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@ Introduction: stochastic description of the turbulent
(velocity increment) cascade by a Fokker-Planck equation

Analysis of fractal-generated turbulence for different Rey:

Markov properties
@ Estimation of drift and diffusion functions

@ Comparison to jet turbulence
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The turbulent cascade as a stochastic process

j————»]
@ velocity increment: |<+>|
2
f——>
u(x) =v(x+r/2) — v(x—r/2) f
n<rn<n.

@ Markov properties:
p(u1, ni|ua, r2) = p(ur, rilua, ra; U3, 135 .. Un, 1)
@ n-scale joint pdfs factorize:
p(us, ri; Uz, 15 i Uny 1) =
p(ut, rifuz, r2) - p(uz, r2|us, r3) - ... - p(Un—1, ra—1ltin, ra) - p(Un, 1)

@ stochastic process:

(U, I’|U07 ro) =..7

9
3rp
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Kramers-Moyal expansion — Fokker-Planck equation

Kramers-Moyal expansion:

9 SR
*EP(U, ruo, ro) = Z <*E) D®(u, r) p(u, r|uo, ro)
k=1

. 1
D(k)(u, r) = AlIrTO m /(U7+Ar - Ur)k p(ur+Ar7 r—+ Ar‘um I’) dur+Ar

<(ur+Ar - Urlur)k>
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Kramers-Moyal expansion — Fokker-Planck equation

Kramers-Moyal expansion:

G =/ 2\"
7517(”7 r|u07 rO) = Z <7a) D(k)(ua I‘) p(u,r|u0,ro)

k=1

. 1
D(k)(u7 r) = AlIrTO m /(U7+Ar - Ur)k p(ur+Ar7 r+ Ar‘um I’) dur+Ar

<(ur+Ar - Urlur)k>

If (a) Markov properties, and (b) D® =0 =

Fokker-Planck equation:
19} 19} o
— 5, P(u; rluo, r0) = {—aD(l)(u, r)+ ﬁD@)(u, r)] p(u, rluo, o)

Langevin equation:

D u(r) = 20D r) + 4/ D@, ) T(r)
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fractal square grid data
(Seoud, Vassilicos):
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helium free jet data
(Chanal, Chabaud):
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Markov properties

Fractal square grid, R\ = 425:

Markov properties: p(u1, ri|ua, 1) = p(uy, ril|ug, r2; us, r3)

Ar = 0.5X 1.0\ 1.5\
n = L/2

rn=r+Ar

r=nr +2Ar
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The Einstein-Markov coherence length (1)

Estimation of the Einstein-Markov length
with the Mann-Whitney-Wilcoxon test:

X = ul(r1)|u2(f2)

y = ul(r1)|u2(r2),u3(f3)

Hypothesis: p(x) = p(y)

Define Quantities:
gi = Number of values x; < y;.
Q = 24
Wiy - 19— (@l
oo(m, n)p=p+/2/m
<W>p:b =1
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The Einstein-Markov coherence length (2)

Fractal square grid:
Re>\ = 354 Re)\ = 425 ReA = 5hb4 (U3 = 0)
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Conclusions

@ Cascade process for fractal-generated turbulence
has Markov properties, Igp = .
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Estimation of drift and diffusion functions

Estimation of DM and D®
directly from the data:

(1) calculate:

1
M(k)(u, ryAr) = m((uﬂrm - u,|u,)k)

(2) estimate:

M@(U=-Ceo,r=L/2,Ar) / Goc?
o o
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DX (u, r) = AIim0 MY (u, r, Ar) A /gy
r—
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Estimation of drift and diffusion functions

Estimation of DM and D®

directly from the data: o,
=}
(1) calculate: %
3
MO, r, AF) = =2 ((ursar — ulu)s) 5
LR PN r+Ar rir ﬁ
(2) estimate: s oF
00 i %
DB (u,r) = lim MW (u,r, Ar) A /gy
Ar—0
. i /‘)/L/,n/
fractal square grid N
Re>\ =425 : ER
M(l) drfinc] M(2) arfine)
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Drift and diffusion functions (jet)

Example: free jet, Ry = 190 (Ch. Renner, 2002):
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Drift and diffusion functions (jet)

Example: free jet, Ry = 190 (Ch. Renner, 2002):
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Drift and diffusion functions (fractal grid)

Dependence of D) on u

r=1>L/2

First order moments
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‘Second order moments
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r=1~L

First order moments
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D(l) = —d11U

D@ = dyo+dory U+d22U2
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Conclusions

@ Cascade process for fractal-generated turbulence
has Markov properties, Igp = .

@ Drift and diffusion show the ‘usual’ dependence on wu,.
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Reconstruction of the stochastic process

Conditional increment pdfs can be reconstructed by
numerical integration of the Fokker-Planck equation.

reconstructed conditional pdfs (fractal grid, Rey = 425)

p(u, r = 2lgm|ug, r = 3lem) p(u,r="L—2lgpm|ug, r = L)

R. Stresing, J. Peinke (Oldenburg) Fractal Turbulence Workshop Feb 18, 2008 14 /20



Conclusions

@ Cascade process for fractal-generated turbulence
has Markov properties, Igp = .

@ Drift and diffusion show the ‘usual’ dependence on u, (and r).

@ Fractal-generated turbulence can be described
by a Fokker-Planck equation.

R. Stresing, J. Peinke (Oldenburg) Fractal Turbulence Workshop Feb 18, 2008



Conditional pdfs for different Re (jet & fractal grid) (1)

fractal grid jet

p(u,r=L/2|ug,ro = L)
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p(u)

fractal grid

Conditional pdfs for different Re (jet & fractal grid) (2)

= lem|uo, ro = 2Igm)
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Conclusions

@ Cascade process for fractal-generated turbulence
has Markov properties, Igp = .

@ Drift and diffusion show the ‘usual’ dependence on u, (and r).

@ Fractal-generated turbulence can be described
by a Fokker-Planck equation.

Outlook:

@ More data of fractal-generated turbulence (different Re,).
@ Compare to other flows.

@ Better estimation of stochastic process (optimisation).
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Thanks to R.E. Seoud and J.C. Vassilicos
for fractal grid data and discussions.

Thank you for your attention!
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