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We investigate the equilibrium of a fluid in contact with a solid boundary through a
density-functional theory. Depending on the conditions, the fluid can be in one phase,
gas or liquid, or two phases, while the wall induces an external field acting on the
fluid particles. We first examine the case of a liquid film in contact with the wall.
We construct bifurcation diagrams for the film thickness as a function of the chemical
potential. At a specific value of the chemical potential, two equally stable films, a thin
one and a thick one, can coexist. As saturation is approached, the thickness of the
thick film tends to infinity. This allows the construction of a liquid–gas interface that
forms a well-defined contact angle with the wall.
Key words: contact lines, non-continuum effects

1. Introduction
Wetting phenomena have received considerable attention over the past few decades
– comprehensive and detailed reviews are given by de Gennes (1985), Schick (1990),
Indekeu (1994) and Bonn et al. (2009). Central to any description of wetting is the
presence of a contact line, which involves a three-phase conjunction (gas–liquid–solid).
In the case of dynamic wetting, the associated moving contact line problem is
characterized by a stress singularity at the contact line. As a consequence, formulating
this problem in the framework of conventional fluid mechanics leads to fundamental
difficulties concerning the modelling of the contact line region (Moffat 1963; Huh &
Scriven 1971; Dussan & Davis 1974). Accordingly, a variety of models have been
proposed to alleviate these difficulties and to address the behaviour of the associated
dynamic contact angle, with the most popular approaches being the replacement of the
no-slip condition with a slip model or the elimination of the contact line altogether
with the use of a thin precursor layer. More recently, new approaches/theories have
appeared, based, for example, on local diffuse-interface/Cahn–Hilliard type approaches,
which, in general, cannot be rigorously justified. Other recent approaches include
hybrid molecular-hydrodynamic simulations. However, the questions of how to coarsegrain rigorously from the micro- to the macro-scale and how to transfer molecular
information accurately to the macro-scale have not been adequately addressed as yet.
The difficulties with the contact line region stem from the multi-scale nature of
the problem. At the macroscale, the usual laws of hydrodynamics apply. At the
nanoscale, intermolecular interactions, often described by molecular dynamics/Monte
† Email address for correspondence: s.kalliadasis@imperial.ac.uk
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Carlo simulations, dominate. Yet, phenomena occurring at the nanoscale often manifest
themselves at the macroscale (where individual molecules are not considered, or
equivalently the hydrodynamic laws consider a very large number of molecules at
the same time). Despite drastic improvements in computational power, molecular
simulations are still only applicable for small fluid volumes.
A compromise between conventional hydrodynamics and molecular simulations can
be achieved by density-functional theory (DFT). On the one hand, DFT is able
to retain the microscopic details of a macroscopic system at a computational cost
significantly lower than that used in molecular simulations. On the other hand, DFT is
rigorous compared to conventional phenomenological approaches. It is applicable for
both uniform and non-uniform (density exhibits spatial variation) as well as confined
systems (e.g. in the presence of a wall) within a self-consistent theoretical framework
provided by the statistical mechanics of fluids. At the same time, substantial progress
has been made in recent years in the development of realistic free-energy functionals
that take into account the thermodynamic non-ideality attributed to the various
intermolecular forces. The papers by Evans (1979), Tarazona (1985) and Argaman
& Makov (2000) outline a DFT framework currently widely accepted by the ‘statistical
mechanics of fluids’ community and which has also been used successfully in
describing equilibrium configurations in many different contexts, from fluids in pores
to liquid crystals, polymers and molecular self-assembly.
Several studies have examined the equilibrium of liquids in contact with solids in
different settings and in the framework of DFT/statistical mechanics of fluids. For
example, Pismen (2002) adopted a DFT approach based on a free-energy functional
proposed by Landau & Lifshitz (1980). This study focused primarily on a onedimensional (1D) configuration, namely a liquid film in contact with a planar solid
substrate, but it did discuss contact lines; for example, it gave an approximate
expression for the equilibrium contact angle obtained from the sharp-interface limit
of the DFT approach adopted and for large distances from the solid substrate.
Differences between local and non-local theories in the context of the contact line
were examined by Getta & Dietrich (1998) and Bauer & Dietrich (1999) using a
simplified DFT approach based on a sharp-interface approximation in the direction
normal to the substrate. (This approximation was scrutinized in the recent studies
by Nold, Malijevský & Kalliadasis (2011a,b).) Recently, Berim & Ruckenstein
(2008a,b, 2009) adopted a DFT approach based on the framework described by
Evans (1979), Tarazona (1985) and Argaman & Makov (2000) to calculate nanodrops
on chemically/physically inhomogeneous inclined/planar substrates and to obtain the
dependence of the contact angle of nanodrops on planar horizontal substrates on the
parameters of the intermolecular interactions.
Our aim here is to provide a rigorous methodology for the treatment of contact lines
and in particular to construct the density profiles in the immediate vicinity of a contact
line region. Our approach is also based on the DFT framework described by Evans
(1979), Tarazona (1985) and Argaman & Makov (2000). We focus on the equilibrium
of a fluid in contact with a planar solid substrate, whose understanding is essential for
the substantially more involved dynamics. We first examine in detail the 1D case of a
liquid film in contact with the substrate. Particular emphasis is given to the bifurcation
diagrams for the film thickness as a function of the chemical potential. The approach
of investigating wetting phenomena in terms of the film thickness was introduced a
long time ago by Frumkin and Derjaguin by using the concept of disjoining pressure
– see Henderson (2005) for a detailed analysis of this approach and its connection with
wetting phenomena as described by DFT.

Equilibrium gas–liquid–solid contact angle from density-functional theory

55

Although detailed analysis of the 1D problem, in particular density profiles, has
been performed since then, especially by Evans and co-workers from the 1980s and
later (e.g. Tarazona & Evans 1983; Tarazona, da Gama & Evans 1983; Evans & Parry
1990; Evans 1992), we briefly review it in the first part of our study (where we
also construct by continuation bifurcation diagrams for the film thickness), as it is a
necessary step prior to understanding the more involved two-dimensional (2D) case, i.e.
the three-phase contact line, which is the main subject here.
As we shall demonstrate, before the construction of a three-phase contact line
can be carried out, a detailed analysis of the prewetting transition is required; this
transition occurs at a specific value of the chemical potential where two equally stable
films, a thin one and a thick one, coexist. Through full 2D DFT computations, we
show that the two thicknesses are connected through a ridge-like interface, and we
observe that the extension of the transition zone between the two film thicknesses is
larger in the case of a long-range potential (about 50 molecular diameters) than in the
case of a short-range potential (about 10 molecular diameters, to be compared to the
liquid–gas interface, which is typically a few molecular diameters thick). When the
coexistence value of the chemical potential equals its saturation value, the thickness
of the thick film tends to infinity. This is the case for a liquid wedge in contact with
the solid substrate and with a well-defined three-phase contact line a few molecular
diameters from the substrate. The wedge seems to persist for all distances from the
substrate.
Hence, even though DFT is a microscopic approach, it allows for the construction
of a macroscopic quantity such as contact angle. Moreover, unlike macroscopic
approaches, e.g. Young’s equation, which naturally require information on macroscopic
parameters, such as the surface tensions between the different phases, DFT relies only
on first principles, namely information related to intermolecular parameters. It also
elucidates the structure of the three-phase contact line region and the precise role of
fluid–fluid and fluid–solid (long- and short-range) interactions there.
2. Problem definition
2.1. Setting
We consider part of a simple fluid inside a domain D in contact with a horizontal
planar substrate as shown in figure 1. The domain has a volume V and the interface
between the domain and the substrate has an area A . Practically, the domain size
will be large, i.e. macroscopic. The system, whose boundary is denoted with the
closed dashed line in the figure, is open, i.e. fluid particles can come in and out,
and its surroundings are at temperature T and chemical potential µ. Depending on
the conditions, the fluid can be in one phase (gas or liquid) or two phases. The fluid
particles interact through a pair potential φ(r12 ), where r12 is the distance between
the centres of mass of the particles. The main effect of the substrate is to induce
a potential field V(r) acting on the fluid particles, with r the position vector of the
inertial centre of fluid particles. For the sake of simplicity, gravity is neglected. A
Cartesian coordinate system (x, y, z) is chosen such that x and y are parallel to the wall
surface while z is the outward-pointing coordinate normal to the wall. Of particular
interest is the region around the solid–fluid interface.
2.2. Density-functional theory of fluids
An important quantity characterizing the equilibrium state of the system is the fluid
density n0 (r), in units of number of particles per unit volume (number density),
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F IGURE 1. Sketch of the physical setting.

defined as (Evans 1979)
*
n0 (r) =

N̄
X
i=1

+
δ(r − ri ) ,

(2.1)

where r ∈ D , ri is the position of each individual particle and N̄ is the total number of
particles, while the symbol h. . .i refers to the ensemble average in the grand canonical
formalism, appropriate for an open system as is the case here. To obtain n0 (r), we
use elements from equilibrium statistical mechanics of fluids, in particular DFT. It
has been shown that there exists a functional Ω[n], defined on a set of functions
n(r) compatible with the external potential Vext (r), which has the property to be at
a global minimum (for a given temperature, domain, chemical potential and external
potential Vext (r)) when n(r) is equal to the equilibrium density profile n0 (r) (Evans
1979; Plischke & Bergersen 2006) (minimum principle). A second functional F[n] can
also be introduced such that Ω[n] reads
Z
Ω[n] = F[n] + dr n(r)(Vext (r) − µ),
(2.2)
where the integral is understood to be a volume one over D . The intrinsic free energy
and the grand potential of the system at equilibrium are then equal to F[n0 ] and Ω[n0 ],
respectively (such quantities can only be defined at equilibrium).
By using variational calculus, it can be easily shown that a necessary condition for a
minimum of Ω[n] is
δF[n]
+ Vext (r) = µ.
(2.3)
δn(r)
This equation is supplemented by appropriate boundary conditions, i.e. the value of n
outside D . In our case, the external potential Vext (r) is the sum of the potential V(r)
due to the substrate and the interaction between the fluid molecules inside D and those
located outside D , whose density is specified in the boundary conditions. Note that,
since our system is open (grand canonical ensemble formalism), the average number
of
R
particles, N, is not given, but it is obtained instead once n0 (r) is known: N = dr n0 (r).
For simplicity, we drop the subscript 0 from n hereinafter.
An approximate expression for F[n] can be obtained from statistical physics (Evans
1979; Sullivan 1981). Details of the equations used in the present study are given in
appendix A along with the definitions and calculations of some properties of the fluid
derived from them and which will be used in the next sections (for example, nliq and
ngas ). For additional details, the interested reader should consult the literature on the
statistical mechanics of liquids. A good starting point is the comprehensive review by
Evans (1979).
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2.3. Wall potentials
Three types of wall potential are considered in this study. All are attractive at large
distances. The first two have the same infinite repulsive part but they differ in the
range of the attraction term. The short-range potential reads

if z < zw ,
+∞


z − zw
VSR (z) =
(2.4a)
−w exp −
if z > zw ;
σw

while for the long-range one we use

+∞
3

VLR (z) =
1
−2w
1 + (z − zw )/σw

if z < zw ,
if z > zw .

(2.4b)

In these expressions, w , σw and zw are three wall parameters. The first two are strictly
positive and are related to the strength and range of the potentials. The expressions
in (2.4a) and (2.4b) are useful in that they allow us to examine the effect of the
wall attraction, and in particular its range, on the fluid equilibrium state. The last
wall potential has a smooth repulsive part compared to the previous ones (i.e. it is
non-impulsive):

if z < zw ,

+∞" 
9 
3 #
2
σw
σw
VLJ (z) =
(2.4c)

if z > zw .
−
2w 15 z − z
z − zw
w

It can be derived by considering that the wall is made of a uniform density of particles
interacting with the fluid particles through a Lennard-Jones potential (see appendix B).
By setting σw,LR = zw,LR − zw,LJ and w,LR = (σw,LJ /σw,LR )3 w,LJ , the two last potentials
have the same attractive part. Finally, it is also possible to have a purely repulsive wall
with no attraction (a hard or dry wall):
(
+∞
if z < zw ,
V(z) =
(2.5)
0
if z > zw .
3. 1D problem
3.1. Equations
In this section we assume that the system is invariant along the x and y directions,
i.e. the density profiles depend only on z. Equation (A 4) for z such that r ∈ D then
becomes
Z +∞
µr (n(z)) +
dz0 n(z0 )Φ1d (z0 − z) + V(z) = µ,
(3.1a)
−∞

where
Φ1d (Z) =

ZZ

+∞
−∞

dx dy φp

p


x 2 + y2 + Z 2 ,

Z ≡ z0 − z,

(3.1b)

and the value of n outside D is fixed. (In (3.1a) µr is the chemical potential of the
reference system, and in (3.1b) φp is the perturbation part of the interaction potential;
see appendix A.)
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The integral in (3.1b) can be performed analytically (see appendix B). To solve
the integral equation (3.1) numerically, a simple iterative procedure can be employed
based on a Picard scheme. The integral is first computed with the values of the density
obtained from the previous iteration by using a simple trapezoidal rule and then the
remaining terms are solved for n, which gives the new value for the density. We found
that, with the exception of unstable solutions, this scheme is robust and allows the
use of an initial guess that can be far from the solution. However, convergence tends
to be slow after the first iterations. This can be greatly improved by using instead a
more involved scheme based on a Newton procedure in which the Jacobian matrix is
appropriately simplified. Details are given in appendix C.
3.2. Isotherms
When the wall potential is attractive, density profiles obtained by solving (3.1) for
T < Tc and µ < µsat (T), where Tc is the fluid critical temperature and µsat (T) is the
saturation value of the chemical potential (see appendix A; note that, in that case, the
bulk gas is the more stable phase in the absence of the wall), exhibit a bump near the
wall, while far from it, it tends to the density of the gas, ngas (Tarazona & Evans 1983).
If µ is close enough to µsat (T), this bump is more pronounced and the fluid density
in that area is roughly equal to the metastable liquid bulk density, meaning that a thin
liquid film is effectively formed between the wall and the gas.
Of particular interest is the dependence of the film thickness with respect to µ for
a given T. This is crucial to understanding more involved configurations such as the
contact angle case examined later. Because of the spatial variation of the density, it is
in fact more relevant to consider an integral norm of the density, the adsorption, which
represents an excess number of particles per unit area with respect to some (uniform)
bulk densities and is defined for a 1D infinite system as
Z zI
Z +∞
Γ =
dz (n(z) − n−∞ ) +
dz (n(z) − n+∞ ),
(3.2)
−∞

zI

where zI is the position of the dividing wall–fluid interface, and n−∞ and n+∞ are the
bulk quantities, which are equal in the present case to 0 and ngas , respectively. The
bifurcation diagrams for the isotherms are constructed with a continuation procedure
that also involves an extra equation/geometric constraint that links the continuation
parameter µ and n with the continuation step. Besides easily obtaining the density
profiles for a wide range of values of µ, this approach has the additional benefit that it
allows the computation of unstable branches, which would have been more difficult if
not impossible to obtain otherwise.
Typical isotherms for the wall potential VLJ in (2.4c) are depicted in figure 2. For
very attractive walls (for example, the case βc w = 3 in figure 2) and µ < µsat , the
adsorption Γ is a monotonically increasing function of µ; in particular, only one
solution exists for a given value of µ. At the saturation value µsat , the bulk liquid
phase becomes as stable as the bulk gas one and the adsorption goes to infinity.
For less attractive walls, a multi-valued S-shaped loop in the isotherm appears for
values of µ, say, in [µ− , µ+ ] and with three branches of solutions, from which the
middle one is always unstable (corresponding to variational maxima for Ω). This
loop is associated with the presence of a first-order phase transition with respect to
the adsorption: for a certain value of µ ∈ [µ− , µ+ ], three solutions coexist, of which
those in the lower and upper branches are equally stable (variational minima of Ω
of equal ‘depth’), and consequently the system can adopt for that value of µ two
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F IGURE 2. Bifurcation diagram for Γ as a function of δµ ≡ µ − µsat , for the attractive wall
with potential VLJ (2.4c), zw = 0 and σw = 1.25 d, where d is the hard-sphere diameter (see
appendix A). The temperature is T = 0.7 Tc and the dividing interface is located at zI = zw .
The wall parameter βc w , where βc ≡ 1/(kB Tc ) and kB is the Boltzmann constant, varies from
3.0 (left curve) to 0.8 (right curve) in steps of 0.1.

different adsorptions or equivalently film thicknesses. This transition is often referred
to as the ‘prewetting transition’ and a Maxwell construction in the variables (µ, N)
can be carried out to find the coexistence value µcoex (T) of the chemical potential at
which the two states have the same stability. For µ ∈ [µ− , µcoex ], the lower branch is
stable and the upper one is metastable (Ω has two variational minima but the one in
the lower branch is ‘deeper’), while for µ ∈ [µcoex , µ+ ] the upper branch is stable and
the lower one is metastable.
The value µsat imposes an upper bound on µcoex as depicted in figure 5 in the
case of the wall potential VSR (solid line). The intersection of the µcoex curve with
the x axis (i.e. the µ = µsat axis) separates this axis into two regions. On the left of
the intersection point, which corresponds to the case of slightly attractive substrates
(for example, βc w = 1.2 in figure 3), among the three equilibrium films at µ = µsat
(including the solution Γ = +∞), the film with the smaller adsorption is the most
stable one. This is the signature of a partial wetting situation. On the right of the
intersection point (for example, βc w = 2.2 in figure 3), it is the film with infinite
adsorption that is the most stable, and this case corresponds to the complete wetting
situation.
The influence of the wall potential form on the isotherms can be assessed from
figures 3 and 4, where the isotherms for the wall potentials VSR and VLR in (2.4a)
and (2.4b), respectively, are shown. The isotherms appear qualitatively similar to those
in figure 2. The effect of the potential ranges, however, becomes apparent in the
upper half of the figures as, for a given isotherm, µ tends to µsat as Γ d2 goes to
+∞ much faster in the case of potential VSR than in the case of potential VLR . It is
also worthwhile to note the important differences in the bottom half of the figures
even though the distance from the wall is small there (i.e. the potential range is
less critical): the values of µ− , µcoex and µ+ in the two cases differ significantly.
This is confirmed in figure 5, where their dependence on the strength w of the wall
potentials is depicted. The intersection of µcoex with the x axis (i.e. the µ = µsat axis)
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F IGURE 3. Bifurcation diagram for Γ as a function of δµ ≡ µ − µsat , for the attractive wall
with potential VSR (2.4a), zw = 0 and σw = 1.25 d. The temperature is T = 0.7 Tc and the
dividing interface is located at zI = zw . The wall parameter βc w varies from 3.4 (left curve) to
1.2 (right curve) in steps of 0.1.
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F IGURE 4. Bifurcation diagram for Γ as a function of δµ ≡ µ − µsat , for the attractive wall
with potential VLR (2.4b), zw = 0 and σw = 1.25 d. The temperature is T = 0.7 Tc and the
dividing interface is located at zI = zw . The wall parameter βc w varies from 3.4 (left curve) to
1.2 (right curve) in steps of 0.1.

in figure 5 corresponds to the partial–complete wetting transition with respect to w .
For weakly attractive walls (w small), the wetting is partial and becomes complete for
very attractive walls (w large). In the present case, the transition occurs sooner for the
short-range potential.
Finally, in appendix D we discuss a square-gradient approximation to the above
DFT approach and contrast the two.
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F IGURE 5. Spinodal and coexistence values (µ− , µcoex and µ+ ) of the chemical potential as
a function of w . The solid lines correspond to wall potential VSR and the dotted lines to wall
potential VLR . The remaining parameters are the same as in figures 3 and 4.

3.3. Disjoining pressure
The isotherms showing the adsorption as a function of the chemical potential can be
related to the so-called disjoining pressure introduced by Frumkin and Derjaguin in the
context of the adsorption of films in porous media (Henderson 2005). Let us denote
by µNe the conjugate parameter to Ne , the excess number of particles, and by µNe ,0 the
value taken by µNe in the system surroundings. Usually, Nb ≡ N − Ne is kept constant.
If we now introduce

1µ = µNe − µNe ,0 ,

(3.3)

Π = −1µ(nliq (µsat ) − ngas (µsat )).

(3.4)

l = Γ /(nliq (µsat ) − ngas (µsat )),

(3.5)

the disjoining pressure is equal to (Henderson 2005)

For a 1D infinite system, one can define from Γ a film thickness l as
so that the grand potential (or the disjoining pressure) can be viewed as a function
of l instead of Γ . Note, however, that the value of the grand potential at l as defined
above is a priori different from the value of the grand potential corresponding to a
sharp-interface profile of thickness l as used in some approaches. From a macroscopic
point of view, the disjoining pressure can be regarded as a force per unit area acting
on the film surface. A positive disjoining pressure means in general that the film
adsorption (or thickness) tends to increase, while, when the disjoining pressure is zero,
we are at equilibrium.
For the cases considered in this study, µNe is equal to µ. For example, let
us assume that V is large and that the free energy can be divided into two
contributions, aR bulk one and a surface one, i.e. F̃(N) = F˜b (Nb ) + F̃e (Ne ), where
F̃[n] = F[n] + dr n(r)Vext (r). Then ∂ F˜b /∂Nb = µ and, as µNe = ∂ F̃e /∂Ne , we obtain
µNe = µ. This means that the isotherms computed previously also correspond to plots
of the adsorption with respect to µNe .
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4. 2D problem
4.1. Equations
We now consider cases for which the translational invariance along one of the
directions parallel to the substrate is broken, so that (A 4) now reads
q

Z Z +∞
2
2
0
0
0 0
0
0
µr [n](x, z) +
dx dz n(x , z )Φ2d
(x − x) + (z − z) + V(x, z) = µ,
−∞

(4.1a)

where (x, z) is such that r ∈ D and
Φ2d (R) =
with
R≡

Z

+∞

−∞

dy φp

p

R2 + y2

q
(x0 − x)2 + (z0 − z)2 .



(4.1b)

(4.1c)

The value of n outside D is fixed. The x dependence of the wall potential V
could correspond, for example, to a chemically and/or topographically heterogeneous
substrate.
The integral in (4.1b) can be performed analytically (see appendix B). The
computations now are substantially more demanding compared to the previous ones,
because, besides being 2D, they also usually require a much larger number of
iterations to achieve convergence. As in the 1D case, we utilize a Newton scheme
with an appropriately simplified Jacobian. Details are given in appendix C.
4.2. Prewetting transition
As demonstrated in § 3.2, for a range of values of temperature and chemical potential,
there exists a first-order phase transition with respect to the adsorption Γ , also known
as the prewetting transition. The interface profile in the area joining two equilibrium
film thicknesses at the prewetting transition is pictured in figure 6 for the long-range
wall potential in (2.4c). The shape of the interface between the two films appears to
be sufficiently smooth compared to the density profile of a liquid–gas interface, as the
interface between the films is several tens of molecular diameters long, while in the
latter case it is typically only of a few molecular diameters long.
The shape of the transition area depends on the difference of the two coexisting
equilibrium thicknesses and also on the range of the wall potential. In figure 7, we
present the profile obtained when the wall potential is a short-range one given in
(2.4a). The transition now between the two film thicknesses appears to be more
abrupt, with a steep rim as the smaller thickness is approached, giving the profile a
pancake-type shape.
4.3. Contact angle
We now turn to the study of the density profile when µ = µsat and the wall is
attractive with a potential given by (2.4c). Again, as in § 4.2, two different conditions
are imposed on each side of the domain. The wall parameter w is chosen so that
a stable film of finite thickness can be sustained on the wall. According to figure 2,
this is true for VLJ when βc w is at least in the range 0.8–1.4. The corresponding 1D
density profile computed in § 3 will make up the boundary condition on the left side
of the domain. On the right side, a thick film of arbitrary thickness hright and shape
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F IGURE 6. Equilibrium density profile between two equilibrium film thicknesses for the
long-range wall potential VLJ given by (2.4c). The temperature is T = 0.7 Tc and the chemical
potential is µ = µcoex . The wall parameters are βc w = 1.5, σw = 1.25 d and zw = 0. The
greyscale values provided to the right of the figure correspond to the level values of nd3 . The
white dashed line is the contour of (nliq + ngas )d3 /2.
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F IGURE 7. Equilibrium density profile between two equilibrium film thicknesses for the
short-range wall potential VSR given by (2.4a). The temperature is T = 0.7 Tc and the chemical
potential is µ = µcoex . The wall parameters are βc w = 2.0, σw = 1.25 d and zw = 0. The
greyscale values provided to the right of the figure correspond to the level values of nd3 . The
white dashed line is the contour of (nliq + ngas )d3 /2.

is imposed (unlike the equilibrium film to the left, to the right we do not have an
equilibrium film). For simplicity, the latter is taken to be


if z < zw ,
0
if zw < z < zw + hright ,
nright (z) = nliq
(4.2)

n
if z > zw + hright .
gas

An equilibrium density profile for an attractive wall obtained under these conditions
is depicted in figure 8. The main feature is the presence of a well-formed angle
between the two phases. This is more evident in the current profiles than in the
profiles obtained in § 4.2, quite likely because now the film profile on the right side
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F IGURE 8. Equilibrium density profile for a fluid in contact with an attractive wall, whose
potential is VLJ (2.4c). The temperature is T = 0.7 Tc , and the chemical potential is µ = µsat .
The wall parameters are βc w = 1.3, σw = 1.25 d and zw = 0. The contact angle is close to 37◦ .
The white dashed line is the contour of (nliq + ngas )d3 /2.
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F IGURE 9. Density level curves corresponding to (nliq + ngas )d3 /2 for three different values
of film thickness hright imposed on the right side of the domain: hright /d = 30 (left curve), 24
and 18 (right curve). In all cases, the same film is imposed on the left side of the domain. All
parameters are identical to those of figure 8.

of the domain is no longer an equilibrium one. Note also the liquid film present in
front of the contact line area, as the wall is attractive. Moreover, it is important to
establish that the profile is not affected by the film thickness to the right. Indeed, as
demonstrated in figure 9, the thickness of the film in the right side of the domain has
little influence on the density profile, since, for all values of hright , the level curves are
parallel to each other sufficiently far from the contact line.
A cut in the density profile displayed in figure 8 far from the contact area and
normal to the liquid–gas interface is shown in figure 10. A comparison with the profile
of a liquid–gas interface with no wall present reveals that the two are very close to
each other: away from the contact line, the interface shape is thus not affected by the
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F IGURE 10. Liquid–gas interface in the absence of the wall (solid line) and cut in the density
profile pictured in figure 8 normal to the liquid–gas interface (dotted line). The two profiles
are very close to each other.

wall, and it is like having the usual liquid–gas interface there. However, a deviation
from the liquid–gas interface occurs in the three-phase area, where a small incurvation
of the density profile towards the wall is observed. We shall return to this point
shortly.
The surface tension of an interface between two bulk phases can be related to the
grand potential Ω of the infinite system via
Ω − Ωbulk
,
(4.3)
A
where Ωbulk is the sum of the grand potentials of the two bulk phases and A is the
area of the interface under consideration. It can thus be computed from the density
profile. Simple analytical expressions can even be derived in the sharp-interface limit
and are given in appendix B. In the case of the contact line, surface tensions for the
planar wall–gas, wall–liquid and liquid–gas interfaces are obtained from the density
profile constructed in figure 8. Some values for several w are reported in table 1. A
consistency check can be performed by using the isotherms of the previous section,
since, for a 1D infinite system at µ = µsat ,
Z +∞
σwl + σlg − σwg =
(µ(Γ ) − µsat ) dΓ,
(4.4)
σ=

Γ0

where µ(Γ ) refers to the isotherm curve and Γ0 is the value of Γ corresponding to
the microscopic film equilibrium state at µ = µsat (which always exists in these cases).
The difference between the two sides of (4.4) for the values of table 1 is at most
0.005.
From surface tension values, one can calculate the contact angle θ using Young’s
equation,
σwg = σwl + σlg cos θ,

(4.5)

and contrast it with the one obtained by a direct geometric measurement in figure 11
using density level curves. We note that the choice of the specific level curve is
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F IGURE 11. Density level curves corresponding to (nliq + ngas )d3 /2 for several values of w .
From left to right: βc w = 1.3, 1.2, 1.1 and 1.0. The contact angle in each case is measured
by following the dotted lines. The wall potential is VLJ , the temperature T = 0.7 Tc and the
chemical potential µ = µsat . The wall parameters are σw = 1.25 d and zw = 0.
βc w

βc d2 σwg

βc d2 σwl

βc d2 σlg

θnum (◦ )

θmeas (◦ )

1.0
1.1
1.2
1.3

−0.0821
−0.106
−0.136
−0.171

−0.253
−0.360
−0.470
−0.582

0.503
0.503
0.503
0.503

70.2
59.7
48.4
35.2

70.8
60.7
49.5
36.6

TABLE 1. Wall–gas (σwg ), wall–liquid (σwl ) and liquid–gas (σlg ) surface tensions, and
computed (θnum ) and measured (θmeas ) contact angles corresponding to figure 11.

not important, since, as demonstrated in figure 10, away from the contact line, the
interface shape is very close to the one corresponding to the liquid–gas interface
without wall, and consequently two different level curves would yield the same
geometric contact angle. Results for several values of w are given in table 1. A
very good agreement is found between the two values of the contact angle. The main
discrepancy between the two is quite likely caused by the error in the drawing of the
dotted lines in figure 11. The computations in figure 11 also indicate that increasing
the wall attraction decreases the contact angle (as expected).
Besides Young’s equation, which reflects the mechanical equilibrium in a direction
parallel to the wall at the contact line, there exists a relation in the normal direction,
which involves the disjoining pressure (Henderson 2004),
Z x+
σwl sin θ = −
Π(x) dx,
(4.6)
x−

where x− and x+ denote the boundaries of the contact line. One can then use the
isotherms computed in § 3.2 to obtain an approximate value of the contact angle from
this equation. In effect, we have seen that these isotherms also represent the evolution
of the adsorption Γ with respect to µNe at a fixed temperature. In the present case
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F IGURE 12. Disjoining pressure, computed by the procedure detailed in the text, as a
function of the position along the substrate. From left to right: βc w = 1.3, 1.2, 1.1 and
1.0, corresponding to the cases of figure 11. Inset: same plot for the case of figure 6.

(2D computations), we still have µNe = µ so that, as the chemical potential of the
surroundings is µsat , µNe ,0 = µsat . Consequently, if we denote by Γ (x) the value of the
adsorption at position x,
Π (x) ≈ −(µ(Γ (x)) − µsat )(nliq (µsat ) − ngas (µsat )),

where µ(Γ ) is the value of the chemical potential that yields an adsorption equal to Γ
and can be obtained from the isotherms.
The variation of the disjoining pressure as a function of the position along the
substrate is depicted in figure 12. These profiles compare well with the results
obtained by Herring & Henderson (2010) except that in the present case they are
not symmetric. In particular, the disjoining pressure intersects the horizontal axis; this
corresponds to the adsorption of the unstable solution of (3.1) for the 1D density
profile at µ = µsat . The values of the contact angle obtained by applying this method
are not as accurate as in the case of Young’s equation. We obtain a sin θ equal to
1.12, 1.00, 0.83 and 0.66 for βc w = 1.0, 1.1, 1.2 and 1.3, respectively. The agreement
becomes better as the contact angle decreases, i.e. as the slope of the film thickness
as well as the departure from zero of the disjoining pressure get smaller. By contrast,
the same procedure applied to the case of § 4.2 yields for the integral of the disjoining
pressure (depicted in the inset in figure 12) a value smaller than 10−3 : as we have
two equilibrium film profiles on each side of the transition area, the total force in the
normal direction is zero.
4.4. Contact line
A close inspection of the contact line area in figure 11 reveals a deviation between
the geometric profile suggested by Young’s equation and the one obtained from DFT
close to the contact line where the interface seems to bend towards the wall and
away from the dotted lines corresponding to Young’s equation. This feature appears to
be in agreement with recent experiments by Seemann et al. (2005). The experiments
were actually done for a two-layer composite wall, but when the top layer is thin, the
interface close to the contact line appears to be similar to that shown in figure 11.
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F IGURE 13. Density level curves corresponding to (nliq + ngas )d3 /2 for wall potential VSR and
several values of w . From left to right: βc w = 1.8, 1.7, 1.6, 1.5 and 1.4. The temperature is
T = 0.7 Tc and the chemical potential µ = µsat , while the wall parameters are σw = 1.25 d and
zw = 0.

Level curves constructed with wall potentials VSR and VLR in (2.4a) and (2.4b) are
given in figures 13 and 14, respectively. The bend is not present in the first case,
which suggests that it is mainly due to the long-range nature of the attraction of the
wall potential. A parallel can be made with the conclusions of § 4.2 regarding the
density shape in the transition area between the two films: as the contact angle goes
to zero, the profiles in figure 13 seem to tend to the one in figure 7, giving rise to
an abrupt transition between the two films, while the ones in figure 14 seem to lead
to the profile in figure 6, for which a smoother transition between the two films is
observed. In contrast, no dramatic difference is observed between VLJ (figure 11) and
VLR (figure 14), implying that the shape of the repulsive part of the wall potential is
less critical.
Cuts in the contact line area normal to the wall are shown in figure 15 for the
two potentials VSR and VLR in (2.4a) and (2.4b), respectively. We note that the density
profiles are characterized by a small depression in the immediate vicinity of the
wall (x/d ≈ 0.5), although this feature disappears in the case of the short-range wall
potential VSR as we move away from the contact line towards the liquid.
5. Summary
We have examined the equilibrium of a fluid in contact with a solid substrate
through a DFT theory based on a perturbation approach in which the interaction
potential is split into a repulsive and an attractive part. This leads to three distinct parts
in the expression for the free-energy functional, corresponding to repulsion, attraction
and external potential associated with the presence of the solid boundary, respectively.
For the 1D case of a liquid film in contact with the substrate and for values of the
chemical potential less than but close to its saturation value, a liquid film exists in
contact with the wall, even though, in the absence of the wall, the gas is the preferred
state. The presence of the film is due to the attractive part of the wall potential. For a
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F IGURE 14. Density level curves corresponding to (nliq + ngas )d3 /2 for wall potential VLR and
several values of w . From left to right: βc w = 2.1, 2.0, 1.9, 1.8 and 1.7. The temperature is
T = 0.7 Tc and the chemical potential µ = µsat , while the wall parameters are σw = 1.25 d and
zw = 0.

0.7
0.6
0.5
0.4
0.3
0.2
0.1

0

2

4

6

8

10

z

F IGURE 15. Density profiles around the contact line area for the cases depicted in figure 13
(βc w = 1.8, solid lines) and in figure 14 (βc w = 2.0, dotted lines). Bottom/top curves
correspond to the left/right of the contact line region in steps of 2 for x/d.

given temperature, we have constructed bifurcation diagrams for the film thickness as
a function of the chemical potential. Such diagrams are typically S-shaped curves with
three branches. Comparison of the DFT theory with a gradient approach in which the
integral DFT equation is approximated with a differential one reveals some significant
qualitative differences. Any gradient approach is by definition a local one and as such
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it neglects the non-local features induced by the intermolecular forces acting on the
fluid system.
The bifurcation diagrams reveal that there exists a special value of the chemical
potential, which we referred to as ‘coexistence’ value, in which a thin liquid film
is equally stable with a thick one (‘prewetting transition’). The interface that joins
the two films is constructed with a fully 2D computation, as now the translational
invariance of the system in the direction parallel to the wall is broken. As the
coexistence value tends to the saturation one, the thickness of the thick film tends
to infinity. This then allows us to construct a liquid wedge in contact with the substrate
and with a well-defined three-phase contact line. This wedge seems to persist for
all distances from the substrate and hence it should eventually enter the macroscale.
Comparison of the geometric contact angle with the one obtained from the DFT theory
through the transverse and normal components of Young’s force balance shows good
agreement and allows for the investigation of the contact line region from well-defined
intermolecular parameters only.
Of particular interest would be the extension of this approach to: (i) spatially
heterogeneous, chemical or topographical substrates – such substrates have a
significant effect on the wetting characteristics of the solid–liquid pair (e.g. Schwartz
& Eley 1998; Gramlich, Mazouchi & Homsy 2004; Quéré 2007; Savva & Kalliadasis
2009; Savva, Kalliadasis & Pavliotis 2010); and (ii) the substantially more involved
dynamic case – this would form the basis for the formulation of a dynamic
contact angle theory from first principles without the need for any phenomenological
parameters. We shall examine these problems in future studies.
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Appendix A. Fluid modelling

Several approximations for F[n] have been proposed over the years. One that has
proved to be successful in a number of cases is based on a perturbation approach
(Evans 1979; Plischke & Bergersen 2006). The basic idea is to split the pair potential
φ(r12 ) into two terms: φ(r12 ) = φr (r12 ) + φp (r12 ). The first term, φr (r12 ), is a reference
potential and usually corresponds to the harshly repulsive part of φ(r12 ); while the
second term, φp (r12 ), acts as a ‘perturbation’ to φr (r12 ) and is in general a slowly
attractive potential. Such separation is in general well suited for treating dense fluids.
Its underlying physical motivation is that the structure of a fluid is determined mainly
by the repulsive forces. After some additional simplifications, we have the following
compact expression for F[n] (Evans 1979; Plischke & Bergersen 2006):

F[n] = Fr [n] +

1
2

ZZ

dr dr0 n(r)n(r0 )φp (|r − r0 |).

(A 1a)
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The first term of (A 1a) accounts for φr (r12 ) and can be further simplified by using the
so-called local density approximation:
Z
Fr [n] = dr n(r)f (n(r)),
(A 1b)
where f is the local free energy per particle of the reference fluid. The second term of
(A 1a), in which the pairwise distribution function is approximated by just the product
of n(r1 ) and n(r2 ), involves the attractive part of the interaction potential φ(r12 ) (see
equation (52) in Evans 1979). Expressions such as (A 1a) and (A 1b) for the free
energy of a fluid date back to van der Waals, who first proposed an expression
involving the local free energy plus a gradient term.
The decomposition of the pair potential into two parts can be done in different
ways. In the Barker–Henderson approach, for example, (Barker & Henderson 1967),
the attractive part is

if r12 < σ ,

0 " 
 6 #
12
σ
σ
(A 2)
φp (r12 ) =

−
if r12 > σ ,
4
r12
r12
where  is a parameter that measures the strength of the potential. Another possibility
is the decomposition suggested by Weeks, Chandler & Andersen (1971). Here we
adopt the Barker–Henderson approach. The reference potential is then φr = φ − φp .
However, to take full advantage of the perturbation technique, the reference system
should be a well-known fluid. The preferred choice is often a hard-sphere fluid, whose
bulk local free energy is well described by the Carnahan–Starling expression:
βf (T, n) = ln(Λ3 n) − 1 +
where

η(4 − 3η)
,
(1 − η)2

(A 3a)

π 3
dn
(A 3b)
6
is the packing fraction, d is the hard-sphere diameter, Λ is the thermal de Broglie
length and β ≡ 1/(kB T), with kB the Boltzmann constant. This means that φr is in
fact approximated by a hard-sphere potential. The associated molecular diameter d,
which appears in (A 3b) and hence (A 3a), can be linked to σ and the reference part
of the interaction potential (Barker & Henderson 1967) but for simplicity we assume
d = σ . Note that Λ is actually never used, as it appears in an additive constant in the
expression of β times the chemical potential of the reference system (see below).
Instead of (A 1b) and (A 3a), one could use a more refined approach for a hardsphere fluid based on Rosenfeld’s fundamental measure theory (Rosenfeld 1989). In
general, this approach gives better results for the fluid density at small distances from
the substrate (a few molecular diameters) but requires a more involved computational
treatment. Another deficiency of the model concerns the treatment of fluctuations,
in particular the interfacial ones. A more detailed account on this issue is given
in Evans (1979) and Henderson (2005). Our aim here is to keep the formalism as
simple as possible and yet retain the basic ingredients of the underlying physics.
By substituting (A 1a) and (A 1b) into (2.3), we obtain, for r ∈ D ,
Z
µr (n(r)) + dr0 n(r0 )φp (|r − r0 |) + Vext (r) = µ,
(A 4a)
η≡
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where
µr (n) ≡



∂(nf (T, n))
∂n



(A 4b)
T

is the chemical potential of the reference system, which in the case of a hard-sphere
fluid and using (A 3a) reads
βµr (n) = ln(Λ3 n) +

η(8 − 9η + 3η2 )
.
(1 − η)3

(A 5)

When the wall potential vanishes and the fluid density is uniform, i.e. it does not
exhibit any spatial variation, (A 1a) combined with (A 1b) reduces to
F[n] = V nf̄ (n) + o(V ),

where

f̄ (n) = f (n) − αn

1
and α = −
2

ZZZ

(A 6a)
+∞
−∞

dr φp (|r|).

(A 6b)

Note that the integral in the definition of α converges and the function f̄ does not
depend on external conditions (except T). Equation (A 4) is then an algebraic equation
with parameters T and µ. Using for f the expression given in (A 3a), the usual
thermodynamics for liquid–gas systems applies. The solutions to (A 4) correspond
to extrema of the functional Ω[n]. There is one solution for T > Tc and one to
three solutions for T < Tc , where Tc is the critical temperature (βc ≡ 1/(kB Tc )). In
the latter case, there are two minima of equal depth for Ω, at small and large
densities, respectively, and a maximum at intermediate densities. The middle solution
is unstable while the other two correspond to the liquid and gas bulk densities,
denoted as ngas (T, µ) and nliq (T, µ), respectively, with ngas (T, µ) < nliq (T, µ). The
chemical potential at the gas–liquid transition will be denoted as µsat (T). The gas is
the preferred state for µ < µsat (T). At µ = µsat (T) the gas and liquid bulk are at
equilibrium, while for µ > µsat (T) the liquid is the preferred state. Note that in all
cases considered here T < Tc .
Appendix B. Expressions
B.1. Surface tensions

For a planar interface (i.e. the 1D case), analytical expressions for the surface tensions
can be derived in the sharp-interface limit for an infinite system. They read
σlg = − 21 (nliq − ngas )2 I,
Z +∞
1 2
σwg = − 2 ngas I + ngas
dz V(z),
0
Z +∞
σwl = − 21 n2liq I + nliq
dz V(z),

(B 1a)
(B 1b)
(B 1c)

0

where
I=

Z

0

−∞

dz

Z
0

+∞

dz0 Φ1d (z0 − z).

(B 1d)
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Such expressions are also applicable in the contact angle case sufficiently far from the
contact line, i.e. when the interface is planar.
B.2. Interaction potential
In this subsection, we provide analytical expressions for Φ used in the 1D and 2D
computations. This quantity is defined from the perturbative part of the interaction
potential between fluid molecules, which in the Barker–Henderson model reads

if r < σ ,
0 
 σ 12  σ 6 
φp (r) =
(B 2)
4
−
if r > σ .
r
r

In the 1D case, Φ, which enters the equation for the density, is defined as
Z Z +∞
p

Φ1d (Z) =
dx dy φp
x2 + y2 + Z 2 .

(B 3)

−∞

Let us introduce Z̄ = Z/σ . Using (B 2), we obtain

3

−2πσ 2
if |Z̄| 6 1,
5

Φ1d =
1 2 1

2πσ 2
−1
if |Z̄| > 1.
Z̄ 4 5 Z̄ 6
In the 2D case Φ is defined as
Z +∞
p

y2 + R2 .
Φ2d (R) =
dy φp

(B 4)

(B 5)

−∞

Let us define R̄ = R/σ . For R̄ < 1 we obtain


1
63
Φ2d = 8σ
arcsin(R̄)
R̄11 256

p
R̄(128R̄8 + 144R̄6 + 168R̄4 + 210R̄2 + 315)
2
− 1 − R̄
1280


p
R̄(2R̄2 + 3)
1 3
− 5
arcsin(R̄) − 1 − R̄2
,
8
R̄ 8
(note that the limit of Φ2d as R̄ → 0 exists), and for R̄ > 1 we have


3
1 21 1
Φ2d = πσ 5
−1 .
2
R̄ 32 R̄6

(B 6)

(B 7)

Appendix C. Numerical methods
C.1. 1D case

The equation to solve reads
µr [n](z) +

Z

+∞

−∞

dz0 n(z0 )Φ1d (z0 − z) + V(z) = µ,

(C 1)

for n(z) in the domain D1d = ]z0 , zNz [, with conditions n = nb for z 6 z0 and n = nt
for z > zNz . In the presence of the wall, we assume z0 > zw . We introduce a uniform
mesh: zi = z0 +1z i, i = 0, . . . , Nz . The integral is computed by using a trapezoidal rule
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in the interval [z0 , zNz ], while analytical expressions are utilized outside this interval,
obtained by using (B 4) and the fact that the density there is constant (n = nb or
n = nt ). We then obtain a system of Nz − 1 nonlinear equations for the unknowns
ni = n(zi ), i = 1, . . . , Nz − 1, which are solved by using a Newton scheme. In order to
speed up the scheme, the off-diagonal elements of the Jacobian matrix are neglected,
as they are smaller compared to the diagonal ones (this is especially so far from the
diagonal). The Jacobian matrix can then be inverted analytically in each iteration step.
C.2. 2D case

The equation to solve reads
q

Z Z +∞
2
2
0
0
0 0
0
0
µr [n](x, z) +
dx dz n(x , z )Φ2d
(x − x) + (z − z) + V(x, z) = µ, (C 2)
−∞

for (x, z) ∈ D2d , where D2d = ]x0 , xNx [ × ]z0 , zNz [. In the presence of a wall, z0 > zw .
The conditions outside this domain are n(x, z) = nl (z) if x 6 x0 , n(x, z) = nr (z) if
x > xNx , n(x, z) = nb if z 6 z0 , and n(x, z) = nt if z > zNz . The functions nl and nr are
such that nl (z) = nb and nr (z) = nb if z 6 z0 , and nl (z) = nt and nr (z) = nt if z > zNz .
This choice of conditions for x 6 x0 and x > xNx allows us to examine, for example,
the case of a fluid in contact with two liquid films of different thicknesses, one on
each side.
A uniform mesh is used to compute n(x, z): xj = x0 + 1x j, j = 0, . . . , Nx , and
zi = z0 +1z i, i = 0, . . . , Nz . Equation (C 2) is solved for nji = n(xj , zi ), j = 1, . . . , Nx −1
and i = 1, . . . , Nz − 1. The integral appearing in the equation is computed by dividing
0
the integration domain into three parts: D2d , D2d
− D2d and ] − ∞, +∞[ × ] −
0
0
0
∞, +∞[ −D2d . The domain D2d is defined as D2d
= ]x00 , xN0 x [ × ]z00 , z0Nz [, where
0
x00 = x0 − σ , xN0 x = xNx + σ , z00 = z0 − σ and z0Nz = zNz + σ . Outside D2d
, (B 7) is
used for any nji ∈ D2d and analytical expressions can be derived for the integral when
0
|x0 , z0 | → ∞ where the density is constant (n = nb or n = nt ). In D2d
− D2d , the integral
is computed numerically by using either (B 6) or (B 7) once for all at the start of a run.
In D2d , the integral has to be carried out numerically at each iteration.
The discretization of (C 2) leads to a set of (Nx −1)×(Nz −1) nonlinear equations for
the (Nx − 1) × (Nz − 1) unknowns nji . It is solved by using a Newton scheme. To speed
up the computations, the Jacobian is made sparse by neglecting contributions when
|r1 − r2 |, where r1,2 are the positions of two particles, is larger than a few molecular
diameters. Indeed, since the non-diagonal terms of the Jacobian involve Φ2d (r1 − r2 )
(for the diagonal terms r1 − r2 = 0), they become small as we move further from
the diagonal (as |r1 − r2 | increases, Φ2d decreases). By doing so, more iterations are
needed for convergence but each one is considerably faster than inverting the full
Jacobian. Finally, at each iteration step, we have to solve a linear system involving a
sparse matrix. This stage is performed with a Gauss–Siedel method.
Appendix D. Square gradient approach
A substantial simplification to (A 1a) can be achieved if we assume that n(r)
varies smoothly in the range of φp . Indeed, by expanding n(r) in a Taylor series
and neglecting terms of O(3) and higher, (A 1a) becomes


Z
K
2
2
|∇n(r)| −αn (r) ,
(D 1a)
F[n] = Fr [n] + dr
2
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F IGURE 16. Density profiles obtained by solving (A 4) (solid line) and (D 2) (dotted line) in
the presence of a wall for T = 0.7 Tc and µ − µsat (T) = −0.001kB Tc . The wall potential is
VLJ with parameters βc w = 1.8, σw = 1.25 d and zw = 0. Inset: Density profiles obtained by
solving (A 4) (solid line) and (D 2) (dotted line) for T = 0.7 Tc and µ = µsat (T).
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F IGURE 17. Isotherms obtained by solving (A 4) (solid line) and (D 2) (dotted line) for
T = 0.8 Tc . The wall potential is VLJ with parameters βc w = 1.4, σw = 1.25 d and zw = 0. The
dividing interface is located at zI = zw .

where
2π
K=−
3

Z

dr r4 φp (r).

(D 1b)

Instead of the integral equation (A 4), where Fr [n] is given by (A 1b), we now have a
differential equation
µr (n) − K1n − 2αn + V(r) = µ.

(D 2)
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This local approach has been widely used to compute 1D density profiles (e.g.
Teletzke, Scriven & Davis 1982). It is also the starting point of Cahn–Hilliard
type/diffuse interface equations where the free energy is typically a function of density
and its gradient (e.g. Miranville 2003). However, comparison with the DFT integral
approach reveals a number of shortcomings, especially when it comes to interfaces.
The inset of figure 16 shows the liquid–gas interface obtained by solving (A 4) and
(D 2). Although the overall shape of the density profile is qualitatively similar for the
two cases, differences appear in the transition area, where n(r) varies sharply. This is
even more evident when a wall is present, as demonstrated in figure 16. The local
approach leads to smoother curves with milder slopes and is unable to account for the
small oscillations near the wall.
Qualitative differences can appear between the two methods when considering the
isotherms. For example, in figure 17 the local approach shows a multi-valued curve,
and hence phase transition, as opposed to a single-valued curve obtained from the
integral approach.
Differences between local and non-local approaches have also been examined in
previous studies, for example by Getta & Dietrich (1998, and references therein) in
the context of contact lines. However, in contrast with the present study, they used
a so-called effective interface potential for which a sharp-interface approximation is
made in the direction normal to the substrate.
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