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Abstract

Numerical inversion of Laplace transform is known to be equivalent to approximat-
ing a shifted version of the Dirac impulse function with a linear combination of complex
exponentials. From this knowledge, we construct a general framework to approximate
that function with concentrated matrix exponential distributions, characterized by low
coefficient of variation. That structure generalizes the method proposed by Horvath,
Talyigés and Telek; and it guarantees numerical inversions without positive or nega-
tive overshoots. Optimization is done for a specific class of inversion methods within
that framwork, with a semi-deterministic algorithm based upon evolution strategy and
gradient descent. This result in approximation errors evolving as O(1=n?). Finally, we

propose an analytical method with error of type O(1=n) to bypass optimization.
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Chapter 1

Introduction

Laplace transform is an integral based transform widely applied in various areas of
science. Within the (complex-valued) Laplace frequency domain, mathematical op-
erations that are expensive in the (real-valued) time domain can become relatively
simple. For example, di erentiation involves a simple multiplication operation, inte-
gration a simple division operation and convolution of two functions involves nding
the product of their respective Laplace transforms.

It is often desirable to return to the time domain through the inversion of a Laplace
transform. This is often not possible to do analytically. In this context, numerical
Laplace transform inversion is a useful tool; see for example its use in the response
time analysis of concurrent systems [1]. There are various techniques for numerical
inversion of Laplace transform, e.g. the Euler, Gaver-Stehfest, Talbot methods, but
they all run into stability problems of various kinds, especially when inverting discon-
tinuous functions.

In [2], J. Abate and W. Whitt introduce a uni ed framework to numerically invert
Laplace transform. The general idea is to approximate the inverse Laplace transform
with a nite linear combination of values of the transform. From a theoretical view-
point, this framework is strictly equivalent to approximating a shifted version of the
Dirac impulse function with a linear combination of complex exponentials. Using this
equivalence, Honath, Talyigas and Telek propose a numerical inversion method with-
out positive or negative overshoots in [3], unlike the methods mentioned earlier. Their
method consists in approximating the Dirac impulse function with matrix exponential
distributions, characterized by minimal coe cient of variation.



In this thesis, we propose a natural framework to approximate the Dirac impulse
function with strictly positive and concentrated matrix exponential distributions, as a
generalization of the Honath-Talyigas-Telek (HTT) method. Thus, inversion methods
derived form that framework are free of positive and negative overshoots. Then a class
of inversion methods with squared coe cient of variation of typeO(1=n?) is specif-
ically studied. Signi cant results include the proposition of an explicit and optimal
approximation of Dirac impulse function with squared coe cient of variation evolving
as O(1=n). Other major result is the reduction of the length of the integral for the
calculation of the moments of the approximation of the shifted Dirac impulse. This
constitute the idea behind the reduced moments triangulation (RMT) and the reduced
moments convergence (RMC). Furthermore, we propose two methods to compute the
coe cients used in the Abate-Whitt framework. The rst method takes inspiration in
the integral calculation of Fourier series coe cients. The second and faster method is
based upon recursion. Finally, we design a simple and e cient algorithm, to minimize
the coe cient of variation, based upon a combination of evolution strategy and gra-
dient descent.

Organization

() In Chapter 2, Laplace transform is formally de ned, followed by an enumeration
of its basic properties which are then illustrated with classical examples.

(i) The inversion problem is introduced in Chapter 3, followed by an examination of
the Abate-Whitt framework. After that, we review classical inversion methods
and present the HTT method.

(i) In Chapter 4, we introduce our framework, along with its properties, before
de ning approximation classes inherited from function spaces.

(iv) In Chapter 5, the monomials semi-frequencies class is studied in depth. In par-
ticular, we formulate and prove the RMT and the RMC. Then, we derive two
methods to calculate the coe cients for the Abate-Whitt framework. Finally,
we propose an additional measure of concentration and reinterpret the HTT
method.

(v) In Chapter 6, we design an optimal and analytical inversion method for a subclass
the monomials semi-frequency class.

(vi) In chapter 7, we discuss optimization methods to minimize the coe cient of
variation for the monomials class. The results are then evaluated in Chapter 8.



Chapter 2

Background

2.1 De nition of Laplace transform

The unilateral or one-sided Laplace transform (LT) is an integral operator which maps
real-valued or complex-valued functions, de ned on the positive real axis, into complex-
valued functions, de ned in a region of the complex plane.

De nition 2.1.1.  If the function f : R* | K is real-valued K = R) or complex-
valued K = C), then its Laplace transform is the continuous summation of exponen-
tially weighted values taken on the positive real axis and de ned as follows

Z 1

Lf f g(s) = f(t)e 'dt, s2C
0

That de nition is valid when the integral is convergent. In practice, it depends on
the Laplace domain variables 2 C and the asymptotic behavior of the function to be
transformed as the upper-bound of integration is not nite. Yet, a su cient condition
for convergence of the integral is thas veri es the inequality Real(s) , Where
is a real number such thatf is dominated by a positive multiple of the exponential
functiont 7! e!, i.e

9A> 0; jf(t)j A e' ast!l (2.1)

If f veri es that condition, then it is said to be of exponential type and in such case,
the Laplace transform is well-de ned when s belongs to the skx 2 C j Real(z) > g.
That portion of the complex plane is commonly referred to as the s-plane or the region
of convergence of Laplace transform. It is common to usé ;g to denote the Laplace
transform operator andF (s), f (s) or Lf f (t)g(s) to denote Lf f g(s).



Calculation of a Laplace transform

We calculate the expression of the LT for the general power functiop, : t 7! t",
wheren is a positive integer. In this speci c case, the convergence condition reduces
to the inequality Real(s) > 0 because lim; x"e * = 0. We start by calculating the
transform for the special case when = 0; which means thatpy(t) =1 for t 2 R™.

z 1

e Sdt =
0 S o

estl

nilE

Lf 1g(s) =

We carry on by establishing a recursive formula linkindg.f t"*1 g and Lf t"g

Z 1
Lf t"**g(s) = t"* e S'dt
0
et i1l
"1 st t" e S'dt  (integration by parts)
0 0
n+1
= Lf t"g(s)

Using that relation, we obtain the following results

n
n = —_—
Lf t"g(s) = S

n 1

1 n! n
— Lf 0 = — Lf1 =
S t°g(s) ~ a(s) S

Table of common Laplace transforms

Remark 1.

(z+1)=z (2 and

Time domain f (t) | Laplace domain F(s) s-plane
(t) (Dirac impulse) 1 C
u(t) (Heaviside) : Re(s) > 0
t";n2 N T Re(s) > 0
t*":n2 N = (L 3) Re(s) > 0
e & o Re(s) > a
sin('t) Zire Re(s) > 0
cos(t ) o Re(s) > 0
sinh(t) o Re(s) > ]
cosh(t ) S Re(s) > ]
In(t) 2 In(s) + Re(s) > 0

In this table, ( z) is Euler's Gamma function which veri es the relation
is the Euler{Mascheroni constant.




Assumptions made in this work
1. f is de ned for positive real numbers
2. f is a real-valued function

3. Lf f g is well-de ned

2.2 Basic properties

We continue with a non-exhaustive enumeration of basic properties of Laplace trans-
form. These properties are often used for the resolution of linear di erential equations
and the analysis of the time response of dynamical systems.

Proposition 1. (Linearity) If a and b are complex numbers and the functions f and
g are complex-valued, then thef :g operator veri es the linearity identity

Lf af + bgg= aLf fg+ bLf gg

Proposition 2. (Time di erentiation) If f is n times di erentiable with derivatives
of exponential type, then the LT of its n-th derivative veri es the identity

X
Lf f Mg(s) = s"F(s) st kf (k Do)
k=1

Proposition 3. (Time integration) If f is continuous on R*, then
Z, 1
L f()d (s)= = F(9s)
0 S

With these properties, any linear di erential equation can be turned into an alge-
braic equation because di erentiation (resp. integration) in the time domain becomes
multiplication (resp. division) by s in Laplace domain.

Proposition 4. Di erentiation (resp. integration) in Laplace domain is equivalent to
multiplication (resp. division) of the original function by the time domain variable.

() Frequency di erentiation: Lft" f(t)g(s)=( 1)"F(M(s); n2 N

R
(i) Frequency integration: L @ (s) = 31 F(z)dz

Proposition 5. The Lf :g operator associates shifts or delays with multiplication by
exponential functions and scaling of variables is reversed.

4



(i) Time shift: Lff(t a)g(s)= e *F(s)
(i) Frequency shift: Lf e f (t)g(s)= F(s a)

(ii) Time scaling: Lf f (at)g(s) = %F >, aséo

R,
Proposition 6. (Multiplication) Lff gg(s) = % limriy i'TT F(z)G(s z)dzwith
Realz) = where s in the region of convergence of F.

An interpretation of Proposition 6 is that Lf f gg is a special convolution of and G,
based upon the imaginary part of Laplace domain variable. As a reminder, if u and
v are de ned on the_real axis, then their convolution is de ned as the parametrized

integral (U V)(t)= ; u( )v(t )d .

Proposition 7. (Convolution) Lff gg(s) = F(s) G(s)
Proposition 7 mirrors back Proposition 6 as the LT of a convolution is obtained by

multiplying the individual transforms of the functions involved. As a result, theLf :g
operator establishes an equivalence between products and convolutions.

Proposition 8. (Periodic function) If f is a periodic function of period T, thenLf f g
has the reduced expression

Z

1
0

Theorem 1. (Initial value Theorem)
lim f (t) = lim sF(s)
t! 0+ s!1

Theorem 2. (Final value Theorem) If all the poles (zeros of the denominator) of
sF(s) have strictly negative real parts, then

t!I|r+nl f(t)= “anos':(s)

2.3 Examples

In this section, we illustrate some properties of Laplace transform with classical exam-
ples. We begin with the resolution of a linear di erential equation, before evaluating
Dirichlet's integral.



Resolution of a linear di erential equation
The aim of this example is to illustrate Proposition 1 and Proposition 2 with the rst
order di erential equation : y°+5y =0 and y(0) = 1.

Lf y°+ 5yg = Lf Og

Lf yg+5Lfyg=0 (linearity)
0
s Y(s) y() +5Y(s)=0 (time di rentiation)
(s+5) Y(s) 1=0
1
Y= 515

The inverse transform of Y(s) is calculated, either with the time shift property or the
table. Which gives the solution

1
S+5

yt)=L fygit)=1L * t=¢e*

This solution is strictly identical to the one that we would obtain with the classical
technigue involving the characteristic polynomial of the di erential equation.

Evaluation of the Dirichlet integral
We now evaluate the integral of the cardinal sine functiorsinc : t 7! S'”tﬁ on the

positive real axis i.e Z,
sin(t
® 4
0 t
The rst step consists in applying Proposition 4 tof :t 7! sin(t) as follows
4 Z
f(t) ! S |
L —= (9= F(z)dz= dz= - arctan(s
L 9= F@dz=  modz= ©)

An alternative expression for the leftmost term is obtained with the original de nition
of Laplace transform

f ()
Tt

sin(t) (s) = = sin(t)

e Stdt
t o t

L (s)=1L
Finally, we take the limit of these expressions as the Laplace domain variable ap-

proaches zero; which gives the value of the Dirichlet integral

= sin(t)
dt = —
N 2




Chapter 3

Inversion problem

As mentioned in Section 2.2, Laplace transform facilitates the analysis of dynamical
systems; specially with Proposition 1, Proposition 2, Theorem 1 and Theorem 2.
However, some transforms must be inverted in order to recover all the information
contained in the time domain signal. For instance, the resolution of the rst order

di erential equation in Section 2.1 required to inverse a Laplace transform. That

inversion problem can be formally stated as follows

Problem 1. Given a functions 7! F(s) in the Laplace domain, evaluate the inverse
Laplace transformt 7' L 1 F (t) for any real argumentt 0.

Except for the special cases whefe corresponds to the transform of a known function,
there is not general closed form expression for the inverse transform. As discussed in
[4, Chapter 3], various inversion techniques rely on expansions or approximationrof
with power series or orthogonal polynomials for which the inverse Laplace transforms
are easier to determine. Although no explicit expression for the inverse transform is
known, there exists two analytical inversion formulas to calculate * F . The rst

one uses a complex integral known as Bromwich integral, Fourier-Mellin integral or
Mellin's inverse formula and the second one relies on the calculation of a limit known
as Post-Widder formula.

Theorem 3. (Bromwich integral)
f(t)= = lim F(s)eds
=57 lm F(
is a real number such that the contour path of integration is in the region of conver-
gence of F.



Theorem 4. (Post-Widder formula)

( 1)” n n+l

(1) = lim

Formal proofs for these inversion formulas can be found in [4, Section 2.2, Section 2.3].
Even though these formulas constitute systematic ways to calculate the inverse LT
of a function, their e ective use often requires heavy calculations which can rarely
be performed by hand on a reasonable amount of time. For that reason, practical
applications of these techniques are numerical. However, the complexity of hand-made
calculations is turned into numerical precision and stability problems.

3.1 Abate-Whitt framework

Multiple approaches used to estimate the inverse LT were examined by J. Abate,
W.Whitt et al. They notably introduced a uni ed framework to construct numerical

LT inversion methods in [2]. As discussed in Section 3.3, classical inversion methods
(Euler, Gaver-Stehfest, Talbot) can be rewritten in this framework.

De nition 3.1.1.  (Abate-Whitt framework) The inverse transformL fFgor f is
approximated by a nite linear combination of values oF as follows
1 X
f) fa®=7 WF &0t 0
k=1
The nodes ¢ and the weights  are complex numbers which depend neither on the
transform F nor on the time argumentt but only on the order of approximation n.

The independence of the weights and nodes;, simply Abate-Whitt coe cients, from
both the time argument and the transform is a key requirement in order for this
framework to be applicable to multiple functions at various time points. If the inverse
transform is real-valued, then it is approximated by the real part of that sum, i.e

yo ( )

Realff (t)g Realffn(t)g:?1 Real (F Tk (3.1
k=1

Proposition 9. (Integral interpretation) When the nodes verify Redl (g 0, the
Abate-Whitt framework is equivalent to approximating of the shifted-scaled Dirac im-
pulse (x=t 1) with a nite linear combination of exponential functions i.e

1 X

(x=t 1) n(x=t 1) = n K
k=1

—~|x

(¢)



Remark 2. The weights  and the nodes ¢ are identical to those in De nition 3.1.1

Remark 3. To simplify the notations, the approximation of the shifted-scaled Dirac
impulse ,(x=t 1) is also noted {(x)

Proof.
1L X
f) fa®=1 F
k=1
. (z, )
= _ K f(X) e tXdx
t 0
k=1
Z, ( ) )
= f(x) = e 7% dx
ZO t k:].

= 1f(x) L (x)dx
0

]

The inversion is perfect wherx 7! !(x) is exactly the Dirac impulse function about
time t. But as stated in [3, Section 3], the accuracy of this approximation depends
on the order n and the Abate-Whitt coe cients. Generally, the exactness of the
approximation gets better when the order increases. Finally, we can remark that
t(x) veri es a scaling relation which is similar to that of Proposition 5

=7 b (32)

n

and which leads to a simpli ed interpretation of the Abate-Whitt framework.

Theorem 5. The Abate-Whitt framework is equivalent to approximating of the shifted
Dirac impulse about the point t=1 with a nite linear combination of exponentials i.e

"(x) = ke KX
k=1

3.2 Background on probability distributions

Originally de ned in [5, p.58], Dirac impulse function (equally known as Dirac distri-
bution, delta distribution or -distribution) represents the space density of a particle
as a function which is null everywhere except for the argument zero and with inte-
gral over the real numbers equal to one. In principle, that distribution is similar to
probability density functions (pdf).



De nition 3.2.1.  In probability theory, a function f de ned in a given setl is a
probability density function if it satis es the conditions

() 8t21 0 f() 1

. R
(i) ,, f(dt=1

That proximity between Dirac distribution and pdf is legitimized by the fact that
x 7V (x) is the limit of various density functions. For instance, the uniform distribu-
tion U [0;1=n] converges toward Dirac distribution ash grows larger. Similarly, the
normal distribution N (0; ?) converges toward Dirac distribution as gets smaller.

Dispersion metrics

We now move on to discuss some measures used in Statistics and Probability Theory
in order to study a data set or the behavior of a random variable. These metrics are
averaged quantities over all the distribution and called moments.

De nition 3.2.2.  The n-th order moment about the point 2 |, for a random variable
X with a probability density functionf, is de ned as the following integral
Z
E[(X 9= (t o"f, (t)dt

t21,

The moments can be given a physical interpretation whefn, represents the repartition
of mass within a body. In particular, the @ order moment represents the total
mass, the ¥ order moment represents the center of mass and th& 2rder moment
represents the moment of inertia around an axis. Thelorder momentE [X ] is known
as the average or mean value of the distribution. In the special cases wheen E[X],
the n-th order moment is calledcentral momentand serves as a dispersion measure.
The 29 order central moment, calledvariance, measures how far a set of random
numbers are from their average value. The'8 order central moment, known as the
skewnessmeasures how evenly spread is a set of random numbers around their average
value. Finally, the 4" order central moment, referred to as théurtosis, measures the
sharpness of the distribution in the vicinity of the average value.

De nition 3.2.3. The variance of a random variable is de ned as
Z
var(X)= E (X = (t )fo (t)dt

t21,

10



where = E[X] is the average value of the distribu%on. The standard deviationis
then de ned as the square root of the variance i.e=" var(X)

De nition 3.2.4.  The squared coe cient of variation scv(X) or sc\(f, ) of a random
variable X is de ned as the variance normalized by the average value
#

X 2
scMX)= E ——

De nition 3.2.5.  Pearson's moment coe cient of skewness(X) or (f, ) is de ned
as the3® central moment normalized by the standard deviation
n #

3

De nition 3.2.6.  The kurtosis Kurt (X) or Kurt (f, ) is de ned as the4™ central
moment normalized by the standard deviation
n #

X 4
Kurt[X]=E —

The normalization process corresponds to nondimensionalization; such that those mea-
sures can be compared for two random variables with di erent units. Moving forward,
we can mention another commonly used dispersion metric, the di erential entropy.

De nition 3.2.7.  The di erential entropy h(X) or h(f, ) is de ned as follows

y
h(X) = f. (t)logf, (t)dt:

t21,

This quantity measures equipartition in the distribution. On one side, the uniform
distribution is known to be the probability distribution with maximum entropy; which

is due to the fact that its pdf is constant onl, . On the other side, Dirac distribution is

an example of distributions that minimize the di erential entropy; which evaluates to
1 inthis case. This resultis explained by the concentration of all the information at
a single point; to such extent that uncertainty about the state of the random variable
vanishes. A standard dispersion coe cient based upon the di erential entropy and
similar to the squared coe cient of variation is discussed in [6].

11



3.3 Classical methods

3.3.1 Euler method

The Euler method is based upon the transformation of the Bromwich integral into a
Fourier transform, thereafter approximated by a series via trapezoidal discretization.
The Euler summation is then applied to accelerate the convergence of that series. The
complete procedure produces an approximation of the inverted transform as follows

( ) ( )
2 A =2 X A +2ik
f(t) — Real F — + — ( 1)*Real F ————
2 2 2 2

The derivation of the above formula is fully developed in [7] and the general expres-
sions for the Abate-Whitt coe cients are given in [2, p.16]. We recall them here

(Nodes and weights for odd n)

k=r‘61 IN(10) + i (k 1) 1 k n
k=( 1)k 1dn 1)=6 K 1 k n
1
where 1:5
n:2 (n 1)=2
k=1 1 k (n+1)=2
n 1)=2
nk= nkeatt on ( 2) 1 k (n 1)=2

3.3.2 Gaver-Stehfest method

The original Gaver method [8] relies on a sampling of the transform about the real axis
and an approximation of the exponential function in the Bromwich integral by a ratio-
nal function. Cauchy integral formula then gives the inverse transform in the Abate-
Whitt framework. Stehfest proposed an acceleration of that method with Salzer's
accelerating scheme for in nite series. The Abate-Whitt coe cients are rewritten here

(Nodes and weights for even n)
k=k In(2; 1 k n

12



mink«;n=2)

"2 on=2 g

(=@ T 02 ] § k]

j = b(k+1) =2¢

3.3.3 Talbot method

The Talbot method is based upon a deformation of the Bromwich contour into an
open contour on the negative real axis side. The expressions for the Abate-Whitt
coe cients are given in [2, p.17] and recalled immediately

(Nodes and weights for all n)

2n

1= —

5
1k cot( H)+i ; 2 Kk n
1
1= ce!
= #

2 . .
z 1+i, l+cot( )®> icot(y) e; 1 k n

=~
|

=~
1

_ (k1)
=T

Numerical approximations of the shifted Dirac impulse function

(a) n=11 (b) n=25

Figure 3.1: Approximation of the shifted Dirac impulse with the Euler method

13



(a) n=12 (b) n=20

Figure 3.2: Approximation of the shifted Dirac impulse with the Gaver-Stehfest
method

Figures (3.1) and (3.2) illustrate the approximation of the shifted Dirac impulse with
Euler and Gaver-Stehfest methods. Those approximations take negative values while
Dirac impulse is strictly positive. As a consequence, positive and negative overshoots
can be expected on the inverse Laplace transforms which use those methods. Fur-
thermore, the factorials and the binomial coe cients in the expression of the weights
can cause numerical instability for high orders. This problem is avoidable for the Eu-
ler method by using the inversion formula in Section 3.3.1. For the Gaver-Stehfest
method, stability can be enhanced with the log or Gammaln function which veri es

8Xx2R x!=(x+1)= gBammaln (x+1)

An ultimate solution to stabilize these methods consists in numerically increasing the
oating-point precision in the calculations of the factorials and the binomial coe -
cients; which can be done with a multi-precision software.

3.4 Honath-Talyigas-Telek (HTT) method

In [3], Honath, Talyigas and Telek propose a method to numerically invert Laplace

Transform without positive or negative overshoots. That method approximates the
shifted Dirac impulse function by means of concentrated matrix exponential (ME)
distributions which can be expressed as linear combination of complex exponentials.

14



3.4.1 Background on matrix exponential distributions

De nition 3.4.1. In probability theory, matrix exponential distributions have proba-
bility density functions of the form

fe®= Ae™1; t O

where 2R!" A2R" "and12 R" 1is a column vector with one as coe cients.

A random variable with pdf of that form is said to be ME( ; A)-distributed; and as
discussed in e.g [9, Section 2.1], a given ME distribution can be represented by multiple
pairs, e.g ( 1;A;) and ( 2;A,) whereA; and A, have di erent size.

De nition 3.4.2. The class ME(n) contains matrix exponential distributions which
have a representation of order at most n.

De nition 3.4.3. If a random variable X isME ( ;A)-distributed, such that and
A satisfy the following assumptions

1. ; O

2.A; O

3. Ajj Ofori6 |

4. All the components of the vectoAl are negative

then X is said to be phase type (PH) distributed d?H( ;A)-distributed.

Proposition 10. The probability density function ofME ( ;A) distributions have the
following Jordan decomposition

xk mulx i) 1
fME (t): Gij tjeit
i=1  j=0
where 1; ; x with K n are the eigenvalues oA, mult( ;) is the multiplicity of
i and ¢; are complex numbers.

If any eigenvalue ofA has multiplicity equal to one, then the Jordan decomposi-
tion transforms f,,. into a linear combination of complex exponential function; which
means that concentrated matrix exponential distributions can be used for numerical
inversion of Laplace transform. The most commonly used measure for concentration
is the squared coe cient of variation. The minimum scv is known analytically for
phase-type distributions with the following result, proven by Aldous and Shepp in
[10].

15



Theorem 6.

. 1
min  sc\X) = —
X2PII-|(N)SV( ) N

and the equality is obtained for the Erlang distribution of parametéN; ) with > 0.

3.4.2 ME based inversion method

Back to the inversion problem, Honath, Talyigas and Telek [3] propose to approximate
the shifted Dirac impulse with matrix exponential distributions as follows

(NY1)=2 Xn ( )
eW=ce' cos (It )= e '+2 Real (e (3.3)
i=1 k=2
whereN is an integer andc, ,! 1; »; , (n 1= are real numbers, optimized to

minimize the squared coe cient of variation. The optimization is done with a standard
heuristic search algorithm [11, Section 2.8]. Further details about that optimization
process and a list of optimized coe cients are given in [12, Section 3.3] and [13, Section
3]. In this method, the nodes ¢ fork =1; ;n share the same real part but have

(a) HTT n=10 (b) HTT n=24

Figure 3.3: Approximation of Dirac distribution with the HHT method

di erent imaginary parts, forming an arithmetic sequence. Figure (3.3) depicts the
resulting distribution and unlike those of the Euler and the Gaver-Stehfest methods,
this function only takes positive values; which prevents positive or negative overshoots
in the inverted transform. Further numerical optimization carried in [13, Section 3.4]
suggests that the convergence of the squared coe cient of variation is quadratic and
follows the asymptotic law

2
scv(X) NZ
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Chapter 4

General matrix exponential inversion
method

4.1 Principle

We now introduce a general framwork to approximate the shifted Dirac impulse about
the abscissat = 1 with matrix exponential distributions; as a generalization of the
Honath-Talyigas-Telek method. Our work is focused on matrix exponential distribu-
tions expressed as products of trigonometric functions.

De nition 4.1.1. ( -form) The product form or -form of the distribution function
is de ned as follows

JM=e' cod wt+
k=1

whereN and are positive integers; the decay coe cient and the modal frequencies

numbers. The termscogwgt + ) in the product are referred to as the -modes.

The -form can be interpreted as a product-wise superposition of trigonometric func-
tions. The global exponent 2 is intended to make the resulting function positive, as
for the HTT method. We carry on by noticing that this product can be transformed
into a sum of other trigonometric functions. To illustrate that property, we examine
a classic trigopnometric formula which relates a product and a sum of cosine functions

2 cogx) cogy)= cogx+y)+ cogx ) (4.2)

Such transformation remains feasible when the product includes powers of trigono-

repeatedly to reconstruct the individual powers before considering the global product.
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4.2 Linearization of the product form

A consequence of Equation (4.1) is that the -form can be rewritten as a sum of
trigonometric functions. We choose to express this alternative form fof, as a linear
combination of complex exponentials in order to remain within the boundaries of the
Abate-Whitt framework. The linearization process is summarized immediately.

Theorem 7. (Euler's identity) Let x 2 R andi such thati?= 1

eix+eix

coqx) = >

Theorem 8. (Binomial theorem) Let n 0 be a integer andx;y) 2 C2.

X n
(X+ y)n — . Xkyn k
k=0
Step 1: Each -mode is transformed into a sum of conjugated complex exponentials
via Euler's identity

|
dWpt+ ) 4 @ i(Wpt+ ) 2

— t
p=1
Step 2 : The Binomial Theorem is then applied to each -mode
" #
et W X 2 _
(t)y= —— glke IWpt+ ) (4.3)
N 4N _ kp

p=1 kp=0

Step 3 : The product is expanded and the binomial coe cients are separated from
the complex exponentials
n #ll #
_et X Yo itky )(Wpt+ p)
NOERT SR (4.4)

kiiko;inkn =0 p=1

p=1
Step 4 : The product of complex exponentials is transformed into a single complex

exponential, then the modal frequencies and the modal phases are separated
n # h P P i
et X Y2 2 Bale et Rt )

AN K
kikoiinkny =0 p=1 p

v (0= (4.5)

18



Equation (4.5) depicts the expected linear combination of complex exponentials that
we now simplify by introducing the following quantities

(a) The combinatorial set K = f0;1;:::;2 gV

P
(d) The semi-frequency W(k) = = . (kp )W,
P
(e) The semi-phase (k)= L (ky ) p
The linearized -form is then given a more compact expression that we call: sum form.

De nition 4.2.1. ( -form I) The rst sum form or -form | of the distribution
function is de ned as follows
n #

X 2 ,
N(t)z e t eZI t W(k)+( k)

Kk

k2K

The derivation of the -form | proves that the -form can be rewritten in a form
which is compatible the Abate-Whitt framework and constitutes the starting point
for further analysis. We can remark that the nodes are entirely determined by the
decay coe cient and the semi-frequencies, while the weights are determined by the
combinatorial factors and the semi-phases.

4.3 Semi-frequency classes

In virtue of Proposition 10, semi-frequencies constitute the imaginary parts of the
eigenvalues of the matrix associated to these ME-distributions. Then as indicated by
their de nition, the semi-frequencies are completely determined by the modal frequen-

are generated by a function that we call: modal frequency generator.

De nition 4.3.1.  The modal frequency generator is de ned as follows

o N!T R
p7lw
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With that function de ned, we now introduce a class which extends the concept of
semi-frequenciesV (k) = gzl(kIO )W, and constitutes a starting point for the
analysis of the properties that they inherit from modal frequencies.

De nition 4.3.2.  Semi-frequency class (SFC)

( )

X
() = ke ) @] ,2F(N;R); k2f0;1;:::;2 ¢
p=1

4.3.1 Polynomials semi-frequency class

We can further observe that standtard functions can be approximated by polynomials;
either with Taylor's theorem for di erentiable functions or with Lagrange polynomial
interpolation theorem.

Theorem 9. (Taylor's theorem) Let n 1 be an integer and let the function
f:R! R be n times dierentiable at the pointa 2 R, then there exists a function
h,: R! R such that

X §0(q)
k!

f(x)= (x @“<+h(x) (x &

k=0

Theorem 10. (Lagrange polynomial interpolation theorem)

Let (X1;¥1); (X2;¥2);  ;(Xn;Yn) be data points such that no twg; are identical. Then
the polynomial " #
X Y ox x
P(X)= W J
_ e Xk X
k=1 j=1;j6k

is the unique polynomial of degree n that satis eB(xx) = yx for k=1;2;:::;n

Taylor's theorem is essential for MacLaurin Series and power series. It is particu-
larly e cient for functions which have simple expressions for their derivatives; such
as exponential functionsf Dke* = ¥e* g, power functionsf D*x" = (n”!k)!x” kg or
trigonometric functions f D¥cog(x) = cogx + -)g. However, not every function is
di erentiable or has simple derivatives; so the Lagrange polynomial interpolation the-

orem provides an alternative to Taylor's theorem since it only requires values of the

function. Although applicable for any function, the interpolation can diverge when not
enough values of the function are given. These theorems give rise to the introduction
of the subclass of SFC in which the modal frequency generator is a polynomial.
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De nition 4.3.3.  Polynomials semi-frequency class (P-SFC)
(N; ) — ( X ; . A N)
p = ko ) (P X)2RI[X] k2f01:::;2 ¢
p=1
In this de nition for the polynomials semi-frequency clasgor simply polynomials class)

, N and the class indexr are positive integers. FurthermoreR,[X] stands for the
set of polynomials of degree at most r and with real coe cients; which implies that
JX)= ax'+a x'" 1+  +ax+ apwhere @ a;;:::;a) 2 Rt "D This class

is by construction a subclass of ™' ) sinceR,[X] is a subset ofF (N;R). Moreover,
the sets of polynomialsR,[X ] form an increasing family of sets because any polyno-
mial of degreer can be seen as polynomial of degree- 1 with zero as the coe cient

of X1 . The polynomials semi-frequency class inherits that property, which can be
summarized with the following inclusions

4.3.2 Monomials semi-frequency class

The polynomials semi-frequency class can be further reduced by observating that any
polynomial is a linear combination of monomials. As a result, we can de ne the
subclass of (V' ) in which the modal frequency generator is a monomial.

De nition 4.3.4. Monomials semi-frequency class (M-SFC)
| ( N )
ND)= 1 (k, j!2R;, k20152 M
p=1

Again by construction, the monomials semi-frequency clagsr simply monomials class)
veri es the inclusion ™ (N ) and constitutes the main area of investigation in
the next chapters. It is already remarkable that the HTT method is in this particular
class wherr = 0. A complete reinterpretation of that method is done in Section 5.7.
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Chapter 5

Monomials class

This chapter focuses on the properties of distribution functions in the monomials semi-
frequency class. First, we discuss main properties of that family of matrix exponential
distributions. Then, we propose a general method to calculate the Abate-Whitt coef-
cients. Finally, we give a new interpretation of the HTT method. In the general case
of the monomials class, the -form has the expression

W

J(=ce' cod k't+ | (5.1)

k=1
whereN and are positive integersr 2 N is the class index, 2 R* is the decay
coecient, ! 2 R* is the main frequency and (1; »;:::; n) 2 RN are the modal
phases ancc 2 R* is a normalization constant.

5.1 Properties of the semi-frequencies

In order to study their properties, we introduce a function which generates the semi-
frequencies in the complex exponentials of the-form corresponding to the -form
from Equation (5.1). That function is dened on K = f0;1;:::;2 ¢V and referred
to as the semi-frequency generator.

De nition 5.1.1. The semi-frequency generator is de ned as follows

cfo L2 gVl R

X
K711 (kg )P

p=1

Remark 4. From now on,r; and! are considered to be xed parameters.
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Proposition 11. The semi-frequency generator can be rewritten as the inner product

D E
(=1 k  Lp'

in RN 1, and h; i is the canonical inner product ofRN 1.

This result is straightforward and is due to linearity of sums. A particular consequence
of that alternative form is that ,( 1) = 0. Such identity means that 1 is mapped
into the zero semi-frequency, which accounts for a constant term in theform. That
constant corresponds the mean value of as shown in Section 5.5.1.

Proposition 12. (Anti-re ection) The semi-frequency generator veri es the identity
21 k)= (k)

Proof. It is a direct consequence of properties of the inner product

D E
121 k 1:p
D E
1 k;pf
D E
Ik 1;p'

(k)

(21 k)

]

The anti-re ection implies that any positive semi-frequency has a negative counterpart;
which is due to the expansion of the -modes into complex exponentials via Euler's
identity. Furthermore, symmetries in Pascal's triangle give the following result
n # n #
2 1 Y2 1 Y2 2

21 k 4Tp:1 2k 4Tp:1 Ko k

So Proposition 11 and the symmetry of combinatorial factors guarantee that the re-
sulting distribution function is real-valued because conjugate complex exponentials are
grouped together to reform a cosine function.

Proposition 13. (Jensen's equality) If is a real number on the interval [0;1]u and
v two vectors inK , then

pour@ v = ((u+@ ) (V)
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Proof. The demonstration is based upon the linearity of the inner produch; i and

the trivial vector equality 1= 1+ (1 ) 1.
D E
, u+(1 Ww =! u+( WV 1;p"
D E
=L (u L+ v 1)y
D E D E

bou Lpt v (@ ) v Lp
(W@ ) V)

]

Jensen's equality implies that any semi-frequency belongs to a segment whose end-
points are the minimum and the maximum value of ,. Accordingly, they can be
calculated via linear combinations of those extrema. Then in order to determine the
minimum and the maximum of _, the contribution of the components of the input
vectors must be examined; which leads to the next proposition.

Proposition 14. The semi-frequency generator admits a minimum (resp. a maxi-
mum) in K for the input vectorO (resp. 2 1).

@) minf .g= ,(0)= ! hL;p"i
(i) maxt ,g= ,(2 1)= ,(0)=! Hpi

Proof. The minimum value of , is obtained when all the individual contributions

Kp are minimal. That situation occurs whenk = 0. In such case, , has the
value ,(0)='H0 1;p"i = I hL;p"i. Then Proposition 12i.e anti-re ection
guarantees that the maximumis ,(2 1 0)= ,(0) m

Proposition 15. The semi-frequencies are all multiples df in the closed interval
de ned my the extrema of the semi-frequency generator i.e

8k2K ;9m2Njm! 2 (0); ,(0) and (k)= m!

Proof. The Jensen equality implies that all semi-frequencies are in an closed inter-

val, bounded by the extrema of ,. In virtue of Proposition 14, that interval is
.(0);  ,(0) . Furthermore, the sum in De nition 5.1.1 involves only subtractions

and multiplications of integers; therefore, any output of , is a multiple of ! . ]
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We continue with the development of a potential parametrization of the semi-frequencies
with the real number from Proposition 13. The idea is to seek for a general form for
a vector k which generates a given semi-frequencey! . First of all, we use Jensen's
equality to parametrizek in the foom k =2 1+ (1 )0; which leads to the
semi-frequency ,(k ) = (1 2 ) ,(0). Then, we apply Proposition 51 to write

.(k )= m! for some integerm 2 0; hi;p"i . From these two expressions for the
semi-frequency, we can deduce the equality

m!
2 =1
.(0)
The original input vector is then given by the relationk = 1+ hlerl 1
Although this parametrization gives a general form for the input vectors, it is only
valid for m=0and m = hl;p"i. This is explained by the fact that those vectors

are notinf0;1;:::;2 gN. However, if we ignore that infringement and consider the
special case =1, then the N-th root of the combinatorial factor becomes

n #1=N n #1:N
2 1 2 _ 1=2
= = N =
<t et L+ 11 e !
If x = =™~ and the factorials are replaced with their de nitions with the gamma

hl;p"i
function; followed by the application of Euler's re ective formula, then the expression
for the N -th root of the combinatorial factor can be simpli ed as follows

#1-n

2 B 1=2 3 1=2 sin(x )
K T @+ x)x@T x)(x)@ x) @+x)@ x) X

(5.2)

Theorem 11. (Euler's re ective formula)

(20 (1 Z):sin(z) z6Z

The singularities of Equation (5.2) correspond to the cases wheke is the single vector
which generatesn! i.eform=0and m = h 1;p"i. In practice, that expression is not
applicable because , is not an injective function. Besides, nding all the antecedents
of a given semi-frequency is equivalent to solving a non trivial combinatorial problem,
see Section 5.5.
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5.2 Pseudo-periodicity

As mentioned in Proposition 15, all semi-frequencies are multiples of the main fre-
guency. Subsequently, they share a common period that we now determine. To start
with, we can notice that any integerm 2 0; hl;p'i is associated to the semi-
frequencies m! . The corresponding period is given by the relation

2
T.= — = —
™ 2oml m!

We can inject this expression in the -modes to determine the optimal value ofm

r

cod K'(t+ Tm)+ x =cos k't+!k'Tn+ ¢ =cos lk't+ kﬁ+ ‘

Since the trigonometric functionx 7! cog(x) has period , the optimal value of m is
such that k"=m is an integer fork =1; ;N; which is only possible fom = 1.

De nition 5.2.1. (Pseudo-period) The -modes share a common period, referred to
as the pseudo-period and de ned as

T:!—

Proposition 16. (Auto-similarity) If t 0 is a real number then the distribution
function veri es the relation

JErT)=e T (1)

Proof. To prove this result, we apply the property of the pseudo-period to calculate
the image of the inputt + T with the distribution function.

\N
L+ T)y=e D cog Ik (t+T)+
k=1

Y\I
=e T cod k't+
k=1
=e T ()
O

The auto-similarity indicates that the oscillations of the -modes are periodically
damped with a logarithmic decrementT . So in order to concentrate the distribution
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at the point t = 1, that decrement ought to be large enough such that oscillations
after the rst period are negligible. For instance, can be chosen such that in the
second period, the amplitudes are 20r 1(° smaller than in the rst one.

5.3 Reduced moments

As discussed in the previous section, the auto-similarity reduces the analysis of the
distribution function to the rst period when the decay coe cient is large enough.
Intuitively, we can expect the integral in the de nition of the moments to be reduced
to the rst period only. This conjecture is formally proven with Theorem 13.

De nition 5.3.1.  (Complete moments) The n-th order complete moment of, is
de ned as follows Z,

mp = t" | (t)dt
0
De nition 5.3.2. (Reduced moments) If T is the pseudo period then the n-th order
restricted moment of  is de ned as follows
Z
n = t" | (t)dt
0

Proposition 17. The Laplace transform of , veri es the relation

1 Z1

— t .
W (8) = 1 e G OT . e*® , (Odt;  Real(s) >

Proof. The Laplace transform of , can be directly obtained with Property 8 and the
frequency shiftproperty. Nonetheless, we outline the elements of proof below.

Z 1
L(8) = . e | (t)dt

A’ Z (k+1) T

= e (t)dt (Chasles relation)
DS Z (k+1) T

= e STk (u+ KT))du (Substitution t=u+kT)
b3 Z1

= eksIT e sv (u)du (Auto-similarity)
— 0
k=0 . 7 ;

=1 e G T . e ! (u)du (Geometric series)
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5.3.1 Reduced moments theorems

Theorem 12. Reduced Moments Triangulation (RMT)
If n is a positive integer, then the n-th order complete moment of is a linear
combination of reduced moments of orders at most n. More precisely,

X n d . 1

. —_ 1 = k
8n2N,mn—koan;k c withawe =( 1" o T g @T
- s=0

Proof. To prove this result, we use the Laplace transform as a generator of the
complete momentof a random variable. Then we apply the General Leibniz rule,
which expresses the derivatives of a product of two functions as linear combination of
products of their individual derivatives.

m=( L e

ClSn s=0 Z )

—_ ndn 1 T st

(Ve T ewor , &7 wd

( ) = 5 )

Xn ok 1 o TT

=C D K d" K 1 e G+ T as e (D
k=0 s=0 0 s=0

The rightmost derivatives simply as follows

|(( Z . ) .
est (dt = (Hk (®dt=( 1<
0

s=0

@
a

]

The RMT transforms the improper integral in the de nition of complete momentsnto
a sum of nite integrals. However, such reduction is compensated by the fact that the
coe cients a,x for k = 0; ;n are derivatives of a composition of functions. Yet
without explicit di erentiation, we can note that a,, is independent ofn as follows

_ 1
Gun = 7o T
The remaining coe cients can be calculated recursively in the ordea,., 1;ann 2; ; 8n:0-
Corollary 1.  If nis a positive integer,m = (mg;my;; ;my)land =( o 1;; ; o),

then exists ann  n lower triangular matrix T,, such that
m =T
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Proof. In virtue of the RMT, the coe cient of T,, are de ned as follows
8
T = ag Ifj I

- 0 otherwise

]

As mentioned earlier, the information contained in the distribution ought to be con-
centrated into the rst period when the decay coe cient increases. Without further
calculations, it is straightforward that a,., approaches 1 for ! 1 . Therefore, to
show that the complete momentsconverge toward thereduced momentswe have to
prove that any coe cient outside the principal diagonal of T,, approaches zero when

gets larger. To that end, we can apply Faa di Bruno's formula; which generalizes
the chain rule to higher derivatives for a composition of functions.

Theorem 13. (Fa di Bruno's formula)

n!

X
(n) —
T 9700= T myizme  myinim

Yoo
fome rmigx)) gV
j=1

Wheremq; my; ; M, are positive numbers such thalm;+2m,+3ms+ +nm, =

In Faa di Bruno's formula, f and g are considered to be di erentiable enough such
that their k-th derivative for 0 k n are well-de ned. Then, the n-th derivative of
f gis expressed in terms of sums of products of derivativesfofand g.

Theorem 14. Reduced Moments Convergence (RMC)
The complete moments converge toward the reduced moments as the decay coe cient
grows larger. Which is summarized with the following points

(l) lim 11 Gnn = 1
(i) limy a,p =0 for0 p<n
(i) 8n2 N;lim ; my,= |

Proof. The rst results (i) has already been discussed. For the other cases, the func-
tions of interest for Faa di Bruno's formula aref : x 7! ﬁ andg:x 7! e ™. Those
functions are both in nitely di erentiable and their k-th derivatives are de ned by the

equalities
k!

00 = e
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gV =( T)e ™

The application of Faa di Bruno's formula gives the following result
n #
n! (ml + + mn)!
mq! 1M1 mj,! 2Im2 mp!n!mn (1 e TX)mi+ +mn+l

(f g)(n)(x): X ( T)n e X T(mi+ +my)

Given their de nition with the RMT, the terms outside the principal diagonal of T,

correspond ton 6 0 in Faa Di Bruno's formula. The exponential term enforces the
convergence to zero ag grows larger, hence (ii). The last point (iii) is simply the
applications of (i) and (ii) to the RMT. ]

We continue with an illustration of the RMT and the RMC on a practical example.
To that end, we have calculated the rst three moments ofy. Ifa=e T ,b=1 a
and c= ¢ then we can write the matrix equality

2 3 2 32 3
mO 1 1 0 0 0
Imé=18 e 1
m, T?(c+2¢?) Tc 1 2

It important to notice that this equality is homogeneous from a physical viewpoint.
In fact, if the period T has the dimension oft, then the product T o has the same
dimension as ;. Which entails that m; is homogeneous to time, as we could expect.
The same analysis is applicable to the other moments. Finally, it is straightforward
that a! 0,b! landc! Owhen !1 . Therefore, we obtain the expected result.

2 3 2 32 3 2 3
Mo 1 00 0 0

im mt=90 1 &9 £=9 &
' m. 0 01 2 2

With the RMC, the complexity of computations involving the moments of the distri-
bution can be tremendously reduced if is large enough. In practice, it is the case
because all the information about the distribution must concentrated into the rst
period, precisely at the pointt = 1.

5.4 Nodes

We continue the analysis of y with a simpli cation of the -form I, in virtue of the
properties of the semi-frequency generator. The rst elements to consider is anti-
re ection and symmetry of combinatorial factors which guarantee that y is real-
valued. In fact, any positive semi-frequency has a negative counterpart that can be
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grouped together with Euler's identity, as mentioned in Section 5.1.

Proposition 18. (Order of approximation) The order of approximation for the Dirac
impulse function corresponds to the number of pairs of positive-negative semi-frequencies.
The general expression for the order is given by the following relation

Order(r; ;N )=1+ hi;p"i

Proof. This result is a consequence of the fact that any semi-frequency is a multiple of
I in the interval ,(0); ,(0) . And as mentioned before, pairs of negative-positive
semi-frequencies are grouped together to form a cosine function, in virtue of Euler's
identity. The extra term "1" accounts for the pair of semi-frequencies (0; +0). ]

Knowing the exact order of approximation of the shifted Dirac impulse, we can move
forward by proposing a new expression for the-form, explicitly in the Abate-Whitt
framework.

De nition 5.4.1. ( -form 1I) The sum form has the alternative form
REp"i _ _
N(t) - e t keznkt + e 2itkt
k=0
where  for k =1; ; hl;p"i are complex numbers which account for the combina-

torial factors and the semi-phases;, are their complex conjugate numbers.

Proposition 19. ( -form Ill)  The sum form has the third alternative form

REip"i _ !

,1)=2e ' Real W

k=0
The -form Il is obtained with the application of the identity z+ z = 2 real (2).
The factor "2" in the arguments of the exponentials originates from the fact that any
frequency is twice a given semi-frequency. Subsequently, we can deduce a close form
expression for the nodes in the Abate-Whitt framework.

Proposition 20. (Nodes) The node of y have the same real part and imaginary
parts forming an arithmetic sequence with common di erence factd?! .

K — 2ilk

This result was proven recursively in [13, Appendix], for the cage= 0.

31



5.5 Calculation of the weights

We now focus on the remaining unknowns, the weights. As mentioned in Section
5.1, their calculation requires to solve a combinatorial problem because the nodes are

de ned as follows X " H#
_ 12 b
k2K j ;(k)=p!
It is di cult and impractical to apply this de nition for large values of N. That is the

reason why we propose two methods to bypass that shortcoming.

5.5.1 An integral based method

A rst method is based upon the orthogonality of complex exponentials such that the
weights are calculated in the same way as the coe cients of a Fourier series.

De nition 5.5.1.  (Projection integral) If k and p are positive integers on the interval
[0; hi;p"i] then the projection integral is de ned as

YA T
I (k, p) = I(e2i!kt + e 2itkt e 2ilpt dt T = |_
O .

Proposition 21. The integral projector | (; ) is derived from an hermitian inner
product and veri es the following relations

(i) 1(0;0)=( ot o) T
@i 1(p:p= p T
(i) 1(k;p)=0ifk6p

Proof. Let us assume thatk 6 p, then the projection integral becomes

Z
I (k,p) — ke2i!kt + e 2itkt e 2ilpt dt
o T " #T
g2l (k p)t g 2t (k+p)t
= - + -
“ 21k p . K T2 (k+ p) )
_ g2k p) 1 e 2i(k+p) 1
T K 2k p K Al k+p)
itk p) 21t (k+ p)
=0

Hence the result (iii). The result (i) is trivial since the exponential terms vanish under
the integral sign and the result (ii) follows the same principle as (iii). ]
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Proposition 22. (Weights) The weights of , in the Abate-Whitt framework are

given by the relations
!

P 4T W
0= 0= =— cos (Ik "t+ ) dt
2T o1
!
14T Y |
= T e 2 cog (lk"t+ ) dt
0

k=1
Proof. The rst step is to equate the -form and the -form II.
¥ g

e 0052 (!krt+ k)= et ke2i!kt + e 2ilkt
k=1 ‘=0

Then one replaces ' by e 2Pt | integrates over the rst period and gets
Z T A ! Keipti
e 2 cog (lk't+ ) dt= | (k:p)
0 k=1 k=0

Using the previous results on the values of(k; p), we can obtain the expression of each

individual weight. We choose the zero-frequency weightg and o to be real numbers.
In fact, their imaginary parts cancel each other, leaving only the real part. ]

5.5.2 Recursive method

Despite being simple to implement, the integral based method requires heavy calcula-

tions when N grows larger. The precision required is ever increasing as the complex

exponentials have high oscillation frequencies. So a more stable method is needed in
order to reduce the cost of computations and to preserve accuracy in the results. We

summarize, a recursive method for = 1 in the next 4 steps.

Step 1: For a given integerN, the -forms of ., and | verify the relation
!

()=cos I (N+D)'t+ . (D)

N +1

Step 2: The -formof  is expanded into the -form Il

REp" i ' _
y (t) = e t I(eZI!kt + e 2i'kt
k=0
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Step 3 : The cosine term is transformed into its complex exponential form. For
clarity, we use to designate

N +1

cog '(N+1)t+ = @ (IN+)Tt+ ) 4 5 o 20(L(N+D) "t )

NN

Step 4 : The product of these forms yields

INGER-NG

Rep'i

+ i e2i(! (N+1) "t+ ) ke2i!kt + e 2itkt
4 k=0
et , Pt _ .
+ e 2i( (N+1) "t+ ) ke2|!kt + e 2ilkt
k=0

The weights of ., can then be explicitly calculated from those of . In application,
only the terms with positive frequencies are relevant since the coe cients for negative
frequencies can be obtained with complex conjugation. In the light of this observation,
only the products € for(N+1)"+k Oand € for(N+1)" k O0are
relevant in the rst sum; whereas the products , € ? fork (N +1)" 0 are of
interest in the second sum.

5.6 Width of the distribution function

The approximation of the shifted Dirac impulse function about the pointt = 1 is
imperfect since the distribution function has a non negligible width, resulting from the
superposition of the -modes as shown in Figure (5.1). In this section, we determine
an upper bound for that additional measure for concentration by analyzing the-form.

De nition 5.6.1. The width  of the distribution function is de ned the greatest
di erence between two consecutive zeros gf in the vicinity of the pointt =1.

Proposition 23. The width of the distribution function veri es the inequalities

IN T
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(&) -modes (b) Superposition

Figure 5.1: Superposition of -modes in a normalized scal& = 1; ;10 forr =0,
I =2:7233. The phases arey are optimized to reducescv

Proof. The mode with the highest frequency in the -formiscos! Nft+ , . This
mode has the smallest period, thus also has the most zeros within a period. These
zeros can be parametrized as follows

1 1
NPT noi P2N

The relation between two consecutive zeros is given as the arithmetic sequence

Zp+1=ZP+I R

Hence the expression for the upper-bound of the width. O

We can note that the upper-bound of the width ignores the modal phaseg because
they only serve to shift the position of the zeros of the-modes on the real axis. So
an optimal parametrization of those phases leads to a reduction of the width and a
signi cant increase in the concentration att =1, i.e (1) is maximized.

5.7 Reinterpretation of the HTT method

We now reinterpret the HTT method within this framework. The original distribution
function in Equation (3.3) can be rewritten is the standard -form

\d
eM=ce' cog('t + y); M=(N 1)=2 (5.3)
k=1
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from which we deduce that the HTT method uses matrix exponential distributions in

the monomials class (" with index r = 0, general exponent =1 and M = N1,

The order of approximation of the shifted Dirac impulse function is given by the
relations

N+1

Order(r; ;M )=1+ h;p'i=1+ h;1li=1+ M =

This result for the order is strictly identical to the order which is given in [3, Section
4.4] and the -form Il simpli es to

wt)=2e ! Real e
k=0
The main frequency! and the modal phases;:::; u are obtained via optimization

in oder to minimize the squared coe cient of variation.
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Chapter 6

Unimodal method

In this chapter, we propose an inversion method without positive or negative over-
shoots and with explicit expressions for the Abate-Whitt coe cients. The shifted
Dirac distribution is approximated as follows

De nition 6.0.1.  (unimodal -form)
Jt)=ce' cosN It +

The coe cient in the general formula for the -form from Chapter 2 is not relevant
anymore, since it only changes the overall power fromN2to 2 N .

6.1 Weights and nodes

The -form can be expanded into the -form directly with Euler's identity and the
Binomial theorem. Which leads to the following propositions

Proposition 24. (unimodal -form)

c 2N t c X' 2N ( (N k)1t + ) 2N K)(1t + )) t
0= % + e tr)te? - e

N ¢ T k
k=0
Proposition 25. (order) The order of approximation of the Dirac impulse function

the in the unimodal class is linear a given by the expressi@rder(N) =1+ N

Proposition 26. (weights and nodes) The -form for the unimodal distribution func-
tion has the alternative form

X
L(t) =2 Real e K
k=0
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where the nodes are given by the expressions

= 2t (N k) 0 k N
k:4£NZkN SN K) 0 k N 1
1 ¢ 2N

NT 2 4NN

Remark 5. To improve numerical stability, the weights may be calculated via the
recursive method proposed in section 5.5

Remark 6. The normalization coe cient c ﬁorrespond to the inverse of theé" order
moment of density function i.el=c= mo= , y(t)dt= &

6.2 Optimal parameters

We continue by deriving the optimal expressions for the main frequency, the decay
and the phase. The ideas is to look for, as a sine function in order to take advan-
tage of the results lim, osin(x) = 0, sin(=2) =1 and sin( ) = 0. A preliminary
parametrization for the unimodal -form is as follows

J=ce' cogN 1t L+ ; ! = 5
The phase coe cient then becomes = =2+ and we can then notice thatif =0
then (0)=0, ,(1)=ce and ,(2)=0. In practice, the decay coe cient shifts
the argument of the maximum to a valuet 6 1. To o set this shift, we use the extra

term in the phase coe cient to cancel the derivative of the density function at = 1,
!

d
no= 2N! tan ! (t 1)+ . ()
dt
which yields = arctan 55~ . Therefore, the optimal phase coe cient is

= E arctan 2N—|

The decay coe cient is chosen such that the amplitudes in the second period are’ 10
times smaller than those in the rst period. This is equivalent to solving the equation
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n(T)=10 " y(0)ore T =10 "; which yields

_ I log(10).

r2 N

Figures 6.1a to 6.1b depict the resulting distribution function.

(a) order 10 (b) order 24

Figure 6.1: Comparison of the shifted Dirac impulse function with the HTT method
and the unimodal method

The convergence of the unimodal distribution toward the shifted-scaled Dirac impulse
function is slower than that of the HTT method. This behavior accounts for the use of
a single mode, which has a constant width given by the expressiop = - = 2. The
width is a constant as there is exactly one zero per period. The squared coe cient of
variation has been computed numerically up to N=4000 and follows the asymptotic
law

scv(X) OWZ

Figure 6.2: Squared coe cient of variation as a function of the order in loglog scale
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Chapter 7

Optimization for the monomials class

As mentioned in Section 3.4, the parameters of, must be optimized in order to
reduce the squared coe cient of variation. Those parameters are represented y=

1 5~ 2 RV*2 and the distribution function can be written more explicitly
as |, (t;x). Therefore, any quantity derived form it is also a function oi.

7.1 Squared coe cient of variation

We move on to deriving another expression foscv as function of x. To that end,
we rst recall that | is a matrix exponential distribution; thus must be normalized.
That normalization is equivalent to dividing all the moments bymy(x); which give
the new expression for then-th order moment,

My (X)
Mo(X)

My (X) =

from which we can derive the new expression for the squared coe cient of variation

Mo(X)mM2(X)
my(x)2

scV(x) =

7.2 Time derivatives of the distribution function

We now determine conditions of the derivative of , at t = 1, by analogy with the
standard normal distribution N (0; 1) of density functiong : t 7! p12:e  This func-
tion, also calledgaussian veri es that g“¥ has global maximumg“*)(0) and g®k*?
has global minimumg®<*? (0) for k 2 N. These results can be proven by induction
and are illustrated in Figure (7.1) fork = 0.
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Figure 7.1. Derivative of a gaussian

Similarly, the parameters of  have to be optimized such that ¥ has global maxi-
k . k 2 . . k 2 . . - .

mum “#K(1;x) and #**2 has global minimum “*2 (1;x). For simplicity and as a

follow up to the argument given for the reduction of the width of the density function

in Section 5.6, we can seek maximizeg (1; x).

7.3 Optimization strategy

In order to nd the optimal parameters we need to solve an optimization problem. In
practice, if f : RN*2 | R is an objective function, then we have ot ndx 2 RN*2
such thatf(x ) f(x) forall x 2 RN*2,

7.3.1 Gradient descent

When f is di erentiable, we can apply the gradient descent algorithm; which produces
successive candidatesy for k 2 N such that f (xo) >f (x1) > >f (Xn). The ini-
tial guessx is arbitrarily close to an optimum which may not be the global optimum

if f is not convex. In order to update the candidates, this algorithm uses the gradient
of f to nd the direction of steepest descent. For that reason, it is categorized as a
rst-order optimization algorithm.

The procedure is summarized in Algorithm 1. In the version presented, the step
size is a constant but this coe cient can be updated at each iteration in order to
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avoid overshoots or divergence from the optimal solution.

Algorithm 1

1. procedure GradientDescent (n; ; ;f; Xg)

2: X = Xo

3: for i 1;n do

4: if kr f(x)k< then

5: return x . Optimal solution found
6: else

7: X = X r f(x)

8: end if

9: end for

10: return X . Maximum iteration reached

11: end procedure

7.3.2 Gradient of the squared coe cient of variation

In order to apply the gradient descent tascv, we have to calculate its partial derivatives
with respect to the parameters. For the general case,Xf is a component ofx, then
by logarithmic di erentiation we have

@scv. 1@y 2@m._1@m

— = —_— —+ ——— scv
@x mp @x m; @x m; @xX
Z Z
@_rB = ’ tp % dt = ' tp @ng N 9 dt
@x Q@x 0 @x §
: . P
The logarithm of | has the expressionldg,g= t +2 ,_, log cos!k "t+

from which we can calculate the partial derivatives with respect to the parameters

@ogf g

— = T = 7.1
@ (7.1)

dodt 9 _ 2tan 'k "t+ (7.2)
@«

X

@odt .9 _ 2t k'tan 'k "t+ (7.3)

@I k=1

Remark 7. Given thatt 7! cog(t) has period , the modal phases can be restricted
to the interval [0; [ ; which is done with the modulo function.
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Remark 8. For the rst guessxg, we can choose =1 and randomly select 2 [0;2 [

The gradient descent algorithm applied to the squared coe cient of variation generally
nds a satisfying set of parameters. However, it requires heavy calculations because
any partial derivative of a moment involves an integral. Although they can be reduced
with Theorem 14 by choosing a large enough value for this method remains expen-
sive for largeN.

7.3.3 Gradient of the peak of the distribution

An alternative method to reduce the cost of computation is to optimize in order to
minimize (1;x). That quantity has the less expensive partial derivatives

@ E.D(l;X) (@:x) (7.4)
@ ,(1x) “2tan(tk "+ ) L (LX) (7.5)
@«
: X
@ W) 57 (kT ) L (@x) (7.6)
Q! k=1

This second method is a cheaper and faster than that with the coe cient of variation
as it does not involve any integral. As mentioned earlier, we only useg (1;x) but
higher time-derivatives of  (t; x) can also be used. A strategy for the rst guess is
as follows : ifu =[ ;! ; ;; ; n]12 RN*2 is the optimal solution for N, then the
rst guess for N + 1 is as followsxo =[1;! ; ;5 ; N ]with N (0; 1).

7.3.4 Hybridization of (1+1)-ES and gradient descent

We now examine a hybrid optimization algorithm which mixes gradient descent and
standard evolution strategy [11, Section 2.8]. The idea is to replace the generation
of candidates via perturbations via a normal distribution sampling by the gradient
descent based upon | (1;x). Those candidates are then evaluated with the squared
coe cient of variation and the one with lowest scv is selected as the best solution.
To ease the notations, we rede ne the objective functions a(x) = scv(x) and
fi(x)= , (L;x). It pisthe maximum number of candidates, the targeted precision,

n the maximum number of iterations per candidate, the step size andu the optimal
solution for then we can de ne Algorithm 2 and Algorithm 3 as follows

N 17
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Algorithm 2
1: procedure InitialGuessGenerator (u)

22 Assertu=[ ;! ; ;5 ;N 2RV . General form foru
3 Sample N (0;1)
4. x=[10 5 4 N ]

5: return x
6: end procedure

Algorithm 3
1: procedure ES-GD (p;n; ; ;f o;f1;u)

2: Initialize x = 02 RN*2

3: Initialize =1

4 fori 1;pdo

5: Xo = InitialGuessGenerator (u)

6: c = GradientDescent(n; ; ;f 1;Xo)

7 ¢ = fo(c)

8 if ¢< then

9: X =¢C . Better candidate found
10: = ¢

11: end if

12: end for

13: return X . Best candidate returned

14: end procedure

For the general case, that algorithm produces better solutions than single gradient
applied tof,(x). That is explained by the fact that it takes advantage of the increase
in speed with the replacement of fy(x) by r f1(x) and the natural selection enforced

by fo(X).

Remark 9. The dierential entropy is can also serve as a second selection function,
along with the squared coe cient of variation. But practical computation of the entropy
requires special attention because themodes cancel at several time points; which can
introduce numerical instability with logf  g.
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Chapter 8

Numerical results

The hybrid optimization method discussed in the previous chapter has been applied to
the monomials class of indices=0and r =1 when = 1. In this section, we present
the global performances obtained with these methods in terms of concentration of the
resulting distributions and accuracy on the inverted transforms.

Coe cient of variation: numerical results con rm the asymptotic law unveil in

[13]. As shown in Figure 8.1, the squared coe cient of variation decrease linearly in
a logarithmic scale as the order increases. A general conjecture for that asymptotic

Figure 8.1. Squared coe cient of variation for the monomials class(=0 and r = 1)
and the unimodal class
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behavior in the monomials class can be summarized as follows

CH
r

SCV 2

From numerical optimizations carried in this work, we havea, 1:.9901 anda; 2.

Di erential entropy : we have calculated the di erential entropy over the rst pe-
riod. Figure 8.2 depicts the expected behavior i.e a decreasing entropy as the order
gets larger because all the information about the distribution is getting concentrated
at the time point t = 1.

Figure 8.2: Entropy for the monomials class with indices=0andr =1

Overall, these two measures tend to con rm that the optimization determines optimal
parameters for the approximation of Dirac impulse function. However, we have yet to
nd out if the functions used numerical optimizations exhibit convex behaviors that
the solution that we get are global optimums.
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Inversion of Laplace transform of the unit step function

(a) n=21

(b) n=201

Figure 8.3: Inversion of the step functiorf (t) = u(t) with the optimized monomials
methods, the Euler method and the unimodal method for ordens = 21 and n = 201.
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Inversion of Laplace transform of a delayed exponential function

(a) n=21

(b) n=201

Figure 8.4: Inversion of the delayed step functioh(t) = u(t 1) e ! with the optimized
monomials methods, the Euler method and the unimodal method for orders= 21
and n = 201.
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