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ABSTRACT Over time, the accuracy and speed by which a material can be characterized should improve.
Today, the Nicolson–Ross–Weir (NRW) methodology represents a well-established method for extracting
complex dielectric properties at microwave frequencies, with the use of a modern vector network analyzer.
However, as will be seen, this approach suffers from three fundamental limitations to accuracy. Challenging
NRWmethods requires a methodical and robust investigation. To this end, using a dielectric-filledmetal-pipe
rectangular waveguide, five independent approaches are employed to accurately characterize the sample at
the Fabry–Pérot resonance frequency (non-frequency dispersive modeling). In addition, manual Graphical
and automated Renormalization spectroscopic approaches are introduced for the first time in the waveguide.
The results from these various modeling strategies are then compared and contrasted to NRW approaches.
As a timely exemplar, 3-D printed acrylonitrile–butadiene–styrene (ABS) samples are characterized and
the results are compared with existing data available in the open literature. It is found that the various
Fabry–Pérot resonance model results all agree with one another and validate the two new spectroscopic
approaches; in doing so, exposing three limitations of the NRW methods. It is also shown that extracted
dielectric properties for ABS differ from previously reported results and reasons for this are discussed.
From measurement noise resilience analysis, a methodology is presented for determining the upper bound
signal-to-noise ratio for the vector network analyzer (not normally associated with such instrumentation).
Finally, fused deposition modeling (FDM) 3-D printing can result in a non-homogeneous sample that excites
open-box mode resonances. This phenomenon is investigated for the first time analytically and with various
modeling strategies.

INDEX TERMS 3-D printing, additive manufacturing, ABS, Fabry–Pérot resonance, FDM, open-box mode
resonance, MPRWG, NRW, rectangular waveguide, SNR, spectroscopy, VNA.

I. INTRODUCTION
The accurate characterization of a material’s complex dielec-
tric properties is of fundamental importance to both the
experimental scientist and design engineer. Spectroscopy
quantifies the interaction between matter and electromag-
netic radiation at discrete frequency points within the spec-
tral range of interest. The authors recently published a
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comprehensive analytical review paper on the extraction of
complex dielectric properties from reflection-transmission
mode spectroscopy using free-space (quasi-)optics [1], to try
and bridge the knowledge gap between the science and
microwave/millimeter-wave/THz engineering communities.
In [1], a new graphical-based technique was introduced (in
theory only) that avoids the need for: (i) assuming a loss-
less material; (ii) not considering all Fabry-Pérot reflec-
tions between boundaries; and (iii) requiring an initial guess
with iterations. As with all previous methods, a number of
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generally accepted analytical assumptions were adopted, cor-
responding to an ideal measurement scenario; associated
with the dielectric under test and its measurement envi-
ronment [1]. However, while this new Graphical technique
demonstrated its ability to completely recover (with 100%
reliability) the exact complex dielectric properties from an
arbitrarily chosen dataset (typical clear window glass, from
1 to 100 THz), using mathematically traceable simulations,
until now it has not been applied to real practical (i.e.,
non-ideal) measurements. Moreover, while spectroscopy is
commonly associated with free-space (quasi-)optical mea-
surements, our Graphical technique for extracting complex
dielectric properties from reflection-transmission mode spec-
troscopy will be employed here for the dominant waveguide
mode associated with Electronic Industries Alliance (EIA)
standard WR-90 (8.2 to 12.4 GHz) for X-band metal-pipe
rectangular waveguides (MPRWGs).

Additive manufacturing using polymer-based 3-D print-
ing has received considerable attention in recent years at
microwave [2], [3], millimeter-wave [2] and terahertz [4], [5]
frequencies. One of the many benefits of this technology
is that it offers considerable cost savings over conventional
forms of manufacturing; especially with low volume produc-
tion (e.g., prototyping). However, relatively little has been
published on the dielectric properties of these building mate-
rials. Moreover, it is generally believed that polymer-based
building materials are electromagnetically lossy and, as a
result, would not serve as a useful dielectric medium.

The authors recently reported a tunable phase shifter,
based on X-band MPRWGs having a mechanically moveable
dielectric flap insert; with all parts being 3-D printed [3].
Using simple ‘brute-force’ modeling of the dielectric, it was
found that the measured relative phase shift tuning perfor-
mance could be predicted, with the worst-case insertion loss
kept below 0.5 dB at 10GHz; contradicting expectations from
previously published dielectric properties for a chemically
similar building material.

This paper investigates the characterization of the most
commonly found fused deposition modeling (FDM) 3-D
printed acrylonitrile-butadiene-styrene (ABS) building mate-
rial. Not only does this work represent the first practical
proof-of-principle demonstration for our new dielectric char-
acterization methodology, but also extends this from rela-
tively simple free-space (quasi-)optics to more complicated
waveguide media.

The Graphical approach is fundamentally based on the
manual extraction (by visual inspection) of the solution to
a set of simultaneous equations. While accurate, it is a
very slow and tedious process, which has to be performed
at each frequency independently. As a result, a fast auto-
mated Renormalization approach is presented here for the
first time. These spectroscopic techniques will be inde-
pendently validated at Fabry-Pérot resonance frequencies.
All results will be compared with NRW approaches, using
closed-form numerical solutions, which provide a useful
benchmark.

It will be rigorously shown that the relatively low loss
nature of FDM 3-D printed ABS, found with our initial brute-
forcemodeling approach, is validated by various independent
approaches; extending its functionality from being just a
building material to a useful low loss dielectric medium.

Challenging any well-established approach requires a
detailed and rigorous investigation. Improving the current
attainable levels of accuracy when characterizing a material’s
complex dielectric properties raises many complicated and
subtle issues. As a result, in this paper, all interrelated aspects
will be explored in depth and, in many cases, for the first
time. Therefore, in addition to complex dielectric property
extraction (the main focus of this paper), supporting insight
is given on: (i) 3-D printed sample preparation (which include
defects); (ii) modeling of the guided-wave medium contain-
ing a sample under test (resulting in the expected Fabry-
Pérot mode resonance and unexpected anomalous open-box
mode resonances that result from sample defects); (iii) the
measurements themselves (which include noise); and (iv)
exposing three fundamental limitations to accuracy found
with the well-established approach.

Section II details the preparation and quality of the sam-
ples and also the measurement set-up that was used; this
information is later used by the various characterization
methodologies adopted throughout the paper. Section III
explores five non-spectroscopic strategies for modeling
dielectric-filled metal-pipe rectangular waveguide measure-
ments at the Fabry-Pérot resonance frequency. First, the most
accurate analytical method (labeled M1) is employed; from
which results from all other methods are compared against.
Then much simpler textbook approximations (underpin-
ning many measurement system calibrations, simulation
software and complex dielectric property extraction tech-
niques) are given (M2), along with new derivations. These
analytical (both accurate and approximate) mathematical
models are referred to throughout the paper, to explain
background concepts and in performing calculations. Next,
a distributed-element equivalent-circuit modeling approach
(M3) is given to demonstrate its use in brute-force extraction
of dielectric properties using commercial software (under-
pinned by approximate mathematical models). A lumped-
element equivalent-circuit modeling approach (M4) is also
included, with new derivations, for modal analysis used later
on. Finally, a rigorous (finite-element) numerical electro-
magnetic simulation software approach (M5) provides an
alternative, independent means of extracting the dielectric
properties of the samples. All five models (M1 to M5) are
used to determine the quality factors associated with the
Fabry-Pérot mode. These quality factors provide a useful
inter-comparison tool, for validation purposes. Moreover,
collectively, all fivemodels give a deep insight into dielectric-
filled metal-pipe rectangular waveguides (including the mea-
surements) that are used to house the FDM 3-D printed ABS
samples.

Section IV extends the analytical and numerical model-
ing approaches described in Section III. Bespoke analytical
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models are derived to investigate the constituent quality
factor contributions associated with the propagating-wave
Fabry-Pérot mode resonance, using electromagnetic field
integrals calculated either using purely analytical expres-
sions for the electric and magnetic field components or
alternatively computed directly from numerical simulations.
Section V investigates the standing-wave open-boxmode res-
onances, excited by the imperfections/inhomogeneity in the
FDM 3-D printed ABS samples, using numerical techniques
discussed in Sections III and IV.

The spectroscopic extraction of complex dielectric proper-
ties using the newmanual ‘Graphical’ and the new automated
‘Renormalization’ approaches are presented in Section VI
and Section VII, respectively. In Section VIII, results from
these new spectroscopic methodologies are then compared
with those extracted using the well-established spectroscopic
technique and three non-spectroscopic strategies undertaken
at the Fabry-Pérot resonance frequency, as well as those
published in the open literature. Section IX investigates
the resilience of the well-established and new spectroscopic
methodologies to white Gaussian noise found in many real
measurement systems. Finally, from the extracted complex
dielectric properties of the FDM 3-D printed ABS samples,
its use as a practical microwave dielectric is explored and
compared with other 3-D printed polymers.

Three appendices are also included in the paper, which
provide detailed derivations, analysis and insight into some
of the core investigations undertaken within the main body
of the paper. Appendix A derives the field integrals needed
for quality factor modeling of the Fabry-Pérot resonance
modes, covered in Section IV. Appendix B demonstrates how
to excite open-box modes using numerical electromagnetic
simulation methods, identification of the open-box modes
using an eigenmode solver to plot the field patterns, and
both analytical and equivalent-circuit modeling approaches
to characterize the open-box modes, in support of Section V.
Finally, Appendix C presents a new method for determin-
ing the upper-bound signal-to-noise power ratio for the
frequency-domain vector network analyzer, based on the def-
inition used by space-domain spectrometers, in support of
Section IX.

II. SAMPLE PREPARATION AND MEASUREMENTS
A. SAMPLE PREPARATION
Today, FDM 3-D printing is widespread, and possibly set to
become ubiquitous within the near future, due to its versa-
tility, ease of use and extremely low cost prints [2]. For this
technology, the most common type of amorphous solid ther-
moplastic building material is the ABS terpolymer (polymer
synthesized from three different monomers). The main dis-
advantages of this low-cost technology are the limitations in
minimum feature size and relatively large surface roughness
for frequency applications above X-band [2]. It was previ-
ously found, with FDM 3-D printed ABS, that the relatively
poor layer deposition resolution and relatively poor nozzle
positioning repeatability cause significant levels of surface

FIGURE 1. Photograph of two FDM 3-D printed ABS samples under test;
(left) standalone sample insert; and (right) sample in-situ within the
nominally air-filled quarter-wavelength thru line section of MPRWG.

roughness (observed relative peak values were ±13 µm) and
steps (observed relative values were±3µm), respectively [2].
Nevertheless, this entry-level technology was used to demon-
strate the manufacture of high performance X-band MPRWG
components [2], [3] using the low cost, entry-level desktop
3-D printer (Makerbot Replicator 2X – having a 400 µm
nozzle diameter, 100 µm layer resolution with 2.5 µm
z-positioning precision, and 11µm x-y positioning precision).

Due to current limitations of low-cost entry-level 3-D print-
ing (e.g., poor quality control of the raw-processed building
materials, mechanical precision-resolution of the printers and
variability of the temperature-speed-infill settings), no two
prints will be identical. Moreover, due to the inherent porous
nature of FDM 3-D printed structures (allowing an ingress
of moisture) and the building material itself (high-energy
ultra-violet photons from solar irradiation break the polymer
chains), there will be a drift in the complex dielectric prop-
erties over time, which depends on the intensity and length
of exposure to humidity, sunlight and other environmental
factors. To minimize possible discrepancies, with the work
presented here, the same reel of ABS filament was used
(Formfutura B.V. (Netherlands) 1.75 mm filament diameter
Premium ABS - Frosty White – having high impact resis-
tance, reduced warping, good thermal stability and excellent
flow behavior [6]). Moreover, our microwave components
and dielectric samples were printed from the same printer [3].
Indeed, both sample printing and measurements were per-
formed within two days.

FIGURE 1 shows a photograph of two FDM 3-D
printed ABS samples under test, having target dimen-
sions of 22.860×10.160×9.626 mm3, with one shown
in-situ filling a nominally air-filled quarter-wavelength thru
line MPRWG. In practice, the x, y and z-dimension have
respective ranges of 22.66-22.85 mm, 9.72-10.10 mm and
9.18-9.93 mm.

FIGURE 2 shows photomicrographs of one of the test
samples, printed with 100 µm layer height and 100% infill
printer settings. The straight paths from the 400 µm diameter
nozzle head (printed at an angle of 45◦ in the horizontal
x-y plane) for the top layer can be seen in FIGURE 2(a), with
a close-in view shown in FIGURE 2(b). It can be seen that the
resulting width of each path is approximately 460 µm, with
adjacent air gaps of approximately 50 µm between paths –
resulting in an average practical infill of 90% (i.e., not the
100% expected by the initial print setting).
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FIGURE 2. Photomicrographs of an FDM 3-D printed ABS sample under test with nominal 100 µm layer height and 100% infill printer
settings: (a) top layer x-y plane view; (b) top layer x-y plane close-in view; (c) bottom layer x-y plane view of a corner; (d) bottom
layer x-y plane close-in view; and (e) vertical build x-z plane view.

A close-in view of the bottom layer is shown in
FIGURE 2(d). Here, the resulting width of each path is
approximately 730 µm, with adjacent air gaps of approx-
imately 90 µm – resulting in an average practical infill
of 89%. The reason for the discrepancy between the bot-
tom layer and subsequent layers are: (i) the recommended
temperature for the glass build plate is normally between
90◦C and 110◦C for ABS [6]; (ii) the print nozzle temper-
ature for the bottom layer can be set (within the software)
at a higher temperature than those for subsequent layers;

(iii) the print speed for the bottom layer is normally slower
than for subsequent layers; and (iv) the distance between the
nozzle head and the build plate is shorter for the bottom
layer, when compared to subsequent layers. These settings
will ensure that the building material is sufficiently molten,
giving a relatively large contact area to the build plate (having
wider paths), improving adhesion. In practice, with FDM 3-D
printing having a 100% infill setting, voids are still created,
and these are impossible to accurately control or spatially
characterize.
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FIGURE 2(e) shows the structure of a test sample along
the vertical build z-axis. The resulting scalloping has a spa-
tial period of 100 µm, corresponding exactly to the layer
height printer setting. In practice, the sub-100% infill and
the straight paths of the alternating layers printed orthogonal
to one another could be described as a 3-D woodpile meta-
material (being non-homogeneous and porous). Moreover,
anisotropy in the dielectric constant may be introduced due to
the geometric orientation of the resulting air channels, since
void densities in the orthogonal planes are expected to be
different.

B. SAMPLE MEASUREMENTS
All measurements were performed by the U.K.’s National
Physical Laboratory (NPL), using a vector network
analyzer (VNA) configured with a pair of standard
WR-90 waveguide test ports. This system enables accu-
rate S-parameter measurements to be made across X-band.
WR-90 waveguide primary reference standards, with trace-
ability to the International System of units (SI), were used
to establish reference planes for the measurements at the
WR-90 waveguide test ports. This was achieved by imple-
menting the thru-reflect-line (TRL) calibration technique [7],
using: a thru (T) connection; a flush short-circuit reflection
(R) connected to each test port in turn; and an air-filled
quarter-wavelength thru line (L) section of waveguide, seen
in FIGURE 1. The calibration was performed using an in-
house calibration algorithm, employing a seven-term error-
correction routine [8]. The complete measurement set-up
(i.e., VNA, primary standards and calibration algorithm)
is referred to as the NPL primary impedance microwave
measurement system (PIMMS) [9], [10] and represents the
UK’s primary national standard system for S-parameter mea-
surements. The intermediate frequency (IF) bandwidth was
set at 100 Hz and no averaging was applied.

For our dielectric samples under test, the host MPRWG
was the air-filled quarter-wavelength thru line section ofWR-
90, shown in FIGURE 1. With reference to the illustration
shown in FIGURE 3, the WR-90 waveguide has nominal
internal cross-sectional dimensions of a = 22.860 mm and
b = 10.160 mm; the length of this reference thru line is
l = 9.626 mm. This X-band waveguide is believed (by
the UK manufacturer, Flann Microwave Ltd) to be made
from solid CZ121 brass, having good-to-excellent corro-
sion resistance, without the need for an additional internal
coating. CZ121 brass is an alpha/beta alloy composed of a
maximum of 58% copper, 3% lead and the remainder being
zinc [11]. The quoted dc bulk resistivity of CZ121 brass is
ρo|brass = 6.2 × 10−8� · m [11] (which is significantly
greater than that for copper, used as the default metal having
ρo|copper = 1.7 × 10−8� · m [12] with parameter Rho =
ρo|brass/ρo|copper = 3.64706 adopted within the NI AWR
Design Environment Microwave Office R© software [12]);
giving a dc bulk conductivity of σo = 1/ρo|brass =
1.6129 × 107 S/m. It will be shown that the contribution
of the MPRWG’s internal wall conductivity loss to our

FIGURE 3. Illustration of an ideal dielectric-filled MPRWG.

measurements is significant when compared to the dielectric
loss from our ABS samples under test.

Four important caveats will now be stated for the accuracy
of the characterization process: (i) unless otherwise stated,
the FDM 3-D printed ABS samples are considered homoge-
neous (no void volumes) and, thus, isotropic; (ii) it is assumed
throughout that there is no uncertainly in the measurements
(the impact of measurement uncertainty becomes less as
the opacity of the sample increases); (iii) the empty metal-
pipe rectangular waveguide loss contributions (attributed to
intrinsic bulk conductivity σ and extrinsic surface tarnishing,
roughness and other physical defects) are accurately repre-
sented by an effective conductivity given by σ → σo; and
(iv) the velocity of light and refractive index associated with
air are the same as those in vacuum, while both also being
referred to in this paper as free space.

III. FABRY-PÉROT RESONANCE MODELING
Inserting a section of dielectric into a nominally air-filled
transmission line or waveguide structure, having abrupt
air-dielectric boundaries, creates a Fabry-Pérot resonator;
the electromagnetic discontinuities essentially behave like
two imperfect mirrors. With our measurement scenario,
the nominally air-filled quarter-wavelength thru line section
ofMPRWGfilled with the sample under test exhibits a Fabry-
Pérot resonance within X-band if the dielectric constant is
between 2 and 3. This represents our target frequency for
modeling; the spectral position of the associated characteris-
tic ‘return loss zero’ is very sensitive to the dielectric constant
and not so to the loss tangent, while the associated value of
return loss at this minimum is very sensitive to loss tangent
and not so to dielectric constant.

It will be seen that the measured values of return loss
at the Fabry-Pérot resonance frequency are slightly lower
for Sample #1 and slightly higher for Sample #2 than those
predicted using the various Fabry-Pérot resonance modeling
approaches. Thismay be attributed to deviations from the first
three caveats stated in Section II, as a result of having low
opacity dielectric samples under test. Fortunately, it is found
that the resulting errors are not significant. Here, from the
principle of conservation of energy, simulated and measured
absorptance of the dielectric-filled MPRWG agree when fit-
ted to the more dominant insertion loss (unlike our original
approach of using the return loss).
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In this section, extraction of complex dielectric properties
is performed with fitting (by visual inspection) of both dielec-
tric constant and loss tangent values for the sample under test,
such that the simulated and measured insertion losses agree
at the lowest-order Fabry-Pérot resonance frequency located
at the corresponding return loss zero. As a result, no phase
measurements are considered with our Fabry-Pérot resonance
modeling approach. It is found with low loss samples that
the frequency of the return loss zero dictates the dielectric
constant, while the associated value of insertion loss dictates
the loss tangent.

Because of the inherent non-polar molecular nature of
ABS, no dipolar (orientation) polarization relaxation frequen-
cies should exist, which would otherwise appear spectro-
scopically at microwave frequencies [1]. Moreover, our FDM
3-D printed samples are essentially homogeneous. As a result
of these micro and macro sample properties, the spectral
response for dielectric constant should be perfectly flat across
X-band (i.e., no frequency dispersion).

A. ANALYTICAL (VARIATIONAL) MODELING: M1
In any medium (unbound, transmission line or waveguide),
the generic complex propagation constant is given by γ =
α + jβ, where α is the attenuation constant and β is the
phase constant. These constants can be accurately calculated
for a dielectric-filled MPRWG using the variational method
described in detail by Collin [13] for all transverse electric
TEmn modes; given here for just the TEm0 modes [14],

γ 2
m0 = γ

2
g +

2
γsb

[
γ 2
ud +

(
2b
a

)
γ 2
cm0

]
(1)

With the internal waveguide walls made from a perfect
electrical conductor (PEC), i.e. with σ →∞, the waveguide
propagation constant γg is related to the unbound dielectric
γud and cut-off γcm0 propagation constants as,

γ 2
g = γ

2
ud − γ

2
cm0 (2)

γud = jkud ≡ jβoñ and γcm0 = jkcm0 ≡ jβcm0 (3)

All variables have their usual meanings: kud is the complex
wavenumber within an unbound dielectric; βo = ω/c is
the phase constant of free space; ω = 2π f is the angular
frequency of excitation and f is the associated excitation
frequency; c = 1/

√
µoεo is the speed of light in free space,

µo and εo are the permeability and permittivity of free space,
respectively; the complex refractive index ñ =

√
µ̃r ε̃reff

and loss tangent tanδ = Im
{
ñ2
}
/Re

{
ñ2
}
; µ̃r = µ′r − jµ′′r

is the complex relative permeability for the dielectric (it is
assumed a priori that our ABS samples are non-magnetic
and, thus, µ̃r = 1); ε̃reff = ε′reff − jε′′reff is the effective
complex relative permittivity, ε′reff and tanδe = tanδ|µ′′r=0 =
ε′′reff /ε

′
reff are the dielectric constant and electric loss tan-

gent, respectively; kcm0 = mπ/a is the waveguide cut-off
wavenumber for TEm0 modes; βcm0 = ωcm0/c is the bound
phase constant associated with the angular cut-off frequency
for the air-filled waveguide, ωcm0 = 2π fcm0 and fcm0 =

kcm0c/2π ⇒ fc
√
µ′rε
′
reff is the cut-off frequency for the

air-filled waveguide (fcm0 ∼= 6.55714 GHz for the TE10 mode
withWR-90waveguides), with fc being that for the dielectric-
filled waveguide; γs is the complex propagation constant
for the transverse electromagnetic (TEM) wave within the
MPRWG’s internal conducting metal walls (assumed here to
be non-magnetic and so its permeability µ = µo) and Zs
is the associated surface impedance having an intrinsic bulk
conductivity σ (with σ ∼= σo at X-band),

γs =
jωµ
Zs

(4)

Zs =

√
jωµ

σ + jωεo
∼=

√
ωµo

2σ o
(1+ j) at X-band (5)

The wave impedance and propagation constant for the
TEm0 modes, ZTEm0 and γm0, respectively, can be determined
from,

ZTEm0 =
jωµoµ̃r
γm0

with ZairTEm0 =
jωµo
γ airm0

(6)

where, ZairTEm0 and γ airm0 represent the wave impedance and
propagation constant for an air-filled waveguide (associated
with the test ports). For the TE10 mode, the equivalent power-
voltage definition for characteristic impedance Zo gives,

Zo =
(
2b
a

)
ZTE10 with Zairo =

(
2b
a

)
ZairTE10

and

ξ =
Zo
Zairo
=
ZTE10
ZairTE10

=
γ air10

γ10
µ̃r (7)

where, ξ is the normalized impedance for the medium.
The S-parameters (e.g., overall input voltage-wave reflec-

tion coefficient S11 and overall forward voltage-wave trans-
mission coefficient S21) for a two-port symmetrical and
reciprocal network [1], in any medium are,

S11 =
S21
2

[
ξ −

1
ξ

]
sinh(γ l) ≡ S22 (8)

S21 =
{
cosh(γ l)+

1
2

[
ξ +

1
ξ

]
sinh(γ l)

}−1
≡ S12 (9)

where, l is both the length of our host MPRWG thru line and
the thickness of the dielectric sample under test.

By definition, at the Fabry-Pérot resonance frequency,
ωfp = 2π ffp, the phase constant is,

β
(
ωfp
)
= π/l (10)

e±jβ(ωfp)l = −1 (11)

e±γ (ωfp)l = −e±α(ωfp)l (12)

Therefore, at the Fabry-Pérot resonance frequency only, it can
be shown that the S-parameters can be calculated from,

S11
(
ωfp
)
=−

S21
(
ωfp
)

2

[
ξ
(
ωfp
)
−

1

ξ
(
ωfp
)] sinh(α(ωfp) l)
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≈

[
ξ
(
ωfp
)2
− 1

]
[
ξ
(
ωfp
)2
+ 1

]
+2ξ

(
ωfp
)
/α
(
ωfp
)
l

with α
(
ωfp
)
l � 1 (13)

S21
(
ωfp
)
= −

{
cosh

(
α
(
ωfp
)
l
)

+
1
2

[
ξ
(
ωfp
)
+

1

ξ
(
ωfp
)] sinh(α(ωfp) l)}−1

≈−

{
1+

α
(
ωfp
)
l

2

[
ξ
(
ωfp
)
+

1

ξ
(
ωfp
)]}−1

with α
(
ωfp
)
l � 1 (14)

With this distributed-element model, the theoretical phase
angle 6 S21

(
ωfp
)
= −π and the corresponding differential-

phase group delay can be calculated using (9) from,

τg
(
ωfp
)
= −

∂ 6 S21(ω)
∂ω

∣∣∣∣
ω=ωfp

(15)

Therefore, at the Fabry-Pérot resonance frequency with
low-loss samples, α

(
ωfp
)
l ∼= 0 and e±α(ωfp)l ∼= 1, and

(13) and (14) respectively giving a return loss zero with
S11
(
ωfp
)
∼= 0 and S21

(
ωfp
)
∼= −1 with 6 S21

(
ωfp
)
∼= −π .

B. ANALYTICAL (TEXTBOOK) MODELING: M2
Simplified engineering textbook approximations [15], [16]
that generally assume operation above the waveguide mode’s
lower cut-off frequency and under lossless dielectric and
metal conditions (with identities explicitly indicated by ⇒)
serve as a useful sanity check, especially here where low
loss dielectrics are being characterized in-band with low loss
air-filled MPRWG. It will be found that Microwave Office R©

[12] uses such expressions [15], which proves useful for
accurately validating subsequent calculations.

Propagation constant γ , wavenumber k and wavelength λ̃

are all generic complex variables related to one another by,

γ = jk = j
2π

λ̃
(16)

With a dielectric-filled MPRWG, (1) can be greatly simpli-
fied with PEC internal waveguide walls. Thus, using sim-
ple trigonometry, the propagation constant for the unbound
dielectric γud can be expressed in terms of the longitudinal
waveguide propagation constant γg and transverse waveguide
cut-off propagation constant γcm0 as,

γ 2
ud = γ

2
g + γ

2
cm0 (17)

giving the following wavenumber and wavelength relation-
ships from (2) with (16),

k2g = k2ud − k
2
cm0 (18)

and,

1

λ̃ 2
g

=
1

λ̃ 2
ud

−
1

λ 2
cm0

(19)

where,

λ̃ud =
λo

ñ
and λo =

c
f
=

2π
β0

(20)

λcm0 =
c
fcm0
=

2π
kcm0
→

2a
m

TEm0 modes (21)

The complex guided-wavelength is,

λ̃g =
λ̃ud√

1−
(

λ̃ud
λcm0

)2 = λo√
ñ2 −

(
λo

λcm0

)2 (22)

The physical guided-wavelength λg is related to complex
guided-wavelength λ̃g by,

1
λg
= Re

{
1

λ̃g

}
(23)

However, by adopting the lossless dielectric approximation,
with ñ2 = µ̃r ε̃reff ⇒ µ′rε

′

reff , the textbook approximation for
guided-wavelength is,

λ̃g ⇒ λg =
λo√

µ′rε
′

reff −

(
fcm0
f

)2 = λo/
√
µ′rε
′
reff√

1−
(
fc
f

)2 (24)

The complex phase constant β̃ ≡ kg = 2π/λ̃g is given by,

β̃ = kud

√√√√1−

(
λ̃ud

λcm0

)2

= β0

√
ñ2 −

(
λo

λcm0

)2

(25)

Giving the textbook approximation for phase constant,

β̃⇒β=β0

√
µ′rε
′

reff −

(
fcm0
f

)2

=β0

√
µ′rε
′
reff

√
1−

(
fc
f

)2

(26)

For a lossless waveguide, the lowest-order Fabry-Pérot
resonance frequency can be calculated by setting guided-
wavelength λg

(
ffp
)
= 2π/β

(
ffp
)
= 2l. As a result, it can

be shown for TEm0 modes that,

ffp ⇒
c/
√
µ′rε
′
reff

2l

√
1+ (ml/a)2 (27)

For TEm0 modes, the complex wave impedance ZTEm0 for
a dielectric-filled MPRWG is given by,

ZTEm0=
jωµoµ̃r
γm0

=
η√

1−
(

λ̃ud
λcm0

)2 = ηoµ̃r√
ñ2−

(
λo

λcm0

)2 (28)

where, the intrinsic impedance of the unbound dielec-
tric medium η =

√
µ0µ̃r/ε0ε̃reff ⇒ η0

√
µ′r/ε

′
reff and

η0 =
√
µ0/ε0 is the intrinsic impedance of free space.
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The textbook approximation for TEm0 modewave impedance
is now,

ZTEm0 ⇒
ηoµ
′
r√

µ′rε
′
reff −

(
fcm0
f

)2 = ηo

√
µ′r/ε

′
reff√

1−
(
fc
f

)2 (29)

With air-filled MPRWGs, the associated wave impedance is,

ZairTEm0 =
η0√

1−
(
fcm0
f

)2 (30)

For completeness, with transverse magnetic TMm0 modes,
the complex wave impedance ZTMm0 for a dielectric-filled
MPRWG is given by,

ZTMm0 =
γm0

jωε0ε̃reff
=

ηo

ε̃reff

√
ñ2 −

(
λo

λcm0

)2

(31)

The textbook approximation for TMm0 mode wave
impedance is,

ZTMm0 ⇒
ηo

ε′reff

√
µ′rε
′

reff −

(
fcm0
f

)2

= ηo

√√√√( µ′r

ε′reff

)[
1−

(
fc
f

)2
]

(32)

With air-filled MPRWGs, the associated wave impedance is,

ZairTMm0 = η0

√
1−

(
fcm0
f

)2

(33)

The normalized impedances for various media can now be
approximated to,

ξ =



η

η0
⇒

√
µ′r
ε′reff

free− space TEM waves
with (quasi−) optics

ZTEm0
ZairTEm0

⇒

√
µ′r
ε′reff

√
f 2−f 2cm0
f 2−f 2c

TE modes in
lossless waveguides

ZTMm0
ZairTMm0

⇒

√
µ′r
ε′reff

√
f 2−f 2c
f 2−f 2cm0

TM modes in
lossless waveguides

(34)

From (27), it will be found that for the TEm0 mode at the
lowest-order Fabry-Pérot resonance frequency,(

fcm0
ffp

)2

⇒
µ′rε
′

reff

m2 + (a/l)2
(35)

giving, for the TE10 mode,

β
(
ffp
)
∼= β0

(
ffp
)√ µ′rε

′

reff

1+ (l/a)2
(36)

λg
(
ffp
)
∼= λ0

(
ffp
)√1+ (l/a)2

µ′rε
′

reff
(37)

ZTE10
(
ffp
)
∼= η0

√√√√( µ′r

ε′reff

) [
1+ (l/a)2

]
(38)

ZairTE10
(
ffp
)
∼=

η0

√
1+ (l/a)2√

1+
(
1− µ′rε

′

reff

)
(l/a)2

(39)

ξTE10
(
ffp
)
=

ZTE10
(
ffp
)

ZairTE10

(
ffp
)

∼=

√√√√( µ′r

ε′reff

)[
1+

(
1− µ′rε

′

reff

)( l
a

)2
]

(40)

For a medium that is terminated at both ends by the
same reference port impedance ZT , quality (Q-)factor can
be broken down into constituent components; loaded QL and
unloaded QU Q-factors are related by,

1
QL
=

1
QU
+

1
Qe

where
1
QU
=

1
Qc
+

1
Qd
+

1
Qr

(41)

where, Qe, Qc, Qd and Qr are the respective Q-factors asso-
ciated with the external (e) loading from the terminating
impedances and contributions due to conductive (c), dielec-
tric (d) and radiative (r) losses. With a MPRWG, there is no
leakage of radiation and, thus, Qr → ∞ and so this term
can be ignored. It can be shown that for an arbitrary length of
uniform medium,

QU =
β

2α
=

π

αλg
→ QU

(
ffp
)
=

π

2α
(
ffp
)
l

(42)

The power-loss approximation for attenuation constant α of
a dielectric-filled transmission line or waveguide has,

α ∼= αc + αd (43)

where, αc and αd are the independent contributions to
the attenuation constant from the conductor and dielectric,
respectively. Therefore,

Qc
(
ffp
)
∼=

π

2αc
(
ffp
)
l

and Qd
(
ffp
)
∼=

π

2αd
(
ffp
)
l

(44)

The following textbook expressions will now assume
perfect impedance matching at the measurement reference
planes (with identities explicitly indicated by  ), such that
the ZairTE10 and Zair0 terminating impedances are replaced by
ZTE10 and Z0, respectively, and, thus, ξ  1.

If the dielectric insert is now assumed to be lossless then
the attenuation constant, which only considers the conduc-
tion loss contribution from the internal metal waveguide
walls, is obtained from the following textbook reflection-less
approximation for the TE10 mode,

αc  
Rs(f )ZTE10

η2b
·

[
1+

(
2b
a

)(
fc
f

)2
]

with tanδ = 0

(45)
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where, the classical skin-effect surface resistance approxi-
mation (which ignores both the displacement current term
and conductivity having relaxation-effect dispersion) for
non-magnetic metals is given by,

Rs(f ) ∼=
√
π f µ0ρo at X-band (46)

Calculating αc using (45) is only valid when there are no
reflection losses (i.e., both ports are terminated by ZT = Z0);
otherwise, in our case, there will be ∼16% increase in value
when terminated by the calibrated VNA with ZT = Zair0 .

The opacity [1] of the dielectric sample under test
is 2αd l → αd

(
ffp
)

λg
(
ffp
)
[Np/λg] at the lowest-order

Fabry-Pérot resonance frequency, where 2αd l � 1 with
our samples under test. Here, the attenuation constant can
be greatly simplified using a textbook reflection-less approx-
imation that only considers the loss contribution from the
dielectric insert. With a PEC-walled MPRWG and dielectric
insert having µ′′r = 0,

αd  
σd

2
Z TE with PEC walls (47)

where, σd = ωε0ε
′′
reff = ωε0ε

′
reff /Q0e is the effective

conductivity and Q0e = 1/tanδe is the intrinsic Q-factor for
an unbound non-magnetic dielectric. Using (38), for the TE10
mode, it can be shown that,

αd
(
ffp
)
∼=
β0
(
ffp
)

2Q0e

√√√√( µ′r

ε′reff

) [
1+ (l/a)2

]
(48)

and,

Qd
(
ffp
)
=

β
(
ffp
)

2αd
(
ffp
) = π

αd
(
ffp
)

λg
(
ffp
) = Q0e

1+ (l/a)2
(49)

Finally, the insertion loss IL of the dielectric-filled waveg-
uide is given by,

IL [dB] = −10log10
{
|S21|2

}
(50)

As a result, it will be respectively seen from (9) and (14) that,

S21  e−γ l and S21
(
ffp
)
 −e−α(ffp)l (51)

giving,

α
(
ffp
)
 

IL
(
ffp
)
[dB]

20log10{e} l
and QU

(
ffp
)
 

13.644

IL
(
ffp
)
[dB]

(52)

The results from Fabry-Pérot resonance modeling strate-
gies M1 and M2 are summarized in TABLE 1. As expected,
the Fabry-Pérot resonance frequencies and associated inser-
tion losses can be easily emulated, with very little discrep-
ancy between the results from the accurate variational and
simplified textbook approaches; the only exception being the
unloaded Q-factor, which is approximately 3% too high with
the former and 13% too low with the latter approaches.

With our experimental setup, with M2, it is found that the
conduction loss contribution to the total attenuation constant

TABLE 1. Fabry-Pérot resonance simulation results with analytical
modeling M1 and M2.

is approximately 6-8%. Moreover, without a dielectric insert,
the air-filled MPRWG will have a calculated attenuation
constant of αc ∼= 0.0223 Np/m at 11.1 GHz, corresponding
to a reflection-less specific attenuation of 0.19 dB/m; this
is commensurate with a 5 inch long waveguide having a
previously measured specific attenuation of 0.16 dB/m.

When compared to measurements (having a frequency
resolution of 0.01 GHz), the simulated return loss is increased
by∼7 dB for Sample #1 and decreased by∼8 dB for Sample
#2. The measured differential-phase group delay is 3.7%
and 1.7% less than predicted for Sample #1 and Sample #2,
respectively; with a commensurate reduction in measured
loaded and unloaded Q-factors. This could be attributed to
non-homogeneous samples (with significant void volumes);
being reduced in effective length by 356 µm and 164 µm for
Sample #1 and Sample #2, respectively.

In summary, with analytical Fabry-Pérot resonance mod-
eling M1, the extracted sample average fitted dielectric con-
stant and loss tangent for our ABS are approximately 2.31 and
17× 10−4, respectively, at 11.1 GHz.

C. EQUIVALENT-CIRCUIT (MPRWG) MODELING: M3
With our X-band tunable phase shifter [3], the dielectric
flap insert was designed using fixed values for dielectric
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FIGURE 4. Circuit-based Fabry-Pérot resonance brute-force modeling
approach with both ports effectively terminated by ZT = Zair

0 in
Microwave Office R©: (a) original MPRWG equivalent circuit model [3]; (b)
measurements from four individual dielectric samples and original
simulated response [3]; and (c) new simplified MPRWG equivalent circuit
model for Sample #2 at its Fabry-Pérot resonance frequency of 11.13 GHz.

constant and loss tangent (2.34 and 15× 10−4, respectively);
extracted using a simple copper-walled MPRWG equiva-
lent circuit model within Microwave Office R©, shown in
FIGURE 4(a).

This distributed-element model consists of a MPRWG ele-
ment, having an equivalent characteristic impedance Z0 with
power-voltage definition (7) using analytical (textbook) mod-
eling with (29), and ideal MPRWG-to-coaxial transitions; all
set for the TE10 mode [15]. The modeled input return loss
frequency responses were compared to those measured with
this brute-force modeling approach; with [3], fitting only to
the return loss and ignoring insertion loss.

It can be clearly seen that while every effort was made
to create identical samples, the input return loss frequency
responses are noticably different. From the small cluster of
results seen in FIGURE 4(b), a model was loosely fitted to the
Fabry-Pérot resonance frequency return loss minima of Sam-
ple #1, as it was reasonable to choose a mid-sample response
between Samples #2 and #3; with Sample #4 considered
too much of an outlier to be considered further. Therefore,

the original sample average extracted values for dielectric
constant and loss tangent of 2.34 and 15×10−4, respectively,
were less than those of 2.54 and 151×10−4 previously pub-
lished in the open literature for pure ABS at 10 GHz [17].
The expected loss tangent from [17] was considered too lossy
to be a useful dielectric for most applications; however, this
is an order of magnitude greater than our initial extracted
value.

With low loss samples, measurement accuracy can be
compromised by the inherent systematic and random errors
that are generally associated with a calibrated instrument [1].
In practice, VNA measurement quality can be improved by
repeating the calibration and sample measurement cycle. One
indicator for high quality measurements is to check the equal-
ity of the forward and reverse voltage-wave transmission
coefficients for reciprocal samples under test, at all frequen-
cies. While this may appear obvious, it can be difficult to
maintain S21(ω) = S12(ω) under very low loss conditions.
For this reason, only the measurements for Samples #1 and
#2 were considered of sufficient quality to warrant further
investigation.

By default, within Microwave Office R©, since the equiv-
alent power-voltage definition for characteristic impedance
is adopted, Zair0

(
ωfp
)
must be used as the system’s reference

impedance for both ports, as explicitly shown in FIGURE
4(c).

D. EQUIVALENT-CIRCUIT (RLC) MODELING: M4
A single resonator’s loaded and unloaded Q-factors, in this
case associatedwith the Fabry-Pérot resonances,QL

(
ωfp
)
and

QU
(
ωfp
)
, respectively, can be calculated from the measured

voltage-wave transmission coefficient S21
(
ωfp
)
,

QL
(
ωfp
)
=
ωfp

2
τg
(
ωfp
)

(53)

QU
(
ωfp
)
=

QL
(
ωfp
)

1−
∣∣S21(ωfp)∣∣ (54)

and, therefore, using (41) it can be easily shown that,

Qe
(
ωfp
)
=

QU
(
ωfp
)
QL
(
ωfp
)

QU
(
ωfp
)
−QL

(
ωfp
) = QL

(
ωfp
)∣∣S21(ωfp)∣∣ (55)

where, τg
(
ωfp
)
= 2Z

(
ωfp
)
C and Z

(
ωfp
)
= R//Zair0

(
ωfp
)
/2

for the lumped-element RLC equivalent circuit model shown
in FIGURE 5.

From these Q-factors, the equivalent RLC lumped-element
values can be extracted using,

QL
(
ωfp
)
=


Z
(
ωfp
)

ωfpL
ωfpCZ

(
ωfp
) (56)

QU
(
ωfp
)
=


R
ωfpL
ωfpCR

(57)

Qe
(
ωfp
)
=Qe

(
ωfp
)
¬
//Qe

(
ωfp
)

=

{
Zair0 (ωfp)/2

ωfpL

ωfpCZair0

(
ωfp
)
/2

(58)
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FIGURE 5. Lumped-element RLC equivalent circuit model terminated at
both ports by ZT = Zair

0

(
ωfp
)

: (a) generic; and (b) lumped-element RLC

equivalent circuit model in Microwave Office R© for Sample #2 at its
Fabry-Pérot resonance frequency of 11.13 GHz.

where, subscripts ¬ and  refer to the individual contribu-
tions from the respective input and output terminated ports.
By taking the ratio of the Q-factors in (56) and (57), and
substituting into (54), it can be shown that,

R =
Zair0

(
ωfp
)

2

[ ∣∣S21(ωfp)∣∣
1−

∣∣S21(ωfp)∣∣
]

(59)

L =
Zair0

(
ωfp
) ∣∣S21(ωfp)∣∣

ω2
fpτg

(
ωfp
) =

2Z
(
ωfp
)

ω2
fpτg

(
ωfp
)= R

ωfpQU
(
ωfp
)
(60)

C =
τg
(
ωfp
)

Zair0

(
ωfp
) ∣∣S21(ωfp)∣∣= τg

(
ωfp
)

2Z
(
ωfp
)= QU (ωfp)

ωfpR
=

1

ω2
fpL

(61)

Note that the extracted RLC lumped-element values do
not differentiate between the loss contributions from the con-
ducting metal wall and dielectric insert (i.e., they include
the combined losses associated with the dielectric-filled
waveguide section). Also, the RLC values are extracted from
S-parameter measurements having a specific reference port
impedance ZT = Zair0

(
ωfp
)
. Therefore, changing ZT (with

any previously extracted RLC values) will result in new S-
parameters; changing QL

(
ωfp
)
= f (ZT ), but not changing

QU
(
ωfp
)
6= f (ZT ).

It can then be shown that the corresponding S-parameters
are given as,

SRLC11
(
ωfp
)
= −

1

1+ 2R/Zair0

(
ωfp
) (62)

SRLC21
(
ωfp
)
= 1+ SRLC11

(
ωfp
)

(63)

With this lumped-element model, the theoretical phase
angle 6 SRLC21

(
ωfp
)
= 0; clearly being fundamentally different

to −π predicted by the distributed-element model.
The results from Fabry-Pérot resonance modeling strate-

giesM3 (using the model in FIGURE 4(c)) andM4 (using the
model in FIGURE 5(b)) are summarized in TABLE 2. Again,
as expected, the Fabry-Pérot resonance frequencies and asso-
ciated insertion losses can be easily emulated, with very little

TABLE 2. Fabry-Pérot resonance simulation results with equivalent
circuit modeling M3 and M4.

discrepancy between the results from the distributed- and
lumped-element approaches.

When compared to analytical modeling, the equiva-
lent circuit model return losses are the same for the
distributed-element approach but ∼6 dB higher with the
lumped-element approach; attributed to the fundamental dif-
ference between the distributed- and lumped-element natures
of these equivalent circuit models. As expected, with the
distributed-element approach, the differential-phase group
delay and associated Q-factors are the same as those found
with the variational method; while with the lumped-element
approach they are identical to those from measurements.

In summary, with distributed-element equivalent circuit
Fabry-Pérot resonance modeling M3, the independently
extracted sample average fitted dielectric constant and loss
tangent for our ABS are 2.31 and 17×10−4, respectively,
at 11.1 GHz, supporting our analytical modeling M1 results.

The normalized power reflectance R and transmittance
T for a dielectric-filled MPRWG can be equated directly
to the measured two-port S-parameters as follows [1], but
only if the reference port impedance ZT is purely real (e.g.,
η0 for free-space TEM waves with (quasi-)optics or ZairTEm0
using (30) for TE modes with lossless waveguides),

R ≡ |S11|2 (64)

T ≡ |S21|2 (65)

S-parameter values are constrained by the principle of con-
servation of energy, with R+A+T = 1, where absorptance
A is,

A ≡ 1− |S11|2 − |S21|2 (66)
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It is interesting to note that with equivalent-circuit
RLC modeling, at the Fabry-Pérot resonance frequency,
by inserting (63) into (66), the corresponding absorptance
is ARLC

(
ωfp
)
≡ 2

∣∣SRLC11

(
ωfp
)∣∣ ∣∣SRLC21

(
ωfp
)∣∣ 6= A, since∣∣SRLC11

(
ωfp
)∣∣ 6= ∣∣S11(ωfp)∣∣ seen in TABLES 1 and 2.

E. NUMERICAL (FINITE-ELEMENT) MODELING: M5
Finite-element based numerical solvers within COMSOL
Multiphysics R© [18] were used to perform numerical mod-
eling of the waveguide structure, illustrated in FIGURE 3,
considering both the finite conductivity of the waveguide’s
internal walls and dielectric sample losses. The RF Mod-
ule within COMSOL Multiphysics R© provides a steady-state
frequency-domain solver (which is a rigorous full-wave sim-
ulator that solves Maxwell’s equations with a solution that
is the superposition of all possible modes; with a MPRWG:
TEmn, TEmnp, TMmn, TMmnp) and an eigenmode solver
(which is a rigorous simulator that solves Maxwell’s equa-
tions for individual standing-wave modes; with a MPRWG:
TEmnp and TMmnp). The former rigorously solves Maxwell’s
equations at each frequency, subject to an external steady-
state sinusoidal excitation at the ports. With the latter,
the magnitude of the generated complex eigenfrequency f̃fp =
f ′fp + jf ′′fp gives the driven (undamped) resonance frequency

ffp =
∣∣∣f̃fp∣∣∣ corresponding to that seen with the former in the

frequency domain [19].
Both propagating-wave Fabry-Pérot mode resonances and

standing-wave ‘open-box’ mode resonances, associated with
the dielectric-filled waveguide section, were simulated using
frequency-domain and eigenmode solvers, respectively.

The frequency-domain solver computes the steady-state
response of the structure at a single excitation frequency.
Our simulations had a frequency resolution of 0.01 GHz
with 421 frequency points equally spaced between 8.2 and
12.4 GHz. Reflection-less waveguide ports are generally
located at the ends of a structure (in our case a rectangular
surface boundary if defined, which is excited by a single
mode). S-parameters are computed from reflected and trans-
mitted fields at these ports, with respect to a predefined
incident field excitation at one of the ports. There are two
approaches that can be adopted for the numerical modeling
of our experimental setup using COMSOL Multiphysics R©;
both require post-processing of the S-parameters.

The first approach is to simulate the complete structure
illustrated in FIGURE 3 directly, by defining ports at the ends
of the air-filled waveguide sections and then de-embedding
these sections to move the S-parameter reference planes
from the ports to the dielectric sample under test. In this
case, the reference port impedance is the wave impedance
of the TE10 mode within a lossless air-filled waveguide (i.e.,
ZT = ZairTE10, calculated using (30)). This approach has the
advantage that de-embedding is simple for air-filled waveg-
uide sections and only requires multiplication of simulated
S-parameters by e+2γ

air
10 lair , where lair is the length of both

air-filled sections (with lair = l in our simulations). The

TABLE 3. Fabry-Perot resonance simulation results with numerical
modeling M5.

main disadvantage is that there is a computational overhead,
as the air-filled sections must also be simulated. It should be
noted that while it is possible to reduce lair , a smaller dis-
tance between the waveguide port and air-dielectric boundary
require a denser mesh; incurring a larger overhead in compu-
tation time and memory, when compared to a longer air-filled
section.

The second approach only simulates the dielectric-filled
waveguide section. In this case the reference port impedance
is the wave impedance of the TE10 modewithin the dielectric-
filled waveguide (i.e., ZT = ZTE10). The S-parameters
obtained must then be renormalized to the impedance of the
TE10 mode in lossless air-filled waveguide. This approach
has the advantage that the simulated structure is just a rect-
angular block, thus, resulting in reduced simulation time
and memory. The main disadvantage is that renormalization
of S-parameters is not straight-forward and requires matrix
manipulation [20].

Numerical finite-element simulations were run on a dual-
core Intel Xeon E5-2665 CPU with 16 cores and 256 GB
of RAM. Mesh densities were manually set to achieve sim-
ilar accuracies within COMSOL Multiphysics R©. The finer
meshes had a total of 4,429 and 18,032 tetrahedral elements
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(respectively, taking 24 and 54 minutes to simulate), for the
first and second approaches, respectively. The results from
both approaches are shown in TABLE 3 (second approach
values in brackets), giving very similar results.

When compared to analytical modeling, the return losses
are slightly different; attributed to a non-zeromesh resolution.
As expected, the differential-phase group delay and associ-
ated Q-factors are the same as those found with analytical
(variational) modeling M1.

In summary, with numerical Fabry-Pérot resonance mod-
eling M5, the extracted sample average fitted dielectric con-
stant and loss tangent for our ABS are 2.32 and 17×10−4,
respectively, at 11.1 GHz.

F. FABRY-PÉROT RESONANCE MODELING RESULTS
The fitted dielectric properties for Samples #1 and
#2 extracted from the independent analytical (variational),
equivalent circuit (distributed-element) and numerical (finite-
element) Fabry-Pérot resonance modeling strategies M1,
M3 andM5, respectively, agree with one another at the Fabry-
Pérot resonance frequencies.

FIGURE 6 shows the measured and simulation frequency
responses using the extracted results from the analytical
M1 and numerical M5 modeling strategies.

Excellent fits are found for the insertion loss across the
whole of X-band. Therefore, a number of important conclu-
sions can be made: (i) the analytical approach adopted here
gives effectively the same results as the numerical approach,
with only 0.15% and 0.53% discrepancies in the inde-
pendently extracted dielectric constants and loss tangents;
(ii) Fabry-Pérot resonance modeling, matching just the inser-
tion loss at only the single Fabry-Pérot resonances target
frequency, fits across the whole of X-band, validating our
original statement that the dielectric properties of our FDM
3-D printed ABS samples are not frequency dispersive; (iii)
from this simple extraction process for our FDM 3-D printed
ABS Samples #1 and #2, the dielectric constant and loss
tangent are approximately 2.3 and< 20×10−4, respectively,
validating our original low loss findings [3] and contradict-
ing the previously reported results for FDM 3-D printed
ABS [17].

IV. ANALYTICAL FIELD-BASED Q-FACTOR MODELING
The constituent Q-factor contributions associated with Fabry-
Pérot resonance have been modeled analytically using an
electromagnetic (EM) field-based approach, with its bespoke
textbook derivation given in Appendix A. EM field integrals
are calculated either using purely analytical expressions for
the electric and magnetic field components or computed
directly within COMSOL Multiphysics R© (by defining the
surface and volume integrals of the individual field com-
ponents) from numerical (finite-element) simulations. The
results are shown in the lower-half of TABLE 3. As expected,
Q-factors predicted using both analytical field-based mod-
eling strategies give consistent results with the numerical
modeling approach M5.

FIGURE 6. Measured and Fabry-Pérot resonance modeled responses for
FDM 3-D printed ABS Samples #1 and #2 in standard WR-90 quarter-
wavelength thru line waveguide: (a) insertion loss and (b) return loss.

V. OPEN-BOX MODE RESONANCES MODELING
The measured normalized power responses are shown in
FIGURE 7 for Samples #1 and #2. It can be seen that both
samples give almost identical power responses across the
whole of X-band. Any dominant TE or TM traveling-waves
propagate through the dielectric-filled MPRWG in the longi-
tudinal direction and, obviously, do not require any form of
imperfections/inhomogeneity to excite these modes. In con-
trast, however, the dielectric-filled MPRWG section also
behaves as a parallel-plate dielectric waveguide with short
circuits at both ends in the transverse direction; any imper-
fections/inhomogeneity in the sample excite standing-wave
resonant modes, which are confined in the transverse direc-
tion. The presence of these ‘open-box’ modes are evident
by small notches centered at their resonance frequencies,
seen in the transmittance and absorptance responses of
FIGURE 7.

The dielectric constant and loss tangent values, extracted
at the Fabry-Pérot resonance frequency, were adopted
from numerical Fabry-Pérot resonance modeling with M5.
With finite conductivity waveguide walls, the COMSOL
Multiphysics R© eigenmode solver predicts the complex
eigenfrequencies directly. Then, by observing the result-
ing field patterns (shown in Appendix B for Sample #1),
the open-box modes within X-band seen in FIGURE 7 were
identified as the TE201, TE011 and TE111 modes. In addi-
tion, from first principles with a PEC-walled waveguide,
Appendix B gives a field-based analytical derivation for the
open-box mode resonance frequencies.
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FIGURE 7. Normalized power responses for FDM 3-D printed ABS
Samples #1 and #2 filling the standard WR-90 quarter-wavelength thru
line waveguide.

TABLE 4. Open-box mode resonance frequencies (and associated mode
Q-factors) spectroscopically measured and predicted using numerical
eigenmode solver and field-based analytical solutions.

The numerically and analytically predicted open-boxmode
resonance frequencies for both Samples #1 and #2 are listed
in TABLE 4 (giving less than 1% error, when compared to
measurements). By inspection of TABLE 4, it can be seen
that there is less than 0.02% discrepancy between the results
from the numerical (finite-element) eigenmode solver that
considers both conductor and dielectric losses and analytical
modeling that assumes a PEC-walled waveguide.

VI. SPECTROSCOPIC EXTRACTION OF COMPLEX
DIELECTRIC PROPERTIES USING NEW MANUAL
‘GRAPHICAL’ APPROACH
The new graphical-based technique for extracting complex
dielectric properties was originally intended for low-cost
scalar reflection-transmission mode spectroscopy [1]. In the-
ory, a scalar network analyzer only requires three physi-
cal measurements to resolve the ambiguity with multiple
solutions possible in n − κ space: (i) reflectance, (ii) trans-
mittance; and (iii) reflectance with a PEC backshort (i.e.,
with ZT = 0 at port-2). However, the third measurement

is not physically necessary if a VNA is employed, as it
provides both the magnitude and phase information needed
tomathematically emulate it; avoiding the introduction of any
additional measurement uncertainty.

By mathematically short circuiting the output port of an
original two-port S-parameter network, having matrix [S],
the SPEC11 and resulting PEC reflectanceRPEC from the result-
ing one-port network (i.e., shorted l-stage, where l represents
the thickness of the dielectric-filled material) can be mathe-
matically emulated using the following,

SPEC11 = S11 −
S21S12
1+ S22

(67)

RPEC
≡

∣∣∣SPEC11

∣∣∣2 (68)

The exact complex dielectric properties can then be the-
oretically extracted by finding the simultaneous solution for
the following three equations using our Graphical techniques
with ideal measured values [1],

|S11SIM (ñ)|
2
− RMEAS = 0 (69)

|S21SIM (ñ)|
2
− TMEAS = 0 (70)∣∣∣SPEC11SIM (ñ)

∣∣∣2 − RPEC
MEAS = 0 (71)

where, S11SIM (ñ), S21SIM (ñ) and SPEC11SIM (ñ) are analytically
simulated variables, all being a function of the extractable
complex refractive index ñ = n − jκ =

√
µ̃r ε̃reff ;

optical constants n and κ are the associated index of
refraction (or refractive index) and extinction coefficient
(or absorption index), respectively [1]; RMEAS and TMEAS
are the measured reflectance and transmittance for the l-
stage network, respectively. To avoid ambiguity, the gen-
eralized Q-factor for an unbound dielectric Q0 is given
by,

Q0 =
1

tanδ
=
Re
{
µ̃r ε̃reff

}
Im
{
µ̃r ε̃reff

} = Re
{
ñ2
}

Im
{
ñ2
} = n2 − κ2

2nκ
(72)

This can be broken down into its constituent magnetic and
electric components Q0m and Q0e, respectively,

Q0 =
Q0mQ0e − 1
Q0m+Q0e

∼= Q0m//Q0e (73)

where,

Q0m =
1

tanδm
=
µ′r

µ′′r
and Q0e =

1
tanδe

=
ε′reff

ε′′reff
(74)

With ideal measured values [1], all responses from the l-
stage reflectance, transmittance and port-1 reflectance with
port-2 short-circuited simultaneously coincide at the true val-
ues for n and κ in n− κ space. It has been found that (71) is
sensitive to measurement noise and so amore resilient Graph-
ical approach is presented here that replaces (71) with alter-
native constraints. For example, 2l-stage responses, where
two identical S-parameters for the l-stage matrix [S] are
cascaded together to create matrix

[
SCAS

]
, which emulates

a double-length section having S-parameters:

SCAS11 = S11
(
1+ SCAS21

)
and SCAS21 =

S221
1− S211

(75)
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RCAS
≡

∣∣∣SCAS11

∣∣∣2 and TCAS ≡
∣∣∣SCAS21

∣∣∣2 (76)

where, RCAS and TCAS are the reflectance and transmittance
for the 2l-stage cascaded network, respectively.
Therefore, the complex refractive index can be extracted by

simultaneously solving the following equations for 2l-stage
responses in addition to (69)-(70) for the l-stage,∣∣∣SCAS11SIM (ñ)

∣∣∣2 − RCAS
MEAS = 0 (77)∣∣∣SCAS21SIM (ñ)

∣∣∣2 − TCASMEAS = 0 (78)

Similarly, it is also possible to emulate the half-length
section (i.e., l/2-stage) S-parameters from the following:

SHALF11 =
S11

1+S21
and SHALF21 =

√√√√S21

[
1−

(
S11

1+S21

)2
]

(79)

Obviously, by inserting the S-parameters from the resulting
matrix

[
SHALF

]
from (79) into (75) for matrix

[
SCAS

]
recov-

ers the original matrix [S]. Now,

RHALF
≡

∣∣∣SHALF11

∣∣∣2 and THALF ≡
∣∣∣SHALF21

∣∣∣2 (80)

where, RHALF and THALF are the respective reflectance and
transmittance for the l/2-stage cascaded network.

Therefore, in principle, the complex refractive index can be
extracted by simultaneously solving the following equations
for the l/2-stage responses in addition to (69)-(70) for the
l-stage and (77)-(78) for the 2l-stage,∣∣∣SHALF11SIM (ñ)

∣∣∣2 − RHALF
MEAS = 0 (81)∣∣∣SHALF21SIM (ñ)

∣∣∣2 − THALFMEAS = 0 (82)

It has been found that in n−κ space the intersection points
of the reflectance and transmittance curves for the l/2-stage
can be used to give the extracted values for n and κ , to a good
approximation, with ideal measured values. Indeed, even at
the Fabry-Pérot resonance frequency (with S11

(
ωfp
)
∼= 0 and

S21
(
ωfp
)
∼= −1 for low loss samples), singularities are not

seen in (79), as S11
(
ωfp
)
/
(
1+ S21

(
ωfp
))
= lim

a→0
{a}/lim

b→0
{b}.

However, this is not the case with real measured values, where
the singularity is evident, due to the extreme sensitivity of the
denominator to noise in the measured S21

(
ωfp
)
. Nevertheless,

away from the Fabry-Pérot resonance frequency, l/2-stage
responses can be used to extract values for n and κ from
n− κ space.
With our new manual Graphical approach, both optical

constants are swept independently and all possible solutions
for (69)-(70), (77)-(78) and (81)-(82) plotted, using theMAT-
LAB ‘fimplicit’ function [21]. For example, all possible solu-
tions are initially plotted for ideal measured values emulated
by arbitrarily choosing a value ñideal = 1.5248− j0.001468
(this complex refractive index is set equal to ñ(11.08 GHz),
corresponding to the respective dielectric constant and loss

FIGURE 8. Individual solutions in n− κ space at 8.2 GHz from (a) ideal
noiseless measurements emulated with ñideal = 1.5248− j0.001468 (set
equal to ñ(11.08 GHz) from Sample #1 associated with Fabry-Pérot
resonance modeling with the variational method); and (b) real noisy
measurements for Sample #1, having ñextracted = 1.5265− j0.002281
(corresponding to a dielectric constant and loss tangent of 2.330 and
29.89× 10−4, respectively).

tangent of 2.325 and 19.26×10−4 for Sample #1 at the Fabry-
Pérot resonance frequency, as given in TABLE 1, associated
with Fabry-Pérot resonance modeling with the variational
method). FIGURES 8(a), 9(a) and 10(a) show the individual
solutions in n − κ space at the respective arbitrarily chosen
frequencies of 8.2, 11.08 and 12.4 GHz with a noiseless
scenario. The individual solutions for (69)-(70), (77)-(78) and
(81)-(82) are represented by the respective solid red-blue,
dashed red-blue and dotted red-blue curves. As expected,
the l/2-stage, l-stage and 2l-stage reflectance and transmit-
tance curves all have the same intersection point and, thus,
it is easy to manually extract the dielectric properties without
ambiguity using the Graphical approach within a noiseless
scenario. Here, the original dielectric properties are recovered
without error.

With real noisy measurements, a practical Graphical
approach avoids the use of the sensitive shorted l-stage net-
work with (71) and potentially unstable l/2-stage network
with (81)-(82). Instead, values of n and κ can be extracted
from n− κ space with just the l-stage and 2l-stage networks,
using the following graphical rules:
(i) the intersection point from the l-stage and 2l-stage

reflectance curves and also that from the transmittance
curves separate in n−κ space when noise is introduced;
creating an interval 1n in the n-direction. Within the
lowest observable 1n interval, to a good approxima-
tion, our extracted value of n is the mean value between
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FIGURE 9. Individual solutions in n− κ space at 11.08 GHz from (a) ideal
noiseless measurements emulated with ñideal = 1.5248− j0.001468 (set
equal to ñ(11.08 GHz) from Sample #1 associated with Fabry-Pérot
resonance modeling with the variational method); and (b) real noisy
measurements for Sample #1, having ñextracted = 1.5248− j0.001468
(corresponding to a dielectric constant and loss tangent of 2.325 and
19.26× 10−4, respectively).

the two intersection points – both intersection points are
considered to be independent of the true value of κ with
real noisy measurements.

(ii) to a good approximation, the extracted value of κ
is the repeated intersection points of reflectance and
transmittance for the l-stage – these intersection points
are considered to be independent of the true value
of n with real noisy measurements. One exception
to this rule is when there is no interception (e.g.,
at the Fabry-Pérot resonance frequency); in this case
the extracted value of κ is the peak value of the l-
stage transmittance curve found at the extracted value
of n. Another exception is at the open-box mode res-
onance frequencies, where the extracted value of κ is
artificially too high; it is an artifact of the resonant
structure and does not represent the intrinsic loss of the
sample under test. As a result, extracted values for κ
should be discounted at the open-box mode resonance
frequencies.

For example, all possible solutions are plotted using the
real noisy measurements for Sample #1. FIGURES 8(b), 9(b)
and 10(b) show the individual solutions in n − κ space at
the respective arbitrarily chosen frequencies of 8.2, 11.08 and
12.4 GHz. Here, using the above rules, the extracted dielec-
tric properties are very close to those extracted using the
independent Fabry-Pérot resonance modeling at 8.2 and
12.4 GHz and, as expected, exactly the same at 11.08 GHz.

FIGURE 10. Individual solutions in n− κ space at 12.4 GHz from (a) ideal
noiseless measurements emulated with ñideal = 1.5248− j0.001468 (set
equal to ñ(11.08 GHz) from Sample #1 associated with Fabry-Pérot
resonance modeling with the variational method); and (b) real noisy
measurements for Sample #1, having ñextracted = 1.5255− j0.001331
(corresponding to a dielectric constant and loss tangent of 2.327 and
17.45× 10−4, respectively).

Across X-band, from these three spectroscopic measure-
ments, the dielectric constant varies between 2.325 and 2.330,
corresponding to a variation of only ±0.1%, while the loss
tangent decreases from 29.89×10−4 down to 17.45×10−4 as
frequency increases. These trends are investigated with finer
frequency resolution in Section VIII.

Using our new manual Graphical approach, the extracted
values of dielectric constant and loss tangent for both Samples
#1 and #2 are shown in FIGURE 11, covering the whole
of X-band (in 0.1 GHz steps). Note that the data points at
10.1 GHz and 12.1 GHz, associated with the open-box mode
resonances (seen in FIGURE 7), have been included even
though they represent errors for an unbound dielectric.

Our Graphical technique is immune to the effects of the
Fabry-Pérot resonances (not seen in FIGURE 7). It is interest-
ing to note that both the dielectric constant and loss tangent
for Sample #1 are marginally larger in value than those for
Sample #2, which is consistent with all the earlier results
found with Fabry-Pérot resonance modeling.

VII. SPECTROSCOPIC EXTRACTION OF COMPLEX
DIELECTRIC PROPERTIES USING NEW AUTOMATED
‘RENORMALIZATION’ METHOD
With ideal measured values, at each individual frequency,
the simultaneous complex root solutions to (69)-(71) give
the ideal complex refractive index ñideal , seen as a single
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FIGURE 11. Extracted values for dielectric constant and loss tangent
(in 0.1 GHz steps) using the manual Graphical approach with l - and
2l -stages for Samples #1 and #2.

intersection point in n−κ space. However, as previously seen,
with real, noisy, measurements there is no longer a single
intersection point. By scanning n − κ space, the magnitudes
of the right-hand sides of (69)-(71) can be summed and
projected onto a contour plot. As a result, with ideal measured
values there will be a single one-dimensional spike in n − κ
space, touching zero at the simultaneous solution; while with
real, noise-affected, measurements a three-dimensional spike
will approach zero. In practice, the contour plot can be best
observed on a logarithmic scale, by first subtracting the min-
imum value and then dividing throughout by the maximum
value (giving normalized values between 0 and 1). At some
frequencies there may be multiple intersection points in n−κ
space that result in multiple minima. The dominant minimum
in this case might correspond to incorrect values for n and κ .
Adding more equations (increasing sensitivity) and includ-

ing more constraints to the existing equations (increasing
robustness) lead to a sharper spike at the correct simulta-
neous solution in n − κ space. The former can be imple-
mented by mathematically introducing additional sub- and
multiple-stages (e.g., l/2-stage and 2l-stage) to the original
l-stage and shorted l-stage. The latter can employ port refer-
ence impedance renormalization. While spurious minima are
generated, the correct solution will have the dominant (deep-
est) spike. This is because, with impedance renormalization,
the correct intersections will remain fixed in n − κ space,
while spurious intersections move around and are subse-
quently averaged-out on aggregate. Spurious spikes can be
removed by: (i) increasing grid resolution (thereby reducing
discretization error); (ii) introducing more sub- or multiple-
stages; (iii) choosing a different port reference impedance
renormalization set.

As a general rule-of-thumb, in addition to the original
S-parameters (i.e., l-stage having ZT (ω) = ZairTE10(ω),
calculated using (30)) it has been found that the best
selection of renormalization impedances includes several
purely resistive impedances above ZairTE10(ω) (sharpening the
spike in the κ-direction) and introducing an equal num-
ber of positive and negative reactances (sharpening the
spike in the n-direction). It has been found that at the
Fabry-Pérot resonance frequency, the method is very sensi-

FIGURE 12. Port reference impedances plotted on impedance Smith chart
normalized to Zair

TE10(ω) for Sample #1. Blue crosses represent purely real
impedances, while green asterisks represent complex impedances on the
1± jx circle: (a) 8.2 GHz; (b) 11.08 GHz; (c) 12.4 GHz.

FIGURE 13. Port reference impedance plotted against frequency
normalized to Zair

TE10(ω) for Sample #1, corresponding to the

recommended data set: (a) Re
{

ZT (ω)/Zair
TE10(ω)

}
corresponding to the

r ± j0 line; (b) Im
{

ZT (ω)/Zair
TE10(ω)

}
corresponding to the 1± jx circle.

tive. As a result, the port reference impedances should be
close to ZairTE10 (ω) at the Fabry-Pérot resonance frequency,
while spreading out more from ZairTE10(ω) when moving
further from the Fabry-Pérot resonance frequency. A good
implementation has a spread of port reference impedances
with r = Re

{
ZT (ω)/ZairTE10(ω)

}
∈ [1, 4] and x =

Im
{
ZT (ω)/ZairTE10(ω)

}
∈ [−4, 4]. As a good example, when

normalized to ZairTE10(ω), one can adopt the following recom-
mended port reference impedance set: ZT (ω)/ZairTE10(ω) ∈[
1, 1.25, 1.5, 1.75, 2.25, 2.75, 3.25, 4, 1 ± j1, 1 ± j1.5, 1 ±
j2.5, 1± j4

]
used at all frequencies; purely real port reference

impedances lie on the r ± j0 line above unity, while complex
impedances lie on the 1 ± jx circle. This dynamic spread is
shown in the Smith chart illustrations of FIGURE 12(a) at 8.2.
GHz, with FIGURE 12(b) at the Fabry-Pérot resonance fre-
quency and FIGURE 12(c) at 12.4 GHz. FIGURE 13 shows
port reference impedances as a function of frequency with
|S11SIM |2 used as a scaling function. The choice of port
reference impedance renormalization set is flexible (in terms
of size and values), which can change with frequency and/or
measurement conditions.

This measurement post-processing technique can be fully
automated, as demonstrated in this section for all the fre-
quency points generated by the VNA. As an implementation
consideration, there may be a practical limit on the discretiza-
tion of n − κ space, in terms of computational time and
memory storage. The optimal approach is to first run coarse
discretization over a wide n − κ space, followed by finer
discretization over a reduced n − κ space centered on the
expected value.
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FIGURE 14. Contour plots for common log of summations of the
right-hand sides for (69)-(71), (77)-(78) and (81)-(82) for Sample #1 at
9 GHz without renormalization: (a) side view; (b) top view with solid
black lines showing the target value ñ(11.08 GHz) and dotted black lines
showing the extracted value.

With the previously recommended port reference
impedance renormalization set, dielectric properties were
automatically extracted. Coarse discretization had n ∈ [1, 4]
and k ∈ [−0.025, 0.025] and the finer discretization had
n ∈ [1.5, 1.55] and κ ∈ [0, 0.009], while grid size was kept
at 10002 for both runs. With the latter, contour plots have less
spikes that allow for easy identification of ñextracted .

The former gives the worst-case condition. For exam-
ple, contour plots with coarse discretization are shown for
Sample #1 at 9 GHz, without impedance renormalization
in FIGURE 14 and with impedance renormalization in
FIGURE 15, where both figures represent the common log of
the summation Σ of (69)-(71), (77)-(78) and (81)-(82). The
solid black lines in FIGURE 14(b) and FIGURE 15(b) corre-
spond to ñ(11.08 GHz) for Sample #1 associated with Fabry-
Pérot resonance modeling with the variational method M1,
while the dashed black lines show the location of absolute
minimum (extracted value). As expected, without impedance
renormalization there are multiple minima; while the con-
tour plot with impedance renormalization shows that the
deepest spike corresponds to the absolute minimum close to
ñ(11.08 GHz) and other spikes are suppressed.

The spectroscopic results from all frequency points gen-
erated by the VNA (in 0.01 GHz steps) are shown in

FIGURE 15. Contour plots for common log of summations of the
right-hand sides of (69)-(71), (77)-(78) and (81)-(82) for Sample #1 at
9 GHz with renormalization: (a) side view; (b) top view with solid black
lines showing the target value ñ(11.08 GHz) and dotted black lines
showing the extracted value.

FIGURE 16(a) without impedance renormalization and in
FIGURE 16(b) with impedance renormalization. The effect
of absorption due to box modes can be seen as sharp spikes
in the extracted values of loss tangent. Clearly, impedance
renormalization gives the expected dielectric properties.

VIII. MODELING COMPARISON WITH
NICOLSON-ROSS-WEIR (NRW) APPROACH
Values of dielectric constant and loss tangent for ABS
(pure ABS and two FDM 3-D printed Stratasys ABS-
M30 samples in ‘laying down’ (LD) and ‘standing up’
(SU) orientations), extracted using the Nicolson-Ross-Weir
(NRW) approach, have been published in the open liter-
ature by Deffenbaugh et al. [17], having a sample size of
22.60×10.06×7.63 mm3; all the available X-band data is
included in FIGURE 11 and TABLE 5. TRL calibration
was also employed before measurements and their sam-
ples were similarly made to fit a shorter 7.63 mm long
air-filled quarter-wavelength thru line section of WR-90
waveguide [17]. Their sample length resulted in Fabry-Pérot
resonances above ca. 11 GHz [17]; with ffp ∼13 GHz, pre-
dicted using (27), having broader spectral features (due to
their much greater loss tangents). It can be seen from the
published data (recorded at only 8.2, 9.0, 10.0 and 11.0 GHz),
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FIGURE 16. Extracted values for dielectric constant and loss tangent
(in 0.01 GHz steps) using automated Renormalization techniques with
l/2-, l -, 2l -stages and shorted l -stage: (a) without impedance
renormalization; and (b) with impedance renormalization.

TABLE 5. NRW extracted X-band dielectric properties for all ABS samples
reported by Deffenbaugh et al. [17].

their ABS samples have an extracted dielectric constant of
between 2.53 and 2.62; higher than our extracted values.
Moreover, the associated loss tangents vary from 75×10−4 to
207×10−4 (extreme case for ABS-M30(SU)); considerably
more lossy than our FDM 3-D printed ABS Samples #1 and
#2.

It is worth noting that Deffenbaugh et al. also present
extracted dielectric constant data, using non-waveguide tech-
niques, for ABS at 1, 2, 100, 500 and 1,000 MHz; giving
values ranging from 2.59 to 2.83, which correspond more
closely to their fixed data sheet value of 2.8 for all ABS
samples [17].

The well-established NRW approach [22], [23] represents
a closed-form analytical method for characterizing dielectric
and magnetic materials, without using iterations and an initial
guess. The original, highly cited, paper by Nicolson and

Ross was developed for TEM waves, normally associated
with coaxial cables [22] (it is not possible to 3-D print truly
cylindrical samples with FDM for this application). However,
it has also been used with TE and TM modes normally
associated with waveguides [17], [23]–[26]. For the purposes
of clarity, this approach is referred to here as the Original
NRW approach.

Given the dielectric properties, a priori, the S-parameters
for any medium can be calculated using [1],

S11 =
[

1− P2

1− (ρ0P)
2

]
ρ0 ≡ S22 (83)

S21 =

[
1− ρ20

1− (ρ0P)
2

]
P ≡ S12 (84)

where, using (6) for ZTEm0 and ZairTEm0, the zero-order
electric-field wave (or complex Fresnel) reflection coefficient
ρ0 at the interface between the reference air-filled and sample
dielectric-filled sections of a MPRWG is,

ρ0 =
ZTEm0 − ZairTEm0

ZTEm0 + ZairTEm0

(85)

and, using (1) for γm0, the propagation factor P= e−γm0l .
Here, the propagation constant γm0 → γg = jβ̃, using (25)
for β̃; this implicitly assumes a PEC-walled MPRWG.

Now, the reverse process of extracting the dielectric prop-
erties from any medium can be performed. For example
using a dielectric slab in free space [1], coaxial cable [22]
and rectangular waveguide [17], [23]–[26], by solving the
following quadratic function,

ρ2o − 2χρo + 1 = 0 (86)

giving,

ρo =
ξ − 1
ξ + 1

≡ χ ±

√
χ2 − 1

where

χ =
1− S221 + S

2
11

2S11
(87)

The complex propagation factor P= e−j2π l/λ̃g can now be
found directly from measurements with (87) using,

P =
S11 + S21 − ρ0

1− (S11 + S21)ρ0
(88)

In principle, the complex relative effective permittivity
ε̃reff and permeability µ̃r can be extracted using (19)-(22),

1

λ̃ 2
g

= −

[
ln {P}
2π l

]2
=

(
µ̃r ε̃reff

λ 2
0

−
1

λ 2
cm0

)
(89)

Rearranging (89) gives,

ε̃reff =
λ 2
0

µ̃r

(
1

λ̃ 2
g

+
1

λ 2
cm0

)
(90)
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where, with (7) and the general identities in (16),

µ̃r = ξ ·
λ air
g

λ̃g
(91)

and,

ξ =
1+ ρ0
1− ρ0

and λ
air
g = λ0

ZairTE

η0
(92)

In practice, the VNAmeasures S-parameters with wrapped
phase angles (i.e., with values limited between−π and+π );
the resulting phase ambiguities in P lead to an infinite num-
ber of roots when evaluating ln {P} in (89) [23]. In practice
(with finiteQ0

(
ffp
)
), the effects of the Fabry-Pérot resonances

excludes practical extraction of the dielectric properties above
ca. 10.5 GHz for Sample #1 and above ca. 10.75 GHz for
Sample #2; the latter exhibiting a higherQ0

(
ffp
)
. Fortunately,

phase correction can be applied to the propagation factor (i.e.,
adding integer multiples nϕ of 2π to −βl by multiplying P
in (88) by e+jnϕ2π ) between the nϕ and nϕ + 1 Fabry-Pérot
resonance frequencies [25], [26].

Our measured S-parameters were applied to these NRW
equations, using (87)-(92), with phase correction applied, and
the extracted relative (effective permittivity and permeabil-
ity) values are shown in FIGURE 17. This methodology is
referred to in this paper as the Original NRW approach.

In addition to the problem of phase ambiguity, there is
also an issue with mathematical instability. With ideal mea-
surements, at the Fabry-Pérot resonance frequency (with
S11
(
ωfp
)
∼= 0 and S21

(
ωfp
)
∼= −1 for low loss samples),

singularities are not seen in (87), as χ = lim
a→0
{a}/ lim

b→0
{b}.

However, with real measured values, a singularity propagates
from (87) to the propagation factor, resulting in the math-
ematical instability in both µ̃r and ε̃reff . In 2012, Barroso
and de Paula reported a way to minimize the instability,
considering the product of relative effective permeability and
relative permittivity [26]; Re

{
µ̃r ε̃reff

}
= µ′rε

′
reff − µ

′′
r ε
′′
reff

and Im
{
µ̃r ε̃reff

}
= µ′rε

′′
reff + µ

′′
r ε
′
reff and µ̃r constrained

to a value of unity (restricting this technique to purely
non-magnetic materials). This methodology is referred to
in this paper as the Modified NRW approach. Here, it is
implicitly assumed throughout that phase correction has been
applied. Extracted values of µ̃r ε̃reff , for both samples, are
also shown in FIGURE 17, where dielectric constant ε′reff =
Re
{
µ̃r ε̃reff

}∣∣
µ̃r=1

is replaced with Re
{
µ̃r ε̃reff

}
and loss tan-

gent tanδe = tanδ|µ′′r=0 = ε′′reff /ε
′
reff replaced with tanδ =

Im
{
µ̃r ε̃reff

}
/Re

{
µ̃r ε̃reff

}
.

It is important to note that the extraction of dielec-
tric property for rectangular waveguides using (87)-(92),
as originally proposed by Weir [23] and later adopted
by others [17], [24]–[26], implicitly assumes PEC-walled
MPRWGs. Therefore, with our practical measurements hav-
ing waveguides with finite conductivity metal walls (σo ≈
1.6 × 107 S/m), extraction using the NRW equations must
exhibit errors (a detailed analysis of the impact of finite σo
on ε̃reff and µ̃r is beyond the scope of this paper).

FIGURE 17. Extracted relative (effective permittivity and permeability)
values using the Nicolson-Ross-Weir (in 0.01 GHz steps), manual
Graphical and automated Renormalization approaches: (a) real part of
relative values for Sample #1; (b) loss tangent for Sample #1; (c) real part
of relative values for Sample #2; and (d) loss tangent for Sample #2.

It can be seen from FIGURE 17 that, with the Original
NRW approach, the extracted relative values and loss tangent
exhibit mathematical instabilities at the Fabry-Pérot reso-
nance frequencies (ffp = 11.08 GHz for Sample #1 and

ffp = 11.13 GHz for Sample #2) with ε̃reff 6≡ µ̃r ε̃reff

∣∣∣
µ̃r=1

.
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For this reason, with the Original NRW approach, sample
length must be constrained to l < λ g

(
ffp
)
/2 (i.e., so that

β(ω) l < π) increasing measurement uncertainly due to low
opacity [1], [23]. For example, with our Graphical approach,
the extracted value of ε′reff (11 GHz) = 2.3256 for Sample
#1, and so the maximum length lmax(11 GHz) = 9.708 mm.
As expected, this just exceeds l = 9.626 mm, in theory (for
Q0
(
ffp
)
→ ∞), allowing extraction of dielectric properties

below ca. 11 GHz only. For arbitrary lengths, one way to
resolve the phase ambiguities in P is to test for spectral
continuity in the differential-phase group delay [22].

In general, mathematical instabilities are not observed with
the Modified NRW method. However, it was found that with
Sample #2 an instability was evident just above ffp, where loss
tangent spiked to a small negative value.

As seen in FIGURE 17 (ignoring box-mode resonances),
the Modified NRW approach gives Re

{
µ̃r ε̃reff

}
= 2.3080±

0.0019(±0.1% variation), while our respective Graphical
and Renormalization approaches give ε′reff = 2.3273 ±
0.0366(±1.6% variation; this relatively large value may be
due to systematic errors and noise in the measurements) and
2.3281±0.0105(±0.4% variation) across X-band for Sam-
ple #1; for Sample #2, the Modified NRW approach gives
Re
{
µ̃r ε̃reff

}
= 2.3030 ± 0.0035(±0.2% variation), while

our respective Graphical and Renormalization approaches
give ε′reff = 2.3105 ± 0.0183(±0.8% variation) and
2.3047±0.0119(±0.5% variation) across X-band.
Similarly, with loss tangent across X-band, the Modi-

fied NRW approach gives Im
{
µ̃r ε̃reff

}
/Re

{
µ̃r ε̃reff

}
between

18.861 × 10−4 and 31.58 × 10−4, while our respective
Graphical and Renormalization approaches give ε′′reff /ε

′

reff
from 17.227 × 10−4 to 29.885 × 10−4 and 16.675 × 10−4

to 29.693 × 10−4 for Sample #1. For Sample #2, the Modi-
fied NRW approach gives Im

{
µ̃r ε̃reff

}
/Re

{
µ̃r ε̃reff

}
between

13.514 × 10−4 and 48.97 × 10−4, while our respective
Graphical and Renormalization approaches give ε′′reff /ε

′

reff
from 13.195 × 10−4 to 21.473 × 10−4 and 12.948 × 10−4

to 21.429× 10−4.
A summary of the dielectric properties for ABS extracted

using various strategies is shown in TABLE 6, for both
Samples #1 and #2. It can be seen that at the Fabry-Pérot
resonance frequencies the extracted dielectric constants are
consistent amongst the various extraction strategies, with the
exception of the two NRW methods. The Original NRW
method is not stable at this frequency and so generates wildly
unpredictable values; while theModifiedNRWmethod deliv-
ers a lower value from the average (within 0.7% of the other
methods). If it is initially assumed that the dielectric constant
is non-dispersive across X-band, it is possible to compare
extraction strategies (given their resulting standard devia-
tions) for the five spot frequency values given in TABLE 6.
TABLE 7 shows the resulting averages for the spot fre-

quency values and their standard deviations. It can be seen
that, with both Samples #1 and #2, the Graphical and
Renormalization approaches agree with one another and

TABLE 6. Summary of dielectric properties for ABS extracted using
various strategies.

TABLE 7. X-band averages of dielectric constant extracted using various
strategies.

exhibit a very low standard deviation across X-band; effec-
tively extracting non-dispersive values for dielectric con-
stant of 2.329 and 2.309 for Sample #1 and Sample # 2,
respectively, with discrepancies being attributed to arbitrary
defects in the two 3-D printed samples and only having
one frequency-swept measurement for each sample. The two
NRWmethods also agree with one another; with the Original
method having a higher standard deviation and Modified
method having a lower standard deviation, when both are
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compared to the Graphical and Renormalization approaches.
However, the NRW methods give slightly lower values of
dielectric constant (within 1.6% of the other methods). Nev-
ertheless, this simple analysis confirms the initial assumption
that the dielectric constant of ABS is non-dispersive across
X-band. It can be seen from TABLE 6, with the Graph-
ical and Renormalization approaches that, when ignoring
the Fabry-Pérot resonance frequency, loss tangent for ABS
decrease with increasing frequency across X-band. As a
result, a non-dispersive analysis is not possible with loss
tangent.

In contrast, from TABLE 5, while the average dielec-
tric constants for all three ABS samples reported by
Deffenbaugh et al. [17] are within 1.2% of each other, they
are inflated by approximately 10% and have an order of
magnitude increase in standard deviation, when compared to
our results. Moreover, from TABLE 5, it can be seen that
there is no consistent spectral trend in loss tangent.

Clearly, the dielectric properties for our FDM 3-D printed
ABS do not corresponding to those for pure ABS or FDM
3-D printed ABS-M30 reported by Deffenbaugh et al. [17].
For example, with pure ABS between 8.2 GHz and 11 GHz,
the reported extracted dielectric constant was 2.58±0.04
(±1.6% variation) with loss tangent fluctuating between 106
×10−4 and 169 ×10−4 [19]; with very similar results for the
FDM 3-D printed Stratasys ABS-M30 samples.

Since the results for ABS reported by
Deffenbaugh et al. [17] does not include extracted data above
11 GHz, it can be inferred that they are likely to have adopted
the Original NRW approach; with such a high recorded loss
tangent, the effects of having ffp ∼13 GHz is likely to have
restricted the upper frequency limit to ca. 11 GHz.
In summary, the Graphical and Renormalization

approaches are in agreement with all the various Fabry-Pérot
resonance modeling strategies, at the Fabry-Pérot resonance
frequency; it does not assume a PEC-walled MPRWG or
exhibit the mathematical instabilities or µ̃r ε̃reff ambiguity
associated with the NRW methods. From all the various
modeling strategies, there is general agreement in the dielec-
tric properties extracted. Sample #1 has a frequency inde-
pendent dielectric constant of 2.33 across X-band, while
its loss tangent tends to decrease from 30×10−4 down to
17×10−4 as frequency increases across X-band. Sam-
ple #2 has a frequency independent dielectric constant
of 2.31 across X-band, while its loss tangent tends to decrease
from 21×10−4 down to 14×10−4 as frequency increases
across X-band. These results are clearly less than those previ-
ously published in the open literature for pure ABS, shown in
TABLE 5 [17].

IX. MEASUREMENT NOISE RESILIENCE ANALYSIS
With a modern space-domain Fourier-transform infrared
(FTIR) spectrometer, the upper-bound measurement signal-
to-noise power ratio (SNR or S/N) has a specific definition.
With power transmission(reflection)-mode spectroscopy,
without any sample under test, signal power Preference is

represented by a 100% transmittance(reflectance) reference
level (assuming no systematic errors within a calibrated sys-
tem) and either the peak-to-peak or root-mean square (RMS)
deviation from this reference level represents the generalized
noise power Pnoise, across the spectrum of interest [27]. With
sub-millisecond integration times, FTIR systems have very
low values of S/N [1]. Alternatively, the IRisF1 instrument
(from IRsweep AG, Switzerland) is a quantum cascade laser
frequency comb spectrometer that has S/N |dB = 20 dB
with a 1 µs integration time (without any sample under test),
which improves with integration time [28]. In contrast, mod-
ern frequency-domain VNAs can have a relatively high S/N,
while terahertz time-domain spectroscopy (THz TDS) offers
an extremely high S/N [1].

In practical metrology there may be numerous sources of
measurement noise, having a variety of possible probability
density function distributions. Within the limited scope of
the analysis presented here, it is not feasible to investigate
all possible sources of noise and their interactions within a
modern commercial VNA. Nevertheless, it is assumed here
that the overall noise from the various contributions exhibit an
additive white Gaussian noise (AWGN) type of distribution.
In addition, local oscillator phase noise can also be signifi-
cant at higher frequencies; both assumed to be independent
and uncorrelated. Investigating the impact of just AWGN
can still reveal potential weaknesses with dielectric property
extraction. For this reason, a simple AWGN-only analysis is
undertaken.

First, the real and imaginary parts of noiseless S-parameters
for S11 and S21 are mathematically emulated; this assumes
a symmetrical and reciprocal scenario for a hypothetical
non-magnetic dielectric sample under test. Based on the
sample average extracted values from TABLE 6, at 9 GHz,
this sample has a dielectric constant ε′reff = 2.31 and loss
tangent ε′′reff /ε

′
reff = 20×10−4, as fixed target values for

subsequent ñTarget extraction (with nTarget = 1.51987 and
κTarget = 1.52×10−3 at 9 GHz). This sample is then inserted
into our simulated thru section of waveguide, modeled at
9 GHz using the variational method. These four noiseless
S-parameter values effectively represent the simulation of
four independent noiseless ‘signal voltage measurements’
vnoiseless to which independent and uncorrelated random
noise voltages will be added (having AWGN distributions);
effectively representing the emulation of 40 ‘RMS noise
voltagemeasurements’ νAWGN .Within this limited study, only
10 noisy ‘S-parameter measurements’ for both S11 and S21
were emulated at 9 GHz, represented by 40 noisy ‘signal
voltage measurements’ vnoisy = vnoiseless + vnoise, where
vnoise→ νAWGN . The 9 GHz spot frequency was chosen as it
represents a featureless part of X-band (i.e., well away from
any band-edges or resonance frequencies).

At this point, it is necessary to define the upper-bound
measurement signal-to-noise power ratio in terms of effec-
tive ‘RMS noise voltage measurements’ vnoise|RMS . Here,
the RMS FTIR spectrometer definition for the upper-bound
measurement S/N is adopted, because it is independent of any
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arbitrary S-parameter measurements:

S/N |dB = 10log10 {S/N }

with

S/N =
Preference
Pnoise

=
vnoiseless|2RMS
vnoise|2RMS

→ S/NAWGN

=
1

vAWGN |2RMS
(93)

With (93), the specific level of S/N |dB, sets the upper RMS
limit for vnoise→ νAWGN . In practice, (93) is implemented
with the built-in MATLAB function ‘awgn’ [21] to produce
40 random sample values of νAWGN within this RMS limit,

vAWGN = awgn(vnoiseless, S/NAWGN
∣∣
dB) (94)

It should be noted that while the real and imaginary parts
of both S11 and S21 are assigned the same level of S/N |dB,
using (94), this same level also independently applies exactly
to both |S11| and |S21|. Within our limited study, a broad
range of S/N |dB levels are investigated for extracting ñ, from
10 dB (poor sensitivity instruments) to 100 dB (high sensi-
tivity instruments), in steps of 10 dB. In addition, noiseless
values ñnoiseless are extracted as a benchmark for the various
methodologies used within this paper.

The results using the various extraction strategies are show
in FIGURE 18. With all methodologies, there is a greater
spread on refractive index, when compared to the extinction
coefficient, but in terms of percentage change the reverse is
true. For all levels of S/N |dB, it can be seen that the scatter of
extracted values for ñ is less confined with the Original NRW
method, when compared to theModifiedNRWmethod. How-
ever, with the Original method the extracted values for ñ
cluster at a noiseless point ñnoiseless that is closer to the target
value ñTarget . This highlights a fundamental weakness with
both NRW methodologies, in that ñnoiseless 6= ñTarget , since
the ohmic losses associated with the conducting metal walls
of the MPRWG are not considered. In contrast, with both
Graphical and Renormalization methods, ñnoiseless = ñTarget .
The data spread in FIGURE 18 has been summarized

in TABLE 8 with the use of a worst-case normalized
measurement peak error vector magnitude EVM% =(
EVMPEAK/

∣∣ñTarget ∣∣)× 100%, where EVMPEAK is the min-
imum radius for the circle that encompasses all 10 extracted
ñ points (from the 10 emulated noisy ‘S-parameter measure-
ments’ for S11 and S21) with its center at ñTarget . It is expected
that EVMPEAK dramatically increases as S/N degrades; this is
seen in TABLE 8.

Alternatively, EVMRMS can be defined as the RMS radius
for the circles that correspond to the 10 extracted ñ points with
their center at ñTarget . Within a linear system, given ñTarget
and EVMRMS , the corresponding S/NAWGN can be estimated
using an equation of the form [29],

EVMRMS∣∣ñTarget ∣∣ ≈

√

1
S/NAWGN

+ σ 2
error(

S/NAWGN
)−1/2 for S/NAWGN

∣∣
dB & 20 dB

(95)

FIGURE 18. Noise sensitivity for a hypothetical dielectric sample having a
fixed dielectric constant ε′reff = 2.31 and loss tangent
ε′′reff /ε

′

reff = 20× 10−4 (with nTarget = 1.51987 and κTarget = 1.52× 10−3

at 9 GHz) inserted into our simulated thru section of waveguide modeled
at 9 GHz using the variational method: (a) zoomed-out Original NRW;
(b) zoomed-in Original NRW; (c) zoomed-out Modified NRW;
(d) zoomed-in Modified NRW from; (e) zoomed-out Graphical method;
(f) zoomed-in Graphical method; (g) zoomed-out Renormalization
method; and (h) zoomed-in Renormalization method.

TABLE 8. Worst-case normalized measurement peak error vector
magnitudes from FIGURE 18 for different methodologies.

where, σerror is an RMS error in the extraction process (effec-
tively representing additional uncorrelated noise). EVMRMS
is plotted in FIGURE 19 for different methodologies. It can
be seen that all approaches generally follow the approx-
imation given in (95). As S/NAWGN increases, with both
NRW approaches, EVMRMS approaches their residual value∣∣ñnoiseless − ñTarget ∣∣.
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FIGURE 19. Normalized measurement RMS error vector magnitudes from
FIGURE 18 for different methodologies.

In summary, errors in the extracted value of ñ are negligi-
bly small with the Graphical and Renormalization methods,
while both NRW methodologies have significant errors that
are inherent – due to the PEC-walled MPRWG assump-
tion. As S/N |dB degrades, both Graphical and Renormal-
ization methods maintain their resilience as long as the
minimum grid resolution can increase. Further improvements
with the Renormalization method can be made by having
a more aggressive port reference impedance optimization
strategy.

Appendix C gives an analysis of the measurement S/N |dB
for the calibrated VNA system used to generate our
S-parameters. A measurement S/N |dB of 88.5 dB can be
inferred, when based on the RMS approach. Therefore, it can
be seen from TABLE 8 that in this particular example,
the Graphical method has the lowest measurement EVM%.

X. DISCUSSION
To predict how effective an FDM 3-D printed ABS substrate
could be at X-band, arithmetic average values (indicated
by a bar accent) of the dielectric properties for Samples
#1 and #2 were taken from TABLE 1, at the Fabry-Pérot
resonance frequency of 11.1 GHz. Simple distributed- and
lumped-element component exemplars can now be designed
for hybrid microwave integrated circuit applications. Here,
the unloaded Q-factor represents a crude figure-of-merit for
both a microstrip transmission line and shunt capacitor. From
TABLE 1, extracted using Fabry-Pérot resonance modeling,
the predicted sample average effective conductivity σd =
2.4296 mS/m at 11.1 GHz, with a corresponding resistivity
ρd = 1/σd = 41.16 k� · cm. This confirms that our
FDM 3-D printed ABS could be used as a high resistiv-
ity dielectric substrate for microwave applications, as well
as providing a compatible high-performance RF conformal
packaging solution (with additional processing required to
provide a hermetic enclosure).

The Microwave Office R© calculator TX-LIN 2003 was
first used to model a 50 � microstrip transmission line

at 11.1 GHz, using sample average dielectric constant and
loss tangent values of ε′reff = 2.31475 and tanδe =
16.985 × 10−4. With a substrate thickness h = 500 µm,
a 50 � microstrip line requires a track width WTX ∼= 1.45
mm; the wavelength λ ∼= 19.2 mm and the specific atten-
uation is only 4.25 dB/m or ∼0.08 dB/λ at 11.1 GHz with
2 µm thick copper (one skin depth is 0.326 µm at 11.1 GHz).
With αλ ∼= 9.39 mNp/λ , from (42), for an arbitrary length of
uniform microstrip, the unloaded Q-factor QU = π/αλ ∼=

335 at 11.1 GHz. This compares favorably with M1 mod-
eled dielectric-filled MPRWG Fabry-Pérot resonators, hav-
ing QU

(
ffp
)
of ∼490 and ∼620, with Samples #1 and #2,

respectively.
A thin-film capacitor, having equal length LCAP = 3.7 mm

and width WCAP = 3.7 mm dimensions, gives an area-to-
separation distance ratio of (ACAP/h) = 0.0273. Therefore,
with a first-order model, the lumped-element parallel-plate
capacitance Cpp = ε0ε

′
reff (ACAP/h) = 0.561 pF (ignoring

∼25% extra fringe capacitances) and shunt resistance Rpp =
ρd (h/ACAP) = 15.033 k� (ignoring ∼20% reduction due
to the extra fringe capacitances); giving a very respectable
PEC component unloaded Q-factor QU = ωCppRpp≡ Q0e =

1/tanδe ∼= 588 at 11.1 GHz. Here, the effects of fringe
capacitance were confirmed using the closed-form thin-film
capacitor model in Microwave Office R©.

Characterization of numerous non-ABS FDM 3-D printed
dielectrics have been reported (in addition to those from
Deffenbaugh et al. in 2013 [17]). For example, as with our
work, a MakerBot Replicator 2X desktop printer having a
100% infill setting was recently used to characterize high
impact polystyrene (HIPS); the reported dielectric constant
was 2.452 and loss tangent was 5.73 × 10−4 [30]. Unfortu-
nately, nomethodology for extracting the dielectric properties
was given. However, it was stated that S-parameter measure-
ments were taken using a vector network analyzer (Agilent
PNA-L N5230A) between 9 and 10 GHz for a 50 mm long
dielectric-filled MPRWGwithin the EIA waveguide standard
WR-112 band (7.05 to 10.00 GHz) and non-commercial 3-
D software (OpenSCAD) was used. With a quoted sample
size of 28.5×12.6×50 mm3, the theoretical Fabry-Pérot res-
onance frequency for a lossless scenario is calculated, using
(27), to be ffp = 3.866 GHz, (i.e., well below the recom-
mended operational frequency range, with fc = 3.359 GHz
and fc10 = 5.260. GHz).

A recent development has been the FDM 3-D print-
ing of polystyrene and cyclic olefin copolymer (TOPAS)
rectangular dielectric waveguides at 120 GHz [31], using
the Ultimaker3 (having a maximum layer resolution of
20 µm and nozzle size of 400 µm). Using a quasi-
optical millimeter-wave system and curve fitting to measured
data, the refractive index and absorption coefficients were
reported. The respective dielectric constants and loss tangents
at 120 GHz are 2.478 and 0.188 × 10−4 for polystyrene and
2.161 and 1.111× 10−4 for TOPAS. This suggests that these
materials offer major opportunities for FDM 3-D printed
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TABLE 9. Extracted (sub-)terahertz dielectric properties for all
photopolymer ABS samples reported by Duangrit et al. [34].

high-resistivity substrates and dielectric-based components
for future microwave, millimeter-wave and terahertz appli-
cations.

Modern THz TDS techniques have serious limitations
when used to accurately extract dielectric properties [1].
This was also the conclusion from a 2016 inter-comparison
material characterization study using THz TDS, between
international laboratories [32]. Indeed, when compared to
frequency-domain microwave VNA measurements using
internationally traceable calibration standards, accuratemate-
rial characterization with terahertz VNA measurements is
still challenging [33]. A 2017 material characterization inter-
comparison study between THz TDS, FTIR spectroscopy
and THz VNA measurements indicated a lack of equiva-
lence in extracted complex refractive indices, between all
techniques, at frequencies as low as 300 GHz (and below),
with even negative mean values of extinction coefficients
reported with THz TDS for fused quartz and Pyrex at
400 GHz [33].

Nevertheless, an attempt to accurately characterize 3-D
printed photopolymers using THz TDS has been recently
reported [34]. For example, results from [34] for photopoly-
mer ABS samples are given in TABLE 9, when 3-D printed
using either polymer-jetting (Polyjet) or digital-light process-
ing (DLP); both beingmore advanced additive manufacturing
techniques when compared to FDM 3-D printing of ABS
thermoplastic filaments [4].

The dielectric properties between photopolymer ABS sam-
ples generally agree with one another. It is interesting to note
that the extracted dielectric constants are significantly higher
in value than those reported here and in [17] for X-band
(although close to the quoted data sheet value of 2.8 for
all ABS samples in [17]) and decrease with increasing fre-
quency (i.e., exhibiting frequency dispersion over the large
150% fraction bandwidth of the measurements). Moreover,
the loss tangents are an order of magnitude greater than
those reported here for X-band, while also increasing with
frequency. However, caution should be applied when com-
paring results, due to fundamental differences: (i) between
the chemically different photopolymer ABS and our ABS
thermoplastics; (ii) in printing technologies; (iii) in the

measurement frequencies, being two orders of magni-
tude higher than those at X-band; and (iv) in methodolo-
gies for extracting the dielectric properties. Nevertheless,
even with such high loss tangents, a similar photopolymer
(HTM140-V2, with loss tangent of 230 × 10−4 at 200 GHz)
demonstrated an asymptotically single-mode Bragg fiber
having a measured specific attenuation of only 3 dB/m at
260 GHz [34].

XI. CONCLUSION
Both the manual Graphical and automated Renormalization
approaches are in agreement with all the Fabry-Pérot reso-
nance modeling strategies, at the Fabry-Pérot resonance fre-
quency; automation being the method of choice when time is
an important consideration. It has been shown that these two
new spectroscopic approaches avoid the three fundamental
limitations to accuracy found with the NRWmethods: (i) they
do not assume PEC-walled MPRWGs, which would other-
wise result in extracted dielectric properties being different to
the true values (the importance of this point increases as the
sample-to-MPRWG loss ratio decreases), unless numerical
methods are used; (ii) dielectric property extraction exhibits
less sensitivity to measurement noise, when compared to the
Original NRW method (about the same with the Modified
NRW method), as presented in a featureless part of the fre-
quency range of interest; (iii) the reduction in the useful
waveguide bandwidth (avoiding the Fabry-Pérot resonance)
with the Original NRW method and µ̃r ε̃reff restriction to
non-magnetic materials with the Modified NRW method are
avoided. Moreover, even greater accuracy than shown here
can be obtained with both new spectroscopic approaches,
by increasing their minimum grid resolutions and applying
further constraints.

From all the various modeling strategies there is gen-
eral agreement in the dielectric properties extracted. Hav-
ing relatively more noisy measurements, Sample #1 has
a frequency independent dielectric constant of 2.33 across
X-band, while its loss tangent tends to decrease from
30×10−4 down to 17×10−4 as frequency increases across
X-band. Having less noisy measurements, Sample #2 has
a frequency independent dielectric constant of 2.31 across
X-band, while its loss tangent tends to decrease from 21
×10−4 down to 14 ×10−4 as frequency increases across
X-band. These results are significantly those previously pub-
lished in the open literature for pure ABS and FDM 3-D
printed Stratasys ABS-M30 samples [17]; offering the possi-
bility of realizing FDM3-D printed high-resistivity substrates
and dielectric-based components (e.g., solid and flat graded-
index quasi-optical dielectric lenses [35]).

Signal-to-noise ratios for VNAs depend on numerous oper-
ational settings and configurations. However, by adopting
techniques from FTIR spectrometers, a methodology has
been demonstrated for evaluating the upper-bound signal-to-
noise ratio using the simple measurement noise resilience
analysis presented in this paper. Finally, the non-homogeneity
resulting from voids within FDM 3-D printed samples have
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been found to excite open-box mode resonances. This phe-
nomenon has been investigated for the first time, analytically
and with various modeling strategies.

In summary, this paper has introduced several new tech-
niques, based on limited swept frequency measurements,
for two dielectric samples. It is believed that this collection
of interrelated studies can be developed further, while also
being applied to other material systems. Areas for further
development include: incorporating a detailed uncertainty
analysis for the samples under test; developing quantitative
non-analytical models for open-box mode resonances; fur-
ther improvements to NRW methods; and, investigating the
influence of non-AWGN on measurement S/N.

APPENDIX A
Consider the waveguide structure shown in FIGURE 3,
where a TE wave is incident on a dielectric-filled section
of MPRWG. Under steady-state sinusoidal excitation, there
will be forward and backward traveling waves, with A rep-
resenting the complex amplitude coefficients for the forward
traveling waves and B representing the backward traveling
waves. There are no reflected waves within Section ® of the
waveguide structure. It is assumed that Sections ¬, ® have
the samematerial parameters. For the TEmn mode, the electric
(E-)field and magnetic (H-)field components within the three
waveguide sections are [36],

Ey¬ =
ωµ̃¬γcm0

γ 2
cmn

(
Amn¬e

−γmn¬z + Bmn¬e
γmn¬z

)
× sin(kcm0x) cos(kc0ny) (96)

Hx¬ = −j
γmn¬γcm0

γ 2
cmn

(
Amn¬e

−γmn¬z − Bmn¬e
γmn¬z

)
×sin(kcm0x) cos(kc0ny) (97)

Hz¬ =
(
Amn¬e

−γmn¬z − Bmn¬e
γmn¬z

)
×cos(kcm0x) cos(kc0ny) (98)

Ey =
ωµ̃γcm0

γ 2
cmn

(
Amne

−γmnz + Bmne
γmnz

)
× sin(kcm0x) cos(kc0ny) (99)

Hx = −j
γmnγcm0

γ 2
cmn

(
Amne

−γmnz − Bmne
γmnz

)
× sin(kcm0x) cos(kc0ny) (100)

Hz =
(
Amne

−γmnz − Bmne
γmnz

)
× cos(kcm0x) cos(kc0ny) (101)

Ey® =
ωµ̃¬γcm0

γ 2
cmn

Amn®e
−γmn¬(z−l)

× sin(kcm0x) cos(kc0ny) (102)

Hx® = −j
γmn¬γcm0

γ 2
cmn

Amn®e
−γmn¬(z−l)

× sin(kcm0x) cos(kc0ny) (103)

Hz® = Amn®e
−γmn¬(z−l) cos(kcm0x) cos(kc0ny) (104)

where,

γcmn = jkcmn = j

√(mπ
a

)2
+

(nπ
b

)2
(105)

and,

kcm0 =
mπ
a

and kc0n =
nπ
b

(106)

Here, γmn¬ and γmn are the generalized propagation con-
stants for the TEmn modes within Sections ¬, ®, and Section
, respectively. With respect to FIGURE 3, γmn¬ → γ air10
and γmn → γ10 are the propagation constants for the TE10
mode within the air-filled (Sections ¬ ®,) and dielectric-
filled (Section  ) waveguide sections, respectively; all cal-
culated using (1) for finite wall conductivity waveguides. The
reference plane for coefficients Amn® is z = l as indicated by
the z − l shift in the term Amn®e−γmn¬(z− l). The reference
plane for all other coefficients is z = 0.

By applying boundary conditions: Ey¬(z = 0) =

Ey(z = 0) ,Ey(z = l) = Ey®(z = l), Hx¬(z = 0) =
Hx(z = 0), Hx(z = l) = Hx®(z = l), and after some
algebraic manipulations, the following is obtained,
µ̃¬ µ̃¬ −µ̃ −µ̃ 0
γmn¬ −γmn¬ −γmn γmn 0
0 0 µ̃e−γmnl µ̃eγmnl −µ̃¬

0 0 γmne−γmnl −γmneγmnl −γmn¬



·


Amn¬
Bmn¬
Amn
Bmn
Amn®

 =

0
0
0
0

 (107)

For convenience, the waveguide structure in FIGURE 3 is
excited by setting Amn¬ to unity and the rest of the amplitude
coefficients can then be obtained from (107) as,

Bmn¬ =

(
1− e−2γmnl

)
(1− ζ ) (1+ ζ )

(1+ ζ )2 − e−2γmnl (1− ζ )2
(108)

Amn =
−2ς (1+ ζ )

(1+ ζ )2 − e−2γmnl (1− ζ )2
(109)

Bmn =
−2ςe−2γmnl (1− ζ )

(1+ ζ )2 − e−2γmnl (1− ζ )2
(110)

Amn® =
4ζe−γmnl

(1+ ζ )2 − e−2γmnl (1− ζ )2
(111)

with generalized coefficients,

ζ =


γmn¬

γmn
ς TMmn modes

γmn

γmn¬
ς TEmn modes

(112)

and,

ς =


ε̃

ε̃¬
TMmn modes

µ̃¬

µ̃
TEmn modes

(113)

where,

S11 ≡
Bmn¬
Amn¬

∣∣∣∣
Bmn®=0

→ Bmn¬ with Amn¬ = 1 (114)

and,
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S21 ≡
Amn®
Amn¬

∣∣∣∣
Bmn®=0

→ Amn® with Amn¬ = 1 (115)

Therefore, with no waveguide wall or dielectric losses, at the
Fabry-Pérot resonance frequency, there is a return loss zero
with Bmn¬ = 0 and Amn® = 1.
With a PEC-walled waveguide, the propagation constant

for an unbound dielectric is given from (2) as,

γ 2
ud = γ

2
mn + γ

2
cmn= −ω

2µ̃ε̃ (116)

With the scenario depicted in FIGURE 3, µ̃¬,® =

µ0µ̃r¬,® → µ0, µ̃ = µ0µ̃r → µ0µ
′
r , ε̃¬,® =

ε0ε̃reff¬,® → ε0 and ε̃ = ε0ε̃reff → ε0ε̃reff . There-
fore, the respective waveguide propagation constants for Sec-
tions ¬ ,® and Section  are,

γmn¬,® =

√
k2cmn − ω2µ̃¬,®ε̃¬,® →

√
k2cmn − ω2µ0ε0

(117)

and,

γmn =

√
k2cmn − ω2µ̃ε̃ →

√
k2cmn − ω2µ0µ′rε0ε̃reff

(118)

Now, the total energy stored inside the dielectric sample
under testWT can be computed from,

WT = WM +WE (119)

where, WM and WE are the time-averaged magnetic and
electric energies, respectively, given by the volume integrals
(where the total volume of the dielectric sample under test
V = a× b× l) [36],

WM =
µ0µ

′
r

4
〈

∫
v
|Hx|

2
+ |HZ|

2 dv〉 (120)

WE =
ε0ε
′
reff

4
〈

∫
v

∣∣Ey∣∣2 dv〉 (121)

At the Fabry-Pérot resonance frequency, the loaded
Q-factor for the TE10 mode can be calculated by considering
the loss contributions to the total dissipated power PT = Pc+
Pd +Pe, where Pc is due to the waveguide’s conducting wall
losses, Pd is due to the dielectric losses and Pe is due to the
external impedance loading at both waveguide test ports. The
corresponding constituent Q-factor components given in (41)
are then,

Qc = ωfp
WT

Pc
(122)

Qd = ωfp
WT

Pd
(123)

Qe = ωfp
WT

Pe
(124)

where, the corresponding time-average power dissipation
contributions can be computed from [36],

Pc = Rs〈
∫
x=0

|Hx|
2 ds〉+Rs〈

∫
y=0

(
|Hx|

2
+
∣∣Hz∣∣2) ds〉

(125)

Pd =
σd

2
〈

∫
v

∣∣Ey∣∣2 dv〉 (126)

Pe =
1
2
Re

〈
∫
z=0

(
Ey¬ × H

∗

x¬

)
ds〉

+〈

∫
z=l

(
Ey® × H

∗

x®

)
ds〉

 (127)

The field integrals given in (120)-(121) and (125)-(127)
(contained within the angle brackets 〈 〉) are either cal-
culated analytically, using (107)-(113) with the resulting
fields defined by (96)-(104), or computed within COMSOL
Multiphysics R©; the results are shown in the bottom half of
TABLE 3.

APPENDIX B
A. QUALITATIVE EXCITATION OF OPEN-BOX MODE
RESONANCES WITH FREQUENCY-DOMAIN SOLVER
Open-box modes can be excited by non-homogeneities. With
our FDM 3-D printed samples, open-box modes reveal them-
selves as notches in frequency-domain S-parameter mea-
surements. Numerical modeling of a to-scale 3-D woodpile
metamaterial structure is not possible, due to the extremely
fine meshing required to model the very small spatial features
seen in FIGURE 2. However, an artificial non-homogeneity
can be introduced by using coarse meshing with a homo-
geneous structure. The sample was simulated using a mesh
having only 84 tetrahedral elements, as shown in FIG-
URE 20(a). The corresponding frequency-domain simulated
S-parameters in FIGURE 20(b) clearly show excitation of
the expected open-box mode resonances at their predicted
frequencies.

B. OPEN-BOX MODE RESONANCE FIELD PLOTS FROM
EIGENMODE SOLVER
Numerical simulations using the eigenmode solver with fine
meshing can be used to study the open-box mode reso-
nances. Here, the two air-filled waveguide sections have been
increased in length to lair = 11.5l, allowing the evanescent
fields of the open-box modes to sufficiently decay outside of
the sample. Also, the extreme ends of the air-filled sections
are terminated with second-order scattering boundary condi-
tions [18], which help to absorb incident waves. FIGURES
21 to 23 show field plots of open-box mode resonances from
the eigenmode solver for Sample #1.

It can be clearly seen in FIGURE 20(b) that the open-box
mode resonances observed with coarse meshing are only
slightly higher (with less than ∼1% error) in frequency than
those predicted with fine meshing, for the same dielectric
constant and loss tangent values; making the former a useful
technique with limited computational resources.

C. ANALYTICAL MODELING OF OPEN-BOX MODE
RESONANCES
The TEmnp open-box mode resonances observed with a
dielectric-filled waveguide section can be modeled by
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FIGURE 20. Numerical modeling of open-box mode excitation for Sample
#1 with dielectric constant and loss tangent of 2.3284 and 19.148×10−4,
respectively, from M5 using coarse meshing: (a) 3-D coarse meshing of
the complete structure illustrated in FIGURE 3, with lair = l ; and
(b) resulting S-parameters showing open-box mode resonances at 10.17,
11.15 and 12.18 GHz.

extending the analysis given in APPENDIX A. The asso-
ciated complex eigenfrequencies are defined by the poles
of Bmn¬ in (108), by setting its denominator to zero (i.e.,
to extract its natural modes, without any external steady-state
sinusoidal excitation so that Amn¬ = 0),

(1+ ζ )2 − e−2γmnl (1− ζ )
2
= 0 (128)

An infinite number of solutions emerge from (128), which
are either designated as even or odd modes depending on the
corresponding symmetry of the electric fields. These even
and odd modes can be obtained by solving the following
equations for complex eigenfrequencies,

(1+ ζ )+ e−γmnl (1− ζ ) = 0 Even modes (129)

(1+ ζ )− e−γmnl (1− ζ ) = 0 Odd modes (130)

After some algebraic manipulations, the following tran-
scendental equations are obtained for TE modes,

µ̃¬γmn − µ̃γmn¬ coth
(
γmnl
2

)
= 0 Even modes

(131)

µ̃¬γmn − µ̃γmn¬ tanh
(
γmnl
2

)
= 0 Odd modes

(132)

FIGURE 21. Numerically simulated Ey -field plot for TE201 open-box mode
at f201 = 10.074 GHz for Sample #1 with dielectric constant and loss
tangent of 2.3284 and 19.148×10−4, respectively, from M5.

FIGURE 22. Numerically simulated Ex -field plot for TE011 open-box mode
at f011 = 11.144 GHz for Sample #1 with dielectric constant and loss
tangent of 2.3284 and 19.148×10−4, respectively, from M5.

These generalized expressions can be simplified by setting
µ̃¬ = µ̃/µ

′
r = µ0 to obtain,

µ′rγmn¬ − γmn tanh
(
γmnl
2

)
= 0 Even modes (133)

γmn − µ
′
rγmn¬ tanh

(
γmnl
2

)
= 0 Odd modes (134)

The roots of (133) and (134) can be numerically solved
to obtain the complex angular eigenfrequencies ω̃mnp =
ω′mnp + jω

′′
mnp for the even and odd TEmnp open-box modes,

respectively; the undamped (or driven) resonance frequen-
cies, normally associated with frequency-domain simula-
tions, is fmnp =

∣∣ω̃mnp∣∣ /2π . Here, the multiple solutions
from (133) and (134) correspond to different values of p. It is
found, in our case, that the TE101, TE201, TE011 and TE111
modes all have even longitudinal symmetry about the center
of the sample.

It should be noted that the dominant TE101 open-boxmode,
which is loosely related to the Fabry-Pérot resonance (in
terms of field patterns) is predicted to exist at 5.6065 GHz
and 5.6229 GHz for Samples #1 and #2, respectively. These
are above our dielectric-filled waveguide cut-off frequencies

95482 VOLUME 7, 2019



J. Sun et al.: Microwave Characterization of Low-Loss FDM 3-D Printed ABS

FIGURE 23. Numerically simulated field plots for TE111 open-box mode at
f111 = 12.046 GHz for Sample #1 with dielectric constant and loss
tangent of 2.3284 and 19.148×10−4, respectively, from M5: (a) Ey -field;
and (b) Ex -field.

fc of 4.30 GHz and 4.32 GHz, respectively, but below the
recommended operational frequency range ofWR-90 waveg-
uide. It has been confirmed that f101 is relatively low because
the evanescent fields outside of the dielectric sample decay
exponentially over a relatively long distance.

For completeness, a similar approach can be used to derive
the following generalized equations for the TMmnp open-box
modes (with the lowest-order TM111 mode having an eigen-
frequency of f111 = 12.8765 GHz, which is just above our
frequency range of interest), with ε̃¬ = ε̃/ε̃reff = ε0,

ε̃reff γmn¬ − γmn tanh
(
γmnl
2

)
= 0 Odd modes (135)

γmn − ε̃reff γmn¬ tanh
(
γmnl
2

)
= 0 Even modes (136)

D. QUALITATIVE EQUIVALENT CIRCUIT MODELING OF
OPEN-BOX MODE RESONANCES
It is interesting to see if the open-box mode resonances can
be modeled with the use of equivalent circuit models. Using
Microwave Office R©, it was found that it is possible to create
a qualitative model for each mode with Sample #1, as seen in
FIGURE 24.

The total length of the dielectric-filled MPRWG was
partitioned into four sections, having lengths of 3.213 +
1.6 + 1.6 + 3.213 = 9.626 mm. Between each section

FIGURE 24. Qualitative equivalent circuit modeling of open-box mode
resonances for Sample #1 in Microwave Office R©: (a) circuit employing
three lumped-element RLC resonators, each coupled with an ideal
transformer; (b) simulated frequency-domain response.

a unique open-box mode model is inserted. Here, the pri-
mary winding of an ideal transformer is placed in series
between adjacent MPRWG sections; with a specific turns
ratio, a unique parallel RLC tuned circuit is connected across
the secondary winding. For convenience, in order to min-
imize the number of variables, the inductor was kept con-
stant for all the open-box mode models (having a value
of 1.4414 nH), while the individual resonance frequencies
were set by the capacitance and mode dampening was largely
set by the resistance. By careful hand tuning, to avoid intro-
ducing mathematical instabilities in the simulated results,
it was found that a reasonable facsimile of the frequency
responses seen in FIGURE 20(b) can be recreated with:
lowest Qu(10.120 GHz)|TE201 = 546, coupled most with
55:1 turns ratio; Qu(11.113 GHz)|TE011 = 894, coupled least
with 300:1 turns ratio; and highest Qu(12.061 GHz)|TE111 =
2, 014 coupled with 170:1 turns ratio. When compared to
TABLE 4, the values of unloaded Q-factor are within an
order of magnitude, but not accurate. This is because the ideal
transformers and their levels of coupling are not taken into
account. Moreover, the distribution of the transformed RLC
tuned circuits can have a significant influence on individual
unloaded Q-factors, with interactive couplings between RLC
tuned circuits. As a result, the approach presented here high-
lights such issues.

APPENDIX C
It is interesting to estimate the upper-bound measure-
ment S/N |dB for the calibrated VNA system (Agilent
E8364C PNA Network Analyzer [37]) used to generate our
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FIGURE 25. Measured
∣∣S21

∣∣ for the air-filled 9.626 mm long thru line
section of MPRWG, with its running average and extracted random noise
components.

S-parameters. It is assumed here that the signal to noise power
ratio is frequency independent across X-band. Noise repre-
sents a random deviation from the noiseless measurements,
plotted against frequency, but considered as a sequence of
sample points. First, the adopted RMS definition for a trans-
mission mode FTIR spectrometer is used, with 421 spectral
measurements from 8.2 to 12.4 GHz (in 0.01 GHz steps).
The S21 and S12 for the air-filled 9.626 mm long thru line
section of MPRWG were measured, with the results for
|S21| =

∣∣S21noisy∣∣→ vnoisy shown by the thin black curve
in FIGURE 25. The 10-point running average is estimated
using the built-in MATLAB ‘polyfit’ function [21], to give
|S21noiseless| → vnoiseless 6= 1 illustrating the effects of
systematic errors within the calibrated instrument, shown by
the bold black curve in FIGURE 25. The running average
is then subtracted from the measured response, to give the
random noise spectral response νnoise centered around zero,
shown in FIGURE 25. By taking the Fourier transform of
νnoise extracted from measurements and comparing this with
νAWGN generated previously, it is found that they have almost
identical probability density functions; confirming our initial
assumption that AWGN dominates.

It is then possible to estimate the measurement S/N |dB,

S/N |dB = 10 log10

{
vnoiseless|RMS
vnoise|RMS

}2
(137)

Given vnoiseless and vnoise, (137) is implemented using
the inverse of (94) with the built-in MATLAB function
‘snr’ [21],

S/N |dB = snr (vnoiseless, νnoise) (138)

The peak-to-peak representation of the signal-to-noise
power ratio S/N |dB,p−p can be defined as,

S/N |dB,p−p = 10 log10

{
1

νnoise|p−p

}2

TABLE 10. Upper-bound Measurement S/N|dB summary for the calibrated
Agilent E8364C PNA Network Analyzer calibrated in waveguide at X-band.

with

νnoise|p−p = 2 |νnoise|MAX (139)

Given νnoise, (139) is implementedwith the built-inMATLAB
function ‘max’ [21],

|νnoise|MAX = max (abs(νnoise)) (140)

Using this simplified approach, it has been found that
measurement S/N |dB is approximately 88.5 dB and 72.0 dB
when based on RMS and peak-to-peak approaches, respec-
tively, from our VNA measurements. A more detailed sub-
band breakdown is shown in TABLE 10. It is seen in TABLE
10 that all four sub-bands have ameasurement S/N |dB within
a very narrow range, between 88 dB and 89 dB, with the
RMS approach, which justifies our initial assumption that
measurement S/N |dB is independent of frequency across
X-band. The peak-to-peak approach exhibits a wider range,
between 71 dB and 75 dB, due to the single point outliers that
are observed in FIGURE 25.

It is interesting to note that for the Agilent E8364C PNA,
the specification standard test port input noise floor is less
than approximately -117.0 dBm (at X-band within an IF
bandwidth of 10 Hz); increasing with IF bandwidth) [37].
At 10 GHz, the output signal power at the reference plane
was measured to be -18.5 dBm, giving S/N |dB & 98.5 dB;
decreasing with increasing IF bandwidth. Therefore, for a
100 Hz IF bandwidth, S/N |dB & 88.5 dB. This corresponds
exactly to the independently extracted arithmetic average
value from S21 and S12, when based on our RMS approach
across X-band, as shown in TABLE 10.
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