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Abstract

Our understanding of the internal mechanisms by which neural networks represent and operate
on their inputs is very poor, in part due to polysemantic neurons that respond to multiple
unrelated features of the input. The superposition hypothesis posits that this occurs because
models learn to represent more features than they have neurons. Most research on superposition
focuses on feed-forward models and the implications of this hypothesis have not been extended
to more complex architectures, such as RNNs.

We investigate the internal representations of RNNs from the perspective of superposition.
Beginning with an exact analytical decomposition of the expected loss on a recall task, we develop
a theoretical framework that predicts and explains the geometric arrangement of features in the
hidden states of both linear and non-linear RNNs. We introduce a key distinction between
projection interference and composition interference and use this to explain why, under high
sparsity, the optimal strategy for non-linear models is to pack most of the task-relevant features
into just half of the activation space.
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Chapter 1

Introduction

Artificial neural networks have achieved widespread success on complex tasks, and yet the inter-
nal mechanisms learnt by these models remain very poorly understood. The ability to interpret,
at the level of individual neurons or groups of neurons, how neural networks represent and op-
erate on their input data would be profound: it would enable us to explain why a model made
a particular prediction, potentially unlocking a better understanding of the model architecture,
the task and of learning itself.

The development of such a fine-grained, mechanistic understanding has been significantly
hampered by the fact that information and computation in neural networks often appear to
be distributed across many neurons. For example, by analysing the activations of neurons in a
vision model, [1] found a neuron that clearly detects the presence of a car in the input image. One
might expect that subsequent layers of the model contained a small “circuit” of dedicated neurons
for further processing of the car feature but, in actuality, the neuron’s activation was spread
across many neurons that each appeared to be primarily responsible for something unrelated,
such as detecting the presence of a dog. These polysemantic neurons that respond to mixtures
of unrelated features seem ubiquitous in neural networks of all kinds: [2] found a neuron in
a language model that activates in response to academic citations, Korean text and HTTP
requests. Although neurons are the fundamental unit of model architectures, they do not appear
to be the natural unit for interpretability.

The superposition hypothesis [3] suggests that this polysemanticity is not the result of an
accidental misalignment between features and neurons, but an emergent compression strategy.
In tasks that require a general-purpose model of the world, such as object detection or language
modelling, features of the input are inherently very sparse: most things rarely occur and un-
related things almost never co-occur. For example, most tokens in general text data are not
part of an academic citation or an HTTP request and it is extremely unlikely for a token to be
part of both. The hypothesis posits that models learn to take advantage of this property by
ignoring the extremely rare cases of co-occurrence and using the space freed up by doing so to
represent more, unrelated features [4]. This naturally leads to a situation in which the model
represents more features than it has neurons, so each neuron represents more than one feature
and individual features are often partially represented by multiple neurons, thus explaining the
polysemanticity observed in practice.

Some initial work has been done to study superposition in feed-forward models using simple,
small “toy” models and tasks that provide a proof-of-concept setting for interpretability [3, 5, 6].
This line of research has not yet been thoroughly extended to more complex model architectures.

In this work, we study superposition and related concepts in recurrent neural networks
(RNNs) using toy models and a simple sequential recall task. This is a more challenging setting
than feed-forward models as it introduces a new, fundamentally different axis to the data: time.
Moreover, unlike other architectures, an RNN is a dynamical system, meaning that its future
behaviour depends on current state; this substantially complicates the analysis.
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CHAPTER 1. INTRODUCTION

Our approach is to isolate the temporal axis and focus primarily on superposition between
separate activations of a single feature through time. This has the benefit of removing all
interactions between different spatial features, meaning that our findings can be attributed to
the superposition of temporal features alone. We study the k-delay task, in which the model
must reproduce the input sequence delayed by k time steps. Since the model is not required
to transform the input sequence other than shifting it through time, this task is a pure test of
memory – a fundamental aspect of real-world sequential processing tasks.

Contributions

The main contribution of this work is a self-consistent and predictive theoretical framework for
understanding temporal superposition. In particular, for linear models:

• We refine the concept of interference introduced in [3] into two distinct phenomena: pro-
jection interference and composition interference (section 3.1.3). We argue that these
are fundamentally separate concepts and show analytically and empirically that they con-
tribute very differently to the loss and have different geometric implications (section 3.2.4).

• We provide an exact decomposition of the expected loss of an arbitrary linear model on
the k-delay task, splitting it into the sum of four geometrically interpretable terms that
corresponding to task error, projection interference, composition interference and a mean-
correction term (section 3.2.3).

• We prove that linear models that maintain finite mean-squared error as the input sequence
length goes to infinity must satisfy the echo state property [7], and find that in two
dimensions, the optimal geometric arrangement of features is a spiral sink (section 3.3.2).

• We provide detailed analyses of the mean-correction term and composition interference in
linear models, explaining why they arise in cases of input data with non-zero mean and
become negligible as sparsity is increased (section 3.3.3, section 3.3.4).

We then extend our approach to non-linear models:

• We prove an approximation to the k-delay loss for models with linear recurrence and
non-linear (ReLU) read-out and verify that this holds in practice.

• We argue that the ReLU read-out creates a half-space in activation space that becomes
completely free of all interference in the extremely sparse regime. We hypothesise that,
for sufficiently sparse inputs, models will learn to pack as many of their large activations
as possible into this half-space.

• We validate our hypothesis empirically and discover a phase transition in the optimal
geometric arrangement of features between the dense and sparse regime.

• We introduce a non-linear recurrence for which the linear representation hypothesis prov-
ably holds in the extremely sparse regime. We hypothesise that this non-linear model
should also exploit the interference-free half-space and verify this empirically.

• We show that the non-linear recurrence creates a privileged basis in activation space and
provide a geometrical explanation for how the non-linearity contributes to the increased
expressivity of the model.

Finally, we present the generalised hypothesis that, based on the findings in this work, there
exist reasonable conditions under which temporal superposition is fundamentally cheaper
than spatial superposition. This provides a promising direction for future research.
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Chapter 2

Background

2.1 Theoretical Background
In this section, we first recall the definition of a recurrent neural network and introduce echo
state networks. We then explain various ideas from the field of mechanistic interpretability and
discuss the findings of early studies of superposition in feedforward neural networks.

2.1.1 Recurrent Neural Networks
Recurrent neural networks (RNNs) are a fundamental class of artificial neural network architec-
tures designed for machine learning tasks that require sequential processing. Their distinguishing
feature is a hidden state that evolves through time: at each time step, the hidden state is up-
dated to integrate both new information – the input in the current step – and old information
– the previous hidden state; finally, the hidden state is used to produce an output in each step.

We recall the general sequence modelling task and mathematical description of an RNN, as
per [8, p.159-160]. For a given sequence of inputs, {xt}t=1...T , with all xt ∈ RNx , the model
is tasked with predicting the corresponding sequence of target outputs, {yt}t=1...T , with all
yt ∈ RNy . Within this report, we define an RNN as

ht = ϕh (Whht−1 +Wxxt) ,

yt = ϕy (Wyht) ,

where ht ∈ RNh is the hidden state after time step t; ϕh and ϕy are non-linear activation
functions; and Wh ∈ RNh×Nh , Wx ∈ RNh×Nx and Wy ∈ RNy×Nh are the learnt parameters of
the model. Note that the initial hidden state, h0, is typically initialised to 0.

The recurrent behaviour of an RNN can be visualised as a “rolled” diagram (Figure fig-
ure 2.1). This mechanism allows RNNs to perform computation over sequences, leading to their

h0 h1

x1

y1

h2

x2

y2

h3

x3

y3

h4

x4

y4

· · · = h

x

y

Figure 2.1: “Unrolled” and “rolled” forms of an RNN.
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CHAPTER 2. BACKGROUND

widespread application in natural language processing and time series forecasting [9]. Addi-
tionally, RNNs are frequently used in the neuroscience literature to model biological brains, as
almost all cortical areas of the brain are recurrently connected to themselves [10].

2.1.2 Echo State Networks, the Echo State Property and Memory Capacity
Echo state networks (ESNs) are a class of RNNs introduced by [7]. Their defining feature is a
large, sparsely connected hidden layer with fixed, randomly initialised recurrent weights. The
recurrent dynamics are usually non-linear, so even though the recurrent weights are frozen, the
output weights alone can be optimised to produce a wide variety of dynamics in the output by
reading out from the hidden state in specific directions. This makes the training of ESNs far
more efficient than that of RNNs.

Echo state networks are typically initialised to satisfy the echo state property, which states
that the hidden state ht should over time converge to a representation of only the input sequence,
with the contribution of the initial state approaching zero. Intuitively, this means the initial
condition is forgotten over time. For linear systems, such as an RNN with linear recurrence, the
echo state property is satisfied if the spectral radius of the recurrent matrix is ρ(Wh) < 1.

Memory capacity is defined by [11] as

MC =
∞∑
k=1

MCk, MCk = max
Wy

[
Cov2(xt−k,yt)

Var(xt−k)Var(yt)

]
.

Intuitively, the short-term memory capacity MC measures the sum of variance in the input
signal that can be recovered in the model output assuming an optimally trained ESN. This
corresponds to models being trained on the k-delay task, in which the model must reproduce
the input sequence with a delay of k time steps, so yt = xt−k. The authors show analytically
that the memory capacity of a linear ESN with an Nh-dimensional hidden state is at most Nh.

2.1.3 Features, Monosemanticity and Polysemanticity
Features

As discussed in [3], the concept of a “feature” is loosely defined in mechanistic interpretability,
but its use is motivated by the need to describe the interpretable properties of inputs that
neurons respond to. The authors offer three potential definitions:

1. A feature is any arbitrary function of the input. This definition is considered mostly
unhelpful by [3], as some features appear to form pervasively across models, suggesting
they are more fundamental than arbitrary functions.

2. A feature is a human-interpretable property of the input. The authors also describe weak-
nesses in this definition, such as the fact that there may exist genuine, useful features that
humans cannot (immediately) interpret. We remark that an example of such a feature
may already have been found: the game-winning “move 37” made by AlphaGo [12] was
universally unexpected and was initially assumed by experts to be a mistake [13].

3. A feature is any property of the input that, in a large enough neural network, would reliably
be represented by a dedicated neuron. This is the working definition used by [3], although
it is somewhat circular as it relies upon the authors’ predictions for representations in a
hypothetical “sufficiently large” neural network.

Monosemanticity and Polysemanticity

Monosemanticity is the property of a neuron to respond to only one feature. This makes the
behaviour of the neuron easily interpretable [3].

4



CHAPTER 2. BACKGROUND

In contrast, polysemanticity is the property of a neuron to respond to multiple unrelated
features, such as cat faces and the fronts of cars [14]. Polysemantic neurons are much harder to
interpret than monosemantic neurons, as the activation of a polysemantic neuron could be due
to any one (or more) of a set of unrelated features [15].

We note that monosemanticity and polysemanticity can be thought of as roughly analogous
to the concepts of pure and mixed selectivity in neuroscience, although these concepts were
developed independently of each other and in different contexts.

Linear Representation Hypothesis

Motivated by empirical observations and theoretical arguments, the authors of [3] propose the
linear representation hypothesis, which describes the representational geometry of features by
two properties. Firstly, representations are decomposable, meaning that they can be described as
combinations of independently understandable features of the input; secondly, representations
are linear, meaning that each feature is represented by a direction in activation space.

The linear representation hypothesis is supported by some findings and contradicted by
others. The authors of [3] use word embeddings and the existence of latent spaces in generative
models as supportive evidence for linear representation. On the other hand, [16] presents a
counterexample to linearity in which features are represented by magnitude rather than direction.

Privileged and Non-Privileged Bases

As described in [3], a privileged basis is one in which the basis directions in activation space
are special in some way, due to the network architecture. This most commonly arises when
neurons activate according to a non-linear activation function: since the non-linearity is applied
to each neuron independently, the action of the non-linearity can only be understood in terms
of the standard basis. Consequentially, a privileged basis is one in which the basis directions are
encouraged to be interpretable and, conversely, linear representations of features are encouraged
to be basis-aligned. The authors note that the existence of a privileged basis does not guarantee
basis-aligned linear representations of features – it just means there is a reason to pay special
attention to the basis directions.

Correspondingly, a non-privileged basis is one in which the basis directions are no more
special than any other set of directions. Theoretically, this situation arises in linear network
layers, such as word embeddings and the transformer residual stream [3]. In practice, basis-
alignment has been observed even in these cases, most likely due to per-dimension normalisation
in optimisers such as Adam [17].

2.1.4 Superposition
As per [3], superposition is a strategy for representing n features in fewer than n dimensions; this
occurs when the number of features exceeds the number of neurons available to represent them.
In such cases, by the pigeonhole principle, at least one neuron must represent more than one
feature, so at least one neuron is polysemantic. Superposition can, therefore, be considered a
special case of polysemanticity. Note that polysemanticity does not necessitate superposition, as
a polysemantic representation of n or fewer features in n neurons can be made monosemantic by
a simple change of basis. In superposition, features share dimensions, whether those dimensions
correspond to neurons or not.

The superposition hypothesis says that neural networks represent features linearly in almost-
orthogonal directions, exploiting two properties of high-dimensional space [3]. Firstly:

Lemma 2.1.1 (Johnson-Lindenstrauss lemma). Given 0 < ε < 1, any n-element subset of
a metric space can be embedded in O

(
logn
ε2

)
dimensions without distorting the pairwise distances

between points by more than a factor of 1± ε [18].

5



CHAPTER 2. BACKGROUND

For our purposes, if we choose angular distance as the metric, lemma 2.1.1 implies that O
(
ek
)

orthogonal vectors can be embedded almost-orthogonally into k-dimensional space. Thus, if the
model can tolerate some interference between the representations of features (also referred to as
noise), it can represent exponentially more features than it could without superposition.

The second property of high-dimensional space exploited by superposition is the ability
to perform compressed sensing, a technique for recovering a vector from its low-dimensional
projection by exploiting the sparsity of the original vector. The hypothesis is that, through these
two properties, superposition allows networks to conserve neurons, thus effectively simulating a
much larger, sparse model [3, 1].

2.2 Related Work
2.2.1 Investigations of Superposition in Toy Models
The original toy models paper [3] consists of a series of experiments that demonstrate and
investigate superposition by training small neural networks on synthetic datasets. The hope
is that the phenomena observed in these toy models will lead to intuitions that generalise to
much larger, real models. They induce superposition, analyse the regimes in which superposition
occurs, investigate the representational geometry and learning dynamics of superposition and
link superposition to neural computations. In this section, we recall the methodology and main
results of their work in detail, as their approach is highly relevant to our work.

Demonstrating Superposition

Throughout the paper, the authors train a feedforward neural network with a single hidden
layer. They train this model as an autoencoder, where the model’s task is to embed the high-
dimensional input vector, x ∈ RNx , into a lower-dimensional internal representation, h ∈ RNh ,
and then recover the original vector, x. Their intuition for this approach is based on the
superposition hypothesis: if the toy model is simulating a much larger, sparse model, then the
the sparse internal representation of the simulated model must be compressed into a much lower-
dimensional, superposed internal reprsentation in the toy model, with minimal information loss.

Hence, each element of the input to the toy model is thought of as a hypothetical feature of
the simulated model. Since such a simulated model would have sparse internal representations,
the authors construct inputs to the toy model of varying sparsity: each element, xi, of the input
is set to 0 with some probability Si and is otherwise sampled uniformly from [0, 1]. In most
experiments, the sparsity of all features is set to the same value, S. Additionally, to mimic
real data, they assign an importance, Ii, to each feature. In most experiments, Ii = ki is used,
where 0 < k < 1; this models an exponential feature importance curve in which there exist a
few key features that are very important for the task, as well as many niche features that are
only slightly important. The authors model this by using a feature’s importance to determine
its contribution to the loss function, defined as

L =
∑
x

∑
i

Ii
(
xi − x′i

)2
.

The authors initially investigate superposition in non-privileged bases, so the hidden layer is
linear. The output layer has a bias and uses the ReLU activation function; these are explained
to be important for superposition as they enable the model to filter out the noise arising from
interference. In particular, the authors note that the inclusion of an activation function is critical
to superposition, as a fully linear model would effectively just perform a principal component
analysis (PCA). Finally, the output weights are set to the tranpose of the input weights, W ;
this eliminates any discrepancy between the directions that features are “written” to versus the

6



CHAPTER 2. BACKGROUND

directions they are “read” from. This leads to the first toy model:

x′ = ReLU
(
W TWx+ b

)
.

The authors of [3] interpret each column, Wi, of the input weight matrix as the direction in
activity space that represents feature i. The norm, ∥Wi∥, determines the degree to which feature
i is represented by the model. Additionally, the authors define the quantity

∑
j ̸=i(Ŵi · Wj)

2,
where Ŵi is the unit Wi vector, as a measure of the extent to which feature i shares its dimension
with other features, thus quantifying superposition.

They observe that, in the dense regime, the model represents the Nh most important features
orthogonally and ignores all other features. However, as the sparsity of inputs is increased, the
model begins to include lower-importance features in its internal representation via superposi-
tion; in the high-sparsity regime, all features are represented in superposition.

Superposition as a Phase Change

The authors then investigate the conditions in which a feature is represented in a dedicated
dimension, in superposition, or not at all. They train a toy model with two inputs and just one
neuron in the hidden layer. The input is varied on two axes: sparsity, as before, and also the
relative importance of the second feature with respect to the first. In each setting, they measure
the norm and superposition of the second feature.

In the dense regime, the model allocates a dedicated dimension to whichever feature is more
important, ignoring the other one. As mentioned above, this is a PCA-like solution. As sparsity
is increased, the authors observe a point beyond which the model switches to representing both
features in superposition. Due to the discrete nature of this switch from one state to another,
the authors call this a phase change. Notably, when there is a larger difference in importance
between the two features, it takes sparser input to reach this point of phase change.

The authors study the boundaries of phase change by plotting a phase diagram that shows
the regions in which each type of solution occurs. They also extend the approach to study a
network with three inputs and two hidden layer neurons. Finally, they verify their empirical
results with a theoretical prediction of the phase diagram based on analytical calculations of the
loss for each kind of representation.

The Geometry of Superposition

In the previous sections, the authors quantified superposition by measuring the extent to which a
feature “shared” its dimension with other features. Here, they develop a quantity that measures
the “fraction of a dimension” that a feature gets. The dimensionality of feature i is given by

Di =
∥Wi∥2∑

j(Ŵi ·Wj)2
,

where the numerator represents the extent to which feature i is represented and the denominator
measures the number of features that share feature i’s embedding dimension. An orthogonally
represnted feature has a dimensionality of 1, while a feature in an antipodal pair (a pair of
features represented by opposite directions) has a dimensionality of 1

2 .
The authors produce a plot that visualises how the distribution of feature dimensionality

changes with increased sparsity. Across different sparsity levels, they observe persistent lines
of clusters in these distributions at dimensionalities of 1

2 , 3
4 , 2

3 , 2
5 and 3

8 . They link these to
geometry by interpreting these fractional dimensionalities as polytopes: digons (2 features in
1 dimension), tetrahedrons (4 features in 3 dimensions), triangles (3 features in 2 dimensions),
pentagons (5 features in 2 dimensions) and square antiprisms (8 features in 3 dimensions). The

7



CHAPTER 2. BACKGROUND

authors note that this geometric interpretation may be a quirk of the toy model, rather than a
pattern that can be generalised to real models.

The paper also explores the effects of non-uniform superposition on the geometry. In partic-
ular, they investigate the effects of correlation and anticorrelation betwen features. To generate
correlated synthetic data, they partition the input features into correlated feature sets; for each
feature set, they use a single binary random variable to determine whether or not its features are
all set to 0; if they are not set to 0, they are independently sampled from a uniform distribution
over [0, 1] as before. To generate anticorrelated feature sets, they use a similar process, but when
the features in the set are not all set to 0, only one of them is randomly selected and set to a
value uniformly sampled from [0, 1]; the other features in the set are kept at 0.

The authors observe fairly intuitive results: correlated features prefer to be orthogonally
represented, while anticorrelated features prefer to be represented in opposite directions. When
superposition is necessary, correlated features prefer to be represented side-by-side, preferring
positive interference. In some cases, where features are denser or more correlated, multiple
correlated features are seen to “collapse” into a single direction given by the first principal
component of those features; the authors propose a trade-off between PCA and superposition.

More interestingly, the paper discusses the tendency of correlated features in larger models to
generate a “local almost-orthogonal basis”, where the overall representation is in superposition
but there exist sets of features that are almost orthogonal and exhibit very little superposition.
They remark that, if this finding is applicable to real networks, we could make the assumption
of local non-superposition for certain subdistributions in activation space, which would allow us
to apply PCA and potentially identify the underlying features.

Neural Computations in Superposition

The authors suggest that superposition is more than just a compression mechanism and explore
how neural networks can perform computation in superposition. They use a modified experi-
mental setup, in which there is a privileged basis and the input weights are separate from the
output weights:

h = ReLU (W1x) ,

y′ = ReLU (W2h+ b) .

The model is trained to predict y = abs(x). Accordingly, the synthetic feature input is modified
to be sampled uniformly from [−1, 1] when it is non-zero. The authors describe how such a
model could compute, without superposition, the absolute value of Nx inputs using 2Nx hidden
layer neurons: for each input, xi, one hidden layer neuron calculates ReLU(xi), while another
calculates ReLU(−xi); these values are then added together by an output layer neuron.

The authors demonstrate that neural networks can compute the absolute value of Nx fea-
tures with fewer than 2Nx hidden layer neurons, using superposition. They train a model with
100 features (with an exponential importance curve) and 40 hidden layer neurons. As the repre-
sentations are in a privileged basis, the authors are able to analyse what each neuron represents.

The results show that in the dense regime, each neuron represents one feature, so all neurons
are monosemantic. As sparsity is introduced, some neurons begin to represent a few features of
lesser importance, exhibiting polysemanticity, while other neurons continue to represent the most
important features monosemantically. Increasing sparsity leads to a mix of neurons: some highly
polysemantic neurons that represent many low-importance features, some slightly polysemantic
neurons that represent a few mid-importance features and some monosemantic neurons that
represent the most important features. We remark that this is effectively a reflection of the
feature importance curve, where the model has learnt that representing many low-importance
features can be as valuable as representing one or a few higher-importance features. Moreover,
this experiment demonstrates that gradient descent is able to find a way to use the ReLU
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CHAPTER 2. BACKGROUND

activation function to compute the absolute value, even when the features exist in superposition
across multiple neurons and each neuron represents a mix of features.

9



Chapter 3

Temporal Superposition in
Linear RNNs

RNNs introduce a new dimension to our study of internal representations: time. In this chap-
ter, we study this temporal axis in isolation by restricting our attention to RNNs that process
sequences of scalar inputs using linear recurrence. The linear setup allows for an analytical
approach where we can write down exact expressions for the loss in terms of feature represen-
tations through time; using scalar inputs eliminates the spatial dimensions, allowing us to focus
solely on temporal effects.

We begin by describing how the linear representation hypothesis manifests in linear RNNs
and introducing the concept of temporal features. We remark that the number of temporal
features grows with time, making forgetting or superposition essentially inevitable.

We then introduce a toy task that requires fixed-delay recall and show that the squared-error
loss decomposes exactly into the sum of four interpretable incentives. This decomposition makes
it clear which features the model benefits from representing.

We track the values of these four terms over a training run; this allows us to interpret the
learning dynamics of the model from a geometric perspective. We observe that the loss decreases
in stages that correspond to distinct geometric strategies, eventually settling on an arrangement
in which features spiral into the origin as they become older.

Building on this result, we study the computational role of the recurrent weight matrix by
focusing on special cases in 2 dimensions. We find that optimal fixed-delay recall is achieved by
matrices that satisfy the echo state property and, in particular, implement spiral sinks.

Next, we consider the effect of introducing an explicit output bias and show that this recovers
a simplified, more easily interpretable expression for the loss in the limit of infinitely long
sequences. We show that this is expression is a good approximation of empirically observed loss.

Finally, we provide a geometric explanation of composition interference and discuss the three
cases in which it becomes negligible. We explain quirks of this term in the linear setting, such
as a preference for tegum products of antipodal pairs.

10



CHAPTER 3. TEMPORAL SUPERPOSITION IN LINEAR RNNS

3.1 Linear Representation of Temporal Features
3.1.1 Unrolling the Hidden State of a Linear RNN
Throughout this chapter, we work with linear RNNs that take a scalar input and produce a
scalar output at each time step. In particular, for t ≥ 1, we define

h0 = 0, ht = Wxxt +Whht−1, yt = W T
y ht,

where the scalar input and output are xt, yt ∈ R and hidden state is ht ∈ RNh . The input vector
and read-out vector are Wx,Wy ∈ RNh and the recurrent weight matrix is Wh ∈ RNh×Nh .
Expanding the recurrence in ht, we obtain

ht = Wxxt +WhWxxt−1 +W 2
hWxxt−2 + · · ·+W t−1

h Wxx1 +W t
hh0

= Wxxt +WhWxxt−1 +W 2
hWxxt−2 + · · ·+W t−1

h Wxx1

=
t−1∑
s=0

W s
hWxxt−s.

3.1.2 Temporal Features and Memory Capacity
Defining ws = W s

hWx ∈ RNh , we can express the hidden state at time t as

ht =
t−1∑
s=0

wsxt−s.

Each of the inputs xt−s is independently and linearly represented in the hidden state in the
direction given by ws; this motivates our view of the inputs xt−s as temporal features.

This perspective makes it clear that, at time t, the model technically has access to the
entire history of t inputs as features. Inevitably, for t > Nh , the hidden state becomes a
bottleneck: it is forced to either drop some features (essentially forgetting them) or represent
more features than it has dimensions (in superposition). This is notably different from the feed-
forward case: theoretically, for any task, there exists a disentangled feed-forward model large
enough to represent every feature, because the number of features is constant; for RNNs, the
number of features increments with each time step, so every RNN is eventually forced to choose
between forgetting and superposition.

3.1.3 Projection and Composition Interference
Features represented in superposition will interfere with each other. We distinguish between
two fundamentally different types of interference that will be crucial in our understanding of
superposition in RNNs:

1. Projection interference: where the activation of a single feature is mistakenly read
out as a slight activation of another. This occurs when a feature is represented non-
orthogonally to a read-out vector, causing an unintended non-zero projection onto that
read-out.

2. Composition interference: where the simultaneous activation of multiple features is
linearly combined into an activation that imitates another feature. This occurs due to the
trade-off between composition and superposition discussed in [4].

These are illustrated in figure 3.1 on the following page. Note that these two forms of interference
differ significantly in terms of when they can arise: projection interference requires the presence

11



CHAPTER 3. TEMPORAL SUPERPOSITION IN LINEAR RNNS

h1

h2

w1

w2 w3?

Wy

(a) Projection interference

h1

h2

w1

w2? w3

(b) Composition interference

Figure 3.1: The difference between projection and composition interference. In both figures, three
features are represented linearly in a 2D activation space by vectors w1,w2 and w3. In (a), only the
vector w2 is active, but its projection onto Wy creates ambiguity: it could equally be explained by a
slight activation of w3. For a downstream consumer that only sees the read-out from Wy, there is no
way to disambiguate these two cases. In (b), both w1 and w3 are active, while w2 is not; nevertheless,
the two active vectors combine linearly to form an activation identical to that of w2. The activation of
two features have thus inextricably “fused” into an impersonation of an inactive, unrelated feature.

of a read-out vector, while composition interference requires two or more features to be active
simultaneously.

We remark that an interesting consequence of composition interference is that it can manifest
in RNNs as time-shifting of a single feature. For instance, suppose that the vector w1,w2 and
w3 in figure 3.1(b) are temporal features corresponding to the presence of a single spatial feature
over a sequence of three inputs. Then, as shown in the figure, a sequence that activates the spatial
feature in the first and third time step could actually be treated in the model as a sequence that
activates it only in the second time step. Naturally, this effect would then propagate through
the model and show up in the output.

3.2 Interpreting the k-Delay Loss
3.2.1 The k-Delay Task
We study the k-delay task, in which the model is trained to reproduce the input sequence after
a fixed delay of k time steps. This classic task has been used as a benchmark for short term
memory capacity in echo state networks [11]; we use it here because it gives us direct and
interpretable control over the memory requirement that an RNN is trained to satisfy.

Concretely, the RNN is trained to produce at each time step yt = xt−k. This can be viewed
as a regression task, so we use a squared-error loss to quantify the error at each time step:

L(t) = (xt−k − yt)
2,

where, for convenience, we let xt = 0 for t ≤ 0. Intuitively, the model is trained to output 0 for
the first k time steps and then begin producing x1, x2, . . . from time t = k + 1 onwards.

3.2.2 Modelling Assumptions
Temporal Independence We want to find the expected value of the squared-error loss de-
fined above. We model the input as an i.i.d. stochastic process of scalar random variables
{Xt}t≥1. Of course, in practice, sequential data is rarely independent through time; the value of
Xt usually conveys information about the values of Xt+1, Xt+2 and so on. This is, therefore, a
strong assumption that we do not expect to hold in practical settings. Nevertheless, we proceed
with the i.i.d. input sequence as a simplifying assumption because it makes the k-delay task
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CHAPTER 3. TEMPORAL SUPERPOSITION IN LINEAR RNNS

more clearly interpretable, simplifies our analytical approach and is a standard assumption made
in the study of memory capacity [11, 19].

Temporal Sparsity Following [3], we now let Xt = BtUt, where Bt ∼ Bernoulli(p), Ut are
identically distributed according to any distribution and all {Bt}t≥1 ∪ {Ut}t≥1 are mutually
independent. This allows us to explicitly control temporal sparsity by varying p: smaller p
corresponds to rarer feature presence, meaning higher sparsity. Note that this in itself is purely
a generalisation – setting p = 1 recovers an arbitrary i.i.d. stochastic process.

In practice, the assumption of high temporal sparsity (p close to 0) is very reasonable. As
argued by [3], in text sequences, any token activates only a tiny proportion of all possible
features; conversely, any feature, such as the mention of a specific city, is very rarely activated.
Even biological neurons have been observed to activate in sparse bursts at precise times when
producing sequences of birdsong [20].

3.2.3 Decomposing the k-Delay Loss
Define as = W T

y ws ∈ R as the projection of each ws onto the read-out vector Wy. Then we can
express the model’s output at time t as

yt = W T
y

t−1∑
s=0

wsxt−s =

t−1∑
s=0

W T
y wsxt−s =

t−1∑
s=0

asxt−s.

The expected loss incurred by the model at timestep t is then given by

L(t) = E

(Xt−k −
t−1∑
s=0

asXt−s

)2


= E
[
X2

t−k

]
− 2E

[
Xt−k

t−1∑
s=0

asXt−s

]
+ E

( t−1∑
s=0

asXt−s

)2
 .

Note that for notational convenience,we are assuming temporarily that t > k. For t ≤ k,
Xt−k = 0 as before, so only the third expectation is non-zero. We will address this once we
obtain a final expression for L(t) at the end of this section.

We compute each of these expectations separately. Recall that we have defined Xt = BtUt.
Denoting the first and second moments of Ut by µ = E[Ut] and ν = E[U2

t ], we begin with

E
[
X2

t−k

]
= E

[
B2

t−kU
2
t−k

]
= E

[
B2

t−k

]
E
[
U2
t−k

]
= E [Bt−k]E

[
U2
t−k

]
= pν.

Next, we evaluate the middle term, being careful to handle the case of s = k separately:

E

[
Xt−k

t−1∑
s=0

asXt−s

]
= E

Xt−kakXt−k +Xt−k

t−1∑
s=0
s ̸=k

asXt−s


= ak E

[
X2

t−k

]
+

t−1∑
s=0
s ̸=k

as E [Xt−kXt−s]

= pνak +
t−1∑
s=0
s ̸=k

as E [Bt−k]E [Bt−s]E [Ut−k]E [Ut−s]

= pνak + p2µ2
t−1∑
s=0
s ̸=k

as.
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Finally, we evaluate the third term, being careful to handle the diagonal terms separately:

E

( t−1∑
s=0

asXt−s

)2
 = E

 t−1∑
s=0

a2sX
2
t−s +

t−1∑
s1,s2=0
s1 ̸=s2

as1as2Xt−s1Xt−s2


=

t−1∑
s=0

a2s E
[
X2

t−s

]
+

t−1∑
s1,s2=0
s1 ̸=s2

as1as2 E [Xt−s1Xt−s2 ]

= pν
t−1∑
s=0

a2s + p2µ2
t−1∑

s1,s2=0
s1 ̸=s2

as1as2 .

Putting these together, we obtain an exact expression for the expected loss at time t:

L(t) = E
[
X2

t−k

]
− 2E

[
Xt−k

t−1∑
s=0

asXt−s

]
+ E

( t−1∑
s=0

asXt−s

)2


= pν − 2

pνak + p2µ2
t−1∑
s=0
s ̸=k

as

+ pν

t−1∑
s=0

a2s + p2µ2
t−1∑

s1,s2=0
s1 ̸=s2

as1as2

= pν + 2pνak − 2p2µ2
t−1∑
s ̸=k

as + pν
t−1∑
s=0

a2s + p2µ2
t−1∑

s1 ̸=s2

as1as2

= pν (ak − 1)2︸ ︷︷ ︸
(i)

+ pν
t−1∑
s ̸=k

a2s︸ ︷︷ ︸
(ii)

− 2p2µ2
t−1∑
s ̸=k

as︸ ︷︷ ︸
(iii)

+ p2µ2
t−1∑

s1 ̸=s2

as1as2︸ ︷︷ ︸
(iv)

. (∗)

As alluded to before, it is implicit in this expression that terms (i) and (iii) are only present for
t > k. For t ≤ k, only terms (ii) and (iv) apply, which – as we will see in section 3.2.4 – are
the terms that correspond to interference. We will mainly be concerned with understanding this
expression for large or infinite t, as motivated in section 3.3.2.

Perfect delay-line solution For Nh ≥ k+1 (or greater), the k-delay task is perfectly solved
by using the (k + 1)-dimensional lower shift matrix as Wh and setting Wx = e1, Wy = ek+1

[19]. We verify that this solution achieves zero loss at each time step. In this arrangement, we
have ws = es+1 for s ≤ k and ws = 0 for s > k. Since Wy = ek+1, we have ak = 1 and as = 0
for all s ̸= k. Thus (∗) simplifies to L(t) = pν(1− 1)2 + pν(0)− 2p2µ2(0) + p2µ2(0) = 0.

3.2.4 A Geometric Interpretation of Loss Terms
We initially consider the case of µ = 0, where the input distribution is centered at zero. In this
case, the expected loss at time t simplifies to

L(t) ∝ (ak − 1)2 +

t−1∑
s ̸=k

a2s. (∗∗)

We will refer to this expression as the simple form of the loss. Its two components are:

(i) Task benefit: an incentive to perform the task by producing xt−k at time t. This
encourages the vector wk = W k

h Wx, that represents feature xt−k, to align with the read-
out direction Wy and to adjust its norm to keep the projection onto Wy close to 1.
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(ii) Projection interference cost: a penalty on any ws vector – other than wk – that has a
non-zero projection onto the read-out direction Wy. This term encourages these temporal
features to be represented orthogonally to Wy or with a small norm (barely represented).

Let us now consider the general case where the input distribution may have a non-zero mean. In
this case, two further terms, (iii) and (iv), arise in L(t). Recalling that the RNN being studied
has no bias term, we can interpret these two terms in the per-timestep loss as follows:

(iii) Mean correction: an incentive to offset the non-zero mean by carefully aligning some
ws vectors (other than wk) to have non-zero projections onto Wy. The existence of this
term implies that some projection interference can work in favour of the model, if carefully
calibrated – we will see evidence of this in figure 3.2. We will discuss mean correction and
its relationship to bias in section 3.3.3.

(iv) Composition interference: the overall effect on the loss of cases where multiple tem-
poral features simultaneously activate. This is neither a pure cost, nor a pure benefit: it
may be positive or negative. Geometrically, this term penalises positive correlation of ws

vectors while rewarding negative correlation, with respect to their projection onto Wy –
negative (destructive) interference is preferred over positive (constructive) interference. In
the language of [3], this term can be seen as a kind of Thomson problem, encouraging the
ws vectors to spread out in activation space as much as possible, ideally forming antipo-
dal pairs. Notably, temporal features represented in a tegum product of antipodal pairs
will be purely rewarded by this term. We will discuss composition interference further in
section 3.3.4 explaining why it is fundamentally tied to the non-zero input data mean.

Observe that terms (iii) and (iv) are O(p2) in L(t) while the other terms are O(p). This implies
that, even for data with a non-zero mean µ ̸= 0, in the extremely sparse regime where we take
the limit of p → 0, the impact of these two terms on the loss becomes negligible:

• Term (iii) disappears because, even though the underlying U has a fixed mean E[U ] = µ,
the mean of the overall input Xt is proportional to its sparsity: E[X] = E[B]E[U ] = pµ,
so E[X] → 0 as p → 0; extremely sparse data does have an approximately zero mean.

• Term (iv) disappears because the probability of two or more temporal features simultane-
ously activating is O(p2), so composition interference becomes negligible as p → 0.

3.2.5 Identifying Task-Relevant and Irrelevant Features
Given this interpretation of the loss, we introduce some useful terminology to distinguish different
kinds of temporal features present in the k-delay task at time t:

• Output feature: xt−k, represented by the wk vector. By definition of the task, this is
the temporal feature that the model should aim to read out using Wy. In (∗), it is the
only feature that contributes to the task error term.

• Intermediate features: xt−s for 0 ≤ s < k, represented by the k corresponding ws

vectors. These are temporal features that the model is holding in memory to be read out
in future time steps. They do not contribute to the immediate task performance ‘as they
should not yet appear in the output, but they do contribute to future task performance.
This incentivises the model to represent them as faithfully as possible.

• Task-relevant features: the k + 1 output and intermediate features. These are the
features that can contribute to task performance either immediately or in the future, so
the model should prioritise their representations.
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• Historical (task-irrelevant) features: xt−s for k < s < t, represented by the t− k − 1
corresponding ws vectors. These features cannot contribute to current or future task
performance, so the only way they can be useful is via the mean correction benefit (if it
is present). The model is therefore incentivised to forget these features or, in the case of
non-zero mean and sufficiently low sparsity, to use them for mean correction.

Note that we will often loosely refer to the ws vectors and the as projections as “features” even
though, technically, they are the vectors and scalar projections that represent the features. We
will make this distinction explicit when it is not obvious from the context.

3.3 Understanding and Extending the Linear Architecture
3.3.1 A Geometric Interpretation of Learning Dynamics
We have found an exact expression for the expected loss at each time step and decomposed it into
interpretable components. As the linear RNN is a linear time-invariant system, its performance
depends on the model parameters only through the as terms, which are equivalent to the model’s
impulse response. The ws vectors therefore contribute to L(t) solely via their projections onto
Wy, as visualised for a trained RNN in figure 3.2 on the next page. In the remainder of this
subsection, we study this empirical result and make a number of informative observations.

Firstly, it is encouraging that the empirical loss closely follows the expected value, providing
evidence for the correctness of our decomposed expression. This means we can safely analyse
the shape of the expected loss curve rather than the actual curve, which contains far more noise.

An interesting feature of the expected loss curve is that it decreases in stages rather than
continuously, similar to the effect observed by [3]. In particular, we identify (by eye) four distinct
regimes, labelled in the figure as R1, R2, R3 and R4. The bottom-left plot of as values provides
a direct connection between a model’s performance and its representational geometry, so we can
interpret each regime geometrically.

R1: Immediately, the model tries to decrease the loss by aligning all the ws vectors to correlate
positively with Wy. This decreases task error and takes advantage of the mean correction
term, providing an initial improvement to the loss. All the vectors become positively
correlated with each other (facing similar directions), leading to increased interference.

R2: Eventually, the mean interference term plateaus, suggesting that the model has compen-
sated for the non-zero mean. In this regime, the overall loss is steady but we see some
oscillatory behaviour in the learning dynamics and eventually a large change in a0 (and,
correspondingly, w0). This is consistent across training runs. We speculate that w0 is
separating from the other ws vectors and rotating through activation space, eventually
kick-starting a similar movement in the other vectors that leads to the next regime.

R3: Next, the model transitions into its final geometric arrangement, spreading the ws vectors
out across the entire plane. As part of this, ak becomes much larger, causing a significant
drop in task error; on the other hand, some of the other as values also increase in magni-
tude, causing projection interference to increase. As some of the as values fall below zero,
the model is less able to take advantage of mean correction, but on the other hand, the
even distribution of vectors causes a drop in composition interference.

R4: In the final regime, the model has settled into the arrangement seen in the figure.

There are a few notable features visible in the final arrangement of temporal features. Firstly,
we often observe that pairs of ws vectors face in exactly opposite directions, forming antipodal
pairs. This is a natural consequence of the composition interference term in (∗) preferring
negatively correlated pairs of vectors.
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Figure 3.2: Learning dynamics of a 2-dimensional linear RNN on the 3-delay task. A linear RNN with
a 2-dimensional hidden state was trained on 50,000 input sequences, each of length 20 time steps and
sparsity 0.9.1 Top left: the empirical training loss curve against the expected loss given by

∑T
t=1 L

(t) and
its four components. Bottom left: the value of each as (for 0 ≤ s < 12) over the course of training.
Bottom right: the final position of the corresponding ws vectors in the 2-dimensional hidden state, with
the entire system rotated and scaled appropriately such that the y-component of each ws is as. The
output feature, w3, is marked with a star and, as expected, has the highest projection onto Wy.

Secondly, we almost always see “spiral sink” arrangements, where Wh acts as a rotation and
down-scaling, causing the ws vectors to spiral into the origin. We will argue in section 3.3.2
that the shrinking effect is necessary for finite loss and that the combination of rotation and
down-scaling – leading to a spiral sink in the case of a 2-dimensional hidden state – is optimal.

Finally, we observe that adjacent vectors in this particular figure are separated by approx-
imately 30◦, corresponding to a 12-spoke (dodecagonal) spiral. The 3-delay task has only 4
task-relevant features, so we might ask, for instance, why the vectors are not arranged into a
square! It is not immediately obvious why the model should represent the four task-relevant
features in an arrangement such as the 12-spoke spiral, in which their projection and composi-
tion interference is higher. Feed-forward models tend to drop unimportant features, not carve
out more space for them [3].

3.3.2 Analysing the Spectral Radius and Eigenvalues of Wh

So far, we have analysed the model’s behaviour by studying the loss incurred at each time step.
In practice, however, we train models to minimise loss (such as mean squared-error) over an

1We set Ut ∼ Uniform[0, 1) – so µ = 0.5 – and used the AdamW optimiser with lr = 5× 10−3.
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entire sequence, not just on individual time steps. In other words, we have so far used our
interpretation of L(t) to infer the behaviour of models that actually minimise LT = 1

T

∑T
t=1 L

(t).
In this section we argue that this is a reasonable perspective to take for the study of well-

performing models, whose mean squared-error does not diverge to ∞. In doing so, we show that
the recurrent weight matrix Wh of such models has spectral radius ρ(Wh) < 1. We conclude
with an empirical verification that, at least in the case of a 2-dimensional hidden state, the
optimal arrangement for the k-delay task is a spiral sink, as suggested by figure 3.2.

In this work, we are mostly interested in optimal models. As such, we restrict our attention
to models whose mean squared-error LT remains finite as T → ∞. Models that do not satisfy
this may perform well on short sequences but will see their performance degrade over time
and, for sufficiently long sequences, will always be outperformed by models that do satisfy this
assumption. Therefore, we only consider models that satisfy

lim
T→∞

LT = lim
T→∞

1

T

T∑
t=1

L(t) < ∞.

If L(t) diverges to ∞ as t → ∞, then LT also diverges to ∞ as T → ∞. To avoid this, therefore,
we require that L(t) remains finite. We now prove that this is essentially only possible if the
spectral radius of Wh is ρ(Wh) < 1.

Proof. Assume for the sake of contradiction that ρ(Wh) ≥ 1 and that L(t) does not diverge to
infinity. An alternative form of (∗) is

L(t) =
(
pν − p2µ2

)
(ak − 1)2 +

(
pν − p2µ2

) t−1∑
s ̸=k

a2s + p2µ2

(
t−1∑
s=0

as − 1

)2

, (†)

which we derive in appendix A.1. Noting that pν − p2µ2 = Var(Xt) > 0, we see that each term
in this sum is non-negative.2 Hence, for L(t) to not diverge to infinity, the term

∑∞
s=0 a

2
s must

converge, so we require lims→∞ as = 0. Since ρ(Wh) ≥ 1, however, we have

lim
s→∞

as = lim
s→∞

W T
y W

s
hWx = W T

y

(
lim
s→∞

W s
h

)
Wx = W T

y W
∞
h Wx,

where we denote W∞
h = lims→∞W s

h ̸= 0. This limit is zero precisely when

Wx ∈ ker(W∞
h ) or Wy ∈ ker

(
W∞

h
T
)

or Wy ⊥W∞
h Wx.

Since W∞
h ̸= 0, we have rank(W∞

h ) = rank
(
W∞

h
T) > 0. Hence, by the rank-nullity theorem,

dim(ker(W∞
h )) = Nh − rank(W∞

h ) < Nh and dim
(
ker
(
W∞

h
T)) = Nh − rank

(
W∞

h
T) < Nh.

Thus both ker(W∞
h ) and ker

(
W∞

h
T) have Lebesgue measure zero. If Wx ̸∈ ker(W∞

h ), we
require the third case, where W T

y must lie on the (Nh − 1)-dimensional hyperplane orthogonal
to W∞

h Wx. This is again a proper subspace of RNh with Lebesgue measure zero. Hence, if
ρ(Wh) ≥ 1, then the set of solutions for which L(t) remains finite has measure zero, meaning
that L(t) almost surely diverges to infinity. Therefore, taking the contrapositive, if L(t) remains
finite, then ρ(Wh) < 1 almost surely. ■

Intuitively, we have shown that if ρ(Wh) ≥ 1, then L(t) diverges to infinity except if Wx,
Wh and Wy precisely (not approximately) satisfy certain conditions. We can be confident
that these conditions are not satisfied by models in practice: it would require the optimiser to
balance the model parameters on an infinitely thin “knife edge”, which is practically impossible
in floating-point arithmetic. This means we can safely restrict our attention to models satisfying
ρ(Wh) < 1. Given this, we can show that L(t) not only avoids diverging to ∞, but converges to
a particular finite value.

2We ignore the trivial edge case of Var(Xt) = 0, which corresponds to a constant-valued input sequence.
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Proof. It is clear from (†) that a finite limt→∞ L(t) exists if both
∑∞

s=0 as and
∑∞

s=0 a
2
s converge.

We show this is the case given that ρ(Wh) < 1, using matrix analysis results from [21, ch.5].
For any ε > 0, there exists some vector norm ∥·∥ such that the induced matrix norm satisfies
∥Wh∥ ≤ ρ(Wh) + ε . Choose ε < 1− ρ(Wh), so ∥Wh∥ < 1. Let ∥·∥∗ denote the corresponding
dual norm, so |vTw| ≤ ∥v∥∗∥w∥ for all v,w ∈ RNh . Then

∞∑
s=0

as ≤
∞∑
s=0

|as| =
∞∑
s=0

|W T
y W

s
hWx| ≤ ∥W T

y ∥∗∥Wx∥
∞∑
s=0

∥Wh∥s =
∥W T

y ∥∗∥Wx∥
1− ∥Wh∥

< ∞,

∞∑
s=0

a2s =

∞∑
s=0

|as|2 =
∞∑
s=0

|W T
y W

s
hWx|2 ≤ ∥W T

y ∥2∗∥Wx∥2
∞∑
s=0

∥Wh∥2s =
∥W T

y ∥2∗∥Wx∥2

1− ∥Wh∥2
< ∞.

Hence the two infinite series converge and so if ρ(Wh) < 1, then limt→∞ L(t) converges. ■

We have established that models satisfying limT→∞ LT < ∞ require ρ(Wh) < 1 and shown
that, as a result, limt→∞ L(t) converges to a particular finite value. Therefore, we can take the
Cesàro mean [22] to show that the mean squared-error LT converges to the same value:

lim
T→∞

LT = lim
T→∞

1

T

T∑
t=1

L(t) = lim
t→∞

L(t).

This means that, the long-term behaviour of a model whose mean squared-error does not diverge
to infinity can be understood by analysing L(t) for sufficiently large t.

In doing this proof, we have seen that ρ(Wh) < 1. This is known as the echo state property
and can be interpreted as the model forgetting old inputs over time. This constraint guarantees
the shrinking aspect of a spiral sink. We now verify that the spiral behaviour, specifically, is the
optimal solution in 2 dimensions. To do this, we train linear RNNs parameterised such that the
trace and determinant of Wh ∈ R2×2 is fixed. Specifically, for each desired trace-determinant
pair (τ, δ), we optimise over the 2-dimensional manifold

M =
{
Wh ∈ R2×2 : tr(Wh) = τ, det(Wh) = δ

}
,

which we parameterise by (θ1, θ2) ∈ R2 using the map

φ(θ1, θ2) =

[
θ1

θ1(τ−θ1)−δ
exp(θ2)

exp(θ2) τ − θ1

]
,

where θ2 is exponentiated to ensure φ is bijective. We verify that

tr(φ(θ1, θ2)) = θ1 + τ − θ1 = τ,

det(φ(θ1, θ2)) = θ1(τ − θ1)−
θ1(τ − θ1)

exp(θ2)
exp(θ2) = δ.

We sweep through a grid of points in the square (τ, δ) ∈ [−2, 2]2 and for each point, we train
a linear RNN parameterised as above. The loss achieved by each model under various task
conditions is shown in figure 3.4 on the following page. Each plot can be thought of as a
trace-determinant slice of the k-delay loss landscape.

First of all, we note that in every case, the optimal solution (brightest point on the plot)
is found in the region that corresponds to spiral sinks. This provides strong empirical evidence
that the globally optimal solution must be a spiral sink. This makes intuitive sense: rotation is
used to implement an approximate delay-line, while the gradual shrinking of vectors facilitates
the forgetting of old inputs.
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Figure 3.3: Trace-determinant classification of 2-dimensional discrete linear dynamical systems, adapted
from [23]. Stable systems occupy the triangular region enclosed by the lines δ = 1, δ = x − 1 and
δ = −x− 1. Within this triangle, spiral sinks are found above the parabola δ = 1
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Figure 3.4: Loss landscape of the 2-delay and 4-delay tasks at 3 sparsity levels for linear RNNs with
2-dimensional Wh, shown in terms of tr(Wh) and det(Wh). At each point on the trace-determinant
plane a linear model with 2-dimensional hidden state was parameterised, as described above, with a fixed
trace and determinant. Each model was trained on 1000 sequences of length 20. The final training loss
is displayed as a multiple of the lowest training loss achieved by any of the models. The best-performing
model for each task is marked by a cross. Standard lines and curves used to classify discrete dynamical
systems are overlaid in white; refer to figure 3.3 for interpretation.
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Figure 3.5: Trace-determinant loss landscape of the 2-delay task at 0.7 sparsity for stable linear RNNs
with 2-dimensional Wh, decomposed into interpretable terms. The best-performing model (in terms of
overall empirical loss) is marked with a cross and annotated with its value for each of the four loss terms.

Interestingly, the plots become increasingly symmetric with increasing sparsity. In the low-
sparsity case for both the 2-delay and 4-delay tasks, the global optimum clearly has tr(Wh) > 0,
which implies an acute rotation angle. This can be seen by writing the eigenvalues of Wh as

λ1,2 =
t

2
± i

2

√
4δ − τ2

and observing that t < 0 corresponds to arg(λ1,2) ∈
(
π
2 ,

3π
2

)
(obtuse rotation angle) while t > 0

corresponds to arg(λ1,2) ∈
(
−π

2 ,
π
2

)
(acute rotation angle).

The asymmetry is most clearly visible in the figure for the 2-delay task at 0.7 sparsity. In
figure 3.5, we decompose this particular loss landscape to investigate the reason for acute-angled
rotation being preferred. While none of the terms are perfectly symmetric in tr(Wh), it is clear
that the mean correction term is largely driving this behaviour: for acute spirals, it can reduce
loss, while for most instances of obtuse spirals, it increases the loss. Unsurprisingly, there exists a
trade-off between this term and the others (in particular, composition interference largely seems
positive where mean correction is negative, and vice versa), but evidently the optimal balance
is firmly in the acute spiral region. Overall, there seems to be a region in which task error,
mean correction and composition interference are all relatively low, while projection interference
is relatively high – this corresponds precisely with the lowest-loss region in figure 3.4 and is
exactly the sacrifice we saw the model make in figure 3.2.

3.3.3 Exploring Mean Correction and Bias
The mean correction term is perhaps the least intuitive component of the loss. Fundamentally,
it arises from the fact that inputs carry not only short-term information about how the output
should vary in the next few time steps, but also task-wide information about what the mean
of the input distribution is. In particular, even task-irrelevant temporal features, which cannot
ever contribute to reducing task error, still carry useful information about the mean of the data.
Theoretically, then, an actual bias term in the output should fulfil the same purpose. In this
section, we consider the effect of using an explicit bias term on the loss and show analytically
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that in the limit of infinite sequence length, using a bias in the output recovers the simplified
loss expression (∗∗) with no mean correction or composition inteference terms.

To begin, we repeat the loss decomposition for an RNN with linear recurrence that includes
an explicit bias term b ∈ R in its output:

h0 = 0, ht = Wxxt +Whht−1, yt = W T
y ht + b.

The expected loss incurred at time t is now

L(t) = E

(Xt−k −
t−1∑
s=0

asXt−s − b

)2


= . . .− 2bE [Xt−k] + 2b
t−1∑
s=0

as E[Xt−s] + b2

= . . .− 2bpµ+ 2bpµ
t−1∑
s=0

as + b2,

where we omit terms that remain the same as before. First, we remark that when µ = 0, the
only new term that remains is b2, so the optimal bias is b = 0, as expected. In fact, we can
analytically compute the optimal bias in the general case. To do this, we recognise that the
model parameters are optimised against the loss incurred over an entire input sequence, not just
one time step. If the model is trained on sequences of length T ≥ 1, this total loss is given by

LT =

T∑
t=1

L(t).

Taking partial derivatives with respect to b, we find

∂LT

∂b
=

T∑
t=1

∂L(t)

∂b
= 2pµ

T∑
t=1

(
t−1∑
s=0

as − 1

)
+ 2bT and ∂2LT

∂b2
= 2T > 0.

The second partial derivative is a positive constant, so LT is a strongly convex quadratic in b.
Consequently, there exists a unique value of b that minimises LT , given by

b∗T = pµ− pµ

T

T∑
t=1

t−1∑
s=0

as = pµ− pµ

T

T−1∑
s=0

(T − s)as = pµ

(
1−

T−1∑
s=0

as +
1

T

T−1∑
s=0

sas

)
.

We now consider the case of an infinitely long input sequence. As shown in section 3.3.2, the
loss at time t, L(t), diverges almost surely if the spectral radius of the recurrent weight matrix
ρ(Wh) ≥ 1. We are interested in globally optimal solutions to the task, so we assume the more
reasonable case of ρ(Wh) < 1. Then, for some constant c ∈ [0,∞), we have∣∣∣∣∣

∞∑
s=0

sas

∣∣∣∣∣ ≤
∞∑
s=0

s|as| ≤ c
∞∑
s=0

sρs =
cρ

(1− ρ)2
< ∞.

Hence, in the limit of T → ∞, the optimal bias is

b∗∞ = pµ

(
1−

∞∑
s=0

as

)
.
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Figure 3.6: Learning dynamics of a 2-dimensional linear RNN with bias on the 3-delay task. A linear
RNN with a 2-dimensional hidden state and a bias term in its output was trained on 50,000 input
sequences, each of length 20 time steps and sparsity 0.7.3 Top left: the expected loss is now approximated
using limt→∞ L(t) assuming b = b∗∞, without a mean correction or projection interference component.
The gap between the observed bias b and optimal b∗∞ is plotted. Bottom left: the values of b and b∗∞.

We now substitute b∗∞ back into the expression for L(t). This allows us to focus on task perfor-
mance in terms of the recurrence, assuming an optimal bias. Taking t → ∞, we find

lim
t→∞

L(t) = . . .− 2p2µ2

(
1−

∞∑
s=0

as

)
+ 2p2µ2

(
1−

∞∑
s=0

as

) ∞∑
s=0

as + p2µ2

(
1−

∞∑
s=0

as

)2

= . . .− p2µ2 + 2p2µ2
∞∑
s=0

as − p2µ2

( ∞∑
s=0

as

)2

=
(
pν − p2µ2

)
− 2

(
pν − p2µ2

)
ak +

(
pν − p2µ2

) ∞∑
s=0

a2s

∝ (ak − 1)2 +
∞∑
s ̸=k

a2s.

Remarkably, this recovers the simple form of the loss (∗∗). This implies that, with an explicit
bias term, a global optimiser of the k-delay task with non-zero input mean behaves identically
to the global optimiser of the zero-mean case in the limit of infinite sequence length.

3Again, we set Ut ∼ Uniform[0, 1) and used the AdamW optimiser with lr = 5× 10−3.
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This is verified empirically in figure 3.6 on the preceding page. Here we see that even
when training on sequences as short as 20 time steps, the model learns a bias very close to
our predicted b∗∞. Notably, although the expected loss now only accounts for task error and
projection interference, it still closely follows the empirical loss, meaning that the simple form of
the loss has been recovered. The input data has low sparsity and non-zero mean, so this effect
can only have arisen due to the bias term, thus validating our theoretical finding.

There is, of course, some difference between the empirical and expected loss, where the “bias
gap” is also large. The model does not learn the optimal bias immediately and, in fact, a non-
zero gap remains throughout training. This is not entirely surprising: our analytical approach
does not model actual optimisation and essentially assumes that, for any current values of Wx,
Wh and Wy, the optimal bias b∗∞ is immediately in use. In practice, on each parameter update,
the optimiser does not adjust b according to the post-update values of other parameters, but
according to the pre-update values; so the new b is immediately outdated. Furthermore, the
iterative nature of gradient descent means that b approaches b∗∞ in steps, but b∗∞ itself will
change in that time. Essentially, b is both reacting to outdated information and chasing a
moving target. This effect can be seen in figure 3.6: the b∗∞ curve tends to “move first” and
there is some delay before the actual parameter b catches up. The remaining discrepancy (such
as between the final values of b and b∗∞) is due to using short sequences of just 20 time steps
and disappears as the sequence length is increased.

3.3.4 Understanding Composition Interference
We have now seen three ways in which the effect of composition interference can be made
negligible in the k-delay task. Each works by recovering the simple form of the loss, where the
model can behave as if the data has mean zero:

1. If the mean of the input data is zero, so µ = 0, then any composition interference that
occurs to increase the loss is, by symmetry, equally likely to occur in the opposite direction
to decrease the loss, so the average effect of composition interference on the loss is zero.

2. If the input is extremely sparse, then the effective input mean is close to zero, so the
impact of the non-zero mean is suppressed and we essentially recover the case above. As
an alternative explanation, in the extremely sparse regime, it is very unlikely for multiple
features to activate simultaneously, so composition interference becomes a negligible factor.

3. If the model has a bias term in its output, this alone can learn to offset the non-zero mean,
allowing the remaining parameters of the model to focus solely on learning the variance,
thus behaving as if the input data had mean zero.

Unintuitively, composition interference seems closely linked to the mean of the input data. This
is because the overall effect of composition interference is to amplify existing bias in the data, as
visualised in figure 3.7 on the next page. If the input is unbiased, then, on average, composition
interference completely cancels itself out.

This perspective also elucidates why we often see antipodal feature pairs in trained models.
As depicted in figure 3.8 on the following page, for i.i.d. input data and vectors of equal
norm, arranging the vectors in antipodal pairs makes the set of sparse activations – all possible
activations where only one feature is active – symmetric. This is precisely the property that did
not hold in the non-antipodal case. Since composition interference, by definition, composes new
activations from this set, we can deduce that the set of all activations resulting from composition
interference must also be symmetric. As a result, the composition is not biased in any particular
direction and so, as before, it entirely cancels itself out.

Note that we have considered a simplified scenario here, but the intuition should extend to
cases where the input data is not i.i.d. or the features are not represented by vectors of equal
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Figure 3.7: Input data with non-zero mean causes an asymmetric activations for non-antipodal pairs
of features. In (a), we introduce two features orthogonally represented by w1 and w2 of equal norm.
As seen in (b), if the input data has zero mean, then each input is positive with probability 1/2 and
negative with probability 1/2, so the resulting activations are equally likely to be composed of the positive
directions w1 and w2 as they are to be composed of the negative directions −w1 and −w2, as shown by
the vectors in purple. These sum to zero, so the average effect of composition interference is null. In (c),
the input data has non-zero mean and is instead positive with probability 2/3. This skews all activations
in the direction of w1 +w2. Since w1 and w2 are non-antipodal, w1 +w2 ̸= 0, so there is a direction in
activation space that composition interference is biased towards constructing.

w1
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(a) Product of antipodal pairs (b) Features activate symmetrically (c) Composition is symmetric

Figure 3.8: A tegum product of antipodal pairs (a) can achieve zero composition interference even
when the input data has non-zero mean. The situation here is the same as in figure 3.7(c) but with
two more features w3 and w4 arranged carefully to restore symmetry: the set of all possible sparse
activations is symmetric (b), so any composition of those activations remains symmetric (c). Thus, for
every composition of activations that increases the loss, there exists an equal and opposite composition
of activations that decreases it; hence, again, the overall effect of composition interference is zero.

norm. In such cases, antipodal pairs may no longer be best, but some other arrangement of
features may lead to a symmetric set of sparse activations.

The symmetry argument does, however, rely on the assumption that opposite directions
in activation space correspond to opposite outputs. This is true in the entirely linear RNNs
that we have discussed so far, because yt (−ht) = −W T

y ht = −yt(ht). More generally, it is
true for any RNN that reads its hidden state out with an odd activation function σ that satisfies
σ(−x) = −σ(x). In other cases, such as that of the ReLU activation function (which we consider
in the following section), the only situation in which composition interference is negligible is in
the extremely sparse regime, where the simultaneous activation of features is vanishingly rare.
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Chapter 4

Temporal Superposition in
Non-Linear RNNs

This chapter extends our analysis to RNNs that include non-linearities. We begin with an
intermediate case: a model that has linear recurrence but non-linear read-out. We derive an
approximation to the loss L

(t)
ReLU under the assumption of the echo state property and high

input sparsity. Interpreting the result geometrically, we discover that, there exists a half-space
in activation space that becomes completely free of all interference in the extremely sparse regime
(p → 0). We verify empirically that models learn to exploit this interference-free half-space in
cases of high sparsity, matching our theoretical prediction.

We observe a phase transition in the optimal geometric arrangement for these models as
sparsity is increased. Interestingly, we see evidence of an unstable regime in between the dense
and sparse regimes and a corresponding metastable state that makes the internal representation
of the model unpredictable within this unstable regime.

We then consider an RNN with non-linear recurrence. We carefully construct a non-linear
recurrence for which the linear representation hypothesis is provably true in the limit of perfect
sparsity. The result is a similar geometric interpretation to the case of linear recurrence but
with increased model expressivity; we verify empirically that the internal representations learnt
by these models under high sparsity is almost perfectly predicted by our theoretical framework.
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4.1 Analysing a Linear Model with Non-Linear Read-Out
4.1.1 Introducing a ReLU Non-Linearity in the Output
We now consider an RNN that produces its output through a ReLU activation function:

h0 = 0, ht = Wxxt +Whht−1, yt = ReLU
(
W T

y ht

)
.

Such a model can only produce non-negative outputs, so for the k-delay task, it is sensible to
restrict the input distribution to be non-negative as well (as we desire yt = xt−k). Recall that the
input distribution is Xt = BtUt, where Bt ∼ Bernoulli(p) and Ut is are identically distributed
according to any distribution. Then, since Bt ≥ 0, we require Ut ≥ 0 to ensure Xt ≥ 0. For
example, the distribution used by [3], where Ut ∼ Uniform[0, 1], would satisfy this requirement.

We now prove some key results about the expected value of the ReLU function applied to
functions of a random variable Z ≥ 0. Firstly, we note that

E[ReLU(Z)] = E[Z].

We now consider E[ReLU(AZ)] for an arbitrary random variable A ∈ R, which is permitted to
be negative. Since Z ≥ 0, we have

E[ReLU(AZ)] = E[ReLU(A)Z] = E[ReLU(A)]E[Z].

In the special case of a constant A = a, this simplifies to E[ReLU(aZ)] = ReLU(a)E[Z].
Now, recalling that Bt, Ut, Xt ≥ 0 with E[Bt] = p, E[Ut] = µ and E[Xt] = pµ, we apply these

results to the expected model output given by

E[Yt] = E

[
ReLU

(
t−1∑
s=0

asXt−s

)]
.

Previously, we were able to apply linearity of expectation to split the expectation of a sum into
a sum of expectations, but the ReLU non-linearity precludes using the same approach here. The
distribution of the interior weighted sum of uniformly distributed variables is known [24], but
its complexity explodes with increasing t. We will therefore opt for an approximation.

4.1.2 An Approximation of L
(t)
ReLU Under High Sparsity

Let ρ be the spectral radius of Wh. Then the temporal feature xt−s is represented by the
vector ws = W s

hWx in the hidden state ht. For old features, corresponding to large s, we
have ∥W s

h∥ ≈ ρs by Gelfand’s formula [21, ch.5]. As argued in section 3.3.2, we are only
concerned with the case of ρ < 1, so for any ε > 0, there exists a “memory window” of length
Tε = ⌈log(ε)/ log(ρ)⌉ such that for s ≥ Tε, ∥W s

h∥ ≈ ρs ≤ ρTε ≤ ε. Hence the contribution of any
input older than Tε has magnitude of order O(ε). Intuitively, this means that if we set ε small
enough (and thus Tε large enough), we can ignore inputs older than Tε time steps.

Therefore, the only inputs that can have a significant effect on the model’s behaviour are
those which arrived in the last Tε time steps. Since each input is masked by a Bernoulli random
variable, the number of non-zero inputs that arrive in Tε time steps is distributed according
to Nε ∼ Binomial(Tε, p). This quantity essentially counts the number of inputs actually “in
play”, meaning that their effect on the hidden state has magnitude larger than ε. Hence, the
probability that there are two or more such inputs is given by

Pr[Nε ≥ 2] = 1− (1− p)Tε − pTε (1− p)Tε−1 ≈ p2

2
Tε(Tε − 1),

where the binomial approximation holds for small p (full proof in appendix A.2). Therefore, if we
are willing to ignore cases that arise with probability less than some δ > 0, we can approximate
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the behaviour of an RNN by its behaviour on input sequences with only one non-zero input for
Pr[Nε ≥ 2] < δ. This occurs when sparsity is high enough to make it vanishingly rare for two
or more inputs to be “in play” simultaneously. Specifically, the approximation is valid when

p <

√
2δ

Tε(Tε − 1)
<

√
2δ

log(1/ε) log(1/ρ),

or, equivalently,

ρ < exp
(
−p log(1/ε)√

2δ

)
= exp

(
p log(ε)√

2δ

)
= εp/

√
2δ.

In particular, for arbitrarily tight δ, ε > 0, there always exists a sparsity level p small enough to
make the approximation valid for any given model with ρ < 1. Under this approximation, our
analysis of the ReLU-gated model becomes tractable, as we can ignore all cases that involve two
or more non-zero inputs. For instance, the expected model output becomes

E

[
ReLU

(
t−1∑
s=0

asXt−s

)]
≈

t−1∑
s=0

E [ReLU (asXt−s)] =

t−1∑
s=0

E[Xt−s]ReLU (as) = pµ

t−1∑
s=0

ReLU(as).

We now follow the steps of section 3.2.3, applying this assumption to derive an interpretable
expression for the loss incurred at time t. We begin with

L
(t)
ReLU = E

[
X2

t−k

]
− 2E

[
Xt−k ReLU

(
t−1∑
s=0

asXt−s

)]
+ E

ReLU
(

t−1∑
s=0

asXt−s

)2


As before, the first term is E
[
X2

t−k

]
= pν. To evaluate the second term, we again use the

assumption that no more than one of the inputs is non-zero. There are two cases: either Xt−k

is zero, in which case the entire term collapses to zero, or Xt−k is non-zero, in which case all
other Xt−s are zero for s ̸= k. Hence the second expectation simplifies to

E

[
Xt−k ReLU

(
t−1∑
s=0

asXt−s

)]
≈ E [Xt−k ReLU(akXt−k)]

= E
[
X2

t−k

]
ReLU(ak)

= pν ReLU(ak).

Similarly, in the third expectation, the only non-zero summands are those on the “diagonal” (all
off-diagonal terms require two inputs to be non-zero, so we ignore them):

E

ReLU
(

t∑
s=0

asXt−s

)2
 ≈

t∑
s=0

E
[
ReLU (asXt−s)

2
]

=

t∑
s=0

E
[
X2

t−s

]
ReLU(as)

2

= pν

t∑
s=0

ReLU(as)
2.

Putting these together:

L
(t)
ReLU = E

[
X2

t−k

]
− 2E

[
Xt−k ReLU

(
t∑

s=0

asXt−s

)]
+ E

ReLU
(

t∑
s=0

asXt−s

)2

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Figure 4.1: Relative error in approximating L
(t)
ReLU for high ρ. At each value of ρtarget, 500 recurrent

weight matrices Wh ∈ R2×2 were randomly sampled and then linearly scaled by ρtarget/ρ(Wh), thus
setting the spectral radius of each matrix to ρtarget. Each Wh was paired with different randomly
sampled vectors Wx,Wy ∈ R2 to form a 2-dimensional linear model with a ReLU non-linearity in the
output. Each random model’s performance on the 5-delay task was evaluated over 100,000 sequences
for each sparsity level. At each time step, L

(t)
ReLU was calculated according to the approximation and

compared to the empirically observed loss. The three plots show, for each sparsity level, the relative
approximation error at each time step, averaged across the 500 random models for each ρ.

≈ pν − pν ReLU(ak) + pν
t∑

s=0

ReLU(as)
2

∝
(
ReLU(ak)− 1

)2
+

t∑
s ̸=k

ReLU(as)
2.

See figure 4.1 for an empirical validation of this approximation. In the dense regime, the ap-
proximation is generally inaccurate, with over 10% approximation error for all ρ ≥ 0.75. In
cases of high sparsity (p < 0.1), however, the error drops to under 5% for most ρ. At the highest
sparsity levels, the approximated L

(t)
ReLU becomes a near-perfect predictor of empirical loss over

indefinitely long sequences for all but the highest values of ρ.

4.1.3 A Geometric Interpretation of the Approximation to L
(t)
ReLU

The expression we have obtained resembles (∗∗), but the inclusion of the ReLU activation has
a significant impact on its geometric interpretation. Since the model now only produces output
for vectors that have a positive projection onto Wy, all ws vectors in the half-space opposite
Wy do not contribute to projection interference.

In fact, in the extremely sparse regime (where composition interference becomes negligible),
this half-space essentially becomes interference-free. This reveals a remarkable incentive for the
model to take advantage of this phenomenon by packing as many ws vectors into this half-space
as possible. This is illustrated in figure 4.2 on the following page.
To verify this hypothesis empirically, we train linear RNNs with ReLU read-outs on the k-delay
task at various levels of sparsity. Note that, due to the linear nature of the recurrence, arrange-
ments like the one in figure 4.2(a) are not generally possible to achieve exactly in linear RNNs:
no combination of rotation, reflection, scaling and shearing can be iterated to create such an
arrangement of vectors for arbitrary k. Despite this, the results in figure 4.3 on page 31 confirm
our hypothesis that, when sparsity is high, models learn to minimise projection interference by
sending their largest activations through the interference-free half-space.
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Wy

wk

All
other ws

(a) Ideal arrangement for ReLU read-out

Wy

(b) Familiar solution for linear read-out

Figure 4.2: ReLU read-out creates an interference-free half-space. Both figures show a shaded half
space opposite to Wy that becomes interference-free in the extremely sparse regime. In (a), we imagine
the arrangement incentivised by this: ideally, only the output feature wk lies outside the interference-free
half-space, as it should align with Wy to minimise task error; all other ws vectors should lie in the
interference-free half-space so that they have no effect on the loss. In (b), we recall the arrangement
learned by linear models with linear read-outs. If a ReLU read-out is introduced, this arrangement
will no longer be optimal because the interference-free half-space is not being optimally used; projection
interference could be significantly reduced by moving the largest vectors to the interference-free half-space.

For k ≤ 3, we observe almost ideal solutions in the extremely sparse regime, with only the
output feature represented outside the interference-free half-space. This is exactly as predicted
from the geometric interpretation of L

(t)
ReLU. For higher values of k, the linear recurrence is

more limiting: it forces the ws vectors to be spaced “equally” along an elliptical spiral [25,
p.317] and so there is no way for k + 1 ≥ 5 task-relevant features to have non-negligible norm
without incurring some projection interference.1 Thus we see an approximation of the strategy,
in which the largest ws vectors occupy the interference-free half-space while smaller vectors lie
outside of it. Within the constraints of linear recurrence, this strategy still minimises projection
interference by exploiting the interference-free half-space.

Unsurprisingly, the optimal spectral radius increases with k, regardless of sparsity. This is
simply because for larger k, the model must hold inputs in its memory for more time steps.
Concretely, if ρ is too small, then the magnitude of wk in the hidden state will be negligible
relative to the other ws and so any task-relevant signal will be completely overpowered by
projection interference from other features. Therefore, for optimal performance, ρ must increase
with k. More subtle is how the optimal ρ varies as sparsity is increased. The results in figure 4.3
suggest that ρ increases up to some critical sparsity and then begins decreasing.

4.1.4 Observing a Phase Change in the Optimal Geometry
The results follow this pattern more broadly, hinting towards a phase change: for each k, the
optimal arrangement in the dense regime (p = 0) resembles the solutions found by purely linear
models with linear read-outs, as seen in figure 3.2. In these cases, despite the half-space opposite
Wy being free from projection interference, it seems that the optimal strategy does not take
advantage of it. We speculate that this is because composition interference is a major factor in
the dense regime and that if the model were to place large activations in the half-space opposite
to Wy, those activations would almost always overpower any activation of the opposite-facing

1Intuitively, there is no way to stretch, shear or rotate an origin-centred regular pentagon (or higher polygon)
such that the resulting shape has just one vertex above the x-axis.
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Figure 4.3: Solutions to k-delay learnt by linear models with ReLU read-out. Rows correspond to
different values of k and columns correspond to different sparsity levels. For each combination of k and
sparsity level, 100 linear models with 2-dimensional Wh and ReLU read-out were trained on 10,000 input
sequences of length 25. The ws vectors of the best-performing model (as measured by lowest EMA
training loss) are plotted after applying a conformal linear transformation such that the y-component of
each ws is as, and w0 points towards positive x. Thus the interference-free half-space is simply given by
y < 0. As before, the output feature, wk, is marked with a star. Note that the plots vary significantly in
scale, so it is not meaningful to compare the magnitude of a particular ws vector between different plots.
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Figure 4.4: A geometric phase change in a linear model with ReLU read-out. At each sparsity level,
1000 linear models with Wh ∈ R2×2 and ReLU read-out were trained over 10,000 sequences of length 25
to perform the 7-delay task. For the 10 best-performing (top 1%) models in terms of EMA training loss,
the spectral radius ρ and angle kθ were calculated. The plots show the mean and standard deviation
(shaded) of these values among these models. Note that the standard deviation is very low at almost all
sparsity levels, implying that the top 1% of models all learnt very similar representations in almost every
case; in particular, this means that the unstable regime is not an artefact of a few anomalous results but
the result of a genuine metastable state.

output feature, essentially causing the model to output nothing.
On the other hand, when inputs become sufficiently sparse, the optimal strategy switches to

take advantage of the interference-free half-space. Here, non-zero inputs are rare enough that
most of them never interact with each other in the hidden state, meaning that there is usually
no more than one input “in play”. As a result, it is safe to exploit the interference-free half-space
because the kind of event that made it too costly in the dense regime is extremely unlikely to
occur in the sparse regime.

We now investigate the nature of the transition between these two situations. The most
noticeable difference in representational geometry between the dense and sparse cases is the
angular distribution of ws vectors: in the dense regime, the task-relevant features w0, . . . ,wk

all exist within a cone of approximately 90◦. This means that, only a quarter of the plane is
being used to represent task-relevant features, while the remaining space is given to historical
features. Under higher sparsity, the model then switches to an arrangement where the task-
relevant features span approximately 270◦, or three-quarters of the plane.

An empirical measurement of this angle is reported alongside ρ in figure 4.3 by kθ, where θ
is extracted from the complex conjugate eigenvalues λ1,2 = ρe±iθ of Wh ∈ R2×2. By performing
a fine-grained sweep over sparsity (figure 4.4), we uncover a clear phase change. Below a certain
critical sparsity, the optimal value of kθ is relatively stable around 90◦; then, up to a second
critical sparsity level, the value is highly unstable; finally, kθ collapses again to a stable value of
approximately 270◦. We also observe that the optimal ρ slowly increases until around the same
critical sparsity, beyond which it begins to decrease.

The existence of an unstable regime is a notable difference from the phase changes observed
by [3] in feed-forward models. It suggests the existence of a transient third strategy with high kθ
that is only relevant as part of the transition between the dense and sparse regimes, analogous
to a metastable state. The plot for k = 5, 1 − p = 0.7 in figure 4.3 appears to be an example
of this state, with kθ = 796.6◦. More broadly, if the existence of this regime generalises beyond
our toy setup, it would have a profound implication: even if we could individually understand
all the geometric strategies available to an RNN, there may exist a range of sparsities within
which we cannot reliably predict which strategy a model will actually learn.
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4.2 Non-Linear Recurrence
So far, we have studied RNNs with linear recurrence. As seen in figure 4.3, such models have
limited expressivity because their dynamics are constrained to a particular form, such as an
elliptical spiral. In this section, we study models with a simple non-linear recurrence and find
that, in the sparse regime, they consistently implement the ideal strategy of packing as many
ws vectors into the interference-free half-space as possible.

4.2.1 Introducing a ReLU Non-Linearity in the Recurrence
Applying a non-linearity to the hidden state immediately breaks the linear representation hy-
pothesis: each feature would be represented along a (not necessarily smooth) “curve” rather
than a straight line. This massively complicates the study of non-linear recurrence in general.

We therefore proceed with a recurrent setup for which, in the extremely sparse regime, the
linear representation hypothesis becomes provably true. We begin with an observation that the
standard non-linear recurrence with ReLU activation,

h0 = 0, ht = ReLU(Wxxt +Whht−1),

is functionally equivalent (up to a re-labelling of what we call ht) to

h0 = 0, ht = Wxxt +Wh ReLU(ht−1).

We then define the model output as yt = ReLU
(
W T

y ht

)
, reading out from the pre-activation

hidden state. We acknowledge that this is a departure from the traditional RNN architecture,
but we argue that it is a minor one: only the output mechanism is affected; the recurrent path
in the model remains unchanged. Although this architecture is no longer literally equivalent to
a standard RNN, it is still a recurrent model. Our work focuses primarily on understanding the
relationship between the general concepts of recurrence, memory, sparsity and superposition,
rather than on particular model architectures. As such, we believe this approach, although not
typical, will still provide generalisable insights about non-linear recurrence.

4.2.2 Unrolling the Hidden State of a Non-Linear RNN Under High Sparsity
For the case of linear recurrence, we have shown that for sufficiently sparse input sequences, we
can assume that there is at most one non-zero input “in play” within a model’s hidden state
at any given time. Fundamentally, this was based on the idea that there exists a “memory
window” of length T such that inputs older than T time steps cannot contribute significantly to
the current hidden state. This essentially arose from the proof in section 3.3.2 that RNNs with
linear recurrence must satisfy the echo state property in order to achieve reasonable loss.

We argue that a similar “memory window” should be expected in models with non-linear
recurrence. Although it is much harder to prove that the echo state property is a requirement for
good performance in non-linear models, there exists plenty of evidence for the reverse statement:
echo state networks are, by definition, non-linear models that satisfy the echo state property [7]
and have been shown to achieve strong performance on a variety of sequential processing tasks
[26]. Clearly, the echo state property is not incompatible with strong task performance and it
is not implausible that the linear result – that the echo state property is actually required for
tasks like k-delay – carries over to the case of non-linear recurrences, based on these empirical
observations. Therefore, we intuitively expect our reasoning to hold for non-linear recurrence:
if the input sequence is made sufficiently sparse, we can approximate the model’s behaviour by
ignoring situations where two or more inputs are non-zero.

Unrolling the hidden state, we see that an analysis of the general case is intractable:

ht = Wxxt +Wh ReLU(ht−1)
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= Wxxt +Wh ReLU(Wxxt−1 +Wh ReLU(ht−2))

= Wxxt +Wh ReLU(Wxxt−1 +Wh ReLU(Wxxt−2 +Wh ReLU(ht−3)))
...
= Wxxt +Wh ReLU(Wxxt−1 +Wh ReLU(· · ·Wh ReLU(Wxx2 +Wh ReLU(Wxx1)) · · · )).

Suppose, however, that for some s, only xt−s is non-zero and all other inputs are assumed to
be zero, as per our approximation. Recalling that in our setup, xt−s is scalar and non-negative,
the hidden state simplifies as follows:

ht = Wx(0) +Wh ReLU(Wx(0) +Wh ReLU(· · ·Wh ReLU(Wxxt−s +Wh(0)) · · · ))
= Wh ReLU(Wh ReLU(· · ·Wh ReLU(Wxxt−s) · · · ))
= Wh ReLU(Wh ReLU(· · ·xt−sWh ReLU(Wx) · · · ))
= xt−sWh ReLU(Wh ReLU(· · ·Wh ReLU(Wx) · · · ))︸ ︷︷ ︸

ws

= wsxt−s.

Though it is not analytically possible to find a simplified expression for the vector ws, it never-
theless is the direction in which the feature xt−s is represented in the limit of sparsity, as p → 0.
Hence, in the extremely sparse regime, the linear representation hypothesis holds for this model.
This is not a trivial result – it relies on both the piecewise linearity of ReLU for non-negative
inputs and our definition of ht as the hidden state prior to application of ReLU.

4.2.3 Non-Linear Models Learn to Exploit the Interference-Free Half-Space
We have shown that in the extremely sparse regime, the model’s hidden state collapses to a
linear representation of temporal features that is read out by projection onto Wy with ReLU
activation. In other words, this is no different to the situation discussed in section 4.1.1 and
so we have already developed the necessary theory (such as the concept of the interference-free
half-space) to understand the model’s behaviour. The only difference in the non-linear case
is that the model has increased expressivity, meaning that it is able to achieve more optimal
arrangements of ws vectors.

In figure 4.5 on the next page, we verify that the geometric interpretation of L(t)
ReLU developed

in section 4.1.3 carries over to the non-linear model under high sparsity. Indeed, at the highest
sparsity level (1 − p = 0.99), for each k, the best performing model packs the k intermediate
features into the interference-free half-space and only wk lies outside of it, exactly as predicted
from the approximated loss L

(t)
ReLU.

In many cases, we actually see most of the vectors compressed into a single quadrant figure 4.6
on the following page. This occurs because the ReLU non-linearity creates a privileged basis in
the hidden state: activations in the x, y ≥ 0 quadrant are unaffected by ReLU, while activations
in the other quadrants will immediately have one or both (in the case of x, y < 0) of their
coordinates set to zero in the next time step. As a result, the x, y ≥ 0 is the only quadrant
in which the model can implement full-rank dynamics over multiple time steps: activations in
other quadrants are either immediately mapped to the x, y ≥ 0 quadrant or are forced to be
lower rank (e.g. shrinking along a line). This behaviour is seen in many of the plots in figure 4.5,
especially in the bottom left, in cases of high k and low sparsity.

This may seem restrictive, but we posit that this effect of the ReLU activation is actually
what makes the non-linear model so much more expressive than the linear model. Specifically, a
model with linear recurrence can only implement smooth forgetting with spectral radius ρ < 1;
an input’s contribution to the hidden state shrinks over time (often becoming negligible within
a few time steps) but never truly disappears. On the other hand, the ReLU activation makes it
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Figure 4.5: Solutions to k-delay learnt by non-linear models with ReLU read-out. Rows correspond to
different values of k and columns correspond to different sparsity levels. For each combination of k and
sparsity level, 100 non-linear models with 2-dimensional Wh and ReLU read-out were trained on 10,000
input sequences of length 25. The ws vectors of the best-performing model (as measured by lowest EMA
training loss) were computed and plotted after applying a conformal linear transformation such that the
y-component of each ws is as, and w0 points towards positive x. Thus the interference-free half-space is
simply the region defined by y < 0. As before, the output feature, wk, is marked with a star.
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Figure 4.6: Non-linear recurrence creates a privileged basis. The experimental setup is identical to
figure 4.5, but with higher sparsity and k. The axes in each plot are basis-aligned, meaning that each
axis represents the activation of a neuron in the hidden state. Wy is plotted as a dashed black arrow.
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possible to immediately forget a feature by sending it to the x, y < 0 quadrant (or the higher-
dimensional equivalent). As a result, the non-linear model can rely on the ReLU activation to
implement sharp forgetting, which enables the model to represent only the task-relevant features.
Furthermore, since it no longer relies on ρ to implement smooth forgetting, these task-relevant
features can be represented with larger magnitudes in the hidden state.

Viewed another way, the ReLU activation function actually makes it far easier for a model
to satisfy the echo state property if desired. Since inputs can be immediately forgotten once
they are no longer required, the “memory window” can now be a sharp boundary. In figure 4.5,
we see this implemented in the high sparsity regime for small k: models often learn to represent
the k + 1 task-relevant features and nothing more.

Note that this behaviour is not seen for higher values of k; this is because a 2-dimensional
non-linear RNN is simply not expressive enough to be able to pack many w1, . . . ,wk−1 tightly
in the x, y ≥ 0 quadrant and then transform wk−1 all the way to the x, y < 0 quadrant (where
the desired behaviour would be for it to be output as wk and then immediately forgotten).
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Chapter 5

Discussion

The problem of understanding why models learn the internal representations that they do can
be approached from two directions. One idea is to train lots of models under various conditions
and analyse the empirical results. The benefit of this approach is that we can be relatively sure
that the solutions we observe are near-optimal. The downside is that this approach does little
to reveal how or why the optimiser arrived at those optimal solutions.

For the most part, this is the approach taken by [3] to develop the original theory of super-
position in neural networks: the authors conduct a series of experiments that demonstrate what
superposition looks like and then present (reasonable) hypotheses about why it looks that way.

The problem with applying this approach to the study of representations in RNNs is that,
as we have seen, there are many unrelated forces that interact to determine what the optimal
solution looks like. Even for linear recurrent models trained on a basic recall task, the optimal
representation is determined by a combination of the sparsity and mean of the data, the specific
memory requirement of the task (k), the effects of projection and composition interference and
the underlying constraint on any learnt representation to be achievable by a linear dynamical
system. It seems very difficult to look at trained RNNs and cleanly attribute each observed
pattern to just one or two of these factors. For example, it seems much harder to detect the
existence of the mean-correction term from just empirical observations.

In the study of feed-forward models, the authors of [3] were able to avoid issues like this by
enforcing symmetries (such as Wy = Wx) that simplified the setup; such tricks are harder to
implement for RNNs, as often the only way for an RNN to perform non-trivial computation is
to break these kinds of symmetries. This makes the starting point for RNNs far more complex
than that for feed-forward models.

In this work, we have demonstrated the feasibility and power of the alternative, bottom-up
approach in which we build up the interpretation from a purely theoretical foundation. This
way, we can guarantee the existence of incentives like mean-correction, even if they are difficult
to detect in practice. The strength of our approach in the linear case is that there is absolutely
no guesswork involved – the incentives we identified fall directly out of an exact expression for
the loss. This is promising, as it establishes another proof-of-concept (alongside works like [6])
of a purely analytical approach to mechanistic interpretability.

Of course, this theoretical approach quickly became intractable once we considered any
kind of non-linearity, but it was somewhat surprising to see just how far the intuitions we
developed to understand the linear model carried over into more complex cases. In particular,
our proposed distinction between projection interference and composition interference became
the core framework for understanding the non-linear models and motivating the existence of the
interference-free half-space. Again, this is highly promising, as it implies that even if further
development of the theory becomes intractable, the concepts established here can be used in
future work to understand empirical results. As such, our hope is that theoretical work like this
can provide the necessary framework to make the empirical approach more viable for RNNs.
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Limitations of Our Approach

Due to this bottom-up approach, the main limitation of our work is that it focuses entirely on
a very simple toy task and opts for depth of analysis over breadth. While this has led to the
development of a novel theoretical framework that shows some promise of wider generalisation,
it does not capture the full range of sequential processing tasks. For example, real-world tasks
will often require an RNN to perform conditional processing, where the model steps through
entirely different sequences of future hidden states depending on the current input.

Related to this is the issue that we have focused solely on the case of scalar input sequences.
This was crucial for developing a sound theory of temporal superposition, but we have not
considered the more general spatiotemporal interactions. In the “future work” section below, we
discuss some preliminary ideas related to this and outline a hypothesis that could be investigated
in future work.

Another issue is that we have largely focused on the case of 2-dimensional hidden states.
This is convenient for visualising the internal representations of models and building intuitions
about how they form, but it is possible that there exist subtle differences in higher dimensions.
We do suspect, however, that most results other than the “spiral sink” (which is specifically a
2-dimensional arrangement) should generalise to higher dimensions, as we generally only make
the 2D assumption for the purpose of visualisation and empirical validation; the underlying
theory makes no assumptions about the dimensionality of the hidden state.

Finally, our theoretical analysis relies on the assumption that temporal features are inde-
pendently distributed. As discussed in section 3.2.2, this is not a realistic assumption there is
likely more to be uncovered about both linear and non-linear RNN representations once this
assumption is weakened or removed.

In summary, this work suffers from many of the same limitations as other “toy models”
research: by definition, this research direction focuses on extracting interesting, potentially
generalisable insights from very simplified and abstracted setups.

Future Work

Much of the potential for future work lies in resolving the limitations mentioned above. In
particular, it may be possible to generalise the loss decomposition beyond i.i.d. input sequences
– for example, studying the k-delay task under the assumption that the input sequence can be
modelled by a Markov chain may still be tractable and would be substantially more convincing
in terms of generalisation to real-world data.

Similarly, one might consider how our findings generalise to RNNs that are trained to simulate
arbitrary finite-state machines; the k-delay task is a trivial case of this. Again, this would make
for a significant generalisation of the theory to more complex sequential processing tasks. This
may involve further refinement to our definitions, such as a more advanced definition of what we
consider to be a “temporal feature”. Mechanistic interpretability has been described as a pre-
paradigmatic field, in that it lacks consensus on these core definitions; some of our definitions
will likely need to be adapted in order to make progress.

One surprising result that we did not investigate further was the existence of an unsta-
ble regime in between the dense and sparse regimes (??). Future work could seek to confirm
whether a metastable state truly exists in this regime and, if so, what its geometric properties
are. Additionally, it would be highly interesting to see if the geometry of the model can be
reliably predicted within this regime, or if there truly is a regime for which an RNN’s internal
representation is unpredictable.

Finally, we propose an interesting hypothesis that arises directly from our study of temporal
superposition: temporal superposition may be fundamentally “cheaper” than spatial
superposition. The reasoning for this is as follows. Generally speaking, in both feed-forward
and recurrent models, we have one read-out vector per spatial feature. This means that, in a
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CHAPTER 5. DISCUSSION

(a) Spatial projection interference (b) Temporal projection interference

Figure 5.1: Projection interference in spatial and temporal features. In (a), we see projection interference
as it would apply in the feed-forward model studied by [3]. Each feature is perfectly aligned with its own
dedicated read-out vector, so adjacent features project onto each other. Since each feature corresponds
to a read-out vector, every feature in this arrangement experiences projection sparsity equally, and no
region is completely free of projection interference. In (b), we see the same polygonal arrangement but
in the case of temporal features, where the read-out is along the positive y-axis. As a result, only two
features cause projection interference and there exists a half-space free of projection interference.

feed-forward model, the ratio between the number of read-out vectors and the number of spatial
features is one-to-one.

On the other hand, in many sequential processing tasks such as k-delay, there are plenty of
task-relevant temporal features that are not intended to be read out – as we have seen, these are
the intermediate temporal features. Thus, in such sequential processing tasks, the task-relevant
features greatly outnumber the read-out vectors and so the equivalent ratio is one-to-many.

Recalling that projection interference, by definition, can only occur in the presence of a
read-out vector, we hypothesise that temporal features are fundamentally cheaper to represent
than spatial features as a result of this difference in ratio. We have already seen an instance
of this in our discussion of the interference-free half-space, as depicted in figure 5.1. While it
is possible that this phenomenon is merely a quirk of the particular setup we have studied, it
seems rather plausible that there is a genuine difference between the purpose of a spatial feature
and that of a temporal feature, which would lead to different representational costs. If such a
difference exists, it would have significant implications for the internal representations of RNNs
that operate on more than one spatial feature (i.e. vector-valued sequences).
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Chapter 6

Conclusion

In this work, we have built geometric intuitions about the internal representations of linear and
non-linear RNNs from a purely theoretical basis. We have introduced a distinction between two
separate kinds of interference: projection interference and composition interference, and shown
that these phenomena behave very differently to in linear RNNs optimised for the k-delay task.
We found an exact decomposition of the expected loss incurred by any linear model on this task
and gave a geometric interpretaion of what each term in this decomposition incentivises.

In the study of linear models with non-linear read-out, we derived an approximation to the
loss function for this task under the assumption of extremely sparse input and demonstrated
that the concepts of projection and composition interference could be used to predict and explain
the internal representations of these models for the k-delay task. In particular, we motivated
the existence of a half-space in activation space that becomes completely free of all interference
in the extremely sparse regime and verified that this encourages models to pack their largest
activations into this region.

Finally, we introduced a modified non-linear RNN that provably satisfies the linear repre-
sentation hypothesis in the limit of perfect sparsity (p → 0). Our theoretical framework almost
exactly predicted the internal representations learnt by these models.

Our work represents initial progress towards a general theoretical framework for understand-
ing the internal representations of RNNs and a proof-of-concept for an analytical approach to
RNN interpretability. We believe there is significant potential for further development and
validation of this framework in more general settings.
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Appendix

A.1 Deriving an Alternative Form of (∗)

L(t) = pν(ak − 1)2 + pν
t−1∑
s ̸=k

a2s − 2p2µ2
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s ̸=k
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A.2 Proof of Pr[Nε ≥ 2] ≈ O
(
p2T 2

ε

)
for Nε ∼ Binomial(Tε, p) with

small p
Suppose Nε ∼ Binomial(Tε, p). Then

Pr[Nε ≥ 2] = 1− Pr[Nε = 0]− Pr[Nε = 1]

= 1− (1− p)Tε − pTε (1− p)Tε−1 .

For small p, we can apply a binomial approximation to (1− p)n. This gives

(1− p)Tε ≈ 1− pTε +
1

2
p2Tε(Tε − 1),

pTε (1− p)Tε−1 ≈ pTε

[
1− p(Tε − 1) +

1

2
p2(Tε − 1)(Tε − 2)

]
= pTε − p2Tε(Tε − 1) +

1

2
p3Tε(Tε − 1)(Tε − 2).

Therefore
Pr[Nε ≥ 2] = 1− (1− p)Tε − pTε (1− p)Tε−1

≈ 1−
[
1− 1

2
p2Tε(Tε − 1) +

1

2
p3Tε(Tε − 1)(Tε − 2)

]
=

1

2
p2Tε(Tε − 1) +O

(
p3
)
.
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