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New short title

Statistical Mechanics

Surprisingly, systems near phase transitions have universal properties that do not depend on
microscopic details. Instead, the key is to understand how phase transitions are related to
spontaneously broken symmetry. The development of a conceptual framework to understand
this notion was one of the most significant scientific advances of the late 20th century and
culminated in Wilson's renormalisation group (1982 Nobel Prize in Physics). The mathematical
framework developed can be categorised as "tools for the modern world" as it is applicable also
outside the realm of equilibrium systems.
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Learning and teaching
Module description
Learning
outcomes

On completion of this module you will be able to:
Phase Transitions:
1. describe the notion of an order parameter in a phase transition
2. explain the relationship between a diverging correlation length and scale invariance at the critical point
3. write down and explain the form of the Landau free energy for a system with a scalar order parameter
near a phase transition
4. deduce the critical behaviour predicted by Landau theory
Scaling Hypothesis:
5. describe and apply the concept of scale invariance in a statistical fractal structure
6. describe the role of scale invariance at a phase transition
7. describe the importance of a divergent characteristic length scale near a phase transition
8. use the scaling hypothesis to deduce scaling relations among critical exponents
9. use the scaling hypothesis as the foundation of the renormalisation group.

Module content

Phase Transitions and the Scaling Hypothesis:
1. describe the notion of an order parameter in a phase transition
2. understand the relationship between the divergence of the characteristic length scale and the onset of
scale invariance as a critical point is approached
3. use the scaling hypothesis to obtain scaling forms for critical quantities and derive scaling relations
between critical exponents
4. write down and explain the form of the mean-field Landau free energy for a system with a scalar order
parameter near a phase transition; deduce the critical behaviour predicted by Landau theory
5. use a simple decimation-based real-space renormalisation group (RSRG) procedure to estimate critical
points and exponents
6 .discuss qualitatively Wilson’s Renormalisation Group Theory
Percolation
1a. derive exact solutions in one dimension and on the Bethe lattice for the mean cluster size, cluster size
distribution, and strength of the percolating cluster
2a. describe near-threshold percolation in terms of a divergent cluster length scale; write down the scaling
hypothesis and derive the scaling relations for percolation
3a. use the RSRG procedure to obtain estimates for the percolation threshold and the power law
divergence of the cluster length scale
Ising model
1b. define magnetisation, magnetic susceptibility, the spin correlation function and the spin correlation
length for the Ising model
2b. understand the role of magnetisation as an order parameter
3b. use transfer matrices to solve the 1D Ising model analytically
4b use the Landau mean-field theory of the Ising model to find its behaviour near the critical point,
including critical exponents
5b derive the Widom scaling form for the singular part of the free energy and derive the scaling relations
6b apply the RSRG procedure to the Ising model in zero field in 1D and 2D; identify and interpret the fixed
points

Learning and
Teaching
Approach

The module is in two halves, one on Percolation and one on the Ising Model, with the same format for
each. The main delivery will be through lectures (up to thirteen). These will be supported by weekly rapid
feedback classes with a demonstrator which reinforce and develop concepts through worked examples
taken from problem sheets. The associated problem sheets have additional problems which, with solutions
provided, allow for independent student learning. Additional feedback from the lecturers will be given
through office hours or interactive Q&A sessions.

Assessment
Strategy

Formative assessment is provided through the weekly rapid feedback. Summative assessment is through
one written exam.

Feedback

Individual written feedback on answers to the Rapid Feedback questions is provided by the demonstrator
of the Rapid Feedback classes. The Rapid Feedback presentations then give feedback of this work in a
wider group context. Office hours or interactive Q&A sessions provide feedback from the lecturers on any
aspect of the coursework. Group feedback on the exam questions is provided after the exam.

Reading list

Complete and comprehensive lecture notes are given to studetns. They are basically the first two chapters
in the book by Christensen and Moloney, "Complexity and Criticality", IC Press, 2005. (This book was
developed for this specific Statistical Mechanics course at Imperial.)
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