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Motivation
A fundamental problem in modern supervised learning is 
computing reliable conditional prediction intervals in high-
dimensional settings: existing methods often rely on restrictive 
modelling assumptions, do not scale as predictor dimension 
increases, or only guarantee marginal (population-level) rather 
than conditional (individual-level) coverage. We introduce the 
l i f ted predict ive model (LPM), a new condit ional 
representation, and propose the Model-Agnostic Prediction 
Sets (MAPS) algorithm that produces distribution-free 
conditional prediction intervals and adapts to any trained 
predictive model. Our guarantees cover a wide-range of 
predictive models, including, but not limited to, linear 
regression, random forests and modern deep neural networks.

The key insight is that working in the LPM Space is simpler 
than working in the Data Space. In other words, we exploit 
the compressions (predictions) to compute lifted prediction 
intervals, which can be mapped to the data space by 
conditioning along the contours, say a decompression 
transform for pointwise predictions in the same contour.

Figure 1: From left to right, prediction intervals for Pr(dog) computed with a ConvNeXt (Liu et al. 2022) classifier. Far left, the interval collapses at Pr(dog) = 100% for the clear dog image. At the centre, the most ambiguous case and the longest interval. Far right, the interval 
collapses at Pr(dog) = 0% for the clear not dog image. Taken from Salnikov, D., Leonte, D. & Michalewicz, K. (2025), ‘The MAPS algorithm: Fast model-agnostic and distribution-free prediction sets for supervised learning’, In Submission. pp. 1–28.

Algorithm 1 MAPS
Require: calibration set Dcal = {(X ical , Yical) : ical = 1, . . . , ncal}, out-of-sample predictor
xo 2 X ✓ Rd, trained predictive model f̂ : X ! R, miscoverage level ↵ 2 (0, 1)

1: Apply a nonparametric regression procedure to estimate the lifted regression function  
by minimising L`pm to get b , for example, smoothing splines

b = argmin
g2W2

(
1

ncal

ncalX

ical=1

⇣
Yical � g(f̂(X ical))

⌘2

+ �

Z
(g00(f̂(xo)))

2 dPX

)

2: Compute ûical = Yical � ŷ (xical) and ŷ (xo), where ŷ (xo) = b (f̂(xo))
3: Using nonparametric methods, estimate the lifted residual conditional distribution Pû|f̂

to get bPû|f̂ , for example, kernel density estimators

bPû|f̂ (ûo | f̂(xo)) =

Pncal
ical=1 kf̂

⇣
[f̂(xo) � f̂(xical)]/hf̂

⌘
Ku ([ûo � ûical ]/hu)

hf̂

Pncal
ical=1 kf̂

⇣
[f̂(xo) � f̂(xical)]/hf̂

⌘

4: for b = 1 to b = B do . Bootstrap the process to generate lifted residuals
5: Sample Vo, Vi ⇠ Unif(0, 1) for i = 1, . . . , ncal, and generate pivotal residuals:

û⇤b
i = bP�1

ûcal|f̂
(Vi | f̂(xical)) and bU⇤b

o = bP�1
ûo|f̂

(Vo | f̂(xo))

6: Bootstrap calibration responses for i = 1, . . . , ncal and an out-of-sample one:

Y ⇤b
i = ŷ (xical) + û⇤b

i and Y ⇤b
o = ŷ (xo) + bU⇤b

o

7: Use Y ⇤b = (Y ⇤b
1 , . . . , Y ⇤b

ncal
) to bootstrap b and the out-of-sample prediction:

b ⇤b = argmin {L`pm(Y ⇤b, f̂)} and ŷ⇤b
 (xo) = b ⇤b(f̂(xo)).

8: Bootstrap the out-of-sample prediction error:

û⇤b
o = Y ⇤b

o � ŷ⇤b
 (xo).

9: end for

Return : ŷ (xo), {û⇤b
o }Bb=1 . Lifted prediction and residual bootstrap sample
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Method Mod-Ag Cond HD Pred Shape-Free Class

MAPS (Ours) 3 3 3 3 3
MFB (Politis 2015) 7 3 7 3 7
SCP (Lei et al. 2018) 7 7 3 7 7
DCP (Chernozhukov et al. 2021) 7 3 7 3 7

Table 1: Comparison of prediction intervals. Mod-Ag (Model-Agnostic): calibrates a trained
model to compute adaptive optimal length. Cond: valid asymptotic conditional coverage. HD

Pred: scales with predictor dimension. Shape-Free: works for distribution-free heteroscedastic
errors. Class: provides error bounds for class prediction probabilities.

To apply MAPS in practice, we would do the following. Given a data set of size n,
that is, each entry is a predictor-response pair (X i, Yi) 2 X ⇥ Y , where X can be a d-
dimensional numerical predictor (e.g., biomarkers, age, weight, etc..) and/or categorical
ones (e.g., gender, ethnicity, disease), and Y ✓ R is a univariate response (e.g., time at the
ICU, diagnosis, SOFA). Which we assume are generated by the equation

Y = f(X) + ✏, (4)

where f is the regression function in (1) and ✏ is an irreducible error. The resulting LPM is

Yo =  (f̂(X)) + uo. (5)

Split the data into a training and calibration set

Dtrain := {(X itrain , Yitrain) : itrain = 1, . . . , ntrain},
Dcal := {(X ical , Yical) : ical = 1, . . . , ncal},

where ntrain + ncal = n. Then, proceed to fit as many pointwise predictive models as desired
(e.g., linear models, random forest, GAM, support vector machines) on the training set as
in (2) to estimate f̂ .

Now, for any fixed xo 2 X , which could be in either the training or calibration sets but
not linked to an observed response, select a confidence level ↵ 2 (0, 1/2).

The MAPS algorithm generates a sample of lifted residuals and computes the endpoints
of the prediction interval at the (1� ↵)⇥ 100% confidence level, that is,

ĉ1, ĉ2  maps algorithm(Dcal, f̂ , xo, ↵),

ĉ1(xo) = b (f̂(xo)) + bqû⇤(↵/2),

ĉ2(xo) = b (f̂(xo)) + bqû⇤(1� ↵/2),

where b is a debiasing spline that calibrates pointwise predictions for any f̂ , and bqû⇤(↵/2)
and bqû⇤(1 � ↵/2) are the ↵/2- and (1 � ↵/2)-quantiles of the bootstrap residual sample
generated by the MAPS algorithm.
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Figure 4: Results for the application in SBI for parameter inference of spatial data under a NMVMN
model (Sainsbury-Dale et al., 2025a) using a neural point estimator ✓̂j , where j = 1, . . . , 5.

Fig. 4a: Histograms of ✓̂j , where the red lines highlight the 0.5%, 99.5% empirical quan-

tiles. Fig. 4b: LPM bias adjustments  ̂(✓̂j) � ✓̂j . Fig. 4c: 95% and 99% prediction

intervals for ✓j | ✓̂j . Fig. 4d: Empirical coverage of the intervals displayed in Fig. 4c.

Fig. 4b–4d are for ✓̂j in the ranges highlighted by Fig. 4a. See Section 6.1 for details.

Consider a random spatial field X = (X(s1), . . . , X(sd)) observed at discrete locations
s1, . . . , sd in the domain D = [0, 1] ⇥ [0, 1] ⇢ R2. Following Zhang et al. (2021), we assume
that X has a normal mean–variance mixture (NMVM) distribution and focus on the gener-
alised hyperbolic (GH) distribution subclass, which we describe next. The random variable
X 2 Rd follows a NMVM distribution if we can write it as the sum X = µ+ W⇠+

p
WV ,

where µ, ⇠ 2 Rd, V ⇠ N (0, ⌃) is a multivariate Gaussian with covariance matrix ⌃, and
W is a scalar random variable independent of V . In particular, let W follow the generalised
inverse Gaussian (GIG) distribution, with density given by

pGIG(w; ⇣,�,�) =
(w/�)��1

2�K�(⇣)
exp

✓
�
⇣

2

✓
�

w
+

w

�

◆◆
, w > 0,

where K� is the modified Bessel function of the second kind of order � 2 R, and ⇣, � > 0.
To fully specify the model, set ⇠ = ⇠1 = [⇠, . . . , ⇠] 2 Rd and the Matérn covariance function

Cov(X(si), X(sj)) =
21�⌫

�(⌫)

✓
||si � sj ||

⇢

◆⌫

K⌫

✓
||si � sj ||

⇢

◆
, i, j = 1, . . . , d,
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MAPS computes reliable prediction intervals for 
general neural estimators used in simulation-based 
inference (SBI)

Method Mod-Ag Cond HD Pred Shape-Free Class

MAPS (Ours) 3 3 3 3 3
MFB (Politis 2015) 7 3 7 3 7
SCP (Lei et al. 2018) 7 7 3 7 7
DCP (Chernozhukov et al. 2021) 7 3 7 3 7

Table 1: Comparison of prediction intervals. Mod-Ag (Model-Agnostic): calibrates a trained
model to compute adaptive optimal length. Cond: valid asymptotic conditional coverage. HD

Pred: scales with predictor dimension. Shape-Free: works for distribution-free heteroscedastic
errors. Class: provides error bounds for class prediction probabilities.

To apply MAPS in practice, we would do the following. Given a data set of size n,
that is, each entry is a predictor-response pair (X i, Yi) 2 X ⇥ Y , where X can be a d-
dimensional numerical predictor (e.g., biomarkers, age, weight, etc..) and/or categorical
ones (e.g., gender, ethnicity, disease), and Y ✓ R is a univariate response (e.g., time at the
ICU, diagnosis, SOFA). Which we assume are generated by the equation

Y = f(X) + ✏, (4)

where f is the regression function in (1) and ✏ is an irreducible error. The resulting LPM is

Yo =  (f̂(X)) + uo. (5)

Split the data into a training and calibration set

Dtrain := {(X itrain , Yitrain) : itrain = 1, . . . , ntrain},
Dcal := {(X ical , Yical) : ical = 1, . . . , ncal},

where ntrain + ncal = n. Then, proceed to fit as many pointwise predictive models as desired
(e.g., linear models, random forest, GAM, support vector machines) on the training set as
in (2) to estimate f̂ .

Now, for any fixed xo 2 X , which could be in either the training or calibration sets but
not linked to an observed response, select a confidence level ↵ 2 (0, 1/2).

The MAPS algorithm generates a sample of lifted residuals and computes the endpoints
of the prediction interval at the (1� ↵)⇥ 100% confidence level, that is,

ĉ1, ĉ2  maps algorithm(Dcal, f̂ , xo, ↵),

ĉ1(xo) = b (f̂(xo)) + bqû⇤(↵/2),

ĉ2(xo) = b (f̂(xo)) + bqû⇤(1� ↵/2),

where b is a debiasing spline that calibrates pointwise predictions for any f̂ , and bqû⇤(↵/2)
and bqû⇤(1 � ↵/2) are the ↵/2- and (1 � ↵/2)-quantiles of the bootstrap residual sample
generated by the MAPS algorithm.

5

Model-Agnostic Prediction Sets for Supervised Learning

�4 �2 0 2 4
x

�5.0

�2.5

0.0

2.5

5.0

y

Bivariate Gaussian samples

95% Marginal coverage region

95% Conditional coverage region

Figure 1: Comparison of conditional (blue) and marginal (orange) prediction intervals for a linear

regression derived from E [Y | X], where (X, Y ) ⇠ N2(0, ⌃). Conditional prediction

intervals are defined by the theoretical 95%-quantiles of Yo | Xo = xo. The marginal

region is the set of points within an ellipse that contains 95% of the probability mass of

the bivariate normal distribution, i.e., E0.95 =
�
(x, y) 2 R2 : (x, y)>⌃�1(x, y)  �

2
2,0.95

 
,

where �
2
2,0.95 is the 95%-quantile of the chi-squared distribution with 2 degrees of freedom.

The distinction between marginal and conditional prediction intervals is important.
Marginal coverage is based on probability computations that depend on the joint distri-
bution of Y and X. That is, for a given prediction interval C(x) = [c1(x), c2(x)], where
c1, c2 : X ! R are functions of x, marginal prediction intervals compute coverage by
treating the argument of both c1(·) and c2(·) as random rather than fixed, and often

Pr(Yo 2 C(xo) |Xo = xo)| {z }
conditional

6= Pr(Yo 2 C(Xo))| {z }
marginal

. (3)

In other words, marginal prediction intervals do not guarantee conditional coverage and
tend to concentrate in high-density regions for predictor variables (Chernozhukov et al.,
2021). In some cases, marginal prediction intervals for predictor points in low probability
regions might be undefined. For example, Figure 1 highlights that marginal prediction
intervals defined by an ellipse are limited to high-density predictor regions: |Xo|  �X �2,0.95,

C(Xo) = ⇢Xo/�X ± �Y [(1 � ⇢
2)(�2

2,0.95 � X
2
o/�

2
X)]1/2,

where (X, Y ) ⇠ N2(0, ⌃) and �2,0.95 is the square root of the 95%-quantile of the chi-
squared distribution with 2 degrees of freedom.

In contrast, conditional coverage treats the argument of both c1(·) and c2(·) as fixed
and does not depend on the likelihood of observing a given predictor value. This allows
us to compute intervals for points in low-density predictor regions. In summary, marginal
prediction intervals provide population-wise guarantees: on average, coverage is only valid
for the entire population, whereas conditional prediction intervals provide individual-wise
guarantees: coverage is valid for a targeted individual. Further, conditional coverage implies
optimal marginal coverage (Lei et al., 2018). This distinction is paramount in practice, not
just theoretically. For example, in critical care, a central objective is to predict outcomes
of specific patients, which motivates the development of prognostic scoring systems based
on biomarker predictors (Malik et al., 2024). Such systems classify patients as high-risk if
the pointwise predictions are larger or smaller than fixed thresholds. This highlights the
importance of conditional prediction intervals for patient-specific risk assessment.
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Let (X i, Yi) 2 X ⇥ Y ✓ Rd ⇥ R, d � 1, be a a predictor-response pair generated by an
unknown joint distribution PX,Y . In practice, the regression function f is unknown and is
replaced by an estimator f̂ obtained from a learning algorithm applied to the training set.
This procedure yields a pointwise predictive model:

f(x) := E [(Y � f(X))2 | X = x], f : X ! Y , and

f̂  procedure ({(X itrain , Yitrain) : itrain = 1, . . . , ntrain}) , f̂ : X ! Y .

Our objective is computing reliable prediction intervals for an out-of-sample Yo, which
are valid for any continuous f̂ , that is, for a given confidence level ↵ 2 (0, 1), we seek a
set bC(xo) = [ĉ1(xo), ĉ2(xo)] ⇢ R, where ĉ1, ĉ2 : X ! R are “learned” functions with valid
conditional coverage:

Pr(Yo 2 bC(xo) |Xo = xo) � 1� ↵, 8xo 2 X .

Each data-point is a predictor-response pair (X i, Yi) 2 X ⇥ Y , where X can be a d-
dimensional numerical predictor (e.g., biomarkers, age, weight, etc..) and/or categorical
ones (e.g., gender, ethnicity, disease), and Y ✓ R is a univariate response (e.g., time at the
ICU, diagnosis, SOFA). Which we assume are generated by the equation

Y = f(X) + ✏,

where f is the regression function in (1) and ✏ is an irreducible error. The resulting LPM is

Yo =  (f̂(X)) + uo.

Theorem 1. Under commonly accepted regularity conditions, bCmaps(xo) = [ĉ1(xo), ĉ2(xo)]
is model-agnostic asymptotically conditionally valid, that is, as ncal !1, we have that

sup
xo

n
Pr

⇣
Yo /2 bCmaps(xo) | f̂(Xo) = f̂(xo)

⌘
� ↵

o
= oPr(1).

Further, if ŷ (xo) is asymptotically linear, then for any trained f̂ and xo 2 X ,

kP ⇤
ûo|f̂
� Puo|f̂k1 = oPr (1) ,

where P ⇤
ûo|f̂

is the distribution of û⇤
o given the calibration set, f̂ and Xo = xo.

Under two more general conditions and the new notion of contour-homoscedastic errors,
our choice of lifted spline estimator is asymptotically linear, hence, we also have that

supxo2f̂�1([ymin, ymax])

n
Pr

⇣
Yo /2 bCmaps(xo) |Xo = xo

⌘
� ↵

o
= oPr(1).

If kf̂ � fk1 = oPr(1), 8xo 2 f̂�1([ymin, ymax]), then these are also asymptotically optimal,

supxo2f̂�1([ymin, ymax])

n
�Leb

⇣
bCmaps(xo)�Cideal(xo)

⌘o
= oPr(1).
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• MAPS provides conditional coverage guarantees that do not depend 
on the predictive model or on proper model specification

• MAPS produces shorter intervals for more accurate models, and 
converges to the shortest possible ones for consistent (optimal) 
predictive models

• MAPS is bootstrap consistent for lifted estimators that can be studied 
as nonparametric regression estimators, for example, our chosen 
smoothing spline

• MAPS is an easily deployable, computationally efficient method that 
can be incorporated into machine learning pipelines without altering 
the underlying methods

• MAPS can be seen as a scanner that wraps around a predictive 
model to both calibrate it and quantify uncertainty

Comparison with Alternative Methods

Let (X i, Yi) 2 X ⇥ Y ✓ Rd ⇥ R, d � 1, be a a predictor-response pair generated by an
unknown joint distribution PX,Y . In practice, the regression function f(x) := E[Y | X = x]
is unknown and is replaced by an estimator f̂ obtained from a learning algorithm applied to
the training set. This procedure yields a pointwise predictive model:

f(x) = argmin
z2R

{E [(Y � z)2 | X = x]}, f : X ! Y , and

f̂  procedure ({(X itrain , Yitrain) : itrain = 1, . . . , ntrain}) , f̂ : X ! Y .

Our objective is computing reliable prediction intervals for an out-of-sample Yo, which
are valid for any continuous f̂ , that is, for a given confidence level ↵ 2 (0, 1), we seek a
set bC(xo) = [ĉ1(xo), ĉ2(xo)] ⇢ R, where ĉ1, ĉ2 : X ! R are “learned” functions with valid
conditional coverage:

Pr(Yo 2 bC(xo) |Xo = xo) � 1� ↵, 8xo 2 X .

Each data-point is a predictor-response pair (X i, Yi) 2 X ⇥ Y , where X can be a d-
dimensional numerical predictor (e.g., biomarkers, age, weight, etc..) and/or categorical
ones (e.g., gender, ethnicity, disease), and Y ✓ R is a univariate response (e.g., time at the
ICU, diagnosis, SOFA). Which we assume are generated by the equation

Y = f(X) + ✏,

where f is the regression function in (1) and ✏ is an irreducible error. The resulting LPM is

Yo =  (f̂(X)) + uo.

Theorem 1. Under commonly accepted regularity conditions, bCmaps(xo) = [ĉ1(xo), ĉ2(xo)]
is model-agnostic asymptotically conditionally valid, that is, as ncal !1, we have that

sup
xo

n
Pr

⇣
Yo /2 bCmaps(xo) | f̂(Xo) = f̂(xo)

⌘
� ↵

o
= oPr(1).

Further, if ŷ (xo) is asymptotically linear, then for any trained f̂ and xo 2 X ,

kP ⇤
ûo|f̂
� Puo|f̂k1 = oPr (1) ,

where P ⇤
ûo|f̂

is the distribution of û⇤
o given the calibration set, f̂ and Xo = xo.

Under two more general conditions and the new notion of contour-homoscedastic errors,
our choice of lifted spline estimator is asymptotically linear, hence, we also have that

supxo2f̂�1([ymin, ymax])

n
Pr

⇣
Yo /2 bCmaps(xo) |Xo = xo

⌘
� ↵

o
= oPr(1).

If kf̂ � fk1 = oPr(1), 8xo 2 f̂�1([ymin, ymax]), then these are also asymptotically optimal,

supxo2f̂�1([ymin, ymax])

n
�Leb

⇣
bCmaps(xo)�Cideal(xo)

⌘o
= oPr(1).
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Problem Set-Up
Figure: Comparison of (blue) conditional and marginal (orange) coverage.

Statistical Guarantees

Conclusion

A New Algorithm for Computing Prediction Intervals for Arbitrary Predictive Models


