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Abstract

Paraffin wax has been exploited in microactuators because it exhibits a volumetric expansion of ~15%, at around its melting point. In order to
understand paraffin wax actuation, for the first time, the melting process has been investigated using a combination of analytical modelling (using
Stefan’s problem and Neumann’s solution), finite element method (FEM) simulations and actuation data from measurements of a Braille cell and
micropipette. This approach gives information on the location of the melting front (interface) at a given melting time, and on the temperature
profiles in the paraffin wax during melting. Using the measured actuation response times of approximately 42 and 10 s for the Braille cell and
the micropipette, temperatures for the infinitesimally thin layer of theoretical liquid paraffin wax are calculated at approximately 80 and 110°C,
respectively. These calculated temperatures for the infinitesimally thin layer of liquid paraffin wax are reasonable, when considering the real melting
process within the microactuator. Using FEM simulations, the melting process was simulated and the final melting times were found to be almost
identical to the analytical results. The results from the analytical method closely resemble the natural behaviour of the real melting process. This
analytical modelling of the melting process can provide useful information for designing optimal electrothermal hydraulic microactuators using

phase change materials (PCMs) and their operating actuation characteristics.

© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Phase change materials (PCMs) have the property of volu-
metric expansion when changing from solid to liquid (or liquid
to gas) phases. Generally, this expansion can produce large
hydraulic pressures that can be exploited to realize useful elec-
trothermal microactuators.

As a PCM, paraffin wax is a suitable material for generat-
ing large hydraulic forces by means of phase changing. When
paraffin wax melts, a volumetric expansion of ~15% occurs.
Since this expansion produces a large hydraulic pressure, it has
been investigated for applications in macroactuators [1,2] and
microactuators [3]. In recent years, micromachined paraffin wax
microactuators [4-7] and paraffin-actuated microvalves [8,9]
have also been studied. Recently, Hjort’s group at Uppsala Uni-
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versity fabricated microfluidic systems, such as a micropump,
microvalve and microneedle, using paraffin wax microactuators
[10-12]. In addition, a refreshable Braille cell actuated using
paraffin wax microactuators has been developed for Braille dis-
plays [13].

In addition, this paraffin wax microactuator has also
been applied to microfluidic bulk-micromachined microvalves,
micropipettes and microgrippers [14,15].

Previous research on the electrothermal hydraulic microac-
tuator using a PCM has focused on experimental techniques for
fabricating such devices. Analysis of the melting process for
paraffin wax in microactuators is required to optimally design
and control the microactuators. Unfortunately, measuring the
melting process directly, using thermocouples or thermometers,
may be impractical within micro-scale actuators. For these rea-
sons, an analytical modelling method can provide useful infor-
mation for investigating the melting processes and for predicting
the actuation response time of the microactuator.

In this paper, the paraffin wax melting process is analyzed
for previously fabricated microactuators employed within a
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refreshable Braille cell and a micropipette. Here, analytical
modelling of the melting process is performed using the
two-phase Stefan’s problem, by considering the effect of
density change on a semi-infinite slab of paraffin wax [16].
The melting rate and temperature profiles for the paraffin wax
during melting are calculated using the measured actuation
times of the refreshable Braille cell and the micropipette.

2. Microactuators for the Braille cell and micropipette

Since the microactuator for the Braille cell [13] is of a similar
design, only the version for the micropipette will be described
here. The basic construction of the paraffin wax microactuators
and the micropipette are illustrated in Fig. 1. The electrother-
mally controlled microactuator exploits the hydraulic pressure
due to the volumetric expansion of melted paraffin wax. The
microactuator consists of a gold microheater on a glass (Pyrex)
substrate, silicon bulk-micromachined paraffin wax container
and polydimethylsiloxane (PDMS) diaphragm on the top. The
PDMS diaphragm is shaped into a hemispherical dome when
the microactuator is activated. If the microactuator is required
for a specific height (or displacement), the solid phase volume
of paraffin wax and the container dimensions can be calculated
using the paraffin wax volumetric expansion of ~15%. The high
density microheater covers the entire underside of the paraffin
wax on the floor of the container. The microheater can generate
sufficient thermal energy, through joules heating.

2.1. Experimental results

A new concept for the realization of a refreshable Braille
cell has been presented [13]. The complete 3 x 2 dot Braille
cell has air gaps between containers, to prevent unwanted actu-
ation by means of heat leakage from adjacent containers. The
prototype Braille cell measures 7mm x 8.5 mm x 2mm. The

PDMS diaphragm

Fig. 1. Exploded view of the basic bulk-micromachined microactuator.
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Fig. 2. Two of the four microactuators within the micropipette: (a) before actu-
ation and (b) fully activated after 10s at 10V DC.

actuation response time for a dot was ~42 s with a 10 V DC bias
voltage, to reach the designed actuation height of 500 pwm.

Fig. 2 shows the actuation of the fabricated micropipette (two
out of the four internal microactuators can be seen). The actua-
tion response time was about 10s with a 10 V DC bias voltage,
to reach the designed actuation height of 500 wm. With both
experimental results, the bias voltages are DC only.

3. Thermal analysis

The actuation response time of the microactuation is deter-
mined by the melting rate of the paraffin wax. This melting rate
is affected by the volume and thermal properties (e.g. melting
point, specific heat, thermal conductivity and latent heat) of the
paraffin wax. Given the thermal properties and the measured
melting time of the paraffin wax, the melting process within
the microactuator can be analyzed. This analytical modelling
for PCM was developed for thermal energy storage systems,
since the melting and solidification of the PCM accompany heat
exchange. The phase changing process is dependent on the ther-
mal conduction, convection, diffusion and thermal properties of
the PCM.

3.1. Stefan’s problem and Neumann'’s solution

The melting process within a PCM is a transient and
non-linear phenomenon with a moving solid-liquid interface,
referred to as the moving boundary problem. The best known
analytical modelling method for a one-dimensional moving
boundary problem is Stefan’s problem that is extended by Neu-
mann [16]. The classical Stefan’s problem is a pure conduction
problem with a constant end-wall temperature boundary con-
dition. After melting has been started (1> 0), the PCM can be



J.S. Lee, S. Lucyszyn / Sensors and Actuators A 135 (2007) 731-739 733

divided into the liquid phase, solid phase and the interface
between them. The thermal status of these three areas are impor-
tant factors for analytical modelling of the PCM. Initially, Ste-
fan solved the simplest one-phase problem. The Stefan’s phase
change problem is based on the so-called Stefan’s condition:
pLX =1[q- ﬁ]lﬂ?éd, on the interface 6))
where p is the density, L the latent heat, X’ the normal component
of the velocity of the moving interface and ¢ - 7 is the heat flux
normal to the moving interface between liquid and solid. Stefan’s
condition states that the latent heat released, due to the interface
displacement, equals the net amount of heat transferred from
the interface per unit area per unit time. Thus, according to the
energy conservation law, Stefan’s condition is a statement of
heat balance across the interface.

With this one-phase problem, the liquid phase has a higher
temperature (77) than its melting point (Tr,), the solid phase and
interface area are assumed to stay at the melting temperature of
the PCM in a semi-infinite region. Neumann extended Stefan’s
problem to a two-phase problem. In this more realistic scenario,
the initial state of the PCM is assumed to be solid. With the melt-
ing process, the initial temperature of the solid is at a temperature
(Ts) below the melting point (Ty,) of the PCM, and its tempera-
ture during melting is not maintained at a constant value. With
Stefan’s problem, having constant thermophysical properties,
the rate of melting or solidification in the semi-infinite region
is governed by a dimensionless number, known as the Stefan
number (S7) [16],

a(h Tm)’ Sty = ¢s(Tm — Ts) )

Sy =
L L

where St and St are Stefan’s numbers for the liquid and solid, ¢
and c; the heat capacities of the liquid and solid, L the latent heat
of fusion, and 73, T and T}, are the temperatures of the liquid,
solid phase and melting point, respectively. In this research, the
two-phase Stefan’s problem, considering the effect of density
change (expansion, p; < ps) on a semi-infinite slab of paraffin
wax, is exploited in order to analyze the melting processes of
paraffin wax within the microactuator.
The initial condition for this solution is:

T(x,0)=Ts < Ty for x >0,X0)=0

where x is the distance and X is the interface location.
And the boundary conditions are:

TO, =T > Ty for t >0

T(x,t)=Ts for x - 00,t>0

where ¢ is time.
Neumann’s solutions give interface (i.e. melting front) loca-
tion (X) at time (f) after melting:

X(@t) =22Jait, t>0 3)

where ¢ is the thermal diffusivity of the liquid phase. The tem-
perature in liquid region (0 <x < X(?), >0) is obtained using:

erf(x/(2 /)

T(x,0)=T —(Ti = Tmm) erf(h)

“

The temperatures within the solid region (X(¢) <x, t>0) are
obtained using:

erfe[(x/(24/est)) — (1 — pjvAl

T(x,t)=Ts+ (T — T5) et ®)
where A is the root of the transcendental equation:
St Sty
Jexp(2yerf(h) — (uvn) expl(uva) erfe(ur) ©
where
v= /2 and u= a @)
A Ps

where o is the thermal diffusivity of a solid phase. pj and ps are
the densities of the liquid and solid phase, respectively.

4. Modelling results

The thermal properties of paraffin wax, having approximately
the same melting point as Fluka 76228, have been employed in
this analytical analysis [17]. Table 1 shows the thermal properties
of paraffin wax and the thermal diffusivities are calculated using:

thermal conductivity (k)

Th 1 diffusivit = 8
ermal diffusivity (@) density (p) x specific heat (c) ®)

Fig. 3 shows the real paraffin wax dimensions for the Braille
cell [13] and the micropipette [14,15], and the modelling dimen-
sions for an ideal paraffin wax slab for performing calculations.
The melting interface moves from bottom to top by means of
heating. Since this modelling is calculated using Stefan’s con-
dition and Neumann’s solution, there are several assumptions to
simplify the problem:

Table 1
Thermal properties of paraffin wax [17]
Property Value
Melting point (Tp,) (°C) 47
Density (kg/m3)
Solid (ps) 818
Liquid (p1) 760
Latent heat (L) (J/kg) 266000
Thermal conductivity (W/m K)
Solid (ks) 0.24
Liquid (k1) 0.24
Specific heat (J/kg °C)
Solid (cs) 2950
Liquid (c1) 2510
Thermal diffusivity (m?/s)
Solid (ets) 9.95E—8
Liquid (o) 1.3E-7
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Fig. 3. Dimensions for paraffin wax microactuator: (a) Braille cell, (b)
micropipette and (c) melting model of a paraffin wax slab for Neumann’s solu-
tion.

(1) heat transfer is isotropic by conduction only, all other
effects assumed negligible;

(ii) latent heat is constant;

(iii) phase change temperature is a fixed and known quantity
(a property of the PCM);

(iv) interface thickness and structure are locally planar and
sharp (a surface separating the phases) at the phase change
temperature;

(v) thermal properties are constant in both solid and liquid
phases;

(vi) the paraffin wax is homogenous and isotropic;

(vii) thermal resistance across the wall of the container is
ignored.

Also, during melting, the solid paraffin wax can be pushed by
expansion of the liquid paraffin wax, due to density differences
(p1 < ps). Therefore, the moving melting front (i.e. solid-liquid
interface) can be affected by movement of the solid. The move-
ment speed of the solid, v(¢), is obtained using [16]:

w0={1—<m>]xh) )
Ps

where X'(¢) is the moving speed of the melting front. The move-
ment speed of the solid is proportional to the moving speed of
the melting front, with the constant 0 <1 — (p1/ps) < 1. Eq. (9)
shows that the movement speed of the solid is slower than that of

Table 2
Actuation data for the Braille cell and micropipette microactuators

Actuation Initial temperature of solid
response time (s) paraffin wax (7) (°C)
Braille cell 42 30
Micropipette 10 30

the melting front. Therefore, the effect of the movement of the
solid paraffin wax during melting can be ignored in this analysis.

In order to investigate the modelling of the Braille cell and
the micropipette, their measured actuation data were taken, as
shown in Table 2. Here, A was obtained using the transcendental
Eq. (6). Fig. 4 shows the variations of A with increasing tem-
perature (77) of the infinitesimally thin layer of liquid paraffin
wax for an initial solid paraffin wax temperature (7s) of 30 °C.
In this research, the initial temperature of the solid paraffin wax
was taken to be 30 °C, which is slightly higher than room tem-
perature. This is because the actuation time was determined by
taking an average value of many repeated actuation measure-
ments at the given DC bias. Therefore, the paraffin wax did not
have the chance to cool down to room temperature.

With A derived, the location of a melting interface can be
calculated as a function of time. Because the heights of the
microactuators for the Braille cell and micropipette are 1.5 and
1.0 mm, respectively, as shown in Fig. 3(a and b), the times when
the melting interfaces are passing the lengths of 1.5 and 1.0 mm,
respectively, are regarded as the times when the paraffin wax of
the microactuator fully melts. Therefore, these interface passing
times can be represented as the actuation times for the microac-
tuators. Interface locations against time were compared with the
measured actuation times of the Braille cell and micropipette
microactuators.

In practice, the actuation times for these two microactuators
were measured by visual observation of the actuation height
under a conventional optical microscope. The actuation time was
recorded as the time taken for the paraffin wax microactuators
to reach the maximum deflection height under DC bias.

0.5
Ts = 30°C
04
0.3
<
0.2
0.1 [
o 1 L 1
50 70 20 110 130

Liquid paraffin wax temperature (°C)

Fig. 4. Variation of X for increasing liquid paraffin wax temperatures (77).
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Fig. 5. Location of solid-liquid interface against time, for various liquid paraffin
wax temperatures (77): (a) Braille cell and (b) micropipette.

For the Braille cell, the profile of interface locations calcu-
lated using A at 771=80°C, is close to the measured melting
process actuation time of about 42 s, as shown in Fig. 5(a). This
suggests that the temperature of the infinitesimally thin layer of
theoretical liquid paraffin wax at the microheater is maintained
at about 80 °C, during melting. Similarly, for the micropipette’s
microactuator, the calculated melting interface passing time,
obtained using A at 71 = 110 °C gives the measured melting time
of about 10s, as shown in Fig. 5(b). The temperature of the
infinitesimally thin layer of theoretical liquid paraffin wax at the
microheater is about 110 °C.

The different actuation times for the Braille cell and
micropipette microactuators are due to the different tempera-
tures of the infinitesimally thin layer of theoretical liquid paraffin
wax (77) at the microheater. In the actual melting processes,
within the microactuators, the different actuation times are due
to the differences in paraffin wax dimensions, as illustrated in
Fig. 3 and different microheater designs. If the paraffin wax
dimensions and the temperatures of the microheaters within a
container are different, the actuation times and melting processes
would be expected to be different. There may also be a contri-
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Fig. 6. Temperature profiles against paraffin wax height, for variations in time:
(a) Braille cell and (b) micropipette.

bution due to unwanted trapped air bubbles, as shown Fig. 2,
introduced during microfabrication. Unfortunately, the effect of
air bubbles is very difficult to quantify.

Using A derived for the Braille cell’s microactuator at
T1 =80°C, temperature profiles inside the paraffin wax during
the melting process were calculated. Fig. 6(a) shows temper-
ature profiles against height for paraffin wax at different time
intervals. At the time point of 0.1s after melting commences,
almost all the paraffin wax is still in a solid state (i.e. under the
melting point). While, after about 40 s, all the paraffin wax has
melted, because all the paraffin wax has been heated above its
melting point.

The temperature profiles for the paraffin wax within
the micropipette were also calculated, using A obtained at
T1=110°C, as shown in Fig. 6(b). At approximately 10s after
melting, all the paraffin wax has melted.

Fig. 7 shows temperature profiles against time, for varia-
tions in paraffin wax height for the Braille cell and micropipette
microactuators. With the Braille cell microactuator, the paraffin
wax at a distance of 0.1 mm from the microheater melts within
a few seconds after heating. However, the top of this microac-
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Fig. 7. Temperature profiles against time, for variations in paraffin wax height:
(a) Braille cell and (b) micropipette.

tuator at a distance of 1.5 mm from the microheater is reached
at its melting point after about 40s, as illustrated in Fig. 7(a).
For the paraffin wax within the micropipettes, the melting of the
top paraffin wax of its microactuator takes approximately 10s,
as shown in Fig. 7(b).

The analytical modelling agrees with the measured actua-
tion times of the Braille cell and the micropipette. With this
analysis, it has been found that the actuation response time is
affected by the temperature of the infinitesimally thin layer of
liquid paraffin wax for the given thermal conditions. The effec-
tive heating of the infinitesimally thin layer of liquid paraffin
wax at the initial state is important to reduce the response times
of the microactuators. In order to heat efficiently, improvements
in the microheater design and thermal management are needed.
This is now possible with the characterization process described
here.

5. Comparison with FEM results

In order to independently evaluate the analytical results, they
were compared through simulations using finite element method

NODAL SOLUTION AN
STEP=1 MAR 11 2006
SUB=27
TIME =.0117
TEMP

16:27:44

RSYS=0
SMN =46
SMX =80

—
46.869 54.231 61.504 68,956 76.319
(a) 50.55 57.913 65.275 72.638
NODAL SOLUTION AN
- MAR 11 2006

SUB =18 17:3558
TIME=.0028
TEMP  (AVG)
RSYS=0
SMIN =47.023
SMX =110

MN
- § y

Bl

| — —
47.023 61.018 75.013 89.008 103.003
(b) 54.021 68.015 82.01 96.005 110

Fig. 8. Temperature distribution within paraffin wax: (a) the Braille cell after
42 s and (b) micropipette after 10s.

(FEM) simulations, implemented in the widely used and com-
mercially available software ANSYS. The FEM simulations
were performed with paraffin wax dimensions given in Fig. 3(a
and b). For the melting interface location, the position of the
melting point at 47 °C was regarded as the location of the melt-
ing interface within the paraffin wax for the Braille cell and
micropipette. Fig. 8(a and b) shows temperature contours within
the paraffin wax after 42 and 10 s, respectively, with effectively
non-thermal short circuit boundary conditions.

In addition, Fig. 9 shows the temperature distribution along
the length of the paraffin wax and the containers in a more real-
istic scenario. The temperature distributions for paraffin wax
within the containers are now different from the results given
in Fig. 8. This is because the paraffin wax makes contact with
the silicon container side walls and the bottom glass substrate,
which act as effective thermal short circuits. It can be seen that
a large amount of heat energy is conducted through the silicon
walls and glass substrate.

With the Braille cell and micropipette, the final passing times
for the melting interface are almost identical to the times from the
analytical results, at the infinitesimally thin layer of theoretical
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Fig. 9. Temperature distribution along the length of the paraffin wax and the
containers with a thermal short circuit: (a) the Braille cell after 42s and (b)
micropipette after 10s.

liquid paraffin wax temperatures of 80 and 110 °C, respectively,
as shown in Fig. 10. However, with the FEM results with a
non-thermal short circuit and an effective thermal short circuit,
the paths of the melting interface against time deviate from the
analytical results in both the Braille cell and the micropipette
cases, but not significantly.

The temperature profiles within the paraffin wax were also
simulated using FEM with a non-thermal short circuit. Fig. 11(a)
shows a comparison of the temperature profiles at the melting
times of 1, 10 and 42 s for the Braille cell. The results from both
the analytical method and FEM simulations show that the final
melting times are very close to 42 s. However, the temperature
profiles, obtained using FEM, do not always exactly match with
the analytical results. With the micropipette on the melting times
of 1, 5 and 10s, the final melting time of the FEM simulations
at 10s is very close to the result from the analytical method.
However, again the temperature profiles within the paraffin wax
deviate from each other, as shown in Fig. 11(b).

Deviation in results from the analytical method, by FEM sim-
ulations, can be understood by considering the differences in
which the calculations are performed. The final actuation times
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Fig. 10. Comparison of the analytical method, FEM simulations with a non-
thermal short circuit and FEM simulations with a thermal short circuit for
the location of the solid-liquid interface against time: (a) Braille cell and (b)
micropipette.

(or melting times) with the analytical method and the FEM sim-
ulations are very close, because the total heat energy required
is almost identical to that needed to melt the given dimensions
of paraffin wax. However, the modes of heat energy transfer are
different. With the analytical method, the heat transfer is affected
by the thermal diffusivity of the solid and liquid paraffin wax.
The thermal diffusivities have different values between solid and
liquid, as shown in Table 1. However with FEM, calculations are
performed using enthalpy (H= U+ PV, U is the internal energy
of the system, P the pressure of the system and V is the volume),
density and thermal conductivity. With our analytical modelling,
the value of thermal conductivity was made identical for both
solid and liquid phases of the paraffin wax.
The enthalpy—temperature relationship is expressed by:

Tm
H = / ¢sdT, T < Ty, solid phase (10)
30

From Eq. (10), the enthalpy for the solid phase paraffin wax,
for temperatures between 30 and 47 °C (melting point), is
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50.15 kJ/kg for both the Braille cell and micropipette.
T
H, = / cdT, T > Ty, liquid phase (11)
Tm

From Egq. (11), the enthalpy for the liquid phase paraffin wax is
82.83 kl/kg, for temperatures between 47 °C (melting point) and
80 °C, for the Braille cell; and is 158.13 kJ/kg, for temperatures
between 47 °C (melting point) and 110 °C, for the micropipette.

Therefore, total enthalpy (heat energy) for a temperature (7)
is:

Hiotal = Hs + L + H, (12)

where L is latent heat (266kJ/kg). With Eq. (12), the
total enthalpy for the paraffin wax is 50.15+266+82.83 =
398.98 kJ/kg for the Braille cell; and is 50.15+266+ 158.13 =
474.28 kJ/kg for the micropipette, as shown in Fig. 12.

The total amount of enthalpy for melting the paraffin wax is
fixed to the given dimensions. Therefore, the values for the final
melting times and the final melting interface positions within
the paraffin wax can be almost identical in both the analytical
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Fig. 12. Required total enthalpy of the paraffin wax for FEM simulations: (a)
Braille cell and (b) micropipette.

method and FEM simulations. Since the paths of the melting
interface locations and temperature profiles within the paraf-
fin wax are determined by the thermal diffusivity and thermal
conductivity, the results can be different between the analyti-
cal method and FEM simulations. In real melting processes, the
thermal transfer within paraffin wax is different for the solid
and liquid phases. Therefore, the results from our analytical
method are expected to be more realistic, when compared to
those obtained from ANSYS simulations, because we use dif-
ferent values for the thermal diffusivities for both phases.

6. Conclusions

The melting process of the paraffin wax within the Braille cell
and the micropipette has been analyzed using Stefan’s problem
and Neumann’s solution. This analytical solution gives useful
information on the location of the melting front for a given
melting time, and on the temperature profiles within the paraf-
fin wax during melting. Using the actual measured actuation
response times for the Braille cell and micropipette microactua-
tors (approximately 42 and 10 s, respectively), A was calculated.

According to A, the temperatures of the infinitesimally thin
layers of theoretical liquid paraffin wax at the microheaters
are approximately 80 and 110°C, for the Braille cell and
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micropipette, respectively, during the melting process. These
infinitesimally thin layers of liquid paraffin wax temperatures
give realistic results for the temperature profile within the paraf-
fin wax during melting.

Also, using numerical FEM with non-thermal short circuit
and effective thermal short circuit boundary conditions, the
melting process was simulated independently. The final melt-
ing times are almost identical to those from the analytical
results. The FEM results showed deviations in the paths of the
interface locations and temperature profiles within the paraf-
fin wax, due to differences in the calculations. The results
from our analytical method are expected to be closer to the
actual melting process. Moreover, this analytical modelling
approach for the melting process of paraffin wax can provide
valuable insight for designing optimal electrothermal hydraulic
microactuators using PCMs and their operating actuation
characteristics.
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