φ̈ term in the field equation (2.6), so we have:

3Hφ̇ = −V ′. (2.7)

This approximation will only hold under two conditions:

ε(φ)� 1 and |η(φ)| � 1, (2.8)

where

ε(φ) =
m2
P

2

(
V ′

V

)2

η(φ) = m2
P

V ′′

V
(2.9)

are the so-called slow-roll parameters.
To see how the slow-roll approximation leads to a period of inflation, we rewrite

the condition of inflation as:

ä

a
= Ḣ +H2 > 0. (2.10)

This is obviously satisfied if Ḣ > 0, but this violates the dominant energy condition
−ρ < P < ρ which, as we can see from (2.4), is not possible for a scalar field. The
required condition is therefore −Ḣ/H2 < 1 which, in the slow-roll approximation,
can be written as:

− Ḣ

H2
' m2

P

2

(
V ′

V

)2

= ε < 1. (2.11)

Since the slow-roll condition is ε� 1, we can see that when the slow-roll conditions
hold, ä > 0 and inflation is guaranteed.
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2.2 Perturbations to the inflaton

Although we can understand inflation by just looking at the homogenous part of φ,
the perturbations to this background are much more important. Perturbations to
the inflaton field lead to primordial curvature perturbations, which are responsible
for the structure that is visible in the present-day universe and in the CMB. In
this section we show that a slow-roll single field model of inflation leads to a nearly
Harrison-Zeldovich scale-invariant power spectrum of curvature perturbations.

2.2.1 Perturbed field equation

In section 2.1.1 we derived (2.6) assuming φ was a homogenous field. If we now
want to consider a space-dependent field, we can obtain the inflaton field equation
more easily by using the Euler-Lagrange equations. From the Lagrangian:

L = −1

2
(∂µφ)(∂µφ)− V (φ) (2.12)

we obtain the free scalar field equation of motion:

−�φ+ V ′(φ) = 0, (2.13)

where the d’Alembertian operator � in curved spacetime is given by [16]:

�φ =
1√
−g

∂µ(
√
−ggµν∂νφ). (2.14)

Using this expression with the FRW metric (1.1), where
√
−g =

√
− det(gµν) =

a−3 the we obtain:

−�φ =
1

a3
(3a2ȧφ̇+ a3φ̈)− 1

a3
∂i(a∂iφ)

= φ̈+ 3Hφ̇− (a−1∂i)
2φ, (2.15)

Plugging this into (2.13) leads to the space-dependent version of (2.6):

φ̈+ 3Hφ̇−∇2φ+ V ′ = 0, (2.16)

where ∇ is the del-operator in comoving coordinates ∇i = a−1∂i and φ(x, t) is
the full inflaton field. To obtain an equation of motion for the perturbations we
perturb (2.16), which up to first order gives us:

δ̈φ+ 3H ˙δφ−∇2δφ+ V ′′δφ = 0. (2.17)

It is useful in cosmological perturbation theory to work with the Fourier trans-
form of δφ, because this allows us to compare the wavelength of a perturbation
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mode with the size of the comoving Hubble radius (or horizon). The Fourier
transform of (2.17) is given by:

¨δφk + 3H ˙δφk −
(
k

a

)2

δφk +
1

2
V ′′δφk = 0. (2.18)

As we will henceforth only work with the Fourier modes of the perturbation, we
will drop the subscript k from now on.

A simple potential which is often used is a quadratic one, V (φ) = 1
2
m2φ2,

where m can be interpreted as the inflaton’s mass. Using this potential, we have
V ′′ = m2 and the slow-roll condition can be written as:

m2 � V

m2
P

' H2, (2.19)

which implies we can ignore the last term in (2.18). This means that, during
inflation, the inflaton can be considered a massless field and the equation of motion
becomes:

δ̈φ+ 3H ˙δφ−
(
k

a

)2

δφ = 0. (2.20)

Modes in the sub-horizon limit (k � aH), behave as a harmonic oscillator:

δ̈φ+

(
k

a

)2

δφ = 0. (2.21)

As a mode exits the horizon, the damping term becomes important and the mode
“freezes out” to a constant value.

We should note at this point that we made a linear approximation here, which
in the language of perturbation theory means we are treating δφ as field free of
interactions. In particular, there is no self-interaction between the different Fourier
modes, which could lead to non-Gaussianity.

2.2.2 The inflaton power spectrum

A general solution to (2.20) is a damped oscillator. In the regime a few H−1 before
and after horizon exit, which is the period we’re interested in, we can take H to
be constant. A solution is then given by:

δφ(t) = L−3/2 H

(2k3)1/2

[
i+

k

aH

]
exp

(
ik

aH

)
, (2.22)

where L is the box size that comes in with the Fourier transform. In this solution,
the exponential takes care of the oscillatory behaviour, while the second term
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in brackets takes care of the damping. The precise amplitude is obtained by
matching the solution to the initial conditions set at the Planck time. Neglecting
the exponential, we have that as t→ −∞, aH → 0 and the solution approaches:

δφ→ 1

(2ka2V )1/2
, (2.23)

where V = L3. This is in terms of comoving coordinates. It can be written in
terms of physical coordinates kphys = k/a and Vphys = a3V as:

δφ→ 1√
V

1/2
phys

1√
2kphys

. (2.24)

If we assume quantum field theory to still be valid at this scale (which is a non-
trivial assumption) then, as we are deep within the horizon, we can ignore the
curvature of spacetime. Hence we can use the equal time commutation relation
from QFT in Minkowski spacetime to give us the initial conditions for the field
perturbation:

〈|δφ|2〉 =
1

V

1

2ωk

. (2.25)

Since in Minkowski space V = Vphys and in the ultra-relativistic limit ωk = k, our
solution in the t → −∞ limit (2.24) limit matches up with the initial quantum
fluctuation at the Planck time.

Since all the time dependence of (2.22) is in the scale factor, it is easy to check
that:

˙δφ = −L−3/2 H

(2k3)1/2

[
ik2

a2H

]
exp

(
ik

aH

)
δ̈φ = L−3/2 H

(2k3)1/2

[
2ik2

a2
− k3

a3H

]
exp

(
ik

aH

)
. (2.26)

Plugging these into (2.20) shows (2.22) is indeed a solution. We have taken a
slight shortcut here: we have solved a classical equation of motion for δφ, while
this is really a quantum field. In the Heisenberg picture of quantum mechanics,
each Fourier mode of δφ is a time-dependent operator, which can be written in
terms of creation and annihilation operators. The time dependence is carried by
the coefficients of those ladder operators. However, at the linear level, the time
evolution of these coefficients is equal to the classical equation of motion, so we
can treat the field classically.

We would like to obtain the power spectrum at a time (t = t?), a few H−1

after horizon exit when the modes have frozen out and the spectrum is fixed. The
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power spectrum follows from the expectation value of δφ and is given by:

Pφ(k, t) =
L3k3

2π2
〈|δφ(t)|2〉, (2.27)

where again L is due to the Fourier transform and will drop out of the final answer.
Since we treat the field classically, there is only one value for |δφ|2. At the time
of interest t?, a few Hubble times have already passed since horizon exit and
k/aH � 1, so the modulus squared of δφ is given by:

|δφ(t)|2 =
H2

2L3k3
, (2.28)

plugging this into (2.27), this allows us to write down the power spectrum at t = t?:

Pφ(k, t?) =

(
H(t?)

2π

)2

'
(
H

2π

)2 ∣∣∣∣
k=aH

. (2.29)

This last approximation is for definiteness. Since t? is not a well-defined time and
we assumed H to be nearly constant anyway, we might as well evaluate the power
spectrum at the moment of horizon exit. As we can see, this power spectrum
does not depend on k: it is scale-invariant. This scale invariance relies on a few
approximations and we will see that in general the power spectrum will be slightly
deviating from scale invariance. More on this in section 2.3.2.

2.3 Curvature perturbation

In the previous section, we found the power spectrum for the field φ. Now we
need to translate this into a curvature power spectrum. This primordial curvature
power spectrum will then set the initial conditions for the evolution of structure
in the universe. To derive a relation between field and curvature perturbations,
we make use of the separate universe approximation.

2.3.1 Separate universe approximation

The separate universe approximation [17] relies on the fact that points in space
separated by more than a Hubble radius will be out of causal contact and thus
evolve independently. It is therefore possible to treat each Hubble volume as
a separate FRW universe, as long as each region is roughly homogeneous and
isotropic, so each “universe” has a homogeneous scale factor and energy density.

Within each “universe”, the curvature perturbation is given by the logarithm
of the scale factor, evaluated at a constant energy density slicing:

ζ = δ ln a
∣∣
ρ=ρend

, (2.30)
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where δ denotes difference from the average value and ρend is an energy density
at time tend well after inflation has ended, when the curvature perturbation has
frozen out. It is important to note that this is generally not the same time as t?,
which is when the field perturbation has frozen out. Although the two are equal in
this simple single field model, in more complicated models including the curvaton
model, the curvature perturbations still evolve after the fields have frozen out.

From observations of the CMB we know that the curvature spectrum is very
Gaussian. Since the curvature perturbation depends on the Gaussian field pertur-
bation δφ, it therefore makes sense to approximate (2.30) by a Taylor series in δφ.
The curvature perturbation will then be Gaussian to leading order, with higher
order terms giving non-Gaussian corrections:

ζ = (ln a)′
∣∣
ρ
δφ? +

1

2
(ln a)′′

∣∣
ρ
δφ2

? +O(δφ3
?) (2.31)

In a single field model we assume the perturbation δφ? to be small compared to
the average value of φ, so the quadratic and higher order terms can be neglected.
Using this linear approximation and the scale factor during inflation a = exp(Ht),
the curvature perturbation becomes:

ζ = (Ht)′δφ? =
d(Ht)

dt

dt

dφ
δφ? =

H

φ̇
δφ?. (2.32)

2.3.2 Curvature power spectrum

Just like we did for the field perturbation, we can now write down the power
spectrum for the curvature perturbations:

Pζ =
L3k3

2π2
〈|ζ|2〉 =

L3k3

2π2

(
H

φ̇

)2

〈|δφ|2〉 =

(
H

φ̇

)2(
H

2π

)2

. (2.33)

Because the field power spectrum (2.29) is scale-invariant, so is the curvature
power spectrum. This scale-invariant spectrum relies on a few approximations
though. If we look beyond these approximations, we will find slight deviations
from scale-invariance. One of our assumptions was that H would be constant
during inflation, but in reality it is slightly changing in time. This effects the
solution for δφ and thus the power spectrum.

2.3.3 Spectral index

The deviation from scale-invariance is captured by the spectral index ns, which is
defined as:

ns(k)− 1 ≡ d lnPζ
d ln k

, (2.34)
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which for a range of constant ns essentially means:

Pζ ∝ kns−1, (2.35)

from which we see that the scale-invariant spectrum corresponds to ns = 1. Data
shows that the power spectrum observed in the CMB is close to scale invariant,
but excludes the exact scale invariant case ns = 1 with great certainty [2]. This
deviation from scale-invariance could very well be attributed to fact that the afore-
mentioned approximations do not fully hold.

Because we know the rough form of the power spectrum (2.33) and it is eval-
uated at horizon exit k = aH, it is possible to evaluate the spectral index and
express it in terms of the slow-roll parameters. We start by rewriting the power
spectrum in terms of the slow-roll parameters. Using (2.7) and the critical energy
density H2 = V/3m2

P , we can write:

Pζ =

(
V

m2
P

)2(
V

12π2m2
P

)
=

1

24π2m4
P

V

ε
. (2.36)

Next, we evaluate the differential d ln k. We have (at horizon exit):

ln k = ln a+ lnH. (2.37)

Because during slow roll, H is nearly constant and most of the time dependence
is in the scale factor, we have:

d ln k

dt
≈ d ln a

dt
= H. (2.38)

Now we can switch variables from dt to dφ. Again using the slow-roll approxima-
tion (2.7) and the critical density, we obtain:

d

d ln k
= −m2

P

(
V ′

V

)
d

dφ
. (2.39)

Using this, we find:
d lnPζ
d ln k

=
1

V

dV

d ln k
+

1

ε

dε

d ln k
, (2.40)

and using

dV

d ln k
= −2εV and

dε

d ln k
= −2εη + 4ε2, (2.41)

this gives us:
ns − 1 = 2η − 6ε. (2.42)

This immediately shows that, under slow-roll conditions (2.8), the spectral index
is very close to scale-invariant. In the derivation of (2.42) we have still assumed
H to be constant, or at least Ḣ � ȧ. Relaxing this condition will generally give a
larger deviation from scale-invariance.

19



2.3.4 Non-Gaussian curvature perturbations

In the single-field model, the final curvature perturbation (2.32) is Gaussian. This
follows from the initial Planck-era vacuum fluctuation, which we assumed to be
given by the standard flat spacetime ETCR (2.25) and which is a Gaussian quan-
tity. The reason why this initial Gaussian fluctuation remains Gaussian until a
much later era has to do with the linear approximations we made in deriving the
equations of motion for the perturbation. A Gaussian distribution which evolves
linearly will remain Gaussian. However, the linearity of equations (2.20) and (2.32)
is due to first order Taylor approximations. If we include higher orders in those
approximations, this will give us a non-Gaussian component of the curvature per-
turbation.

If we include higher order terms in the field equation (2.20), we will end up
with a non-Gaussian field perturbation, but this would mean the field equation is
no longer easy to solve analytically. Instead, we assume the linear approximation
holds for the field equation and we include higher orders in (2.31). This would
modify the dependence of ζ on the field perturbation δφ by adding a quadratic
term to (2.32). Up to second order we write:

ζ = ζg +
3

5
fNL(ζg)

2, (2.43)

where ζg is the Gaussian curvature perturbation (2.32) obtained in the first or-
der approximation. The factor 3/5 is there just by convention and fNL is the
nonlinearity parameter, which measures the size of the nonlinear and hence the
non-Gaussian part of the curvature perturbation. Since the Gaussian part of the
perturbation is (ln a)′δφ? and the total perturbation is given by (2.31), the non-
linearity parameter is given to by:

fNL =
5

6

(ln a)′′

(ln a)′2

∣∣∣∣
ρ

. (2.44)

3 Curvaton model

In the previous section we described a simple model of slow-roll inflation, where
there is a single field φ which is responsible for generating the era of inflation as
well as the primordial curvature perturbations. The beauty of this model of course
lies in its simplicity, while it also predicts the nearly scale-invariant curvature
spectrum as observed in the CMB. However, as discussed in section 2.3.4, it is
hard for such a model to generate significant non-Gaussianity in the curvature
spectrum. However, other models might lead to greater non-Gaussianity in the
curvature spectrum which, if present, could be measured by future experiments
such as Planck [3].
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In this section we will introduce the model which is the focus of this thesis: the
curvaton model [18, 19].

3.1 Basics of the curvaton model

The basic idea of the curvaton model is to have two light scalar fields during
inflation instead of one. We still have the inflaton φ, which drives inflation, just
as described in section 2.1. However, in addition there is another scalar field σ,
called the curvaton. The idea is that the inflaton just takes care of inflation, while
the curvaton is the dominant force in generating the curvature perturbation. In
the simplest case then, we will have a Lagrangian:

L = Lφ +
1

2
σ̇2 − 1

2
(∇σ)2 − 1

2
m2σ2, (3.1)

where Lφ is the Lagrangian for the inflaton field and we assume a quadratic form
for the curvaton potential V (σ) = m2σ2/2. The exact dynamics of the inflaton
field are not important, as long as it has a flat enough potential that will generate
a period of inflation.

While the inflaton takes care of inflation, the curvaton will generate the cur-
vature perturbations. For simplicity, we will ignore the curvature perturbations
generated by the inflaton as described in section 2.3 and the curvature perturba-
tions will be solely due to δσ.

The power spectrum obtained for δσ will be nearly scale-invariant as before,
but after inflation ends, the curvaton will start to oscillate around the minimum
of its potential, generating perturbations in the energy density and therefore the
curvature.

3.1.1 Curvaton field perturbation

Looking at (3.1), we see that the curvaton, with the same quadratic potential as
we used before for the inflaton, essentially has the same Lagrangian and thus obeys
the same field equation (2.6). Just like we did with the inflaton, we assume σ is
nearly homogenous and in analogy with (2.1) we write:

σ(x, t) = σ(t) + δσ(x, t), (3.2)

which leads us to the same equation of motion for the perturbation as before,
(2.18):

¨δσk + 3H ˙δσk −
(
k

a

)2

δσk +
1

2
V ′′δσk = 0. (3.3)
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Using the quadratic potential from (3.1), this leads to:

δ̈σ + 3H ˙δσ −

[(
k

a

)2

−m2

]
δσ = 0, (3.4)

where we dropped the subscript, since we will always be working with the Fourier
modes. During inflation, we assume the curvaton is very light m2 � H2. Com-
bined with an initial Gaussian perturbation, this will then lead to the same scale
invariant spectrum we had before:

Pσ =

(
H

2π

)2 ∣∣∣∣
k=aH

. (3.5)

3.1.2 An evolving curvature perturbation

So far, the curvaton model brings us nothing new. The difference arises when we
consider how curvature perturbations are obtained from this field perturbation.
In the single field model, the curvature perturbation arising from δφ, as described
in (2.32) freezes out almost instantly after the field perturbation has frozen out,
which is just after horizon exit. In general, even for non-Einstein gravity, it has
been calculated [20] that the time evolution of the curvature perturbation is given
by:

ζ̇ = − H

ρ+ P
δPnad + gradient terms, (3.6)

where δPnad is the non-adiabatic pressure and we ignore gradient terms because
we are working within the separate universe approximation. This means that
curvature perturbations will be constant if the pressure perturbation is adiabatic.
In the case of the single-field model, this is the case and curvature perturbations
freeze out as soon as δφ does. For the curvaton model, this is not the case.

3.2 Curvature perturbations in the curvaton model

In this section we describe how the curvaton field perturbation gives rise to cur-
vature perturbations. We will see that the resulting curvature power spectrum
allows for a greater non-Gaussiantiy than in the single field model.

3.2.1 Oscillatory epoch

During inflation, the energy density of the curvaton is negligible compared to that
of the inflaton. As the slow-roll conditions fail, the inflaton starts to oscillate and
decays, where we assume that it decays predominantly into radiation. The field
perturbation δσ is now frozen, but as the Hubble rate starts to drop, oscillations
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begin around the time when H ∼ m. In order to calculate the curvature perturba-
tion arising from δσ, we first calculate the density perturbation it creates, which
we denote as:

δ ≡ δρσ
〈ρσ〉

, (3.7)

where δρσ contains the spatial inhomogeneity. Again, using the separate universe
approximation, we ignore gradients within a Hubble volume and assume that the
oscillation is harmonic in each “universe”, with the energy density given by:

ρσ(x) =
1

2
m2σ2(x), (3.8)

with σ(x) the amplitude of oscillation.
Expanding to first order, we can write:

ρσ(x) = ρσ + δρσ =
1

2
m2(σ + δσ)2, (3.9)

where ρσ and σ are the zeroth order, homogeneous values.
We can now identify two limits. If the field value σ is nonzero and the field

slightly fluctuates around this value from region to region in space, we are in the
limit δσ � σ. This means that, to zeroth order 〈ρσ〉 = m2σ2/2 and to first order
δρσ = m2σδσ, yielding:

δ = 2
δσ

σ
. (3.10)

However, if σ is very close to zero and the perturbation is big enough, it is possible
to be in the regime where δσ � σ, which means the roles σ and δσ have in per-
turbation theory are reversed. To zeroth order we now have 〈ρσ〉 = m2〈(δσ)2〉/2,
while to first order δρσ = m2(δσ)2/2, which leads to:

δ =
(δσ)2

〈(δσ)2〉
. (3.11)

Since δσ is a Gaussian perturbation, the density perturbation is also Gaussian in
the limit δσ � σ, whereas in the opposite limit the density perturbation becomes
the square of a Gaussian quantity (a χ2 quantity).

3.2.2 The curvature perturbation

Now that we have found expressions for the density perturbation, we need to know
how this translates into a curvature perturbation. According to (3.6), the curvature
perturbation will evolve as long as there is non-adiabatic pressure, which is the
case when the energy density of the universe is a mixture of matter and radiation.
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This happens when the curvaton starts to oscillate and becomes massive, after
which its energy density drops more slowly (∝ a−3) than that of radiation (∝ a−4)
and we enter an epoch of neither matter nor radiation domination. This period
with a non-adiabatic pressure perturbation is then sustained until the universe is
dominated by a single fluid again. This will be at the time of matter (curvaton)
domination, unless the curvaton decays into ultra-relativistic particles before it
starts to dominate the energy density. For simplicity we will assume the curvaton
decay happens instantaneously when H = Γ.

In analogy with (2.32), the curvature perturbation can be expressed in terms
of the density contrast as [20]:

ζ = −Hδρ

ρ̇
. (3.12)

With the energy density proportional to the scale factor ρ = a−nρ0, we have:

ρ̇ = −na−n−1ȧρ0 = −nHρ, (3.13)

where n = 3 for matter and n = 4 for radiation. Since they are both perfect,
non-interacting fluids, their energy densities are separately conserved. Plugging
this into (3.12) we can calculate the curvature perturbations for both the curvaton
and radiation components:

ζγ =
1

4

δργ
ργ

ζσ =
1

3

δρσ
ρσ

=
δ

3
, (3.14)

which can be combined to obtain the total curvature perturbation:

ζ = −Hδργ + δρσ
ρ̇γ + ρ̇σ

=
4ργζγ + 3ρσζσ

4ργ + 3ρσ
. (3.15)

ζγ is the curvature perturbation due to the inflaton which has decayed into radi-
ation. However, as we stated before, we ignore curvature perturbations generated
in this way, which leads to the simplification:

ζ =
3ρσζσ

4ργ + 3ρσ
=

ρσ
4ργ + 3ρσ

δ, (3.16)

from which we can see that the curvature perturbation is a multiple of δ. Thus, if
δ is Gaussian, so is ζ. Since this remains valid until after curvaton decay, we can
use (3.16) to look at the two different limits discussed earlier.

If the curvaton dominates the energy density before it decays (ρσ � ργ, the
curvature perturbation is given by:

ζ =
δ

3
. (3.17)
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If the curvaton decays earlier, when it only contributes a small fraction r � 1 to
the energy density (ρσ = rργ), the curvature perturbation is:

ζ =
rδ

4
. (3.18)

Using our earlier results for the density and field perturbation, we can now
calculate the curvature power spectrum. In the Gaussian regime (ignoring the
factors of 1

3
and 1

4
), we have:

Pζ =

(
rH

πσ

)2 ∣∣∣∣
k=aH

(3.19)

where we used the results from (3.5) and (3.10). We could also look in the opposite
limit δσ � σ, but this leads to a completely non-Gaussian curvature perturbation,
which is excluded by experiment [21]. However, we can look at the intermediate
regime where we have a small non-Gaussian component. Combining (3.10) and
(3.11) and assuming radiation domination, the curvature perturbation is given by:

ζ =
r

4

[
2
δσ

σ
+

(
δσ

σ

)2
]
, (3.20)

with:
δσ

σ
=

H

2πσ

∣∣∣∣
k=aH

. (3.21)

3.2.3 Evaluating the non-Gaussianity

As we stated before, the field perturbation (3.21) is Gaussian. However, as we see in
(3.20), the curvature perturbation depends not only linearly, but also quadratically
on δσ/σ, which gives a non-Gaussian component to the curvature perturbation. It
is important to stress the difference with the single field model. As we described in
section 2.3.4, it is also possible to obtain a small amount of non-Gaussianity in the
single field model, by including higher orders of δφ in the Taylor approximation
used in (2.32). The crucial difference however, is that in the single field model
δφ� φ always. The curvature perturbation is generated during inflation, when φ
is still slowly rolling down the potential and has a nonzero mean value. Once the
inflaton starts to oscillate and decay, the curvature perturbation is already frozen.
Therefore the quadratic term in the Taylor expansion is negligible.

Because the curvaton is subdominant during inflation, σ � φ and δσ/σ need
not be extremely small, which makes the second term in (3.20) non-negligible,
leading to a non-Gaussian curvature perturbation. This is the canonical way of
generating non-Gaussianities in a curvaton model. However, this thesis focusses on
a different way to obtain non-Gaussian curvature perturbations, through a process
of parametric resonant decay, which will be described in section 4.
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3.3 The decay channel

In this section we briefly discuss the decay channel for the curvaton.
In section 3.2.2 we assumed the curvaton to decay into radiation instantly at

a time when H = Γ. Of course, this is a simple approximation. In reality we
assume there is a perturbative decay process which leads to an exponential decay
of the curvaton. The decay could proceed through a Yukawa coupling to some
light, ultra-relativistic fermion ψ, by including a Yukawa term to the Lagrangian
(3.1):

LYukawa = hσψ̄ψ. (3.22)

This adds a second damping factor Γσ̇ to the curvaton field equation, leading to
a decay rate [4]:

Γ =
h2m

8π
. (3.23)

Since the coupling constant h is basically a free parameter, this means Γ is also
free. There is a lower bound on the decay rate though, for if the curvaton decayed
very late it would interfere with hot big bang nucleosynthesis, which we assume
takes places after all the curvature perturbations are fixed. This leads to a lower
bound for the decay rate [22]:

Γ &
T 2

BBN

mP

. (3.24)

Apart from this lower bound the decay rate is a free parameter. Going back to
our previous approximation that the decay would happen instantly at H = Γ, we
see that because of the freedom we have in choosing Γ, we were justified to explore
both cases were the curvaton decays before matter domination (for large Γ) as well
as after matter domination (small Γ).

Another possibility we will not explore here but which is still worth mentioning
is curvaton as a candidate for dark matter. In principle the decay process could
be such that not all of the curvaton decayed, for instance if there is just a resonant
decay and no perturbative decay channel. The curvaton particles left after the
resonance would then exist as dark matter.

4 Resonant curvaton decay

In this section we will describe the process of resonant curvaton decay (or pre-
heating). We describe how a curvaton which is coupled to another field can decay
quickly through a parametric resonance. First, we will consider the case in which
this other field is also a scalar field χ. Then we will discuss the new case in which
the curvaton is coupled to a gauge field.
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4.1 Parametric decay into scalar field

First, we will look at the case where the curvaton is coupled to another scalar field
χ and decays through a parametric resonance. We modify the standard curvaton
Lagrangian (3.1). It now includes canonical kinetic terms −∂µψi∂µψi/2 for all
scalar fields ψi and it now has a potential:

V (φ, σ, χ) = V (φ) +
1

2
m2σ2 +

1

2
g2σ2χ2, (4.1)

where V (φ) is a slow-roll inflaton potential, m is the curvaton mass and g < 1
a coupling constant. If we want the rest of the curvaton particles, which are left
after the resonance, to decay we can include a Yukawa term (3.22).

During inflation, both σ and χ are subdominant and at the time of freeze-out
H?, we have ρσ, ρχ � ρφ = H2

?m
2
P . From (4.1) we see that χ has an effective mass

mχeff = gσ & H?, where the inequality implies that χ is massive during inflation
and therefore does not obtain any field perturbations in the same way the curvaton
does. If it were light like σ, we would effectively have two curvatons. In order for
χ to comply with these two conditions: being both subdominant in the energy
density and massive during inflation, its value is driven to zero exponentially fast.
This also means the χ − σ interaction term in (4.1) hardly contributes to the
effective mass of the curvaton, i.e. m2 � g2χ2.

After inflation has ended a parametric resonance takes place, in a process
similar to that of inflationary preheating [4, 5, 6, 7]. In original preheating, the
inflaton particles are annihilated to create χ particles. Since at this stage, the
inflaton is the dominant energy density, the process of preheating occurs during a
period of matter domination. In contrast, in the case of curvaton preheating the
dominant contribution of the energy density (inflaton) has already decayed into
radiation, so the resonance occurs during a period of radiation domination, which
slightly modifies the results of the original inflaton preheating.

4.1.1 Evolution of the curvaton

After inflation, the field equation for the curvaton is, in analogy with (2.6):

σ̈ + 3Hσ̇ +m2σ = 0, (4.2)

where we used m2 � g2χ2. In the case of matter domination H = 2/3t, whereas
during radiation domination H = 1/2t. We assume the matter component remains
subdominant until after the curvaton decay, so we use the latter solution for H.
Now we multiply by t2 to obtain the standard form of the well known Bessel
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equation. The solution to (4.2) is then given by:

σ(t) = C1

J1/4(mt)

t1/4
(radiation domination) (4.3)

σ(t) = C2

J1/2(mt)

t1/2
(matter domination),

where C1, C2 are integration constants. Sticking with the radiation dominated case,
we can find the appropriate constant by matching (4.3) with the initial condition
σ(0) = σ?. Doing so, the solution becomes:

σ(t) = 21/4Γ(5/4)σ?
J1/4(mt)

(mt)1/4
. (4.4)

For mt < 1, the leading term in the Taylor expansion of the Bessel function
is cancelled by the factor (mt)−1/4 and σ is nearly constant at σ?, the value it
obtained during inflation. However, when H ∼ m, oscillations begin and as soon
as mt & 1, (4.4) can be approximated as a slowly damped oscillator:

σ(t) ≈ σ̄ sin
(
mt+

π

8

)
, (4.5)

with the decaying amplitude σ̄ given by [9]:

σ̄(t) =
23/4Γ(5/4)

π1/2

σ?
(mt)3/4

. (4.6)

For simplicity, we assume the oscillations start at tosc = 3π/8 and this also the
time where we normalise the scale factor, so henceforth aosc = a(tosc) = 1. After
this normalisation, the energy density of the curvaton can be expressed in terms
of the density at tosc:

ρσ =
m2σ2

osc

2a3
≡ ρσ,osc

a3
, (4.7)

with

σosc =
8Γ(5/4)

33/4π5/4
σ? ≈ 0.76σ? (4.8)

being the value of the curvaton at the time when oscillations start.
The exact solution (4.5) is needed, because the resulting time-dependent fre-

quency in the equation of motion for χ leads to the resonance.

4.1.2 The χ field equation and resonance in a non-expanding universe

Since χ is a scalar field, its equation of motion is derived in the same way as we
did for the inflaton in section 2.2.1 and is given by (2.16). Using the potential
(4.1), this becomes:

χ̈+ 3Hχ̇− (∇2 − g2σ2)χ = 0. (4.9)
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Again, we rather work with the Fourier transform, where the evolution of the
modes is given by:

χ̈k + 3Hχ̇k +

(
k2

a2
+ g2σ2

)
χk = 0, (4.10)

which is the equation for a damped oscillator with a time-dependent frequency
due to a(t) and σ(t).

In the case of a non-expanding universe and small oscillations of σ around
a nonzero value σ0, this can be solved by the theory of the Mathieu equation.
Equation (4.10) can then be written in the canonical form of the Mathieu equation

χ′′k + (Σk − 2q cos 2z)χk = 0, (4.11)

by shifting variables to z = mt+5π/8. In (4.11), the prime denotes differentiation
with respect to z and:

Σk = 4

(
k2 + g2σ2

0

m2

)
q =

4g2σ0σ̄

m2
, (4.12)

from which we see that the time-dependence of q must be small in order for the
theory of the Mathieu equation to be valid. In the regime of small oscillations
around σ0, where σ̄ � σ0 � m/g, there is such a small time dependence and there
are narrow resonance bands, q � 1. In that case there exist exponentially growing
solutions χk ∝ exp(µ

(j)
k z) in the resonance bands labelled by j. These lead to an

exponentially growing particle density for those modes of χ:

nk(t) ∝ exp(2µ
(j)
k z). (4.13)

4.1.3 Stochastic resonance in an expanding universe

In the toy-model case of the non-expanding universe, we have q � 1. However,
in order for the resonance to take place in an expanding universe, we require the
condition q2m & H. By using (4.12) this would mean that

σ̄g & 2m

(
H

m

)1/4

. (4.14)

If we ignore the weak H1/4 time dependence and since roughly H ∼ m, this means
that for preheating to occur we require σ̄ & m/g, which is exactly opposite to the
condition for resonance in a non-expanding universe. Furthermore, if we assume
large fluctuations around the average value for the curvaton field, i.e. σ̄ � σ0,
which is especially true if we assume σ0 ≈ 0, then we have a slightly different
Mathieu equation, where the q-parameter is given by:

q =
g2σ̄2

4m2
. (4.15)
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From the condition on σ̄ mentioned above, this means a resonance will only take
place for large q and will end when q . 1/4. In fact, in order to get an efficient
resonance in an expanding universe we need an initial value q0 & 103 at the end
of inflation.

In discussing the new q-parameter (4.15) we have skipped over an important
difference with the non-expanding case though. In an expanding universe the Hub-
ble drag term in (4.10) is nonzero thus it is slightly harder to rewrite this equation
in the form of a Mathieu equation, (4.11). However, this is possible by rescal-
ing the field as Xk(t) = a3/2(t)χk(t). Doing so, we can absorb the Hubble drag
term from (4.10) into the second order derivative term and rewrite the equation
of motion as:

Ẍk + ω2
kXk = 0, (4.16)

in which the time-dependent frequency ωk is given by:

ω2
k =

k2

a2
+ g2σ̄2 sin2

(
mt+

π

8

)
− 3

2

ä

a
− 3

4

(
ȧ

a

)2

. (4.17)

Here, the last terms are to compensate for the additional terms generated by Ẍk.
However these terms can be neglected, since

ä

a
∼
(
ȧ

a

)2

= H2 . m2 � g2σ̄2, (4.18)

which makes them insignificant compared to the second term. Because of the
implicit time dependence of the frequency, due to a(t) and σ(t), there is no simple
solution to (4.16). However, as an initial condition we can take a positive frequency
solution Xk(t) ' exp(−iωkt)/

√
2ωk. We can write down an adiabatic invariant

which can be interpreted as a comoving particle density:

nk =
ωk

2

(
|Ẋk|2

ω2
k

+ |Xk|2
)
− 1

2
. (4.19)

Although this is the quantity we are interested in, the hard part is to estimate Xk

and its derivative.
As shown in [4], the creation of χ particles is most efficient when σ becomes very

small, which happens every half-period of curvaton oscillation. However, while the
frequency of σ is fixed (ωσ = m), the average frequency for X is decreasing in time
due to σ̄ ∝ t−3/4. At first, gσ̄ � m, the frequency of X is much higher and X
oscillates many times as σ changes slightly. However, with time the amplitude of
the curvaton oscillation drops, which causes X to oscillate more slowly. In [4] an
example case is taken where g = 0.1 and m ∼ 10−6mP . Using these parameters it
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is calculated that, because of the decreasing field amplitude, the modes Xk do not
stay in one resonance band during an oscillation but actually go through ∼ 103

resonance bands. In [4] this calculation is performed in the matter dominated
case where σ̄ ∝ t−1 and the effect will be less in the radiation dominated case of
curvaton preheating, yet the principle remains the same: during a single oscillation,
X will go through many resonance bands. This causes the standard methods for
the Mathieu equation in a single resonance band to fail.

In the broad resonance regime where q � 1, there can only be a resonance
at “creation moments” where σ(t) = 0. Due to the time dependence of a(t),
but mostly due to the time dependence of σ̄(t), the frequency of X changes dra-
matically with each oscillation of σ. This causes the phases of Xk during each
oscillation to be uncorrelated, whereas in the case of a non-expanding universe,
the phase of χk is the same at every “creation moment”. Since the particle num-
ber (4.19) depends on this phase, the number of particles created at any “creation
moment” becomes a stochastic quantity and might in some cases even be nega-
tive (such that the resonance destroys particles). However, a broad resonance is
still possible since simulations show that in 75% of the cases, Xk and thus parti-
cle number grows during a creation moment. This regime of resonance is called
stochastic resonance. Stochastic resonance takes part during the early stages of
the resonance, when q is very large. With time, q decreases and χ stays longer
in each resonance band. After ∼ q

1/4
0 /
√

2π oscillations the standard methods for
the Mathieu equation apply again and “normal” resonance takes over, which lasts
until q . 1/4 when χ settles down into a constant value.

4.1.4 Adiabatic representation and particle density

We can write the solutions to the field equation (4.16) formally as solutions in the
adiabatic approximation:

Xk(t) =
αk(t)√

2ω
e−i

∫ t ωdt +
βk(t)√

2ω
ei

∫ t ωdt, (4.20)

where we are interested in the amplitude of the growing modes, which give us the
number density nk = |βk|2. In the broad resonance regime, there is only significant
particle creation at the creation moments tj when σ(tj) = 0. Everywhere else the
field evolves according to (4.20) and the particle number remains constant. The
amplitudes αk and βk are constant in this adiabatic regime, but they change
significantly between creation moments, so that we can write for tj−1 < t < tj:

Xj
k(t) =

αjk√
2ω
e−i

∫ t ωdt +
βjk√
2ω
ei

∫ t ωdt. (4.21)
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This can be interpreted as waves scattering in a parabolic potential, where at every
creation moment tj there is a reflection and transmission amplitude.

To study the non-adiabatic regime where σ ≈ 0, we can Taylor expand the
curvaton around t = tj:

Ẍk +

(
k2

a2
+ g2σ̄2m2(t− tj)2

)
Xk = 0, (4.22)

where as before we neglected the terms ∼ H2 in the frequency.
This equation can be brought into a simpler form by changing variables:

d2Xk

dτ 2
+ (κ2

j + τ 2
j )Xk = 0, (4.23)

with τj = k?(t− tj) and κj = k/ak?, where k? =
√
gmσosc and a is to be evaluated

at tj. The solutions to (4.23) are linear combinations of the parabolic cylinder
functions W (−κj/2;±

√
2τj). From these solutions reflection and transmission

amplitudes can be extracted, which give a recursion relation between (αj+1
k , βj+1

k )
and (αjk, β

j
k). These relations can then be used to obtain a recursion relation for

the particle density between creation moments. In the limit of large occupation
numbers, nk � 1, this is given by:

nj+1
k = njk exp(2πµjk), (4.24)

where

µjk =
1

2π
ln

(
1 + 2e−πκ

2
j − 2 sin θje

−π
2
κ2j

√
1 + e−πκ

2
j

)
(4.25)

and θj is an essentially random phase that leads to the stochastic nature of the

particle creation. Both terms in (4.25) are proportional to e−κ
2
j ∝ e−1/g. This

function is non-analytical at g = 0, which highlights the non-perturbative nature
of the resonance. The second term in (4.25) is always positive, so it always leads
to particle creation, but the last term can be positive or negative depending on the
phase θj. This leads to very different values for µj. Although on average sin θj = 0,
this value can of course vary between −1 and 1, depending on the phase. In the
simulations performed in [4] this leads to an average value µj ≈ 0.18, but variations
from a maximum of ∼ 0.28 to negative values. In the latter case, this means there
is actually a drop in particle number during a “creation moment”, although on
average the particle number will increase.

To obtain the total particle density we must do two things to (4.24): sum over
j and integrate over k. After a few oscillations of the curvaton, the sum over j
can be approximated by a time integral and:

nk(t) =
1

2
e2πΣjµ

j
k ≈ 1

2
exp

(
2m

∫ t

dtµk(t)

)
. (4.26)
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Furthermore, we can replace the time integral by an effective growth index
∫ t
dtµk(t) =

µeff
k t. Then we integrate over k to get the full particle density for χ:

nχ(t) =
1

(2πa)3

∫
d3knk(t) =

1

4π2a3

∫
dkk2 exp

(
2mµeff

k t
)
. (4.27)

Because of the exponential dependence on µeff
k , which has a maximum value µ ≡

max(µeff
k ) at k = kmax, (4.27) can be solved by the method of steepest descent:

nχ(t) ' 1

8π2a3

∆kk2
maxe

2µmt

√
πµmt

, (4.28)

where ∆k is the width of the resonance band and typically kmax ∼ ∆k ∼ k?/2,
which implies:

nχ(t) ≈ k3
?

64π2a3
√
πµmt

e2µmt. (4.29)

4.1.5 Back-reaction

As the number density of χ particles grows exponentially, we get to a stage where
there are so many χ particles that back-reaction effects of χ particles decaying into
curvatons can no longer be ignored. When this happens, our linear approach fails
and we need a full nonlinear treatment of the resonance, which can be done using
lattice methods [9]. This back-reaction stage is obtained when the contribution of
χ to the effective curvaton mass becomes roughly equal to the bare mass, so when
g2〈χ2〉 ∼ m2. Since number density is given by:

nχ ∼
ρχ
meff
χ

≈ g2σ2〈χ2〉
gσ

= 〈χ2〉gσ, (4.30)

we can find the back-reaction time by equating this with m2σ/g and plugging it
in (4.29) as the particle density. Squaring both sides and taking the logarithm, we
obtain:

tbr ≈
1

4mµ
ln

(
105µm(mtbr)

5/2

g5σosc

)
, (4.31)

where we used σ(tbr) = σosc ≈ 0.76σ? and a = (8mt/3π)1/2. The solution to (4.31)
is given by the lower branch of the Lambert W function:

tbr ≈ −
5

8mµ
W−1

(
−10−2g8/5/mu3/5q1/5

osc

)
. (4.32)
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4.2 The curvature perturbation

In the previous section we discussed the parametric resonance and obtained an
expression for the back-reaction time, beyond which our linear approach fails. So
if we want to study the curvature perturbations created by the resonance, the best
we can do is to study the perturbation at this time. However, if we assume the
resonance ends instantly at tbr, we don’t have to deal with the nonlinear regime. In
the following we assume that after tbr the perturbative curvaton decay, as discussed
in section 3.3, takes over.

4.2.1 Separate universe approximation revisited

In order to calculate the curvature perturbation generated by the resonance, we
have go back to the separate universe approximation as introduced in section 2.3.1.
From (2.31) we see that in order to find the curvature perturbation, we need the
scale factor at the time of back-reaction. Since the scale factor depends on the
energy density, we would like to write down the relation between the two at the time
of back-reaction. However, after the resonance the fields go through a period of
nonlinear, non-equilibrium dynamics, which makes calculations (near) impossible.
Instead, we will calculate the scale factor and energy density by comparing them
to their values at some reference time tref well after the resonance has ended:

ρ = ρref

[
rref

(aref

a

)3

+ (1− rref)
(aref

a

)4
]
, (4.33)

with rref the matter fraction of the energy density at tref. We assume χ to be ultra-
relativistic, so the only contribution to the matter energy density will come from
the curvaton. Although we assume that rref � 1, not all of the curvaton particles
decay during the resonance and the remaining ones will decay later though a
perturbative decay process as described in section 3.3. To find an expression for
ln a, we invert (4.33), giving:

a4 = a4
ref

ρref

ρ

[
rref

(
a

aref

)
+ (1− rref)

]
. (4.34)

Since we assume radiation domination, to good approximation ρ ∝ a−4, so we can
make the replacement (a/aref) = (ρref/ρ)1/4. Doing so and taking the logarithm on
both sides gives:

4 ln a = 4 ln aref + ln
ρref

ρ
+ ln

[
1 + rref

((
ρref

ρ

)1/4

− 1

)]
. (4.35)
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With the matter fraction being so small, ε ≡ rref

((
ρref
ρ

)1/4

− 1

)
� 1, we can

Taylor expand ln(1 + ε). Doing so gives us the final expression for ln a:

ln a = ln aref +
1

4

[
ln
ρref

ρ
+ rref

((
ρref

ρ

)1/4

− 1

)]
. (4.36)

From (2.31) we see that to obtain the curvature perturbation, we need to differ-
entiate (4.36) with respect to the curvaton field value during inflation. The first
two terms are given by [9]:

(ln a)′
∣∣
ρ

= (ln aref)
′ +

1

4

[(
1 +

r

4

) ρ′ref

ρref

+ (r − rref)
r′ref

rref

]
(4.37)

(ln a)′′
∣∣
ρ

= (ln aref)
′′ +

1

4

[
ρ′′ref

ρref

−
(
ρ′ref

ρref

)2

+
r

4

(
ρ′′ref

ρref

− 3

4

(
ρ′ref

ρref

)2
)

+
r

2

r′ref

rref

ρ′ref

ρref

+ (r − rref)
r′′ref

rref

]
. (4.38)

These results can be applied to any curvaton model, with or without a parametric
resonance. In the models without a resonance, as studied in section 3, the curvature
perturbation can be calculated at the time of perturbative decay, which in section
3.3 we assumed to happen instantaneously at H = Γ.

4.2.2 Curvature perturbation without resonance

We would like to test the validity of equations (4.37) by applying them first to
the case where there is no resonance. In this case, we have already calculated the
curvature perturbation in section 3.2.2 and we can see whether we get the same
results using the expressions (4.37).

As a reference time we can use the time at which oscillations start (tref = tosc),
because without a resonance, the energy density evolves like (4.33) at all times.
Since oscillations start when H ∼ m we get, by the Friedmann equation, ρref =
ρosc = m2m2

P and this expression does not depend on σ?. Since the scale factor
depends hardly on the matter energy density, aref too is independent of σ?. So the
only relevant derivative is r′. This massively simplifies (4.37):

(ln a)′
∣∣
ρ

=
1

4
(r − rosc)

r′osc

rosc

(ln a)′′
∣∣
ρ

=
1

4
(r − rosc)

r′′osc

rosc

. (4.39)
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With rosc = ρσ,osc/ρosc = m2σ2
osc/2ρosc, the two derivatives can easily be calculated.

As we did in section 3.2.2, we evaluate the curvature perturbation just before the
(instantaneous) perturbative decay, hence we assume rosc � r � 1. Doing so
yields the curvature perturbation up to second order:

ζ =
r

4

[
2
δσ?
σ?

+ 2

(
δσ?
σ?

)2
]
. (4.40)

Comparing this with (3.20), we can see the equations aren’t quite the same. This
is because in (3.20) we combined the first order expansion of two different limits.
If we stayed in the limit δσ � σ and expanded (3.18) to second order:

ζ =
r

4
(δ + δ2/2). (4.41)

the resulting curvature perturbation would be the same as (4.40).
We can also use the results (4.39) to calculate the nonlinearity parameter fNL

of the curvature perturbation. Plugging (4.39) into (2.44) gives:

fNL =
5

6

(ln a)′′

(ln a)′2

∣∣∣∣
ρ

=
20

6

rosc

r − rosc

r′′osc

r′2osc

(4.42)

and by using rosc = m2σ2
osc/2ρosc and the fact that rosc � r, this reduces to:

fNL =
5

3r
, (4.43)

where r is the matter fraction at the time of the perturbative decay.

4.2.3 Curvature perturbation from resonant decay

The previous section was just a recap of the curvature perturbation generated
without a resonance. Our real interest lies in calculating the curvature perturba-
tion generated by the resonant decay as discussed in section 4.1. This was done
by [9].

Since the linear approach used in section 4.1 breaks down past the point of
back-reaction, we assume the resonance ends abruptly at tbr and use this as our
reference time. So combining the back-reaction time (4.32) with our normalisation
for the scale factor a = (t/tosc)

1/2, we can calculate the scale factor at this time.
Then we can use equations (4.38) to give [9]:

(ln abr)
′ ≈ −1

2
(lnµ)′ − 1

3πµa2
brσ?

(1 +O(a2
br))

(ln abr)
′′ ≈ −1

2
(lnµ)′′ +

1

3πµa2
brσ?

(1 +O(a2
br)). (4.44)
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These expressions involve derivatives of µ and it is hard to estimate how this
parameter will depend on the curvaton freeze-out value, which is why we will just
leave this expression as it is.

We want to calculate the curvature perturbation at some time after the reso-
nance. If the resonance ends at tbr, a fraction ξ of the curvaton energy density is
transferred into ultra-relativistic χ-particles, so just after back-reaction the energy
densities for matter and radiation are given by:

ρσ,br = (1− ξ)ρσ,osc
a3

br

ργ,br =
ργ,osc
a4

br

+ ξ
ρσ,osc
a3

br

, (4.45)

from which we can calculate the total energy density and matter fraction at back-
reaction:

ρbr =
ρσ,osc
a3

br

+
ργ,osc
a4

br

≈ ρosc

a4
br

(1 + rosc(abr − 1))

rbr =
ρσ,br
ρbr

≈ ρσ,br
ργ,br

≈ (1− ξ)roscabr. (4.46)

Plugging these and the leading order terms from (4.44) into (4.37) yields:

(ln a)′
∣∣
ρ

=
r

4

[
ξ

1− ξ
abr

a

(
2

σ?
− 1

2

µ′

µ
+
ξ′

ξ

)
+

2

σ?
− ξ′

1− ξ

]
(ln a)′′

∣∣
ρ

=
r

4

[
ξ

1− ξ
abr

a

(
2

σ2
?

+
4

σ?

(
ξ′

ξ
− 1

2

µ′

µ

)
+
ξ′′

ξ
+

(µ−1/2)′′

µ−1/2
− ξ′µ′

ξµ

)
+

2

σ2
?

− 4ξ′

σ?(1− ξ)
− ξ′′

1− ξ

]
. (4.47)

The terms scaling as a−1 in the above equations represent radiation inhomo-
geneities due to the resonant decay. Since the curvature perturbation stops evolv-
ing once all the curvaton particles have decayed, these a−1 terms will be irrelevant
if the perturbative lifetime 1/Γ of the curvaton is large. In that case we ignore
those terms, which hugely simplifies (4.47):

(ln a)′ ∼ r

2σ?

(
1− σ2

?ξ
′

2(1− ξ)

)
(ln a)′′ ∼ r

2σ2
?

(
1− 2σ?ξ

′

1− ξ
− σ2

?ξ
′′

2(1− ξ)

)
, (4.48)

which gives the curvature perturbation:

ζ =
r

2

[
δσ?
σ?

(
1− σ2

?ξ
′

2(1− ξ)

)
+
δσ2

?

σ2
?

(
1− 2σ?ξ

′

1− ξ
− σ2

?ξ
′′

2(1− ξ)

)]
. (4.49)
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If we set ξ = 0, which corresponds to the case without a resonance, we can see
that (4.49) reduces to (4.40).

Just like we did in the previous section, we can also calculate the non-linearity
parameter in the case of the resonant decay. Again, we plug (4.48) into (2.44) to
give:

fNL =
5

3r

(
1− 2σ?ξ

′

1− ξ
− σ2

?ξ
′′

2(1− ξ)

)(
1− σ?ξ

′

2(1− ξ)

)−2

, (4.50)

in the limit where the terms ∝ a−1 in (4.37) have redshifted away.

4.3 Gauge coupled curvaton resonance

In section 4.1 we discussed how the curvaton could decay into another scalar field
through a parametric resonance. We will now consider the same process for a cur-
vaton which is charged under a U(1) gauge group. The gauge field is in its vacuum
state during inflation, but as the curvaton starts to oscillate, a resonance can occur
which creates excitations in the gauge field (photons). Although preheating into a
U(1) gauge field has been studied briefly in [23], a different coupling between the
scalar and gauge-field is used there.

In our case, the Lagrangian is that of ordinary scalar electrodynamics, although
the inner products are altered by the fact we are working in curved spacetime. It
is given by

L = Lφ −
1

4
FµνF

µν − 1

2
Dµσ

∗Dµσ − V (σ∗σ), (4.51)

where Dµσ = (∂µ + ieAµ)σ. Since this is quite a different Lagrangian to what we
had before in (4.1), we must not only derive the field equation for Aµ, but also
re-derive the curvaton field equation. For simplicity, we choose to work in the
Weyl gauge where A0 = 0.

4.3.1 Evolution of the curvaton

To derive the equation of motion for the curvaton, we go back to (2.13), which for
complex fields becomes:

�σ − ∂V (σ∗σ)

∂σ∗
= 0 (4.52)

�σ∗ − ∂V (σ∗σ)

∂σ
= 0.

However, the d’Alembertian is now somewhat more complicated, since we have to
replace ∂µ with Dµ , the gauge coveriant derivative. Using (2.15) and making the
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replacement ∂µ → Dµ, the d’Alembertian term can be rewritten as:

�σ =
1√
−g

Dµ(
√
−ggµνDνσ), (4.53)

with
√
−g = a3. Ignoring gradients in σ as we did before and using the Weyl

gauge A0 = 0, (4.53) can be rewritten as:

�σ = −σ̈ − 3Hσ̇ + iea−2∂iAiσ − e2a−2A2σ, (4.54)

where A2 = A ·A. Combining this with (4.52) and using a quadratic potential for
the curvaton, V (σ∗σ) = m2|σ|2, we obtain the equation of motion for the curvaton:

σ̈ +Hσ̇ +

(
e2A2 − ie∂iAi

a2
+m2

)
σ = 0 (4.55)

and in the same way:

σ̈∗ +Hσ̇∗ +

(
e2A2 + ie∂iAi

a2
+m2

)
σ∗ = 0. (4.56)

Since Aµ is in the vacuum state during inflation, we assume it hardly con-
tributes to the effective mass of the curvaton, i.e. e2A2/a2 � m2, until so many
photons are created that the two terms become equal in strength and we can no
longer ignore the back-reaction. For the same reason we also ignore the gradient
term and the field equations for σ and σ∗ become equal to (4.2). Therefore, we
can treat the curvaton in exactly the same way as we did in section 4.1.1, which
means the solution for σ (and its complex conjugate) is still approximately given
by (4.5).

4.3.2 The gauge field equation

To derive the gauge field equation of motion, we start from the Lagrangian (4.51)
and use the Euler-Lagrange equations, which have to be modified slightly since
we are working in curved spacetime. The volume element in the action d4x →√
−gd4x, which means we can still use the Euler-Lagrange equations if we replace
L →

√
−gL:

∂ν

(
∂(
√
−gL)

∂(∂νAµ)

)
− ∂(

√
−gL)

∂Aµ
= 0. (4.57)

Using the Lagrangian (4.51), this becomes:

∂ν(
√
−gF µν) +

ie
√
−g

2
(σ∂µσ∗ − σ∗∂µσ) +

√
−ge2|σ|2Aµ = 0, (4.58)

39



where F µν = gµαgνβFαβ. We use this to work out the first term, where we note
that the metric does not depend on any spatial coordinates. After some math, we
obtain:

∂ν(
√
−gF µν) = a3(−3HgµαFα0 − gµα,0Fα0 + gµαgνβFαβ,ν). (4.59)

Then we use the fact that the metric is diagonal, while diagonal entries of the
asymmetric field tensor are zero to simplify this expression. Doing so and plugging
it back into (4.58) yields:

a3
[
gµj(−3HFj0 − Fj0,0 + a−2Fji,i)− gµj,0 Fj0 + gµ0a−2F0i,i

]
+
iea3

2
(σ∂µσ∗ − σ∗∂µσ) + a3e2|σ|2Aµ = 0, (4.60)

which can be split into two different equations. The dynamical equation is the
one where µ = j, which gives the equation of motion for the field A. The µ = 0
equation would give the equation of motion for A0, but since we are in Weyl gauge
this equation actually becomes a constraint equation (Gauss’s law) on A.

Let us first consider this constraint equation by setting µ = 0 in (4.60). Since
the metric is diagonal and we work in Weyl gauge, most terms drop out and we
are left with:

a∂0(∂iAi) + a3 ie

2
(σ∗σ̇ − σ̇∗σ) = 0. (4.61)

Since Ei = −∂0Ai this is essentially Gauss’ law:

∇ · E = ρ, (4.62)

with the charge density given by ρ = (ie/2a2)(σ∗σ̇ − σ̇∗σ).
Next we consider the more interesting dynamical equation of motion. Setting

µ = j in (4.60) and lowering the index on Aj gives:

aHFj0 + aFj0,0 − a−1Fji,i − ae2|σ|2Aj = 0, (4.63)

where as before we ignored gradients in the curvaton. After dividing by a, ex-
panding the field tensors and using the Weyl gauge (A0 = 0), we obtain the field
equation for the spatial vector field A:

Ä +HȦ +∇(∇ ·A)−∇2A + e2|σ|2A = 0, (4.64)

where as before ∇j = a−1∂j. We can Fourier transform (4.64) to obtain the
equation of motion for the modes of A. We separately consider the longitudinal
and transverse modes of A. For the (unphysical) longitudinal modes, the third
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and fourth term cancel each other, while for the transverse modes, the divergence
term drops out. In the end, the equations of motion become:

ÄLk +HȦLk + e2|σ|2ALk = 0 (longitudinal modes)(4.65)

ÄTk +HȦTk +

(
k2

a2
+ e2|σ|2

)
ATk = 0 (transverse modes). (4.66)

In order to solve these equations, we rescale the fields like we did in section
4.1.3. By rescaling Bk = a1/2Ak, we can absorb the Hubble drag term into the
two other terms. The resulting equation of motion becomes:

B̈k + ω2
kBk = 0, (4.67)

with the frequency for the transverse modes given by:

ω2
k =

k2

a2
+ e2|σ|2 − 1

2

ä

a
+

1

4

(
ȧ

a
.

)2

(4.68)

As before we ignore the last two terms ∼ H2. Then (4.67) can be written in the
form of a Mathieu equation (4.11) with:

Σk =
k2

a2m2
+
e2σ̄2

2m2
and q =

e2σ̄2

4m2
. (4.69)

This is almost exactly identical to the evolution of the χ modes discussed in section
4.1. As we discussed in that section, the resonance only takes place for q2m & H,
which means q & 1/4. And since q decays very rapidly (∝ (mt)−3/2) this requires
a large initial value for q. Therefore, after a few oscillations, modes Ak go through
many resonance bands in a single oscillation and we are required to once again use
the framework of stochastic resonance as developed in [4].

4.3.3 Stochastic resonance of the gauge field

Since the evolution of the transverse modes of A is dictated by the same equation
of motion as that of the scalar modes Xk, cf. (4.67) and (4.16), we use the same
framework to study the resonance. In analogy with (4.19) the number density per
comoving volume for photons created during the resonance is given by:

nk =
ωk

2

(
|Ḃk|2

ω2
k

+ |Bk|2
)
− 1

2
, (4.70)

for each of the two transverse polarisations. Just like before we can write the
formal solution to (4.67) as an adiabatic expansion:

Bk(t) =
αk(t)√

2ω
e−i

∫ t ωdt +
βk(t)√

2ω
ei

∫ t ωdt. (4.71)
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Now, just like before, we assume the coefficients to be constant in between creation
moments tj where σ(tj) = 0. In between those moments, which occur every half-
period of the curvaton oscillation, the modes Bk evolve adiabatically according to
(4.71) which leads to the exact analogy of (4.21):

Bj
k(t) =

αjk√
2ω
e−i

∫ t ωdt +
βjk√
2ω
ei

∫ t ωdt, (4.72)

which is valid for tj−1 < t < tj. Further steps are also the same as in the scalar
case: to study the non-adiabatic regime we Taylor expand |σ|2 at times tj like
in (4.22). The solution to this gives us parabolic cylinder functions which yield
recursion relations for αj and βj. Using the relation nk = |βk|2, these can then
be used to obtain a recursion relation for the number density of created photons
(4.24). Just like before, we can approximate the sum over j by an integral and the
photon density for each of the two transverse polarisations will be given by (4.26):

nk(t) =
1

2
exp

(
2mµeff

k t
)
, (4.73)

where we already made the replacement
∫ t

0
µk(t)dt→ µeff

k t.
Although number density is not an entirely well-defined quantity for photons,

we assume that for the modes of the electromagnetic field the following relation
holds:

ρk(t) = ωknk =
ωk

2
exp

(
2mµeff

k t
)

(4.74)

for each transverse polarisation. A further ambiguity arises when we want to
identify this frequency. Do we just use ωk = k/a, or de we identify it with the
full frequency (4.68)? (excluding the terms ∼ H2) We will discuss this in the next
section and for the moment implicitly write ωk.

4.3.4 Back-reaction

Just like in the case of the scalar field resonance, we would like to figure out the
back-reaction time tbr at which the back-reaction of the gauge field can no longer
be ignored. This is the case when the contribution of A to the effective mass
of the curvaton becomes similar to the bare mass, or e2〈A · A〉 ∼ m2. So, just
like in the scalar case, we need to find the expectation value of the field squared.
However, whereas in the scalar case there was an easy relation between the field
value squared and the energy density (4.30), this is not the case for the gauge field.

From basic electromagnetism we know that the energy stored in an electro-
magnetic field configuration is given by:

ρ =
1

2
(E2 +B2), (4.75)
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with E and B the magnitudes of the electric and magnetic fields, respectively.
In the absence of electric charge E = −∂0A and B = ∇ × A, so after Fourier
transforming this we can see that the electromagnetic energy in each mode is
given by:

ρk(t) =
1

2
(|Ȧk|2 + 2k2(ATk )2), (4.76)

where in the second term we have replaced the cross product by the nonzero trans-
verse components and the factor 2 comes from the fact there are two transverse
directions. Given the energy density, this expression gives us the sum of the field
value squared and its derivative, which is not what we want to know. We cannot
subtract the Ȧ term though, because we are using this formula to find the gauge
field value in the first place. Therefore we make the assumption that we can use
the virial theorem, which states that the kinetic and potential energy contributions
are roughly equal. Although this has been proven only for systems in thermal equi-
librium, in many cases it holds long before a system has reached equilibrium. We
can view the Ȧ term as a kinetic energy, with (AT )2 being the potential energy
term. Using the virial theorem they are of roughly the same size, which gives us
as an approximation:

ρk(t) ≈ 2k2(ATk )2. (4.77)

By applying the techniques from [4] we have obtained the energy density in
(4.74) and we need to obtain 〈A(−k) ·A(k)〉 = 〈(ALk)2 +2(ATk )2〉. Since (4.77) only
gives us a relation between the energy density and the transverse modes, we need
to look further into the size and physical meaning of the longitudinal modes. These
modes evolve according to (4.65) and are subject to the Gauss constraint (4.61).
Focussing on (4.65), we can see that the longitudinal modes evolve according to a
Mathieu equation, but that there is no gradient term. If we rescale these modes
and bring the equation of motion in the form (4.67), we see that for the longitudinal
modes the frequency does not depend on k. This means the modes do not obey
a wave equation and therefore do not propagate through space. Instead, these
modes correspond to a field oscillating independently at each point in space with
a frequency ω2 = e2|σ|2, if we again ignore terms ∼ H2 in (4.68).

The longitudinal modes also behave like a Mathieu equation, but because there
is no k-dependence of the frequency, we cannot apply the methods from [4] as used
in section 4.1.4. In particular, we cannot approximate the equation of motion
for the longitudinal modes by an equation of the form (4.23). Because of their
unphysical nature we ignore the contribution of the longitudinal modes to 〈A ·A〉.
The real term in the Lagrangian is 〈AµAµ〉 anyway, where we already ignored
the A0 contribution. So we replace 〈AµAµ〉 → 〈A · A〉 → 〈(AT )2〉. Under this
assumption and combining this with (4.77) yields:

〈A(−k) ·A(k)〉 = 〈ρk
k2
〉. (4.78)
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Next, we plug in twice the value for ρk from (4.74) (because this expression was
for each of the two transverse polarisations) and integrate over all k to give:

〈A ·A〉 =

∫
d3k

(2πa)3

ωk

k2
exp

(
2mµeff

k t
)
. (4.79)

As we stated before, we now need to determine which frequency to use in this
equation. We will first do the calculation using ωk = k/a and afterwards we will
include the e2|σ|2 term from (4.68).

Let us first consider the simple case where ωk = k/a. Plugging this into (4.79)
the integral becomes:

〈A ·A〉 =
1

2π2a4

∫
dkk exp

(
2mµeff

k

)
. (4.80)

Just like in the case of the scalar field resonance, the growth index µeff
k has a

maximum at km, with value µ ≡ µeff
km

, which can be used to calculate the integral
in (4.80) by the method of steepest descent:

〈A ·A〉 ' 1

4π2a4

kme
2µmt∆k√
πµmt

. (4.81)

As in section 4.1.4 we pick km ∼ ∆k ∼ k?/2 with k? =
√
emσosc to give

〈A ·A〉 ≈ 1

16π2a4

k2
m√

πµmt
e2µmt. (4.82)

As mentioned earlier, we assume the back-reaction of the photons to become
important when 〈A ·A〉 ∼ m2/e2. So equating (4.82) with m2/e2 gives:

e2µmtbr =
16π2m2a4

√
πµmtbr

k2
?e

2
, (4.83)

where a is to be evaluated at tbr. Using a = (8mt/3π)1/2 as before and plugging
in k? =

√
emσosc we get:

e2µmtbr =

(
210m3t2br

√
πµmtbr

9e3σosc

)
(4.84)

and after squaring both sides and taking the logarithm, this gives us an expression
for the back-reaction time:

tbr =
1

4mµ
ln

(
105µm2(mtbr)

5

e6σ2
osc

)
. (4.85)

44



Now, let us repeat this calculation in the case where we take the frequency to be
ω2
k = k2/a2 +e2|σ|2. Because we are looking at the behaviour after many curavton

oscillations and since the amplitude of the curvaton σ̄ is quickly decreasing, we
approximate the damped oscillator σ2 by its average value over oscillations, which
means we substitute sin2(mt+ π/8) by its average value 1/2, which means that:

|σ|2 =
σ̄2

2
≈ 0.37σ2

osc

(mt)3/2
, (4.86)

where we used (4.6) in the last step. This means the frequency becomes:

ωk =

(
k2

a2
+

0.37e2σ2
osc

(mt)3/2

)1/2

. (4.87)

Plugging this into (4.79) and using the method of steepest descent in order to
calculate the integral, we obtain:

〈A ·A〉 =
1

4π2a4

∆ke2µmt

√
πµmt

(
k2
m(mt)3/2 + 0.37e2σ2

osc

(mt)3/2

)1/2

=
1

16π2a4

k?e
2µmt

√
πµmt

(
k2
?(mt)

3/2 + 0.37e2σ2
osc

(mt)3/2

)1/2

. (4.88)

Just like before, we find the time of back-reaction by equating this with m2/e2.
Doing so, using a = (8mt/3π)1/2 and squaring both sides,

e4µmtbr =

(
105µm3(mtbr)

13/2

e5σosc

)
1

k2
?(mtbr)3/2 + 0.37σ2

osce
2a2

, (4.89)

which reduces to the relation (4.85) in the case where the second term in the
denominator is negligible. This is the case when tbr � 0.1e2σ2

osc/m
3.

We first assume this is the case and use (4.85) as the relation for the back-
reaction time, the solution to which is given by the lower branch of the Lambert
W-function. In analogy with (4.32) we have:

tbr ≈ −
5

4mµ
W−1(−10−1e4/5µ4/5q1/5

osc ), (4.90)

with qosc = e2σ2
osc/4m

2. Under the same assumptions as used in [9] we can then
approximate this by:

tbr ∼
1

4mµ
ln
(
105e−4µ−4q−1

osc

)
, (4.91)

which can be used to calculate whether the σ2
osca

2 term in the denominator of
(4.89) can indeed be neglected. The condition for this was tbr � 0.1e2σ2

osc/m
3 =
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0.4qosc/m. Since large initial values for q are needed to make sure the resonance
takes place at all, we assume q ∼ 103. Then, using typical values µ ≈ 0.14 and
e = 0.1 we can calculate from (4.91) that:

tbr ≈
63

m
<

0.4qosc

m
, (4.92)

which means the condition for neglecting the σ2
osca

2 term in (4.89) does not hold.
Even though the chosen values for µ and particularly e might be way off (the latter
could be a few orders of magnitude smaller), this is still a valid conclusion. Those
parameters are within the logarithm and changing them by orders of magnitude
will only slightly modify the value 63, while 0.4qosc ≈ 400. Clearly, neglecting the
σ2

osca
2 term in (4.89) is invalid.

Conversely, we can check what happens if we neglect the k2
? term from the

denominator of (4.89), which in this case reduces to:

e4µmtbr =
105µm3(mtbr)

11/2

e7σ3
osc

, (4.93)

the solution to which is given by:

tbr ≈ −
11

8µm
W−1

(
−10−1e8/11µ9/11q3/11

osc

)
. (4.94)

Under similar assumptions as in (4.91), this is approximately:

tbr ∼
1

8µm
ln
(
1011e−8µ−9q−3

osc

)
(4.95)

and using the same values as before gives:

tbr ≈
61

m
. (4.96)

Because we are now neglecting the other term, the condition on tbr obviously
reverses and is given by tbr � 0.4qosc/m ≈ 400/m. Since 61 is smaller than 400
by about factor 7 this condition is not perfectly satisfied, but it holds to a much
better extent than in the case where we only considered the k2

? term in (4.89).
This means that the e2|σ|2 term dominates the frequency (4.87) and the back-

reaction time is given by (4.94).

4.4 Curvature perturbation from gauge-field resonance

Using the back-reaction time (4.94) we would like to calculate the curvature per-
turbation using the separate universe approximation as discussed in section 4.2.1.
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To do this, we must first calculate the scale factor at the time of back-reaction.
Using a = (8mt/3π)1/2, this is given by:

abr ≈
(
− 11

3πµ

)1/2

W
1/2
−1

(
−10−1e8/11µ9/11q3/11

osc

)
. (4.97)

Then we need to plug this into (4.37) in order to find the terms (ln a)′ and (ln a)′′

required to calculate the curvature perturbation in the separate universe approxi-
mation. In (4.47) we only used the leading order terms from (ln abr)

′ and (ln abr)
′′.

In the case of the gauge field resonance, these leading order terms remain the same.
Therefore, to leading order, the final expression for the two derivatives of ln a are
still given by (4.37).

The difference arises, however, in the nature of the parameter ξ. As before,
this denotes the fraction of the curavton energy density which is converted into
radiation. As we can see from (4.37), the curvature perturbation depends heavily
on the first and second derivatives of both µ and ξ. The former is the same as
before, because in order to calculate the number density of photons created during
the resonance, we used the same framework as in the scalar case. The fraction ξ
however, has a different physical origin than in the case of the scalar resonance
and therefore its derivatives may be very different, leading to a very different final
result for the curvature perturbation.

The same goes for the nonlinearity parameter, which is still given by (4.50) but
again might be of very different magnitude than in the scalar case, because of the
possible differences in ξ′ and ξ′′.

5 Discussion

In this final section, we review our findings for the gauge-coupled resonance and
compare them with the scalar resonance. Finally, we look ahead to future nu-
merical work, which could allow for calculating the resonance through the fully
nonlinear regime.

5.1 Comparison with scalar resonance

In section 4.4 we briefly touched on the differences in the curvature perturbation
generated by the scalar resonance and the gauge-coupled resonance. In this section
we will look into the similarities and differences between the two cases in more
detail.

The methods from original preheating [4] have already been applied to a cur-
vaton model [8]. In this thesis we found that it is also possible to apply these
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methods to the case of a gauge-coupled curvaton, as long as we ignore the un-
physical longitudinal modes of the gauge field. Furthermore, because the original
methods of preheating lead to a number density of created particles, we had to
assume a simple relation between the photon number density and energy density.
Lastly, by invoking the virial theorem, we assumed the electric and magnetic con-
tributions to the energy density are roughly equal: an assumption which should
be subject to further research.

Next, let us compare the actual back-reaction times. In the case of the scalar
resonance this is given by (4.32), whereas for the gauge-coupled case it is given by
(4.94), which we approximated to be 61/m. Using the same parameters to make
an estimate for the back-reaction time in the scalar case, µ = 0.14 and g = 0.1,
we get tbr ≈ 48/m. This shows that the time of back-reaction is not significantly
different between the scalar and gauge-coupled resonances.

One of the important results from section 4.3.4 is that the frequency of the
photons ωk on average seems to be dominated by the “interaction term” e2|σ|2.
We looked at the difference in back-reaction time obtained by using the “bare
frequency” ωk = k/a and by using just the “interaction term” and found that the
back-reaction times obtained were again nearly identical, cf. (4.92) and (4.96).
However, we have shown the latter to be the correct expression, since the interac-
tion term dominates the k/a term in the denominator of (4.89).

The important difference is that, although the back-reaction times may be fairly
similar between the two cases, the dynamics at this time may be very different. As
discussed in section 4.4, the final expression for the curvature perturbation is no
different for the gauge-coupled resonance as it is in the scalar case. The difference
lies with the physical origin of the parameter ξ, which has a (potentially) different
σ?-dependence. Because this parameter depends on what happens in the non-
linear regime it is important to extend the calculation into this regime, by using
numerical simulations.

5.2 Numerical simulations

In our calculation of the curvature perturbations from curvaton preheating, we
assumed the resonance stopped at tbr, because our linearised equations broke down
at this point. In general, the resonance will continue after back-reaction and
to fully calculate the resulting curvature perturbation, one needs to use a full
nonlinear simulation.

In [9], lattice field theory methods are used to perform the nonlinear calcula-
tions in the case of the scalar resonance. Because the equations of motion in the
case of the gauge-coupled resonance are of a similar form to those of the scalar
resonance, it is likely that the methods used in [9] will be applicable to the gauge-
coupled resonance.
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Earlier we discussed how the form of the final curvature perturbation in both
scalar and gauge-coupled case were given by the same expression, based on (4.37).
Performing a full nonlinear simulation might provide more insight in how the
resulting curvature perturbation is varies between the two cases.
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