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Guildenstern — The law of probability, as it has been oddly asserted, is something to do with the propo-

sition that [. . . ], if I have got this right, if six monkeys were thrown up in the air for long enough they would

land on their tails about as often as they would land on their. . .

Rosencratz — Heads.

Tom Stoppard, Rosencratz and Guildenstern are dead (1966)

1. FOUNDATIONAL ASPECTS

▸ Any physical theory must be validated against observations. The cycle theory→ prediction→ ob-

servation→ theory forms the pillar of the scientific process.▸ The comparison between theory and observation is the key phase when statistical methods are

needed: how do we learn about the world from a collection of noisy observations?▸ Statistics is at the heart of the scientific process, not merely an optional nuisance. Ernest Rutherford

is reported to have said: “If you need statistics, you did the wrong experiment”. This completely

misses the point: if you do not need statistics, it’s because you are doing the wrong kind of physics!

Five reasons why you need statistics:

(i) The complexity of the modelling of both our theories and observations will always increase,

thus requiring correspondingly more refined statistical and data analysis skills. In fact, the

scientific return of the next generation of surveys will be limited by the level of sophistication

and efficiency of our inference tools.

(ii) The discovery zone for new physics is when a potentially new effect is seen at the 3–4 σ level.

This is when tantalizing suggestions for an effect start to accumulate but there is no firm ev-

idence yet. In this potential discovery region a careful application of statistics can make the

difference between claiming or missing a new discovery.

(iii) If you are a theoretician, you do not want to waste your time trying to explain an effect that is

not there in the first place. A better appreciation of the interpretation of statistical statements

might help in identifying robust claims from spurious ones.

(iv) Limited resources mean that we need to focus our efforts on the most promising avenues.

Experiment forecast and optimization will increasingly become prominent as we need to use

all of our current knowledge (and the associated uncertainty) to identify the observations and

strategies that are likely to give the highest scientific return in a given field.

(v) Sometimes there will be no better data! This is the case for the many problems associated with

cosmic variance limited measurements on large scales, for example in the cosmic background

radiation, where the small number of independent directions on the sky makes it impossible

to reduce the error below a certain level.

1.1. Revision – Bayes theorem and notation.

▸ Bayes theorem, Eq. (4), encapsulates the notion of probability as degree of belief. The Bayesian

outlook on probability is more general than the frequentist one, as the former can deal with un-

repeatable situations that the latter cannot address. We begin with some simple definitions and

consequences.▸ The joint probability of A and B is the probability of A and B happening together, and is denoted

by P(A,B).
The conditional probability of A given B is the probability of A happening given that B has hap-

pened, and is denoted by P(A∣B).▸ The sum rule:

(1) P(A)+P(A) = 1,

where A denotes the proposition “not A”.
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▸ The product rule:

(2) P(A,B) =P(A∣B)P(B).
By inverting the order of A and B we obtain that

(3) P(B , A) =P(B ∣A)P(A)
and because P(A,B) =P(B , A), we obtain, by equating Eqs. (2) and (3):▸ Bayes theorem

(4) P(A∣B) = P(B ∣A)P(A)
P(B) .

▸ The marginalisation rule (follows from the two rules above):

(5) P(A) =P(A,B1)+P(A,B2)+ ⋅ ⋅ ⋅ =∑
i

P(A,Bi ) =∑
i

P(A∣Bi)P(Bi ),
where the sum is over all possible outcomes for proposition B .

▸ Two propositions (or events) are said to be independent if and only if

(6) P(A,B) = P(A)P(B).
▸ We replace in Bayes theorem, Eq. (4), A → θ (the parameters) and B → d (the observed data, or

samples), obtaining

(7) P(θ∣d) = P(d ∣θ)P(θ)
P(d) .

On the LHS, P(θ∣d) is the posterior probability for θ (or “posterior” for short), and it represents our

degree of belief about the value of θ after we have seen the data d .

On the RHS, P(d ∣θ) = L(θ) is the likelihood we already encountered. It is the probability of the

data given a certain value of the parameters. The quantity P(θ) is the prior probability distribution

(or “prior” for short). It representes our degree of belief in the value of θ before we see the data. This

is an essential ingredient of Bayesian statistics. In the denominator, P(d) is a normalizing constant

(often called “the evidence”), which ensures that the posterior is normalized to unity:

(8) P(d) =∫ dθP(d ∣θ)P(θ).
The evidence is important for Bayesian model selection (see section 2).

▸ Interpretation: Bayes theorem relates the posterior probability for θ (i.e., what we know about the

parameters after seeing the data) to the likelihood. It can be thought of as a general rule to update

our knowledge about a quantity (here, θ) from the prior to the posterior. A result known as Cox

theorem shows that Bayes theorem is the unique generalization of boolean algebra in the presence

of uncertainty.

▸ Remember that in general P(θ∣d) ≠P(d ∣θ) (see ex. of pregnant woman!), i.e. the posterior and the

likelihood are two different quantities with different meaning!

2. BAYESIAN MODEL SELECTION

2.1. The three levels of inference.

▸ It is convenient to divide Bayesian inference in three different levels:

(i) Level 1: We have chosen a modelM0, assumed true, and we want to learn about its parame-

ters, θ0. E.g.: we assume ΛCDM to be the true model for the Universe and try to constrain its

parameters. This is the usual parameter inference step.

(ii) Level 2: We have a series of alternative models on the table (M1,M2, . . . ) and we want to deter-

mine which of those is in best agreement with the data. This is a problem of model selection,

or model criticism. For example, we might want to decide whether a dark energy equation of

state w = −1 is a sufficient description of the available observations or whether we need an

evolving dark energy model, w =w(z).
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(iii) Level 3: Of the N models considered in Level 2, there is no clear “best” model. We want to

report inferences on parameters that account for this model uncertainty. This is the subject of

Bayesian model averaging (not covered in these lectures). For example, we want to determine

Ωm independently of the assumed dark energy model.

▸ The Frequentist approach to model criticism is in the form of hypothesis testing (e.g., “chi-squared-

per-degree-of-freedom“ type of tests). One ends up rejecting (or not) a null hypothesis H0 based

on the p-value, i.e., the probability of getting data as extreme or more extreme than what has been

observed if one assumes that H0 is true. Notice that this is not the probability for the hypothesis!

Classical hypothesis testing assumes the hypothesis to be true and determines how unlikely are our

observations given this assumption. Studying Ref. [20] is highly recommended.

▸ The Bayesian approach takes the view that there is no point in rejecting a model unless there are

specific alternatives available: it takes therefore the form of model comparison. The key quantity for

model comparison is the Bayesian evidence, which automatically implements a quantitative ver-

sion of Occam’s razor (i.e., the notion that simpler models ought to be preferred if they can explain

the data sufficiently well).

2.2. The Bayesian evidence.

▸ The evaluation of a model’s performance in the light of the data is based on the Bayesian evidence.

As seen above, this is the normalization integral on the right–hand–side of Bayes’ theorem, Eq. (8),

which we rewrite here for a continuous parameter space ΩM and conditioning explicitly on the

model under consideration,M:

(9) p(d ∣M) ≡∫
ΩM

p(d ∣θ,M)p(θ∣M)dθ (Bayesian evidence).
▸ The Bayesian evidence is the average of the likelihood under the prior for a specific model choice.

From the evidence, the model posterior probability given the data is obtained by using Bayes’ The-

orem to invert the order of conditioning:

(10) p(M∣d)∝ p(M)p(d ∣M),
where we have dropped an irrelevant normalization constant that depends only on the data and

p(M) is the prior probability assigned to the model itself. Usually this is taken to be non–committal

and equal to 1/Nm if one considers Nm different models.

▸ When comparing two models,M0 versusM1, one is interested in the ratio of the posterior proba-

bilities, or posterior odds, given by

(11)
p(M0∣d)
p(M1∣d) = B01

p(M0)
p(M1) .

▸ The Bayes factor B01 is the ratio of the models’ evidences:

(12) B01 ≡
p(d ∣M0)
p(d ∣M1) (Bayes factor).

A value B01 > (<) 1 represents an increase (decrease) of the support in favour of model 0 versus

model 1 given the observed data (see [16] for more details on Bayes factors).

▸ Bayes factors are usually interpreted against the Jeffreys’ scale [2] for the strength of evidence, given

in Table 1. This is an empirically calibrated scale, with thresholds at values of the odds of about 3 ∶ 1,

12 ∶ 1 and 150 ∶ 1, representing weak, moderate and strong evidence, respectively.

2.3. The Occam’s razor effect.

▸ Example (nested models): Consider two competing models: M0 predicting that a quantity θ = 0

with no free parameters, andM1 which assigns θ a Gaussian prior distribution with 0 mean and

variance Σ
2. Assume we perform a measurement of θ described by a normal likelihood of standard
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∣ lnB01∣ Odds Probability Strength of evidence

< 1.0 ∼
< 3 ∶ 1 < 0.750 Inconclusive

1.0 ∼ 3 ∶ 1 0.750 Weak evidence

2.5 ∼ 12 ∶ 1 0.923 Moderate evidence

5.0 ∼ 150 ∶ 1 0.993 Strong evidence

TABLE 1. Empirical scale for evaluating the strength of evidence when comparing two mod-

els, M0 versusM1 (so–called “Jeffreys’ scale”). Threshold values are empirically set, and

they occur for values of the logarithm of the Bayes factor of ∣ lnB01∣ = 1.0, 2.5 and 5.0. The

right–most column gives our convention for denoting the different levels of evidence above

these thresholds. The probability column refers to the posterior probability of the favoured

model, assuming non–committal priors on the two competing models, i.e., p(M0) =
p(M1) = 1/2 and that the two models exhaust the model space, p(M0∣d)+p(M1∣d) = 1.

deviation σ, and with the maximum likelihood value lying λ standard deviations away from 0, i.e.∣θmax/σ∣ =λ. Then the Bayes factor between the two models is given by, from Eq. (12)

(13) B01 =
√

1+(σ/Σ)−2 exp(− λ2

2(1+(σ/Σ)2)) .

For λ≫ 1, corresponding to a detection of the new parameter at many sigma, the exponential term

dominates and B01 ≪ 1, favouring the more complex model with a non–zero extra parameter, in

agreement with the usual conclusion. But if λ ∼< 1 and σ/Σ≪ 1 (i.e., the likelihood is much more

sharply peaked than the prior and in the vicinity of 0), then the prediction of the simpler model

that θ = 0 has been confirmed. This leads to the Bayes factor being dominated by the Occam’s razor

term, and B01 ≈ Σ/σ, i.e. evidence accumulates in favour of the simpler model proportionally to

the volume of “wasted” parameter space. If however σ/Σ≫ 1 then the likelihood is less informative

than the prior and B01→ 1, i.e. the data have not changed our relative belief in the two models.

▸ In the above example, if the data are informative with respect to the prior on the extra parameter

(i.e., for σ/Σ≪ 1) the logarithm of the Bayes factor is given approximately by

(14) lnB01 ≈ ln(Σ/σ)−λ2/2,

where as before λ gives the number of sigma away from a null result (the “significance” of the mea-

surement). The first term on the right–hand–side is approximately the logarithm of the ratio of the

prior to posterior volume. We can interpret it as the information content of the data, as it gives

the factor by which the parameter space has been reduced in going from the prior to the poste-

rior. This term is positive for informative data, i.e. if the likelihood is more sharply peaked than the

prior. The second term is always negative, and it favours the more complex model if the measure-

ment gives a result many sigma away from the prediction of the simpler model (i.e., for λ≫ 0). We

are free to measure the information content in base–10 logarithm (as this quantity is closer to our

intuition, being the order of magnitude of our information increase), and we define the quantity

I10 ≡ log10 (Σ/σ). Figure 1 shows contours of ∣ lnB01∣ = const for const = 1.0,2.5,5.0 in the (I10,λ)
plane, as computed from Eq. (14). The contours delimit significative levels for the strength of ev-

idence, according to the Jeffreys’ scale (Table 1). For moderately informative data (I10 ≈ 1−2) the

measured mean has to lie at least about 4σ away from 0 in order to robustly disfavor the simpler

model (i.e., λ ∼> 4). Conversely, for λ ∼< 3 highly informative data (I10 ∼
> 2) do favor the conclusion that

the extra parameter is indeed 0. In general, a large information content favors the simpler model,

because Occam’s razor penalizes the large volume of “wasted” parameter space of the extended

model.

▸ An useful properties of Figure 1 is that the impact of a change of prior can be easily quantified. A

different choice of prior width (i.e., Σ) amounts to a horizontal shift across Figure 1, at least as long

as I10 > 0 (i.e., the posterior is dominated by the likelihood). Picking more restrictive priors (reflect-

ing more predictive theoretical models) corresponds to shifting the result of the model comparison
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FIGURE 1. Illustration of Bayesian model comparison for two nested models, where the

more complex model has one extra parameter. The outcome of the model comparison de-

pends both on the information content of the data with respect to the a priori available

parameter space, I10 (horizontal axis) and on the quality of fit (vertical axis, λ, which gives

the number of sigma significance of the measurement for the extra parameter). Adapted

from [14].

to the left of Figure 1, returning an inconclusive result (white region) or a prior–dominated outcome

(hatched region). Notice that results in the 2–3 sigma range, which are fairly typical in cosmology,

can only support the more complex model in a very mild way at best (odds of 3 ∶ 1 at best), while ac-

tually being most of the time either inconclusive or in favour of the simpler hypothesis (pink shaded

region in the bottom right corner).

▸ Notice that Bayesian model comparison is usually conservative when it comes to admitting a new

quantity in our model, even in the case when the prior width is chosen “incorrectly” (whatever that

means!). In general the result of the model comparison will eventually override the “wrong” prior

choice (although it might take a long time to do so), exactly as it happens for parameter inference.

▸ Bayesian model selection does not penalize parameters which are unconstrained by the data. This

is easily seen from Eq. (14): if a parameter is unconstrained, its posterior width σ is approximately

equal to the prior width, Σ, and the Occam’s razor penalty term goes to zero. In such a case, con-

sideration of the Bayesian model complexity might help in judging model performance, see [25] for

details.

2.4. Computation of the evidence.

▸ Nested sampling. A powerful and efficient alternative to classical MCMC methods has emerged

in the last few years in the form of the so–called “nested sampling” algorithm, invented by John

Skilling [18]. Although the original motivation for nested sampling was to compute the evidence

integral of Eq. (9), the recent development of the multi–modal nested sampling technique [17] has

delivered an extremely powerful and versatile algorithm which has been demonstrated to be able

to deal with extremely complex likelihood surfaces, see Fig. 2.
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FIGURE 2. Example of posterior reconstruction using Nested Sampling. Left panel: target

likelihood in a 2D parameter space (x, y). Right panel: reconstructed posterior (with flat

priors) using Nested Sampling. From Ref. [17].

– The gist of nested sampling is that the multi–dimensional evidence integral is recast into a

one–dimensional integral, by defining the prior volume X as dX ≡ p(θ∣M)dθ so that

(15) X (λ) =∫
L(θ)>λ

p(θ∣M)dθ
whereL(θ) ≡ p(d ∣θ,M) is the likelihood function and the integral is over the parameter space

enclosed by the iso–likelihood contourL(θ) =λ. So X (λ) gives the volume of parameter space

above a certain level λ of the likelihood.

– The Bayesian evidence, Eq. (9), can be written as

(16) p(d ∣M) =∫ 1

0
L(X )dX ,

where L(X ) is the inverse of Eq. (15). Samples from L(X ) can be obtained by drawing uni-

formly samples from the likelihood volume within the iso–contour surface defined by λ. This

is the difficult part of the algorithm.

– Finally, the 1–dimensional integral of Eq. (16) can be obtained by simple quadrature, thus

(17) p(d ∣M) ≈∑
i

L(Xi)Wi ,

where the weights are Wi =
1
2
(Xi−1−Xi+1), see [18, 19] for details1.

▸ Thermodyamic integration. The numerical method of choice until recently has been thermody-

namic integration, which computes the evidence integral by definining

(18) E(µ) ≡∫
ΩM

L(θ)µp(θ∣M)dθ,

where µ is an annealing parameter and L(θ) ≡ p(d ∣θ,M). Obviously the desired evidence cor-

reponds to E(1). One starts by performing a standard MCMC sampling with µ = 0 (i.e., sampling

from the prior), then gradually increases µ to 1 according to some annealing schedule. The log of

the evidence is then given by

(19) lnE(1) = lnE(0)+∫ 1

0

d lnE

dµ
dµ =∫

1

0
⟨lnL⟩µdµ,

1Publicly available software implementing nested sampling can be found at cosmonest.org and

http://www.mrao.cam.ac.uk/software/cosmoclust/. The latest release of the SUSY constraints package SuperBayeS

also implements the MultiNest algorithm, see http://superbayes.org.
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where the average log-likelihood is taken over the posterior with annealing parameter µ, i.e.

(20) ⟨lnL⟩µ = ∫ΩM(lnL)L(θ)
µp(θ∣M)dθ

∫ΩML(θ)µp(θ∣M)dθ .

The drawback is that the end result might depend on the annealing schedule used and that typically

this methods takes 10 times as many likelihood evaluations as parameter estimation.

▸ Laplace approximation. An approximation to the Bayesian evidence can be obtained when the

likelihood function is unimodal and approximately Gaussian in the parameters. Expanding the

likelihood around its peak to second order one obtains the Laplace approximation

(21) p(d ∣θ,M) ≈Lmax exp[−1

2
(θ−θmax)t L(θ−θmax)] ,

where θmax is the maximum–likelihood point, Lmax the maximum likelihood value and L the likeli-

hood Fisher matrix (which is the inverse of the covariance matrix for the parameters). Assuming as

a prior a multinormal Gaussian distribution with zero mean and Fisher information matrix P one

obtains for the evidence, Eq. (9)

(22) p(d ∣M) =Lmax
∣F ∣−1/2

∣P ∣−1/2
exp[−1

2
(θmax

t Lθmax−θt
Fθ)] ,

where the posterior Fisher matrix is F = L+P and the posterior mean is given by θ = F−1Lθmax.

▸ The Savage-Dickey density ratio. A useful approximation to the Bayes factor, Eq. (12), is available

for situations in which the models being compared are nested into each other, i.e. the more com-

plex model (M1) reduces to the original model (M0) for specific values of the new parameters.

This is a fairly common scenario in cosmology, where one wishes to evaluate whether the inclu-

sion of the new parameters is supported by the data (e.g., do we need isocurvature contributions

to the initial conditions for cosmological perturbations, or whether a curvature term in Einstein’s

equation is needed, or whether a non–scale invariant distribution of the primordial fluctuation is

preferred). Writing for the extended model parameters θ = (φ,ψ), where the simpler modelM0 is

obtained by setting ψ = 0, and assuming further that the prior is separable (which is usually the case

in cosmology), i.e. that

(23) p(φ,ψ∣M1) = p(ψ∣M1)p(φ∣M0),
the Bayes factor can be written in all generality as

(24) B01 =
p(ψ∣d ,M1)

p(ψ∣M1) ∣ψ=0

.

This expression is known as the Savage–Dickey density ratio (see [14] and references therein). The

numerator is simply the marginal posterior under the more complex model evaluated at the simpler

model’s parameter value, while the denominator is the prior density of the more complex model

evaluated at the same point. This technique is particularly useful when testing for one extra pa-

rameter at the time, because then the marginal posterior p(ψ∣d ,M1) is a 1–dimensional function

and normalizing it to unity probability content only requires a 1–dimensional integral, which is

simple to do using for example the trapezoidal rule.

▸ Information criteria. Sometimes it might be useful to employ methods that aim at an approximate

model selection under some simplifying assumptions that give a default penalty term for more

complex models, which replaces the Occam’s razor term coming from the different prior volumes

in the Bayesian evidence [21].

(i) Akaike Information Criterion (AIC): the AIC is an essentially frequentist criterion that sets the

penalty term equal to twice the number of free parameters in the model, k :

(25) AIC ≡−2lnLmax+2k

where Lmax ≡ p(d ∣θmax,M) is the maximum likelihood value.
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(ii) Bayesian Information Criterion (BIC): the BIC follows from a Gaussian approximation to the

Bayesian evidence in the limit of large sample size:

(26) BIC ≡−2lnLmax+k ln N

where k is the number of fitted parameters as before and N is the number of data points. The

best model is again the one that minimizes the BIC.

(iii) Deviance Information Criterion (DIC): the DIC can be written as

(27) DIC ≡−2DKL+2Cb .

In this form, the DIC is reminiscent of the AIC, with the lnLmax term replaced by the estimated

KL divergence DKL and the number of free parameters by the effective number of parameters,

Cb (see [13] for definitions).

The information criteria ought to be interpreted with care when applied to real situations. Com-

parison of Eq. (26) with Eq. (25) shows that for N > 7 the BIC penalizes models with more free pa-

rameters more harshly than the AIC. Furthermore, both criteria penalize extra parameters regard-

less of whether they are constrained by the data or not, unlike the Bayesian evidence. In conclusion,

what makes the information criteria attractive, namely the absence of an explicit prior specifica-

tion, represents also their intrinsic limitation.
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