IDENTIFICATION OF SPATIAL MODELS

FOB TEE VIBRATION ANALYSI S OF LIGETLY DAINFPED STRUCTURES

by

PESTER THCHAS GLELSCKN

B.Sc., Liverpool

A thesis submtted for the degree of Doctor of Philosozhy
of London University and the Diploma of Inperial College.

Dynam cs Section,
Devertment of Fechanicel Engineering,
Imperisl Col |l ege of Science and Technology,
LONDON, S.W.7.
Kovember 1979




ABSTRACT

It is accepted today that the design of structures should
i nclude consideration of their vibrational characteristics. It is
thus necessary to obtain structural vibration data by measurement or
by use of conputer predictions and to evaluate and nodify the struc-
tures so that satisfactory characteristics are ultimately achieved.
The amount of data involved is difficult to handle in all but the sim
pl est cases and so relatively sinple conmputer nodel s becone necessary
to reduce this anount and to facilitate investigation of the effects
of changes of design paraneters.

Spatial nodel s consist of matrices of mass, stiffness and danpi ng
properties expressed in relation to selected coordinates of interest,

in particular at points of connection.  The lightly danped structures
featured in this thesis have the property that their natural frequencies
are easily distinguished from each other.  The dynamic range of their

mobi l ity properties is very large.

The earlier parts of this thesis are concerned with identification
of nodal parameters which represent the vibration behaviour of specific
points on a structure. Extension is then made to the relationship of
several points which are related by natural node shapes. It is shown that
such nodal data can be converted into a spatial nodel of the structure.
Particular attention is paid to the need to neasure rotational mobili-
ties and cope with the limtations of transducers. The use of residues
to represent the effects of nodes beyond the range of neasurenent is
expl ored.

The nodel ling techniques are initially evaluated on error-free data
for ideal systens with finite nunbers of nodes end beans with unlimted
numbers of nodes.

The latter parts of the thesis are concerned with the application
of the foregoing measurenment and anal ysis technigues to physical struc-
tures. Good results are obtained for nodelling a sinple beam assenbly
and for prediction of the |owest cantilever frequency of a turbine bdlede
based on nmeasurenents of its free-free properties.
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1. INTRODUCTION

1.1 The Need to ¥odel Vibrating Structures

The design of mechanical structures should include censideration
of the vibrational properties of the structureseand their coxzponerts.
There are recent trends that highlight the desirzbility of developments
in this field. Designs for siructures and comvernenis, szell, large,
mechanicel, civil, all tend towardis the narrowing of safety margins and
the use of less massive cozponents. Light structures tead to have
higher raturel frequencies 2nd consecuently are prone to fatigue more
quickly than their heavier predecessors. Changes in nethods of fabri-
cation, too, contribute to a general increase in the level of vibration
since bolted joints which have friction dazring are often replaced by
welds or by edhesive with smell dissipetive vroperties. A peresllel
tendency is an increzsing intrusicn of vitretional effects 2nd conse-
quentiel acoustic ones into the humen environment. These hetters have

(1)

been reviewed recently by Grootenhuis

-

Accepting the need for study of the vibreiion of structures,it
becomes necessary to consider the methodseppliceble. If the structure
can be represented by simple components such 2s beams,pletes and shells,
then modern computaticnal methods, in perticular finite elenent tech-
niques, car be used to Predict vibration zroperties from design data.
Meny structures , however, contzin components whick cannot easily be
nodelled theoretically either beczuse cf the complexity of their shape
(for example, 2 turbine blade) or bvecause of noen~linezrity and tecpera-
ture or frequency dependence as exercplified by 2 damped viscoelastic
isolation mount. In such cases, direct messurement of vibtreation is
desirable.

ileny neasurenent systems are now availeble znd the gethering of
vibration dete is nade easy by zutomztic recording devices. it is not

S0 ezsy to make sense of the datz or even to gether wisely.
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In sonme applications it may be possible to make direct use of
measured data but in nost cases data reduction is necessary in order to
save storage space and tine of computztion. It is thus desirable to
abstract fromthe large anount of available information that which best
simplifies and characterises the material. This is the essential fea-
ture of the modelling process.

¥ost fields of study involve this or an anal ogous sequence of steps;
the gathering of data, its classification, the evolution of coherent
ideas, the testing of hypothetical representations and then refinenent
of the concepts. (One =gy observe similsrities, perhaps, between the
development of actuarial tables from population statistics; or the esteb-
liskment Of the suthorship of Chapters of the ¥ew Testanent from consi -
deration of textual fragnents or in the nodelling of vibrating structures;
all have the objective of producing useful order from apparent chaos.

it has to be said that the manufacturers of vibretion test ecuip-
nment can al so suoply conputer programs for rmodelling the data obtained.
Such prograns are sozhisticzted and their conplexity discourages the
user of the equi pment from enguiring too deetly into the validity of the
nmodel s developed. No doubt, in a najcrity of cases, the resulis are
guite satisfactory but it is cesirable, in the author's ovinion, for the
development €rgineer designing e struciure to understand the process by
which a zodel is obtained so that he can use his experience and judge-
cent in the selection of data.

The nodel |'i ng mrocedures whicn forma significant part of 'this
thesis are essentially sinple and each step is capable of being tested
i ndependent | y. Computer vregrams are used but data have to be handl ed
ty nend calculator at certain junctures. Such manual work is first
done at stages where considerable reductions of data have elresdy taken

place, are not onerous and have the advantage of giving insight.
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The method i s economicel in tine of computation. Wnen it works,

it works quickly. When it fails, because of error or because derping

1s heavy, the failure is rapidly erperent. |1 cannot be used 2s the

bnly analyticel ool but is potentially nost valuable when used judi-

ci ously.
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1.2 Fundanment al Concepts

This section consists of a review of the basics of the vibrations
of structures, and an introduction to three-dinensional graphical repre-
sentations of a 'response surface'. A variety of nodels is discussed
as a prelude to the identification of data which is the subject of
Chapter 2.

Identification is here defined as the process of determning the
paraneters of a system from observations of that systems frequency

response.

1.2.1 Structural Vibration

A structure* consists of conponents having properties of mass,
stiffness and danping which are distributed in space either in the form
of lunped paraneters or as a continuous system The structure may be
epproximately described by a finite nunber of time-dependent displacenent
coordi nates showing the instantaneous _spztiel distribution of its conpo-
nents. Certain of the coordinates mght be related by equations of con-
straint but there will be ¥ independent coordinates, each corresponding to

a degree of freedom which are known as generalised coordinates.

If the structure vibrates, its nmotion is governed by energy, oscil-
| ating bvetween that associated with inertia elements (kinetic energy) and
that stored in elastic elenents (potential energy). There say al so be an
input of energy froman external source and there will certainly be in
practice a dissipation of energy because of danping. Li ght | y- danped
structures, the subject of this study, may be assuned to dissipate only a
smal | part (say 5% or less) of their energy during each cycle

Equations of motion can be fornulated, for exanple, by applying the
met hods of Lagrange to expressions of energy. Such equations relate the

forces applied to a structure to its displacenents.

* ey words are underlined in this Chapter uhen their specific meanings
are introduced.
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Inportant properties of the structure are associated with free
vi brations which are observed if it is left unconstrained after a dis-
t ur bance. In such circumstances the vibraticn will occur at one or

more of N discrete natural freguencies wrhich are determned by the mass

and stiffness parameters of the structure. ht each netural frequency

t he structure noves in 2 nestursl or princivpal node. The node sheve i S

defined in terms of the generalised cocrdinztes by a colum vector which
has erbitrary ecplitude but fixed ratios betweern its el ements.

L set of principel coordinstes for the structure is so chosen that

when it vibrates in a principal node only one coordinate varies while

the others remain zero. Thus prircivpal npdes heve the property of
orthoaonal itv. If 2 principal coordinete is ncrmeliised so theat it has
defined amplitude it is then known 2s a normml_ coordinate. & set of

nornRl coordinates is linearly releted by a trensformstion metriz to the

set of generslised coordinates and it is thus possible to recast the
eqguations of motion in terns of the normal coordinztes. This procedure
has the advantage, because of orthogonelity, of uncoupling the equations
and maki ng them eesier to solve, although they 2re now expressed in
nod21 rather than spatial paraneters.

When 2 structure is set into motice by ezrlied forces it resvonds
to 2 greater or |esser extent depending on the cegnitude and on the tine-
dependent characteristics of the force, be it randoz, inpulsive, sinu-

soi dal or periodic, Ko matter whet ferm the force takes it is usefu

to consider the freouencv response of the structure wkich invol ves the

reletionship between sinusoi d21 force 2nd resultant notion. This is
not 2 restriction which ceuses | 0ss of generzliiy because the mathema-
tical relationshir between sinusoidal 2nd otherforzs of exciteticn is
wel | established.

The most useful way of quantifying frequency response is to calcu-

late the mebility of the pcint of interest on the structure. Hobility
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is the ratio of harmonic velocity/force and is in general aconpl ex quantity
expressed in nodul us/ phase or real/inmaginary form The other response/
force quantities in general use are receptance (displacement/force) and
inertance (acceleration/force). These three quantities are all nea-
surable on a structure with one or nore degrees of freedomsince it is
possible to arrange that there be only one izput force at a specified
coordinate and then to measure the responses at all coordinates. However, it
is not usually possible to constrain the system so that there is only
one non-zero response When there are input forces epplied at all coordi-
nat es. This means that force/response quantities are pot directly
measurabl e for a systen with nore than one degree of freedom The

three force/response quantities are évneric stiffness (force/disslace-

ment), nmechanical imvedence (force/velocity) and zzoarent mass (force/

accel eration).

The siX cuentities are xmown generally as nechani cal imvedznce data

(or latterly as mobility data) and their use is an exanple of the

mechani cal _impedance et hod. Each is a ahasor quantity, being repre-

sented on the irgend diagram by a rotating phasor(as is electrical impe-
dance)but they have the added conplication not encountered in the elec-
trical case of being_vector quantities requiring description in spatial
terns. In the most general case one point On a sinusoidslly vibrating
structure may heve three translational azd three rotational coordinztes
each of which has a tine dependence wrick can be described by a rotating
phasor.
The structural vibration ccncepts briefly summarised above are

exhaustively treated in books by Zurty and Eubinstein ( 2 ) and

(3).

Feirovitch iiobility nethods are conprehensively introduced by
Ewins(4 ) who gives an extensive list of references. Books by Bi shop

and Johnson(5 ) and Salter(6 ) are classic works in this field. The

(7)

book by IlcCzallion covers r~uch of the zround ené has the advantage

over those two 'classic' works of being still in orirnt.
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1.2.2 The 2esponse Surface

The frequency resnonse characteristics of several points on a bear

are represented in two dinensions in Figure 1.1, The beaz i S undanmped,
freely supported and excited et the right-hznd tip. zack |ine repre-

sents the linear cobility of a point on the beam 2s 2 function of fre-
guency. Such dete can be revresented Dy ecuztion (1.20) of gection
1.3 following 2nd can be found by vibration testing,

The positive sections of the curves are those where the response
iS in phase with the sinusoidel stinul us. Figure 1.1(a) shows the
point response for which both stimulus ané response ere at 2 = 1, the
right hend tip. Ir this case the response i S in phase with the stimu-
lus on the lcw-freguency Side of the discontinucus change Of phese et
each resonance.  The out-of-phese I€SPONSE at lowes: frequency plotted
is that epprozriate to the high-frequency side of the zero netural fre-
quency Of the rigid body zode. Changes cf vhase are zlsc observed at
the zero-crossings which are characteristic of antirescnances.

The second curve, Pigure 1.1{b) hes similer features to the first
but the resonznces zre not SO pronounced. This i s 2transfer respense,
being the response at Zz=075toforceinput 2t Z = 1. Parts (c),(d)
and (e) of Figure 1.1 show transfer responses et locziions progressively
further along the beam from the stiaul us.

The rel ationships which exist bvetween these curves canbe nore
clearly seen by meking ex ensemble in three dimensions, the third éimen-
Si On being distance Oof the resvonse locziion azlong the bean. The

result is 2 response surface, & general view of which iS given 2s

Figure 1. 2.
In this example twenty-one evenly speced points heve been chosen
from the infinite number available for the continuous systemn and the

twenty-one curves are placed slong the Z axis according tO their svatial
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coordinates. Date were calculated at 101 frequencies to give each
curve.*
The response surface gives considerable informsticn azbout the
vibration proverties of the beam. If it is viewed frex 2 location
near the Z axis 2s in Figure 1.3 a series of mexima are seen in all the

s
v

curves =t the resonarnce frecuencies which coincide wiir natural fre-

guencies, In this presentation of lineer mobility the discontinuous
change of sign of response as the stimulus frequency passes through
rescnance is clear, It is also seen that awzy from resonance responses
tend to be relatively szmall,

A view zlong the frequency axis 2s in Figure1.4 reveale the rode
shapes of the been. The tilted strzight line visivnle et the lowest
freguency IS indicetive of the rigid body node. At z frecuency just
below the first rescnance the pezl mobilities of the twenty-ome points
define a sirplecspatiel curve showing the first bending rode with a
vositive meximurm. At the next freguency, just sbtove this resonaxnce,

a similar curve of opposite sign can be seen. Thus the change Of phese
on pessage through resonance is agasin apparent. The different ampli-
tudes of the node shape curves are related to the closeness of the
stimulus frequency to the neturzl frequency. The emplitude would, in
this undamped case, be unbounded if the forcing frequency was to coin-
cide exactly with the nztursl frecuency. The surface becomes infinitely
steep 2s resonance is aprroached and the amplitude is in practice dif-

ficult to estimate slthcugh the frequency of rescnance can be closely

defined. The rode shepe can be expressed in terms of the displscezent
or trenslation of the curve from 2 reutral position. It can also be

defined by the _slove or rotztion of the curve or by 2 combinaticn of

these translstions and rotations.

* The dzte for the response surface werecalculzted using the author’s
Fortran program FREXRZS and the curves were plotted using PICASC gra-
phics developed by Dr. J.Vince at liddlesex Polytechnic. The

exzzple chosen was the Long bees of Chapters4,6 2nd 7of this thesis.
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The birds-eye view obtained by |ooking at the surface along the
nmobi l ity coordinate as in Figure 1.5 reveals clearly the straight parzl-
lel lines at which there are changes of =sign at resonance. It also
reveal s that other sign changes occur as mobility passes through zero

at antiresonances. It is clear that a resonance =zffects every part of

the systemet the sane frequency but that 2n entirescnance is & localised
cheracteristic., 4t the point at which exciteticn i S epplied, the |ower
end of the beamin Figure 1.5, antiresonances and resonances alternate, this

being a necessary characteristic of point resvomses. ht the opposite end

of the beam there are no antiresonsznces, the non-zero m ni num between
resonances heving no associ ated phase change. For internediate Points
on the bean the nunber of 2ntiresonances decreases wth distance from
the stimulus, a clear pettern being discernible. In general, transfer
respenses, involving force irnput at cne rvoint and response at anot her
include fewer antiresonances es the distance of transfer increases.

L significant effect of changing the driving point in a vibration
test is indicated in Figures 1.6, 1.7, 1.E and 1.9 which show the res-
ponse Of the beamto a central excitation. The beamcentre is a node - for
alternate nodes of vibration a point of zero notion - and these nodes
are therefore not excited. Thus in such cases natural frequencies are
not frequencies of resonance.

The respcnse surfece represents the lerge a-mount of vibration data
avai l able as a result of testing. It may be samvled in various ways
in order to nodel the svstex and thus reduce the dztz needed to repre-

sent the systez's vibration characteristics.

1.2.3 Yobility, Modeland Svetial iodels

The values of nobility represented on the response surface at one
rarticular frequency correspond t0 stizulus al ong cne ccordinate and

thus correspond to one coluzn of the mobility mztriz. There ere ¥ such
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columns in the conplete mobility zetrix EI((JJ):I N whi ch nay be reger-

ded 2s the modilitv nodel of the structure at frequency W. A nodel

represents the physic2l structure in terms of an array of nunbers.
¥hen the nobility nodel is used 2 great deal of data must be stored
since there are 52 complex nunbers (o::-(l-(2 + 1)/2 when the symmetry of

the matriz is taken into eccountjfor esck of many frequencies.

Since each elenent of a mobility metrix can be represented as a
summztion of nodal terms (equation1.20), it is possible to constructanmndal
model of a structure wWhich consists of all the nodal constants together
with the natural frequencies 2nd |oss factors. Jete for 211 the nod21
constants are contained in the node shave metriz (ecuetior 1.19). Thus
the zodal nodel cen be exzpressed in terms of twe Iz matrices with com-
vlex elenents, the first being 2 diagonel matrix of netural freguencies
2nd nod21 | oss factors anc the second being the node shepe metrix.  The
two matrices centein caly (%% + %) conpl ex nunbers in tot21 2nd they are
independent of the forcing frequency. Thus the emount of date to be
stored for the nodal nodel is very nuch |ess ther is needed for the
mobi | ity nodel . If the nobility nodel is needed, for coupling celcule-
tions perhaps, it can be regenerzteé for ezck chosen stinulus frequency

fromthe =oéel nodel . The orocess of extracting mcéel dete fromfre-

quency responses is lmown as NMDA21 anszlvsis Or sSystem identificetion,

¥odal constants for one elenent of the nobility nodel can be identi-
fied, as we shall see, from2 linmted sazple of cata taeken zlong one res-
ponse line of the response surface, finding the frequencies of rescnance
and the level of response st interspersed cff-resoneznce frequencies.
This is considered in detail in Chapter 2.

It would seemto be an equally velid nethod of accuiring nod2l1 data

to establish a resonance and to szzmple each point et resomsnce - worKking

et right engles, 2s it were, to the identification prccess indiceted
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above. Such nethods are used in marny cases, but iheyare fraught
with practical difficulties.

Chief anmong these difficulties is the effect of darping. The
amount of danping controls the amplitude which can be ziiained at
resonance. In prectice, the nature of damping is poorly defined and
the verious nodel s thet heve been zrorosed, visccus, structural,
Coulomb, etc. are et best first order eaprroximetions. The fundanment al
conclusion of the investigation by 3Zishor 2nd Glsdwell (&) into reso-
nance testing wes thzt the whol e pattern of such testing revol ved around
the nzture Of the darping of the system under test. At et time (1963)
there were few experimental date relztinz to the mechanics 2nd the

(9)

effects of ceamping. Silve ené Zesrds revert or the current
informetion about damping effects but the vreblecs ere by no means
sol ved.

if the demping is light, the case considered in this thesis, the
frequencies of resonence are well defined 2nd sevarzted from one anotkher
al though the amplitudes and node shapes 2t rescnance zre not easy to
establish accurately by direct =nezsurement. Fortuneiely, the nethod of
identification devel oped in Chavpter 2 does not reguire know edge of
resonence azmplitudes, at least in the first insteance, since off-rescnance
date substentizlly independent of damping effects ezre used in the celcu~
lation of moczl constanis relasted to mess and ghiffress,

Where dazniaxg is heavy, resonzncesinteract 2nd the resol ution of
nmod21 date hes to be done mode by node, or wiih szell grouns of nodes,
by circle fitting polar plots 2s outlined in section 1,%,1. in such
an instance the damping perzmeters ere esiatlished first ezd stiffness
2nd mess velues subsecuently. The accurazcy of +xe letter data is
dependent on the neasurenent eccuracy 2nd the apposiieness of the
essumed nodel of carzing.  This deperndence or darping is = severe dis-

edvantage. Although this is &an zctive field of research with recent
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(9) (11) (12)

work published by Silva , Geuxroger et =al.

(13)

, Goyde
Hlosternen end Flannelly et al. (14) emong o thers no one nethod of
analysis has established ore-em nence.

In this work demping is considered to be light 2nd veing Of gecon-
dary importance mey often be ignored zltogetrer.  This approach is

suetified fOr three reasons. 7rhe first ic the above-mentiored evail-

O T vl v

1,

etility for heavily danped systems of devel oped anal ytical techniques,
whi ch are tine-consum ng. The second is that =zany struc-
tural comvonents considered in isolation have negligible damping 2nd
exhitit vibration tehaviour dominzted DY their -:cs 2nd stiffness pro-
verties. Thirdly, the enalyticel procedures devel oped are economical dtine.
nce the modal zodel hes beern celculzted, by approdriste methods,
one may then consider its utility. Certeinly it cen be used tc regen-
* cete end,in thet form,iere pari in calculziion of ihe
effects of coupling substructures. It does nct, hovever, lend itself
tc visualisation of the physical structure or to the investigztion Of
the effects of chenge of mass or stiffness parameters.

The equztions (1.12), hewevershowhow the rodal model can be

transformed into a_spztizl model iN whick MASS gnd stiffness elements

canberelated to cocrdinates cf interest on the shysicel structure 2nd

used directly for coupling.
The gpztial rodel can be used directlyinthe regenerstion Of

mobility date 2s is indiceted in Figure 1.10 showing the relationships

betweenthe three zodels discussed. its chief use iS in the design O

structures with specified vibration proverties SUCh zs the svoidence of

particulsr freguencies of resonznce, it IS azenatle, fcr exa=ple, tO
the methods OF Dome etz 127 )*,»rhich esteblish bounés Of response
resulting frem the addition of mass or stiffness elerents ioan existing




igure 1 .10 there zre relaticnshnivs vetween all

engineering design process.
Thus the '{theoreticel' route to vibration anelysis will

v -— <+ - - — - 2 H ~ ~ - - .
4+ with 2 methersti cel spetizl model anc wroceed vie netursl fre-

i

cuencies, mode shzves and =odel damping - the modal model - to predic-
ted responsecheracteristics - the mebility model ~ and there be com-
pared with experimental data.

The 'experimentel' route is the converse. It starts

with experimental response date anc proceeds vie modal data to the

spatizl model, 20mparisons cen be meae et any stage although it is
current tractice to concentrete cn the =sziching of -odal date. In

24
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1,3 Fathenaticel Prelimineries

1.3.1 Vibrztions of an X Degree-cf-Freedonm Svsienm

The eguation of motion of 2 sinuscidally-exciied Nl degree-of-frees-
dom SYS ter mey be written:
—0)2[ :] {q} 1&) {HJ{‘} [I]{q}eiwt ={Q}eiwt (1.1)
e ) - )
where l:] , [ —_] end [,] are K x N naztrices rezresen ss, hys-

teretic d-pin,- and stiffness respectively, and {} {Q} are con-
plex K x 1 column vectors of genereslised displecerents 2nd forces res-
pectively, and W is the frecuency of sinusoidel excitation.

The ecuation of free vibration forthesysier ray beobtained frox

ecueticn (1.1) by replecing W by >\ y & complex cuantity which accounts

Thus  [E o+ iE ; Xzz.:] {} ={o} (1.2)

This eguation revpresentis en eigenvelue »roblexm ané hes K solutions

each releting to & perticuler nmode of vibration.
The ™ node is characterised by an eigenvelue, >\ and by an
- T

eigenvector {1;/}* which specifies the node shape such that:

(& + = - Xi] {V}r ={o} - (1.3)

The conplete set of solutions mey be sssembled into ¥ x I matrices:
D] he diesgonel eigenvelue nmetrix
2nd E\P] y the eigenvector, or m—ode.skape, netrix.

Since the modeshape vectors are orthogonzl ther obep the eguaticne:

il 4

] forr ks (1.4)
CHEEAI
And {W}g D{]{V}I‘ forr =s (1 +5)

{v): [ + =y},
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where kx/mr = >\i whi ch i s generally expressed
= w2 (1 +in) (1.6)
T T
s = natural frequency of rtb mode
nr — gdamping | 0SS fzcter oOf e mode
m, = nodal =ezss of rth node
¥_ = nodai stiffness of rth node

r
Eguations (1.4) and (1.5) may be more concisely expressed I N terms

of the mode shape matrix:

R 06 =[]
PIL =16 - ]

QG her forms cf normelisztion are comron. The zost popular IS

(1.7)

mess-normelisation, summerised in the ecusticns:

e el -b-) (1.8

[&]" [+ =][&] - [A:]
for which (g} _ . /e (1.9)

Is also a solution of ecuation (1.2).

Stiffness-nomalisati oc =ay also be encountered:

W - [A] -
o - - g - (] - [9
with {\,{/}r _ {w}r W, (1.11)

The rzss-normzlised node shzpe vector -{:Z}* IS used in this work,

The conversion of a model model to a svpetiel model IS accermplished

by rewriting equation (1.8), presultiplying by [@]-L and postomultizly-

ing by I—-@_l__,_1t° get: ]
)" [8] 1

B
Fes] - [87 ] [
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Proceeding further by substituting these ratrices in equation

(1.1) we get:

W[ 7 7 - B7ONE ) 6

Premultiolying by [@] and rearranging:

foz- 001 [0 (o) - [@° (<)

Presultinoly oy [1/(A7 - w?) ] end tren [B] to get

) - Bc-on]E ) - MG 0

wher e @I is a matrix of receptance quantities.

{Q} (1.13)

If {Q} has only one element, in the k'th row, we get:

r‘l¢k’/()\$ _wzﬂ
S/ % 5 - %)

E/(Xi—wzﬂ[@]r‘v{cz}= < g (w) (1.16)

stak/(A;‘; ~w?) )

The response q. i S obtai ned by premultiplying ¢ars coluan by the
J

th row of [@]

BN - 0F) (1.17)

Thus g ()= (1¢3 2,’25

w85 { 0 ()

J

A NE -

b

which gives: q.(@) By By @ .18)
Ty - Sa) - Z (N2 _w?)

r=1




We define a 'modsl constant’:

A A = A (1.19)

and USi ng eguastior (1.6) we obtain:

A'X .
< (W) = : T JE (1.20)

W (1= (W/W )%+ i)

in which tkhe receptance °(_.},V 2% =2 zariicular frecuency (J is expressed
Jx

as the sum of a series of modzal terms.

It is interesting to observe from equation (1.19) that the full

. . - th
% X K metrix of rodal constznis at the r  natural frecuency mey be

. . th .. . - .
obtained from ¥mowledge of the r K X 1 model column. This reletion-

ship forms the basis of the derivetion of model constants of responses
not directly mezsured es discussed in detail in Chepter 2. The com-
vlete metrix @I woy can thus se constructed fro-, Imowlelge OF one
- N iy

colunn, corresponding to single point excitation.

28
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Polar Flots
The receptance o(*k<w) as defined in equation (1.20) is & complex
o
excression and a@s such can be rerresented on the cozolex plane by a

(17> Pancu (18). The

o8

pol ar plet such as used by Iycuist or ¥Yennedy an

plot shows the | ocus of o(jk 2s the frecuency W is varied 2nd it is
convenientlv built u» in stages:
Figure 1. 11 (8) is & plot of the function:
/(1 - (@/w )%+ 1)
which IS a 'modzl circle' whose dizmeter is 1/f\r.
The expression, r.»*-.jk/a)r2 IS a complex nuzber wrich can be witten
Creier. Thus Figure 1. 11 (v ) represents the funciion
(ce*® %)/ (1= (W/W )% + 5 )
which IS & scaled and rotated version of Figuret. 11 (a)whose mpgal
circle has dizmeter Cz/q
so far we heve considered only one rode; the other rodes swhose
natur al frecuenciesdonoctliein the rangew‘é’w* will centmiibute
compcnentswhicherenearlyconstent with frecuency and waich can be
represented DY a complex consiant Dr which has the effect of shifting
the rotated nodal circle away from the origin as seen in Figure 1. 11 (¢)

whi ch represents the function:

s (et /- (w/w )P in)

"
‘Jr r
Pinally, Pigure 1. 11 (c) shows the comzlete fuznction:
ji
(g% /(- W/w)? + i )
r=I

whi ch consi sts of several overlapring and interaciing =odel circles.

Przcticzel Svsterms

It is convenient tO ClassS =measured freguency responsedata into
three categories according to tze nature of <neir noler clots. These

cetegories ere:




(a) ligntly dexped
(v) loosely-coupled nodes
(c) tightly-coupled nodes

In the case of a lightly dazpe

large and are swept very repidly

an
~-

o
ir

(]

systex the modsl circles

guercy Wis in
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ere very

crenented. It

is usual fc use the type of plot of log K versus log W developed by
,,(19)12,q e 4 . - ; \
Bode , Bode end Nygquist plots fcr the tnree categories are shown
in Pigure 1.12 .

1.3.2 Mobility and Imvedance Feirices

&£ simple example of the use of mecharnicel imvedance data is ziven
in Figure1.13 in which & beenm substiructure hss <hree coordiinsies of
interest, two trensletionel end one rotsticnal.

2 (\ Figure 1,13 Coordinates of
interest or 2 beam sph-

£ [P

The responses at the three coo

i
Tl

; Z,/F %,/ 13 2
x, G /7)) G/ G/e)] [,
- w5 Wi =)
92 - (92/" 1 ) (62/"2) ( /J' / ‘2
y'e /Y (% 7
‘¥ b(‘*}/‘ 1 / ( /"2/ ( / -~ 3
or } Y] {F} (1.21)
.
where al | the variables are functions of freguency.
[Y:] is the pobility metrix
‘:’11 = .(}11/3’1) is e poirk nobility
Y - = \, W47 +ar
Y, (?2 7,) is a cross movility
Y = (Z,./F,)is & trensfer mobility
3 221 y
Each element of Y| Y [reesursble since it s vpssible to epply
just one force or moment to the substructure end evaluate the resultent

resoonses.
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The rel ationshi ps between forces and velocities may al so be
expressed by inverting equation (1.21) to get:
£} = [2] {&}
wher e |:Z:| = [Y] -

[z] iS the imvedance matrix

It IS imnzant o remerver thet the individusl elerents Of [:%j

cannot be directly measured but must be found by 1 nverting [}{] R

1.3.3 Counling of Substructures

The nobility properties cf a structure may be predicted fromthe
known mobilities Of its substructures by carrying out couclingcelcula-
tions.

The method may be illustraied by the sirple ezarple Of Figure 1.14

in which-g structure C is formed by conneciing subsiructures &4 anc = zi

¢ single coordinete.

-——>—Xa ‘-————D-Xb —-——>—Xc
a b

Pigure 1,144 structure formed by addition cf substructures.

rxcitetion and resvonse for each substructure zre relsted by:

Z = Y PF X = Y. F i =Y F
‘a a a2’ b ’ c c ¢

Wnen the components £ and % are added to for= ¢ we have:

.

X = 4 = X and F = F 4+ F
c & o c e b
which | eads tc: 1 ! 1
Yy T v 7%
c "a b
which IS, 1IN imvedance ierms 2 = Z + Z
c & b
When 4he subsys terns are courled at =ore than cne cooriinztie the

equations above beconme =etriz eguati

RO AR
. [ B - [

Thus coupling is carried out oy the addition of izpedance meirices.

* |n some work in this field pseudo-inpedances wth elenents of the form
3, = ‘1/’1'1 are found. They serve no useful purpcse. To avoid confusion
such notation should be translated into meani ngful mobility terns.
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In the general case each substructure wi

’.I
'__
._. 1]
o’
(o)
]
[0}
(6]
H
[
[ 2]
1]
13
t
®
s}
(e
<
FD
i3

irpedance zatrix referred to coordinztes of interest other than those

involved in +*he connections. The coupling teckhnigue car be illustra-
ted by using two components: A with n_ coordinztes of interest and B

<

with N cocrdinates. The components are couvled et 3, coordine tes

vhet trese
where the later coordinztes are those involved in counling, The parti-

tioning for £ is done so that the earlier coordinztes are to be coupled.

he resulting impedence matriz for  has (n + n.D - n ) coordinates

and the metrix is composed es follows:

' 3
©_1
i}
[ QN
N |
[aN]
o
o
O
+
o
WS
ey —
£

o
o)
o
@)
™
S

21 !
11 ! 2 | 4
a | a E
1
_ g21 22,011 | 12
a & b ! b
L2122
© z 2y
~ N (93

mebilities. This couvnling is the essence of ine 'Zullling Elock NMethed!
- . (20) . . e . - e a- )

of =losterman and Lemon enc is feciliteted ot Zrperiel Collegze by

. \ oy (21)%

Seinsbury's computer »rogram COUFLINM .

* A brief description of each computer vrograxm used in this work is
provided for reference in Appendix A1,
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1.4 Summary of rrevious YWork

Survevs Of Svsten Identification

System identificetion technigues have Seen established in the
fields of control engineering 2nd zerodyrnamic stebility for merny yezrs,
end there is now vast literature on the subject<22>(23). Only in the
sest decede has there been considerabl e resesrch intc the svstern iden-~
tification of vibrating structures. Several vavers which survey this
field of interest have been published. The 1969 paver by Yourg and
On (24) gives an introduction to the field and tabuleies the advanizges
2nd disadvantzges of several identification scherxes. Five categories
are svecified: complete modal informeiion, incomplete nod21 inforzetion,

transfer function, component model couvling and response tirme history

product and zversging. Two pevers eppesr

(@5 )

®
o
0]
.
3
I
bt
t
g
®
Q
o
]
-t
o
2
®
-
0

Thzt by Collins et =zl. emphesized steatisticel hendling of dete and

iterative technigues. Their opinion was thet modelling techniques had

seriously lagged behind analysis capabilities. The paper by Flannelly
. (26 ) . s :
end Berman was specifically concerned with modelling of zerostzce
.. . : , 2 . .
structures. l.ore recently, in 1978, Ewins @7) listed current vevers

inthe field and focussed ezttention on nobility, nodal 2nd spsiial
models and the tests by which they might be esteblished experimenially.
In the irmedietely-followinz sections previous work is divided into
three categeries; mezsurezent of mobility data:; methods of modal ana-
lysis eand the syntresis of =zodels. It must be recognised that these
categories overlap since, for example, the model sought will irfluence

the selected method of testing, but thet there is sone vealue ir paiing

1.4.1 llezsurenent of liobilitv Dats

Since a nobility perzmeter is a ratio of two mechaniczl cuzntiiies
it is necessary to rmaxe measurements USIiNg two transducers, one for

force, 2 force rgauze, 2nd one fcr metion, rmost usuelly an zccelerczeter,




The usual form of transduci ng element i S piezeolectric although
strain gauge and piezo resistive devices are sonetines encountered,
especially if mezsurements have to be made of static quantities or at
frequencies below the usuel 5 Ez cut off frequency of the piezoelec~-
tric transducers.

The standerd techniques of USIiNg vibration transducers zre avail -

able fromtheir panufazcturers, for example Broch (28) of Bruel & Kjaser
and Quackenbush (29) of Endevco. Kerlin and Snowdon (30) report on
- point inmpedance measurenents. L thorough reviewincluding an extensive

(4),

bibliography i s provided by Ewins The mobility neasurenment
facilities available to the Dyremics G oup of the echarnicel Engi neer-
i Ng Depertment Of Imperiazl College are specified in the work of Sains-

(51) (9)

bury and Silve

Some part of thework reported in this thesis extends the multi-
directi on2l meesurement technicues devel oped by Seinsbury.  The use of
pi ezoel ectric esccelerometers 2nd force gauges for measurement of rota-
tions is the subject of Chapter 5.

There 2re many current nethods for establishing frequency responses.
The clessic nethod involving steady state sinusoid2l forces genersted by
electrodynamic shakers controlled by varieble frequency oscillators is
still favoured by experimenters seeking the node shapes of =zerospace

(32)

structures It is usuel to enploy sever2l shakers carefully

adj usted in phase 2nd anplitude so 2s to excite pure nodes of the struc-
ture under test. The experimentzl setting up 2nd distribution of force
is difficult but the respense date eventually obtained require little
processing. The multishaker techni que wes pioneered by Lewis 2nd

63) ,

Wrisley d has been further devel oped by Frzejis de Veubeke 64),

Trzill-Kash (35), Lsher (36), Ibanez (37> Xlosterman 03), de Vries and

Beatri x 68), Sloane 2nd kcieever G9>,Sm' th 2nd Voods (40),Gabri 2nd
1) 54 42)

- ; s 8
Yatthevs Zeller and Andress Zishop 2nd Gladwell (8)

provide a critical discussion of the earlier devel opnents.

35



In many apolications it IS possible, knowingthe derivation proper-
ties of the mobility nodel, to use single-shaker tests to find the com
pl ete response datz needed.

In recent yeears, following the devel opnent of the Finite Fourier
Trensforn (FFT)* by Cool ey and Tukey (43) | it has been possible to use
miniconmputers Or microvrocessors t0O celeulzte, in frections ¢ one
second, the frequency response function associzted With 2 non-periodic
excitetion such as an inpulse or random stimul us. Bansey (44) has
witten 2 useful review paper nentioning pure, sseudo- and periodic
random exci tetion technigues together with sinusoidal testing 2nd
inpact ('hammer') 2nd step relexation ('cable release') transient
met hods. Simlar informetion i S presented in the papers of Sissor et

(45) 5 (46) (47)

al . eterson and ilosterzan and Brown et al.
I npul se excitation witk pul ses of sinple shape are not al-6ays
suiteble for transient testing, however, beczuse zeroes in the nodul us
spectre give regions of zero respomse 2nd uncertainty in neasured data
derived by division of Fourier transforms. \hite (48,49) has devel oped
the rapid frequency sweer technique introduced by Skingle (50) in which,
for example, two decades Of frequency are swept in one second, the
spectrum having a flat nodulus and high cut off rates at start and stop
frequenci es. Teis type of input, sometimes 'wxnownesa 'chirp', gives
transient results with all nodes in the freguency range excited. A
critical guide to PST enelysis is provided by Wilians and Gabri (51)
(52,53)

and alsc Threne . Single point excitation techniques are easier
to apply experimentally than nultipoint testing but generally require
more elzborate anal ysis as discussed by Leppert et al. (54),

Despite the zdvantage of FFT methods in speed of testing steady
state sine testing is still popular. This method is quite slot: but

when controlled by mniconputer can deliver very accurate éatz in a

* Popularly ¥mown as Fast Fourier Transform
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reasonable tine, as asserted by Eamma et al (55) and Williems (56) end
is the method used for ecquisition of experimentzl data in this present
work

-

1.4.2 Fodel Anelvsis

The problem of extracting model date, i.e. resonance frecuencies
and mode shapes, from measured mobilities has been tackled by several
i nvestigators. In the general case where damping may not be neglected
it is usual to carry out a circle-fitting procedure on data v»resented
in the form of a polar plot. The concept was originelly epplied to

(18)

vibration data by Xennedy and Pancu and hzs been devel oped for

(

solution using digital computers by Ilosterman 13) 2nd latterly by
Silva () whose method reguires only a mini-computer, since the circle-
fitting is carried out node by node. in ceses cf close modes it rmay
be necessary to model several nodes simultenecusly end large-computer
programs for this purpose have been devel oped 2nd applied by Gzukroger
et zl. (57) acd Goyder (12), for exemple, These methods use least-
squrres iterations to converge to a saztisfectory result ané need initiel
estinetes of the desired parsameters. A consequence of the circle-fit-
ting approach i s thet modal damping is first celculzted and mess 2nd

stiffness »parazmeters subsequently. The inherent inzccuracy of the

o

demping nodel thus affects 211 calculsated values.

»
br

least-sguares approach i S also used by Det anc lleurzec

(59)

't lznnetje who muliiply out ecuation (1.20) to produce & rational
fraction of two poclynomials which whern suitadbly weighted, can produce
best velues of the coeffi ci ents. The method is suitable for systezs
vith few resonances only since calculations with polymomiels of high
degree are unwi el dy.

(60)

Flannelly et al devel oped 2 method of moézl anzlysis of damped

system An ¥ x I matrix of conpl ex mobility data wes obtained fecr




each node at each of +wo near-resconance freguencies. Extensive zani-
pulaetion of real and imaginary parts eventuzlly produced 2 node shape
vector. Zepetition of the process over the I npdes then geve the com
pl ete complex npde shape matrix, The »rocess map be visualised in
terms of the resvonse surface 2s identifications of catea in 2 series of
YZ plenes placed et ezch rescnence elong tie X cor, frecuency, axic.
rrocess vas checked only by calculations cn computer-sinmulated rather
than experimentzlly-measured deta.

For systems with |ight cderping, sizmpler methods have beern applied.
Hobilities of the form of equestion (1.20) can be vroduced by & set of
uncoupled oscillators connected in series or connected in parellel to 2

(61)

used this latter nopdel when —odel

(62)

ling double cantil ever beazs. Heubert useG & series form with

common tase. C'Zara & Rermmers

data based on antiresonances rether than resonences, developirng an ices
O Ziot (63) presented in 2 classic paper in 1940. Raney irc lu~-
de¢ viscous camring in his npdel and postulzted thet data should be
measured only nesr resonances. In effect he found ezch elenent of the
mass and stiffness matrices of eguation (1.7) by considering only one
colum of the node shape matri x. Such 2 process provides & curve fit
which is valid only around resonances. Raney tested his rmodelling
technigue by using computer-simulated éate 2nd found it setisfecicry, &
sinrvle averaging of five estimates of each =—ziriz el enent being used.

It is to be expected that relatively pocr results would heve been

obtained if near-resonance exnerimentzl data were used.

; ©5)

Eerdenber formulated 2 metrixz exvression releting model con-

stants to measured receptance using the concept of uncoupled oscilletors

end oritted cdamping entirely. e successfully nodell ed the resuonse of
2 free-pinned beam over its first four nodes. Hepingwey (66) used 2

similar zpprozch but s»lit ecustion (1.20) into real 2nd imeginary perts

and used an iterative technique tc estimzte zmolal paremeters. Zis

38
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initial values, needed for the iteration, were found by assuming that
there was no danpi ng. Thus at the first stage, his method is equive-

| ent to the Hardemberg Nethod which has the advantage of sinplicity 2nd
speed of conputation and provi des modal data unaffected by the inzccura-
cies of demping. This nethod is extended 2nd its limtations explored
in Chapter 2 of this work. is will be seen, it has advantages when

applied to experinent2l data obtained in tests on physic2l structures.

1.4.3 Synthesis of Mbdel s

There is a well-presented introduction to this topic "in & paper by
Ross (67). He initially distinguishes between |ow order nodels (rodels
of 2 few degrees of freedom) and high-order nodels, both based on
experinent21 vibration data. Low order nodels involve matrices of mass
stiffness and danping properties which need not have physical signifi-
cance since their primary function is the sccurate nodelling of asys-
tem s dynam c response. Eigh order nodels, on the other hand, zreto
be compered Wi th high-order theoretic2l nodels (often in terns of finite
el ements) for which individual matrix elenments have physic2l interpre-
tetion. There are difficulties, however, because displacenment func-
tions used in finite elenents rarely equal the true System displacement
functions because the former are high-strain energy displacements which
are poorly approximated by discretizing functions. Boss i s meinly con-
cerned with the conversion of the nmobdal nodel expressed in terms of
natural frequencies and node shapes into the spatizl nodel . Reference
is made to the methods of Reney (64) and Ibanez (68) which proceed
directly fromthe mobility nodel to the spatial nodel.

Ross nentions the case, conmonly encountered in experimental work,
in which only P of the total of X eigenvectors of 2 systemare available,
and the inverse of the node shape vect or@l is not defined. One

met hod for making [@_] non-singular is by linmiting the number of
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coordinates used in the model matrix t0 3 the number of vectors deter-

mined. This is t-k-e besis of a truncated or incoxvlete model. The

theory of incomplete models iS trested by Bermen 2nd Flannelly (69) for
the particuler case of many measurement stations and few natural fre-

guencies; common in aerospace structures. Flammelly et al. (70,71)

furtnher considered the nroperties of truncaited models in the predicticn
cf the effects of changes ir systen perzneters, Returning to the non-
singular [@] zetriz, Ross considers the addition of (¥ - P) arbitrary

linegrlv-indevenient vectors tc fill out e e v
arly-incenence Lo $| , a technique 2lso sug~

¢

rested by Tetes tostermen (46) 1 si1ve (9
gested by Fetersor 2nd illosterman . But, zs Silve ( “) comzents,

this eavoroach creates nev vproblexs, In the most cormmon cese of a con-
tinuous systez the ilcez is impracticeble sinceX tends to infiritw,
There is zuch t¢ be seid for using 2 method which is as simple as pos-
sitle and enebles the anzlyst to exercise raximur control

Thepern 72) . e A

Theren cencentrates or the direct identificetion of 2 low

order complete spetial model using Reney's Near-resonance technicue
already mentionecd in section 1.4.2. The method has the defect that
the messmetrixz is determined as 2 function cf pe damping matriz which
is lieble to have large error.  Thoren's comparison of responses pre-
dicted from the svatial model with test results shows good agreecent at
rescnance &s cne would exvect buti voor zeiching in regions zway fro-

b :

resonence, elthouch the iineir graphica ion used tends to

'.._J
ko]
L]
m
0n
M
]
ot
]
ct

suvoress the fact.
severe by Bzgley 100 %geal with 2 very limited2x2
metrix svatial model represeriaztion Of 2 uniforr centilever beam. These

- D

z z however, sirmifTicaent o . .
vavers are, hovever, significent on two counts, Firstly, an e-phasis

I'S puton nmeesurerzents ewav Iron resonance, vref erablyetantiresonances |

m
m
W

. lrnd e it halr +ians and .
thus reducing errors due to shelzer connections ené to inedecuate Mmow-

b ogd o8 =%ee! 3 ™~ mewms aem v - 4 3 : : >
ledge of <amping mechenisrs. Secondly, the procedures were verified by

experimentel measurezents on 2 thysicel siructure.
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(71)

Flennelly and Giansante cerried out tests on a lightly daxped
bar specimen in crder to verify the systen identificetion 'based on the
cod21 analysis method ( €0 referred to in section 1.4.2. The coordi-
nates at which the measurements were made were ezclusively transleationzl.
They chose response date with forcingfrecuencies this time as far 2s
vessible froxm the neturel freguencies end of & cagnituce significently
different (zreferatly in sign 2s well as megnitude) from thet of the
rigid body code. The ultimate cozpariscn of regenerzted resvonse data
with that used for the criginal identification wes very close but the
zodel was not tested in any precictive memner, Dy couvling to mother
ubstructure or by investigeting the effect on frecuency response of &n
edéded mass, for example.
Goyder (75) recently retorted at investi [ [ [ nod
s revorted gation involving model

zrnalysis. and spetisld modelling. Thesystex wes zssumed to have hystere-

tic demping &nd the anslysis technigue depenced on the use of near-
resonance response data. Ze concluded thet modelling could be used

successfully to regenerzte measured data and inccrporated a useful smocth-
ing effect. The regenerated data did tend, however, to be inaccurate

in regions of entiresonznce. The tecknigue revorted involved the idexn-

tification of the mass metrix as a function of the damping varameters.
L particular exarple of a bean with non-uniform cCamzing led to & spetizl

model which wes inaccurste, beczuse the methenmaticel model was sensitive
t 0 resonznces outside the range of measurezernt.

Thus it cen be seer, that there zre 2 number of investizztors work-
ing in the fieid of systex identification who are develoring techni ques
2nd f ormulation which auite often overlsv and at other tires are cozple-

mentary.




1.5 The Scopeand Orgzanisaticonofthis Thesi s

In the course of this thesis it is intended to denonstrate the
feasibility and utility of spatial models wWith rotaticnel as well as
transl ational coordinates. An underlying philosochy is the desire to
achi eve sirmplicity. One mey visuzlise the modelling process as the

estaplishment DY meesurement Of the response surface descriviicn of a

(238

vibrating structure and then the enalysis of that surface remcte fron

resonances so that nodal data are reveal ed which are not affected by

Thus in Chepter 2 the basic identification of one curve in the res-
ponse surface is done by the one-step soluticr of a =metriz eguation. As
limitztions of freguency range beccne apparent modificztions are intro-
duced at low arid high frecuencies tc zitigete their effects. Correc-
tions for the effects of deaxping can be mede after the mess and stiff-
ness proverties of the system are esteblished. The inter-relztion of
curves in the response surface is then used in order to esteblish rode
shapes which are expressed in ferms of rotational and translational
spatial coordinstes wnich can be |ocated at points of interest. Spetizl
modelling iS restricted to the case for which the nuzber of coordinates
is the seze as the nunber of nodes mecdelled.  The processes involved
are demonstrzted in Chevter 3 for ideal lumped-versczeter mess-souring

systems for vkich the preverties Oof incomvlete meodels are investigated.

@

Purther eveluation of the theoretical tools is carried out in Chapter 4
for ideal beans -continuous systems.These are tested by their zccuracy
in the coupnling of subsiructures.

The letter pzrt of the thesis, commencing witn Chapter 5,is con-
cerned witn the develoomeni and azplication Of the measurement tecknigues,
again with an ecphasis orn roteiions, Dy which the nobility data of the
response surfece mzy be estatlished for physical siructures. Zxperience

o

with measurements on unifeorm steel beanms, the sudbject of Chapter €, whese
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properties could be accurately predicted, directs the devel opnent of

exciting blocks for the input and neasurement of forces, torques, trans-
| ations and rotations. Finally, in Chepter 7 the theoretical and zrac-
ticel techni ques devel oped in earlier Chapters are applied to nodels
based on neasured deta.being used for predictive purposes.

Thus the organisation of this thesis =zy be sunmari sed:

Part 1. Development Of Theoretical Tools Chapter 2
Tart 2. Eval uation Of Theoretical Tools

Applied to ldeal Datz Chapters 3, 4
Part 3. Development Of Exzperimentzal Tool s Chapter 5
Part 4. Arplication of Theoretical end

Experinmental Tools tO ezsure-
ments of Vibration of Physicel
Structures Chapters €, 7
The Figures used in illustration and the Tabies of data are in nost

cases grouped at the ends of the appropriate Chapters.
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Figure 1.1 Frequency Zesponses et Different Points on a Beanm
Lineer Mobili tv V. Logeri thmic Frecuency

Frequency (Hz)
.

10 86 237 400
,I i ’
+ : ‘I |
H i
| |
,': | /N |
(2) Yo, O =l =~ i
i !
+ : |
| .
(v) Y, 0 S S
45 | jﬁ
l |
{
! |
) ; o
\ !
N | !
(c) T35 © I e === X
|
|
l
+ |
| |
1 /|
(d) Y O o Sl A e
25 T v [~ &
| I
| |
* ! |
/| |
/l§ .
(e) 15 O |l 7rmmrmm e ot - ; } X
| i
|

Coordinates 1 , 2, 3, 4, 5 2tZ2= 0, 0.25, 0.5, 0.75, 1.0 =L, along bezn
Stimulus at ZI, tip of bean, cocrdinate 5
(2) is a Point Zesponse; (b) to (e) ere Trensfer Responses



Response (Linear HMobility)

i

Coor di nates —

Al ong Beam
(Figure 1.1)

_———— %t

S/ZE
Poi nt of
Excitation

Figure 1.2 General Vieow of Response Surface

X Frequency

7, Along Beam

(Hez)

S



X Frequency(Hz)

T
::—-: ,E'l -
I’ ’:-.:-::1.____: e
K
72

A

by =

Point of

Along
Beam

Excitation

Discontinuities at Resonance

Responge Surface viewed along 4 Axis

Figure 1.3

F4S



goduyg 9po) : SIXY AduonbaXy JUOTE POMOTA advJing asuOdEay $*| eandty
wwag
guoty a4 0 | 9poy
Z \ \ i i ) T _ . :
- A\ T ] ; n ZH Ol
a2
X
(£3TTTQ0H
1BdUTT) asuodsey

ZH 98 ¢ °9POon

2H L¢2 ¢ @poy
ZH OoY

Aouanbaay Yy




Figure 1.5
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Figure 1.11 Construction of Nycuist Plots of Frequency Response
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2. IDENTIFICATION OF MODAL DATA AND CONSTRUCTICN COF TEE SPATI AL MODEL

The objective of the techniques developed in this Chapter is the
extraction of the nodal nodel froma structure's frequency responses
and the subsequent construction of a spetial nodel of the structure.
Since consideration is restricted to lightly danped systems it is
easy to identify the natural frequencies wkich constitute the
ei genval ue matri x[)\:] fromany of the curves thet make up the res-
ponse surface of section 1.2.2. The node shape rmetrix [@] i's obtained
from the nodal constents which are formed by consideration of one curve
of the response surface at a time in section 2. 1. The inter-rel ation-
ships of nodal constants which enable a reduction in the anount of
measurenent and anslysis ere treated in section 2.2 ané the final

2ssenbly of the spetiel nodel is the subject of section 2.3.

2.1 lodel Anal ysis of One Frecuency Response Curve

The nunber of npd21 constants that can be ccxputed is finite,
al though there are theoreticelly arn infinite nunber of nbdes which con-
tribute to one frequency response curve of a continuous system which
has an infinite nunber of degrees of freedom Thus in this general
case,anelysis can provide only inconplete nmodal representztion. Eow=-
ever, it is desirable to establish a zmethod of identification of all
the nodal constants of 2 system xith 2 finite nunber of degrees of
freedomas 2 prelinmnary.

2.1.1 Complete Model Tepresentation

fundamentzls of Iédentificetion

This is the case where 2 frequency response curve contains contri-
butions froma finite nunber of nodes, I',endis to be analysed into ¥
sets of nmodal constants. If danping is initielly ignored as 2 second-
ary effect,there is the edvantage of 2 very sinple cozputation yield-

ing reel nodal constants.
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The key rel ationships are devel oped from the ecuation:

This mzy be recogni sed es equation (1.20) with loss factor

Wecan select Kk

e

_Q1,Q.

r L

«jk(ﬂ,‘ )

el )

2, s 0.

e
|

.

)
J

A,
r ik
wrZ _ 0)2

o}
o(jk(w) = Z
r=1

. and mte:
N

1/(&)12_5112) 1/(@22-n12> S

1/(w, *-9,%)

]

| {sat@} = [
Tzl

IxN

{}‘ .1}
Jk
1

%1

(2.1)

set

("

discrete velues of d.jﬁ(\/\), seyet frequencies

1/(@)}32_1212)

2 2
1/(W, =10,

(2.2)

An alternative forz of this equation arises when the meesured data

are expressed in inertence

-F‘

orm, convenient because acceleration and

force are the usual cessurands when piezoelectric trensducers areused.

Using the substitution:

2
Ijk(w) = -0 djk(w)

equation (2.2) car, be rewritten:

~ .

1/(1-w 2/ %) /(10,20 7).

{me} = [ {5

Xx1 Job:a3) Lixt

(2.3)

1/(1-44,2/9. %)
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t

The netural frequencies 601, w2 ........ wl{ are obtained fromthe
resonances of the frequency response curve. Itis prudent to check by
exam ning other curves belonging to the sane response surface that no
natural frequency is mssed beceuse the point of excitation or response
IS a node.

The relzted matrices E_Q] and [R] contain terns which are
functions cnly of the neturel frequencies 2nd the sel ected response
f requenci es. The terns are real and of either sign and either matrix
IS eesy to invert. Their reletionship nmay be expressed:

[R] = -rwi] [Q_] (2.5)
where [wzj is a diagonal metrix with elenents .Q.12, sz, QNZbased
on the selected response frequencies. The matrix@l Is slightly
more convenient to calculate since it involves frequency retios and,
therefore, needs no terms in 2T when data is obtained in Eertz.

The nodal constentscen be identified by using either of the equa-

tions:

fe}- ] {djk(‘”} (2.6)
or {Ajk} = [R] -1 { Ijk(w)} (2.7)

The selection of resvonse data points is considered in sone detail
in section 2.1.2 following but it may be said here that good results
are usual |y obteined if 2s many es possible of those points are anti-
resonances. Certzinly it is wse to avoid data points near resonance
since they zre liable to error in the receptance value because of the
unaccount ed effect of damping 2nd because there woul d be en exceptionally
lerge element in the retrix EQ.-J whi ¢h would tend tO meke It ill-
condi ti oned. Intuitively, also, one would seek to mnimse the range
of the nunerical value of the matrix elenents by having the frequencies
i nterspersed .....Wg, .QR, (&JR_H _QRH,etc.

As en example, consider the identification of 2 point response Of

an undanped 5- degree of freedom system (tket of section 3.2). The
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data used in the identification of the nodal constants by anal ytical,
digital neans are indicated in Figure 2.1 as a clot of logarithmc
modul us of nobility against |ogarithmc frequency. The segnents
between the discontinuities at rescmance and antirescnance are |abelled
+ or - according to the phase angle (+ or -90°),

There is a striking parallel with the graphicel, anal ogue nethod

(¢ )

of analysis devel oped by Salter in whick a skeleton of mess-
and spring-lines of slopes + and - 20dE/decade respectively is sketched
onto a neasured frequency response plot as shown in Figure 2.2

while the corresponding values of nmass and stiffness are not directly
the nodal zass and nodal stiffness properties, they are related to them
and one set can be celculated fromthe other.

The data used in identification of a transfer response are shown in
Figure 2.3 in which it may be seen that in the absence of antiresonances
betweern t he resonances at w2 and (,)4, response freguencies 'Q'j and _Q4
are set at local minime. Thus, in all, three non-zero responses are
used. The corresvonding Salter skeleton is seen in Figure 2.4 in
whi ch a change of slope from -20 to -40 dB/decade occurs at &_ and a

3
further change to -60 d8/decade i S seen atW,, The slope rel axes by

4
+20 dB/decade at the last antiresonacce, then plunges again to meximun
st eepness above the final resonance. It is a satter of sone impor-
tance that the general level of the point skeleton in Figure 2.2 is
roughly constant but that of the transfer skeleton has a very clear and
rapid dimnution at high frequencies.

The identified nodal constants hzve signs which are the sane as
those on the |ow frequency side of resonance in Figures 2.1 and i.3
Thus the nodal constants of the point resaonse are all positive and
those of the transfer response are of both signs. Plainly, when all
nodal contributions are sumed as in eguation (2.1) the effect of nege-

tive terms is to reduce the level of response. Again, transfer res-

ponses are seen to have |ower |evels than point resvonses.




Dami n

Al though danping has been onitted fromthe identificetion process
so far it cannot be ignored altogether. Salter indicates that the
skel eton shoul d have its vertical |inbs adjusted in length according to
the resonant anplitude of the response curve and then be clothed by a
curve Whose sherpness i S inversely relzated tc the amount ¢f danping
which Salter expresses in terms of Q the inverse of the |oss factorn.
This process is analogous to the techniques used by Gerasimov (76 )
in the nodelling of the conplete human body starting fromthe skel eton.
Ei s subjects ranged from unidentified nurder victins to Ivan the
Terrible. The inportant advantage of the identification process of
equation (2.3) is that it estetlishes the nodal constants upon which
the structure's mess and stiffness parazeters depend without any error
due to the caprices of danping whick IS 2 liziteiion of the poler res-
pense circle fitting routines reviewed in Chapter 1.

It is convenient to include a |oss factor as a secondary correction
if necessary. The sinplest avproach is found by considering equation
(1.18) for the condition & =@_. In this case the series for o(jk(wr)
is dominated by the +% termand there is a resonance peek whose anpli -

tude has negligible contribution fromthe other nodes. The equation is:

n A,
°<'k<w-> _ I‘_.]k_z
Toan e, (2.9)

fromwhich the |oss factor is obtained:

=
N, = l& r(wjilw > (2.9)
Jkt r
This fornulation is given by Zwins(77) who develops it further to
obtain the loss factor in terns of measured responses at two neer-
resonance frequenci es. The iterative nethod used by Eezingway ( 6¢)
already referred to in section 1is elso relevant but is more conplex

than that presented in equation (2.8) and seens to give no zdvanizge

for loss factors | ess than 0.01.
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The Accurscv_of | n n
(2) Zrrors in Matrix inversion
The central calculation of identification is the inversion of the
[R_Jmatrix, a process potentielly subject to error. The inversion

of this matrix may be sunmarised here under three headings.

(i) Estimste of Lost Digits

(78)

This hes received attention from several authors. Strang
defines the condition nunber, C of a matrix I:A:] whi ch inéiceztes t he
likelihood of error in the calculation of A .

For a symetric positive definite matrix

¢ = )\1\5/)\1 = >\ max//\min = ratio of eigenvelues
one may quote Strang:

"The usual rule of thumb, experinentally verified, is thest the
comput er cen | ose log C decimal places to the roundoff errors in
CGaussian elimnation.”

Flannelly (79) obtains this result ealthough his development
i ncludes a step which is inadmssible according to z‘-.lbasiny‘*( &0 ).
The matrix[:R] is not symetric and therefore not positive definite
ei ther. I't has conpl ex eigenval ues. Strang deals with this general
case by defining the condition nunber as the product of the norn of the
petriz 2nd the norm of its inverse. However, it was thought to be
simpler (2nd equelly valid) to calculate the cozplex eigenval ues of
[R] 2nd then to ccompare the moduli of the l[argest 2nd smallest.
l-mode identification cf Sever2l sets of data were carried out with
¥ =2,3% 4,5, The eigenval ues when plotted on an Argend diagram
were either on the real axis orsymmetricel about it with relatively

smal | imagi nary conponents. The retic cf moduli of |argest eigenval ue

to smallest indiceted thet the nunber of digits lost in the process of

* an error pointed out by s B. Eillary.




inversion tight be 2s high 2s 2 or 3. Since the cozputers used handled
more than 6 significant figures it was thought that at |east 4 signifi-
cant figures would be retained in the inversion and that this source of

error was not inportant.

AN . L .- o .
(11) The Determinent end liorm Of lNztrix ITP:]

These properties of a matrix are defined in Appendix ASin section

£53, They were calculated in the course of a lerge number of inver-

si ons. The calculeted determinents vari ed between 2 x 10~% and 1x103
and norns between 1 x 10'5 and 0. 95. No correlati on was observed

between errors in inversion and the values of the corresponding deter-

ninent Or nom

(ii+) The Product of ixzatri:[ R]a::d its lnverse

4 direct checkx on the accuracy of inversion of 2 oatrix cen be
obtained by nultiplying the originel metrix by its calculeted inverse
and comparing With the unit matrix by ezamining the of f-di agonal terms
whi ch ideally should be zero.

This was done for three typical sets of data and gave results
whi ch indicated thet there was little error in the inversion of this
type of matrix. The largest of f-diagonal terz in any of the 5mode
celeulations was 1 x 107°.

It should be noted that the metriz inversion routine used was
HATTWY adapted by Seinsoury (21) from the CERI Librery routine for
solving a syster of equations by Jordean's method Wi th pertiel pivoting.
points out that roundoff error comes froz tWO SoOUrCes:
first the natural sensitivity of the zroblez, which i s meesured by the
condition nunber; and then the actual errors committed in solving it.
These errors esre minimised by partial pivoting.

¥e mey say in conclusion thet mztriz inversion is not 2 signifi-

cent source of error in these idectificatioc calculations.
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(¢) Errors in Input Data Levels
h

The rJc th

modal constant is the product of the r row of the matrix
[R] 1 and the colum of neasured inertance{l} .

A =R I +R, I+ R Lo (2.10)

. . th
vhere 3ri is the i th

el enent of the r*® row of[ﬁ] "1 and the notation
for inertances and nodai constant s issimplified by dropping the jk suffix:
I, = Ijk('o'r> ! Ao = rAjk

Ceneral Iy, the nunerical values of the elements of the rows of
[R] ~! becone smaller as i increases. Thus the errors of | [ are more
significant then those of L in contributing to the error in the value

of 4 Since it is usual for neasured data to be nore =zccurate at

1 L2
| oner frequencies, this feature is likely to be of advantege when identi-
fication i S based on such data. The advantage of using antiresonance
frequencies giving zero values to all Ir except one is elso apparent.

(65)

Ear denber g suggest ed thet the lees: squares estinate of {A}

woculd be given by linear regression:

o = (PR ENE) e
inproving the accuracy of the nodal constants by increasing the nunber
of measured inertances included in the calcul ation. Thi s pseudoi nver se
approach is valid for the conplete nodal representation of this section
but is not valid for the nore usual incomrlete nodal representation to
be discussed in section 2.1.2. Thus the situation remains that the
nodal constants' accuracy depends on that of the selected inout data.

If 2 particular deste point selected for inclusion in the identificetion
cal culations turns out to be significantly in error it may be detected
by graphical conparison of the original data with the smooth curve
regenerated fromthe nod21 constants by use of equation (1.20) for a
suitable range of specified values of W. The regenerated snooth curve
nust _oass through the selected reasured data points and should fit to

211 the others also. @Goss errors can be avoided by making this conparison.
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Corperison Of Fodelled Resvonse With Oiqginal Data

Gravhical Presentation

If the frequency response data to be presented covere wice range of
frequency,it is usual to have the abscissa, the frequency scale, |ogar-
ithmc. The only exceptions occur when the range is to be extended
down to zero frequency or a very narrov range in the region of one
resonance, for exanple, is to be plotted. Cf logarithmic ranges one-,
two- and three-decade ranges are encountered with two decades being the
conmonest .

When consideration is given to the scale to be used for the ordi-
nate then nore choice is apparent. The vertical scale may be
logarithmc or linear and any 0f the three response quantities, recep-
tance, mobility or inertance may be chosen. An exanpl e of each type
iS given in Figure 2.5(a) to (£) in which a regenerated curve approxi-
mates to original data for the point response at the tip of a beam
The linear plots (a), (b) and (c) all have nost points close to the
frequency axis with only the resonance peaks clearly delineated. The
di vergence between the regenerated and original data is nmost marked in
the case of the inertance curve at high frequency, being virtually
invisible on the high frequency end of the receptance curve. In con-
trast, the inertance values at low frequencies are very small and
uni nformati ve. kntiresonances are not clearly indicated in any of the
l'inear plots.

The plots (d), (e) and (f) with logerithmic ordi nate exvressed in
deci bel s* 211 show resonances as do the linear plots, but they also give
equal |y clear indication of antiresonances. The three presentations

differ in the general trend of the plot, that for receptance falling

* Decibels here are defined in control engineer's rather than scousti-
cian's terms:
Kuzber of decibels (é8) = 20 log,, (modulus of measured resoonse)
reference response

}Nnere E).hle. tref erence response is the appropricte SII umiit egz. 1(a/s)/¥
or mobility.
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with increase of frequency, the nobility plot being approxi mtely con-
constant Wiile the inertance plot rises. Thus the nobility plot fits
best inside a rectangular frane. It also has the advantage of symetry
since the mass lines and stiffness |ines have opposite slopes of equa
magni t ude, 20dB/decade, as seen in Figure 2.3.

The di screpancy between regenerated and originel data is equally
apparent at the high frequency end of all the logarithmc ordinate plots
since the divergence expressed in d¢& is the same for receptance, mobility
or inertance. On balance, therefore, the nost useful presentation of

frequency response data is of logarithmc nobility v. logarithmic fre-

quency.

Visual Cozperison Of Plots

It is desirable to attempt to quantify the tolerance inplicit in
the visual conparison of regenerated with original data. Let uS assune
that the plot is on an 44 page and has hnorizoztally 2 decades of fre-
cuency in 240mn and vertically 100 &8 in 150m=. Let us al so suppose
that a discrepancy of 0.5mm is noticeable but one smaller is not.

The nininum resol ution horizontally is thus 2 x 0.5/240 = 0.00417

decades, which can be interpreted by considering the follow ng:

1 decade = frequency ratio 10 :t
0.5 decade = " " \/10 1= 3.16 : 1
0.00417 decade = : w1099 T 1~y 006 ¢

1.0096 : 1 is very close to 1%

The mininum vertical resolution is 100 X 0.5/150 = .333 4B whi ch

corresponds to 4%,
In the regions of resonance orantiresonance the response curves are

very steep and it may be that anplitude errors much greater than 4% will

not be noticeabl e. I'n such regions, however, the frequencies of
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resonance Or antiresonance are nost clear. Thus if data for identifi-
cation were gathered directly froma plot such as Figure 2.1 it shoul d
be expected that the frequencies would be accurate within 1% and the
measur ed level,away from resonance, be accurate wthin 4z, In nost of
the work reported in this thesis,the data selected for identification
werechosen froma digital printout with an accuracy in both frequency
and response of 4 significant figures and nobility graphs were used in
conmparison to avoid gross errors of modelling and not as sources of data
inthe first place. A final coment: if a pair of curves being com
pared coincide at antiresonances as well as resonances the discrepancies
in between do not seem significant whereas a failure to match anti-
resonances is very noticeable even though the absoiute value of the

di vergence mght be very small.

Pr ogr am IDENT

This programwas witten by the euther in the conputer |anguage
DYNAMIC FOCAL appropriate to the Solartron Ji 33&t1 Progrez Controlled
Frequency ZXesponse Anal yser incorporating a FDP8e minicomputer. This
equi prent is interfaced to peripheral devices, an XY graph plotter, a
hi ghspeed tape punch (HSP) and a highspeed tape reader (ESR).

The flow chart of the nmain segment of the programis shown as
Appendi xA2.  Deteils of mnor segments are omtted since they are conven-
tional. The central calculation is that of equation (2.7) involving the
i nver si on of the[R] matrix and the establ i shment of modal constants
in terms of measured inertances. If desired, the loss factor of a
lightly, danped system may be estimated by using ecuati on (2.9).

The program incorporates sections for printout (listing), punching
of tape or plotting of frequency response data obtained either as a
result of identification cr froman external source tape, Such taped

data may be input and output in a variety of formats. The data can be

coded in ternms of receptance, mobility or inertance v. frequency for



input or output. The inertance data output in a special code byt he
Solartron 1172 Transfer Function Analyser can be directly jnput to
IDENT, Identified nodal constants can be stored on tape gl so. G aphs
can be plotted in any of the forns of Figure 2.5 and with aiinear fre-
guency axis.

The 'standard' way of using the program is: first, to plot the fre-
quency resvonse corresponding to a set of neasured data read from paper
tape; second, to carry out the identificaticn calculation and third,
to regenerate the response and conpare it with the original by plotting
it on the same graph - using ink of a different colour. If the compari-
son is not sufficiently close another selection of resscnse data may be
made and the second two steps repeated.

This version of IDZXET has been used ty nmenbers of the Dynam cs
roup I N the Fechanicel Engineering leperiment of Inperial College since
1976 and has proved useful, not |east for the zrapn plotting facilities
i ncor por at ed. 4 simlar program with the same nane has recently been
developed by . Ktorides for use with the mzin-freme CDC conputer and
its associated graphics facility. Once date havebeen entered the new
programis much faster in celculation and plotting than the laboratory-

based m ni conputer version.

2.1.2 Incomvlete iodal Representation

In the majority of practical cases vibration data are acouired by
measurement over limted frecuency ranges on structures which, being
continuous, have an infinite number of degrees of freedomand a corres-
pondi ngly infinite nunber of resonance nodes. Thus it is inpossible to
carry out conplete nodal analysis with contributions from all nodes. In
the general case,an N-node representation can be used to approxinmate to
a greater-than-Z-nmode set of data. In this section sone consideration
is given to the quite large errors involved in the epproxizetion. &4

graphi cal approach is used initially in which L-mode regenerated responses
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are conpared with the original conplete response data. If a discre-
pancy is visible on a nobility plet,it is quite large, as was discussed
in the previous section.

It i S irmvortant to note that wi th incomplete nbdal representation

there can be no urnicue solutions for eauations (2.6) or (2.7). Even

with error-free inversion and error-free receptance Or inertance data,
the values of the nodal constants depend on the selection of response
dat a. For this reason a |east scueres or pseudo-inverse approach
using many sets of response data instead of only ¥ will not converge to
give an ideal set of nodal constants. Fevertheless, such nodal data
as may be obtained can be evaluated and put to good use as will be shown
in the fcllowing sections.
¥uch of the follow ng discussion is based upen graphs of the fre-
quency responses fromthe matrix of nobilities of the tip of a sinple freely-
supported beam - the Long Beam specified in Chapter 4 and experimentelly
investigated in Chapters 6 and 7. The matrix involves two coordinates
X and 6 and corresponding stimuli, force F and moment M,
[Y] (x/F) (&/m)
(8/F) (8/1)

The response data of this matrix to be treated as 'neasured' were

obtained from closed form cal cul ations based on the Bishop and Johnson

(5)

Tabl es Such error-free data incorporating 211 the nodes were
then identified and an E-node approximate response cal cul ated using

IDENT.

The Zffect of the Kumber of HKodes Represented

This effect is illustrated in Figure 2.6 in which the continuous
system is represented by 2-,3-,4-ané S-mode approximetions successively.
Since txre first mode of the freely supported body is at zero frequency,
it is not plotted. The arrows on the Figure indicate the response

data used in identifications - not antiresonances but corresponding to




m d-anpl i tude responses just below resonance. The two sets of curves
coi ncide at these Points, of course. Consequent |y, the antiresonances
do not coincide, although the error decreases as the nunmber of nodes

i ncreases. Above the last node represented the regenerated curve

is always asynptotic to a mass line at -20 d%/decage. The fit of the
two curves is quite good up to the Iast resonance included, but not

beyond.

The tccurscv of Modal Constants

if all the nodes coul d be recresented, then, given an error-free
matrix inversion and error-free inertance data, an accurate set of
nodal constants coul d be obtained by using equation (2.7). This is
i mpracticable for continuous structures in general but in the special
case of .the ideal beam,Bishop &Johnson( 5>provide tabui ated data from
which the infinite-series nodal constants may be cal cul at ed. These
data are node-shapes typified by the vector {ﬁ}r. Modal constants
are obtai ned by appropriazte use of eguaticn (1.19) or, for the nobdes at
zero frequency, from rigid-body inertia terms. Figure 2.7
shows a conparison between the summation of the first five of these
“infinite-series’ nodes and the closed form responses which are equiva-
lent to the conplete sunmation. Trhe m smatch of antiresonances
becomes greater as frequency increases. In contrast, the conparison
of the five node identification based on antiresonances with closed-
formdata is shown as Figure 2.6. The curve fit here is of better
appear ance because the antiresonances, being selected data, catch
accurately. Thus the better curve fit is given by |ess accurate data.
It is appropriate here to recall the ultimate objective of this Chapter
the spatial nodel. This is to be found using equation (1.12) from

mode shape data which are related to the infinite~series nodal constents.
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W should direct our investigations of curve-fitting with the funda-
mental criterion that the infinite-series constants are correct and we
shoul d edopt a strategy which allows as close an approach to them as
possi bl e.

It is observed fromFigures 2.7 and 2.8 that discrepancies are
most marked for the rotationai response (§/i). These can be expl ai ned
with reference to Pigure 2.9 which shows the nobility contributions for
each rode separately, each one having a characteristic response as
specified in Figure 2.10 xith the curve fitted to three asymptotes.

In the case of the trensleticznel point response (5:/?), successive mode3
have nobilities which decline with increasing frequency, followng the
-20 d8/decade mass |ine. The internediate cross responses (%/¥) and
(é/F) share the same values since the nobility matriz is symetrical
and theydecline at the |esser slope of -10 a=/decade. Finally, the
poi nt rotational response (5/) has mobility contributions which are
constant with frequency, thus maximsing the |owfrequency effect of
high-frequency nodes.  Since (&/1) represents the nost difficult case,

it is the focus of attention in the follow ng sections.

The Contributions of Lox- and Zigh-Frecuency Kodes

Let us designate the nodes that have natural frequencies within the
measured range as 'low' and those of higher freguency outside the range
as 'high'. Accordingly, designate the inertance contribution from low
modes as IL ené that Trom high nodes as I.. Thu3 the 'measured' iner-

tance selected for identification caleuleticn i S given by:

{ry = {1} + {z} (2.12)
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Accordingly, the nodal constants {A} have two conponents; given
by:
{;'} = {AC} + {AE} (2.13)
where suffix C = Correct and E = Erroneous
and {AC} [D] -1 {IL} (2.14)
{2 - [ 7 {5} (2.19

We wWish to select response frequencies so as to naxinse {Ac} and

mi ni mi se {AE}, which is seen from equations (2.14) and (2.15) to be

equivalent to rraxirrising{l} 4ith respect o {IE} . The 'shape'

L

of the rﬂ - matri x also has & significant effect.

The Shape of the [a] g Matrix

It is instructive to ook at results in which the effect of selec-
tion of ideal, error-free response data upon identification accuracy is
i nvesti gat ed. The regenerated azd original curves for (&/i) for two
cases are shown here in Figure 2.11.

The response data of set Dt were chosen to have nid-range mobility
modul us and +90° phase.  The identification curve-fit in Figure 2.11(a)
is seen to be reasonabl e, showi ng divergence fromthe true curve only
at higher frequencies.

The response data of set D2 are substantially the same as those
for 31 with the difference that the response at 5C.| Zz i s czitted and
that at 1030 Zz added. The regenerated curve based on identified nodal
constants does indeed match ike sel ected date vpoints in amplitude and
phase but is otherwise catastrophically wong. 111 the identified nodal

constants have the wrong sign es indicated by the signs sir 2irure 2.11(b).



The reason for this dram-tic failure can be found by studying
{IL} , {Lﬁ‘} and [:R] "1, which are presented for each set in Table
2.1. The data for set 31 shows in the{.&ﬂ} column an error which
increases greatly with node number. This indicates the genersl trend
for the nodal constants of higher nodes to be exaggerated because they
are increasingly influenced by the high frequency oat-of-rage nodes.
Anotker ccxparison of Figures 2.7 and 2.8 at this junctureconfirms the
trend. The response regenerated from some of the infinite-seriescon-
stants is lovwer than the true curve at higher frequencies.

The reasonably good results for the 31 set were obtained despite
the very large errors in the last twe rows of {I} as seen explicitly

-1
in {I, 3 This happens because the right hand columns of [R__}

have elecents which are smell compered with those irn the left hand columns,

and this results in the {A} velues being substantially dependent
on the more accurate low frequency data of {1} The elexents of t&

4 : 1 ané those of the last

first row of [:R] -1 have a range about 10
row about 50 :1.

When the 32 data of Table 2.1(b) are ccnsidered,it is seen that
the {A} constants are all of the wrong sign and megnitude. The {I}
dzte on which these constants are based are verysimilar to those of
set D1 but feature a very large error in the last row. The @I 1
matrix, however, is remerzaebly different froa its D1ecuivalent in that
the range of values in any row is reduced and the largest values are
not always in the left hand colummns. The first row has rangei1C0: 1
and the last 1 : 10. Thus {A} has a greater dependence on the lower
elesents of{I} corresponding to the erroneous high frecuency data.
The differerce in ‘shape’ of the D2matrix arises principally because
the freguencies &11 ...... UN’ L0 £ . are not uniformly

N
alternated.

7



Teble 2.1 The [v] -

Metrix,

Inertances znd Lodel Constants

() Set D1
1,45 -0.48 -.009 -.000¢4 - .00004
2.06 -2.18 .123 .003%8 .00035
[3] - = 4.91 -4.09 -.c7 148 0085
7.80 -6.36 -1.09 -, 468 .125
24.8 -20.1 -3.26 -.85¢ -.450
b -
A Aq by | I I
.690 .700 -.010 -.882 -.564 -.319
5.13 5.04 .09 -3.92 -3.11 -.801
16.3 14 .4 1.9 -11.5 -4.82 -6.71
40.5 28.3 12.2 -40.2 -4.32 -35.9
1€5 46.4 11¢ 1e | 44 1 -115
(b) Set D2
.827 .068 .019 008 .008
-.635 472 .093 .035 034
[R] -1 = -.131 -.32¢ 317 074 .064
-.044 -.076 -.207 .227 .099
-.026 ~.043 -.Q76 -,16% 314
A AC A 1 |L IH
-5.58 . 700 6.28 -.882 ~.56¢ -.319
-23.3 5.04 28.4 -11.5 -4.82 -6.71
-37.0 14.4 51.4 -40.2 ~4.32 -35.9
-42.5 28.3 70.6 -71.1 44.1 -115
-G6.8 46.4 143 -357 170 -528

Bquation: {4} = {AC} + {AE} =[RT1 {I} = [ 3]4 .} + {IE})
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The most significant differecce between the ‘good’ set D1 and the
‘bad’ set 32 therefore lies in the different 'shzpes' of the @I -1
retrices. This IS an extreme example of erroneous identification. The
gross error would be detected in the norm.1 use of the IDEXNT program at
the stage when regenerated data are compared with origirel data. The
rexnedy is to rake another selection of responsedziz ané repeat the
calculation. Since the process is fast, such a trial zrd error method
is not onerous, especially if a mainframe computer and cathode ray tube
grephics are available. Some guidance in the selection of data is

developed in the next section.

educing trne Influence of High Frecuency Modes

The *high'and'low' response contrivuticnsere plotted separately
in Figure 2.12 for the rotzticnal mobility (&/¥). These can be regar-
ded as suitable summeztions of the individual modzl contributions of
Figure 2.9(c). The figures for nobilities (&/F)and (i/F) correspond-
ing to Figure 2.12 are not shown, They are siciler, but as the Figure
2.5 curves indicate, have a zuch smaller contritution from the high
frequency nodes. In Figure 2.12 the equation

IL = - " (2.11)
is solved at the mzrked points of intersection to the left of the irnci-
cated entiresonances of IL' These roints are the true entiresonances
of the complete response. Thus a2t frequencies & little higher than
these true astiresonances the moduli of I-*.1 are zmuckh greater than those
of IL and the error colu'{n:!}, is potentielly large. Eowever, if@l - is

twell- shaped’ in having its left columns much lerger then its right,

and the first row of {I} corresvends to ez accurate low fre-
guency data poirnt, such as I,, then the resultant calculation of {A}
reed not be too inaccurate. The experienced vitrztiorn engineer when

comparing measured end vredicted levels of vibratizw.is disturbed by

discrepancies Of orders of magnitude but often ezccerts divergences of
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tens of percent or a few d3 as reasonabl e. Ee reguires much cl oser
agreenent between resonance_f£recuencies, though.

Returning t0 Figure 2.12, one sees that errors woul d be reduced by
choosing response frequencies a little |ower than the true antiresonances.

When experimental data areused, end I

H

and I, are not sepereble, it S

sensible strztegy, then, is to
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choose one non-zero resvonse at low frequency well =zwey from resonance
and then select (B-1) antiresonances to conpl et{I} . At enti-

resonances, both I, and I. ere quite small and the error is not greater

L
than the true velue. This calculation is |east subject to rounding or
experimental errors of the selected response data. The effect of
variations of one response dztz point in the region of antiresonance

upon the cezlculated rodel constants IS the subject of the next secticn.

Sensitivitv of Model Constants to Veristions Of One Resbponse
Ant i r esonance

Cal cul ations were made using error-free response data consisting
of one low frequency non-zero respense, (L-2) antiresonances and one
response varied around the remaining antiresonance. Grephs of error
in modal constant expresseé in decibels plotted sgainst linear frequency
are shewn in FPigure 2.13. "he effect of changes cf the response data
point near the third entiresonance of (€/3) is shown in Figure 2.13(a).

The trend is for the errors in the fourth and fifth nodal constants

4A22 and $22 to decrease slightly with the increese in this response
frequency and for 3"22‘ Ao end LA, (muck |1 ess in error enywey) to
i ncrease.

Geater sensitivity is showm in Figure 2.13(%) where the fourth
response point is perturbed. In this case only 5A22 increases with
decrease in this response frequency. &£ simlar pattern is observed

for (Z/®) constants {AM} in Figure 2.13(c), elthough 211 the errors

are relatively small whexr conpared with those of {““22} , the rotational



modal constants. Gaphs of this type are given further consideration

in section 2.1.3 in connection with the effect of residuals.

The ldentification of an Isol ated liode

The tendency of the nodal constants nearest the end of the frequency
range included in identificaticc to have enhenced vzlueshzs been noted
above . If three modes are isolated a 3-mode identificetion cal culation
based on ore non-zero response and two antiresonances can be carried out.
Trhe middle nodal comstant Will have a val ue reasonably close to its
infinite-series value while the outside ¢wo will have enhanced val ues.
This situation is sketched in Figure 2.14. it IS possivle to identify
an Ii-mode response by a series of coverlapping 3-mode 'windows', retein-
ing all the 'middle' constarnts and the | owest and highest. The resul t -
Ing ensexble Of constants produces an acceptably good regenerated curve-
fit. The 'window' method iS incorporated in progrem IDZNT.  The author
has not experienced a situstion where the 'w ndow zethod had adventzges
over the direct method but, since it jnvolves orly 3 X 3 matrices, a
hand- cal cul ator coul d be used. Interestingly, Flarnelly (&1) has
devel oped a methed of checking zeasured data using resonances, anti-
resonances and a hand-calculator. Thi s method IS useful for on-site
eveluation Of results obtained with complex test equipment, but does

require gll the rescnances and antiresonznces rather than the few in a

lizited range of freguency.

Identificaticn Of Smell iodsl Constants

so far, the exezmples di scussed have bees tip resconses Of 2 beam in
whick 211 modes are represented. The resonance frequencies are well
speced and the modaasl constants are similer in magnitude. In a nore general
case it is likely that the point of response Will be quite close to a node
of one of the npbdes and conseguently will have a smzll resvonse at tret

a2l conmestent will be

ES
L

Ieh

=0

PRE S N
perticuler resonznce. In such 2 cese, *he

szmall end have 2 reletively large error. This error is unlikely to

75
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cause a zismetch of regenerated curve tcoriginal data but say well be
very significant if it is used in the deternining of a node shape vector.
This relationship of rodel parazeters is discussed in section 2.2.
Ir the case of a smell isolated noée,the nodal constant is related

to therati o of the rodel rescaence frequency wR to the adjacent anti-

1

A

resonance frecuency W, To exrress this in sircple mathematics, consider

Py
that the local response IS dozinezied DYy modes Of lower fresuency Which
keve an effectively constant inertance, A, in the range of interest.

Thus the inertence i S given by:
L

R
| = & + (2.12)
V(- 05/w?)
The local resornznce occurs when:
W = wR (2.13)

and antiresonance when:

A = - (2.14)

which leads to:
2
& - waj - (2.15)
A War
The rel ationship between nodal constant and R/4R ratio is tabul ated

in Table 2.2.

Table 2.2 Srell Mbdal Constant v. ER/AR Ratio

R/AR
. 0.95 0.98 0.99 1.01 1.02 1.05
Retio
Fiodal
Constant -1 -.04 -.02 +.02 +,04 +
Ratio

It follows that 2 szell mode will heve zn aniiresonence very close
to its resonance so that its effect will sizply put a smell | ocal kink

in the resvonse curve and azve NC long range effects.
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2.1.3 ZResiduals

The idea of an isolated mode can usefully be extended to the con-
sideration of an isolated group of modes. Suppose that the N nodes
represented in equation (1 .20) were such a greup, filling the frequency
range of interest but there were also other nodes out of this range at
lower fregquencies and~t higher frecuencies. At the lower frequencies
the inequality

W << W (2.16)

would hold and in the range of interest the L lower nodes would be

approximated by:

L
P
=1 -we —w? (2.17)

Conversely at higher frequencies we have:

W, >> W (2.18)
and the H higher nodes are approximeted by:
B
EE rAjk = R,
2 3k
r=N+L 0%_ (2.19)

The term Sjk /-w2 corresponds to a residual nass which accounts
for out-of-range low frequency terns. Sjk has dinension 1/mess and
unit I/kg., This unit tight in future be wown as 'samm'.

The term Rjk corresponds to a residual compliance accounting for

the out of range high frecguency terms. Rjk has dimensions I/stiffness
and units z/N.

Fow equation (1.20) can be rewritten:

L : Al '+ R
ajk(w) == S, o+ E r°ik '+ R, (2.20)

w2 T &)r2(1-—w2/wf + i )/
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Low Preguency Residuals

It is possible to teke account of |ow frequency residuzls by
including en arbitrary rescnance fresuency, | ower than the range of
interest, in identification celeculations. In very nmany cases,the lightly
danped structures which we are specificelly considering arecozponents
rather then assemblies 2nd they are szell enough to be freely supzorted.
Inthese cases, the low freguency response IS dom nated by the rigid body
mode whi ch resonates at zero frequency and the identificaticn calcula-

tions in program IDZNT work without nodification with W, = C.  When

!
consideration is given leter (in section 2.2) to node skapes involving
rel ated points on the resoponse surface the rigid body nodes are 2

source of difficulty which can ususzlly be resolved with sepzrate enelysis.

High Frecuencv Resi dual s

Though in many practical ceses only one | OW frecuency resonznce
frequency (zero) need be considered, there is no such sicplificaticn in
the case of high freguency residuals since for a practical continuous
structure there is no bound to the nunber of nodes. Rerresertetion
of such nodes iS necesserily approximete. Equetion (2.19) provides
the key. To identify a high frequency residuel sinply declare ez
extra node at en arbitrery high frequency out of the range of interest
2nd cerry out the celeulasticn uUSing IDZNT in the normal wey. The
residual stiffness, for exemple, would be given by:

Yres = 1/33‘1: = (*’)1{-2/1‘?{‘jk (2.21)

The choi ce of (x)N, the residual 'resonence' frequency has some

influence on the accurscy of the nod2l constants within the raznge of

interest, as we shell now see.



Sensitivi tv of Mddal Constants to Residual 'Resoneance!

Furtrher calculations were done for elements of the mobility matrix of
thetip of theLlongBeem. Modal constants were calculated in several 6é-mode
identifications with the same selected respcnse data based on anti-
resonances but with variation in the noninal g¢%& resonance frequency.
Tne correct and target values for the nodal constants were taken,es before,
to be the "infinite-series' values. The deviation fromthese val ues
expressed in dB is plotted against |og w6 in Figure 2.15. conpari son
with Figure 2.13 shows inmediately that the addition of the high fre-
quency residual termhas the effect of greatly reducing the error in
t he (é/?-:) rotational nodal constants {A22}'

The graphs in Figure 2.15 start at 1146 Zz, the true ¢ th nat ur al
freguenny; Of the Long Bear, It is interesting tc see that there is an
opti mum val ue of 0)6 which gives least error for each nodal constant.
Zachrespcnse has a limted range of frequency in which the errors gre
all smzll, elthough NO twoerror |ines pass through zero at the same fre-
quency. In practice it would be possible to gauge the best choice of
we by the best curve fit ~ a trial and error process which zight be
difficult because szell errors would not be easy to discrininzste.
tnother feature of the curves of Tigure 2.15 1S izportent:  they all
become asymptctic to horizontal lines at the higher frequencies at
velues which, in the case of (&/x), have less error than tae true reso-
nance at 1146 Ez. Thus if a high enough val ue of wé is chosen a
definite set of nodal constants wiil be established. Using equation
(2.21 ) the high frecuency residual can be consistently exsressed as a

resi dual stiffness.

Yet anot her feeture of the curvesof fizure 2.15 IS o interest.
Leuivalent curves in (a), (o) and (C) share the seme curvesure (within
the limits of graphical tolerances) altrougk ther Cross zero at different

roints.  For exanple, the ghip CuTve car velzidintc ace-to-ore
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correspondence with both the 5 enG the & curves. Attennts to
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vrovice 2n amlyticel expressien of
the relationship is riot exact bute good eprroximetion, which does not
seex to have immedizte appliceation.

Other calculations have shown that if the selected response dets
were not based on antiresonences then there was no izprovement in the
accuracy of nodal constants resulting fron the inclusion of a high-

frequency residual term.

Residuzls of Transfer Responses

Low freguency residuels, in sarticuler rigid body nodes, exist 2nd
are important., When Figures 2.2 and 2.4 are reviewed the fell-off
of the response at high frequencies, usuzlly steeper than -20 dB/decede,

indicates thet hisgh frecuencv residuels are s~all encuch to be nezlected.

Asipiler conclusion is reached when it IS rezembered thet transfer
modal constants tend to alternate in sign 2nd therefore tend to sum to
ZEero. This is also indiczted in the bird's-eye view of the resvonse

surface shown 2s Figure 1.5.

Visuelisstion of Bich Frequency Residual

Assunming thet the low-frequency residual Sjk/wz can be represented

by a zero-frequency node we =ay write for the point response receptance:

T

Al

= djj(w) = *‘Aﬁ + Ry
- 2 B PP (2.22)
| = | WA ww i)

Remembering ecuation (2.21) we canvi sualise the high frequency

‘JL.N

+

residuel 2s a spring:

7.
J
———t=0—— N/ NN\ K-code system
X, K
b res
Figure 2.16 Visueslisation of Zigh Trecuencv Residuszl




2.2

The response surface of Figure 1.2 shows a group of related fre-
quency reszonse curves which share resonances and are related spatially
(i.e. along the Z axis) by smooth curves whick are recognised as mode
shazpes at resonances. These relationships are further explored in the

fc¢llowing sections.

2.2.1 Graphicel Representetion of loce Shevpes

The rth

mode is characterised by a mode shape vector {ﬁ}r which
exvresses the mode shape in terms of the generalised coordinates.  The
first three bending modes of a sizple beam are shown in Figure 2.17 as
smooth curves, eprropriate to a continuous sys ten. In a practical case

such shapes have to be indicated by a discrete number of coordinates.

In Figure 1.2 , for example, twenty-onedistlacement coordinates define

the mode shape curves. The second berndingz mode, defined in terms of
ten displacement coordinates is shovn as Figure 2.18(d). Part (2) of

that Figure shows the same shepe in terms of five displacement and five
rotational coordinates. It will be remembered that the courling of two
beams, at its simplest, requires one coordinate of displacement and one
of rotation at the mating beam tips:  the butt connection of two beams
cannot be satisf ac torily described in displacezert terms alone.  Zack
of the parts of Figure 2.18 contains ten items of moceshape data -
each could serve as the basis of an interpolated smooth curve which
would meke & gooc epproximation to the second curve in Figure 2.17.

The scaling of these graphs deserves a little consideration. Let
us assume a horizontal scale factor along the length of the beam in 2
direction of 1 ==/m. The vertical displecements may be scaled as
d mm/unit. Thus when the elements -¢i of the mode shape vector {¢ },.

P

correspond to displacements we write:

ryi = £, ¢ (2.22)

81
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However, when Iﬂf correstoné torotztions the angles are given by:
5 :

rei = arc tan (r{é

d/ 1) (2.23)
usual |y evaluzted in degrees for plotting with adjusteble set scuare or
drawing head.

In the case of

ot

e8
<8

L en

e

H
0]

Jo!
= ) - I { . ) .
7 the codi-numbered e_ements of {;"} ere plecited ss dis-

vlecezent voints and the even-nuzbered elezents &g an

2.2.2 Derivaticn Of Model Constants

Tach Of the coordinztes Of an % degree-cof-freedom sysiez nay heve
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eechwill w. & displacement resvonse.
Such 2 system will have 2 comrletereceptance—ztrix @l O wkich
o(jk(w)as defined in eguation (1.18) is 2 typicel element. For eech

rescrance node there is 2 matriz AI conteining &ll the nmodal consiznits

of that mode, Their inter-relztionshkir cen be developel by extending

i zﬁ;12\':'r¢1 Fo A K
) A

L ~ 2
= 5 Pr |

=1 ~ =[Al_ (2.24)

1

_rAl‘M rAh Iy

This eguaticn can Se used in the calculetion Of mode shzpe dete

{ﬁ}r from the identified model  constants A}.’. It is not necessery

pe

11 the el enments of

-]

o,
m

to mow all the elenents of [A:L in order to fin

{ﬁf },; onerow or cclumm will suffice.




For example, if the | th coluzmn of [A] , has been established by

identifying the frequency respcnse curves obtained at all X coordinates

when force wes input at coordinete j we can wite:

= (A5, hence 2, = igﬁwff (2.25)
hsp=oFs P hence £ = A/ 7
= Ao /(a7 (2.26)

Zouation (2.26) can be erplied for k =1, G-1) and k = (j+1), &
gi ving eventuelly all the data fo{;é} p+  Subsequently, the complete
natrix of nodal constantstgl , can be calculated from {fé}r usi ng
equation (2.24).

Tcconsider One specific medel constant:

tee
>

. _ - &

r"‘:};;":~¢j;¢k’rji~ rkir_r‘,ij
> . NT

(A4 (A4 w14

11 r‘AIF:i

(2.27)
Thus the -odal censtents Of the response at coordinate j arising
from force at coordinate k cer be derived fror the nodal constents of

responses at i, | and k arising froz force input at a different coordi-

nate, i.

Avvlicetions Of Derivetion Relestionships

(1) Single Point Exzcitaticn

The possibility of determining a cozplete mode shape vector{;é-}?
from measurements of response obizined sith a single coordinate of excita-
tion has been expleited by several :investigators,includingFlannelly

(71,79 ) (12 - (&2)

etal. ,Goyder and Potter & Richardson ané nay now be
regarded a@s a standard technique.  The derivation of one row or column oOf
D\] r invol ves identification of one point response end (k-1) trensfer
responses. It is to be expected in practice that sone transfer nezsure-
nments relating to points on a structure rezote from each other or cther-
wi se poorly cousled (by proximity to a node, for exerple) will give nodal

constants of ezell value which have rproportionztely large errors.
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Richerdson 2nd Iniskern (3) have responded to these difficulties by
proposing a method which allows the inclusion of data from sever2l
columns or rows of the rcodelconstent metrix, in other words by using

more then One excitetion point.

/e 2\ . i . - . .
(731, Tultivoint Zxcitation

L method Of zcquiring relieble detz IS tO cbiein the nairt. nodal

constants corresponding to the mein éiagonel of - o i dentifying

i
the pcint responses obtained at eesch coordinate is turn, It will be
remezbered that point responses always fehture eantirescnences 2nd have

| evel s of resvonse which tend tc be meinteined, rether then fell off, =t
hi gher frequenci es. These features enhance the likelihood of cbteining
accurate model constants., The numericel value of the elements of the
mode  shepe matr[-i_] are simply cbieined froz the square roots of the
correspondi ng model constants 2S in equetion (2.25).  These square
roots are indeterminate iN sign and thus it i S necessary to obiein
the signs by other =zeans. This is done rmost reedily by mezsuring the
trensfer I esSponses associzied With force input at one coordinate which

is not a node of any mode and finding the sizns of the nod21 constants

from the tphese information, 2S shown earlier in Figure 2. 3.

(1ii) Point Zesvonse =t | naccessibl e Locations

Sone points on structures are accessible for attachment of accelero-
nmeters but not ezccessivle for force input which recuires not only the
force transducer but elso elignment of the shaker and push rod. The
inside of a smell dianeter beering housing would typify such an inacces-
sible location. The point =zobility is required, perneps, in order to

predict theeffect of the support upon the dyremics of 2 rotating shaft.
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Desigmate the inaccessible |ocation 2s coordinate A and 2 nearby acces-

>

sible location as coordinate 2. The nobility matrix relzting 4 and B

is:
IR Kol \
= Yo, Yog (2.28)
The elenents of the seconc column,Y,. anc Y., with force input et
Been be measur ed. The nodal constents, 4 . and ~=gs can be identi-
fied and then Hun found using eguation:
2
VR Sty Y (2.29)
The response Y,, can then be reconstituted by summing nodal contri-

A4
butions USinNg an equation sipiler to (1.16).

(iv) Improvement Of Hotstional Measured Date

in Chapter 5 sone precticzl difficulties essocizted with the
measurenent Of rotation2l nmobilities are recorded. The mobility metrix

for the tip of 2 beamcan be witten:

= (x/7)  (2/2)
] (&/7)  (&/m)

The peremeter (8/:) is difficult to neasure accurately, not | east

(2.30)

because of the difficulty of producing an input noment, ¥. As is repor-

ted in 2 published paper (84)

,which i s included 2s Appendix 46,
inaccuracies of (&/i) were compersated for by deriving the nmodal con-
stants of that paresmeter fromthose of (i/F) 2nd (&/7) which ere amenable
t 0 reasonebly accurate measurement. An extension of this -use of nodal

model ling to sinmplify rotzticnal measuremenis i S included 2s section

5.2-2.

Residuels 2nd Terivation

It nmust now be pointed out that high frequency residuals
do not derive. Derivetion IS possSible beczuse it is an

expression of the sropverties of a node shape. If 2 node shepe i s
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known and aparticul ar emplitude of one elerent of that shepe i s known
then the amplitudes of all elements are determined.  The high freguency

residual is an epy metion t0 the coxmbined effects of a nuzmber of

1

nodes which can be expressed in termof 2 model constent of a fictitious

node at ar essumed 'resonance' frequency. There is no residual rode
Shepe . Consecuently, resicuel terms for YAi cennot te derived fro:
YAB’ YBB measurenents, At this juncture it seems 2s if the use of 2

high frequency residual and derivation, two rost useful devices in nod21
identification, nullify each other. Fortunately; there is 2 workable
solution to the problem. The representation of a kigh frequency resi-

dual 2s a spring introduced in section 2.1.3 zroves to be 2 valusble

3

contrivence., I% will be discussed in section 2. 3.

Similer comments eoply i N general tclow frequency resi-
duals in. those cases where the effects cf severzl modes of differen
frequencies are i ncl uded. The cozmonest case encountered in this study
of lightly demped Structures is of freely supported components. Their low
frequency residuals correspond to rigid body modes at zero frequency, to
be dealt with in the next section.

2.2.3 Rigid Body Fodes

L freely-supported body has six rigid body rmodes. Three of these

are tramlzationsgl 2nd three rotational, Each hes & rmode shepe wkich IS
orthogenel tc all the others. Since they .211 have the safe rescrance
freguency, zero, they can conbine. kL general rigid body rcotion is thus

& combinetion of rigid body modes. Ls in the cese of the bvending moces

shewn in Figure 2.17 the individual rigid body nodes have definite shapes
which relate to specific coordinates and permit derivation. It is very easy to
excite rigid body moticn fezturing more than one code. In such & case
derivation is not sicple 2nd can only work when the modes are sepsrated.

It is e feeture cl the identificaticc calcuietions based cn equeticn (2.7)
which are used in program IDIIT thut[-;J is singular if two rescrerce

frecuencies azre the same. Conseguently IDINT cen identify only ons




set of model constants at zero frequency - nost usually corresponding to
a conbi nation of nmodes - and these nust be separated before[@], the node
stzve matrix, can be eval uated. Fumericel ezemrples of the separation
of rigid body nodes are given in Chapters 4 and 7 in connection with the
moticn Of beams in twe dimensions, a Sinple case which cen be di scussed

here .

Separation Of Ririd Body HModes

Consi der the tip response of a beam as shown in Figure 2.19:

, . [ [ nertence Matrix
| | (03 l_('i:/P) (£/%)
I(w = N [
@ BN ECOI I E7 S (2.31)
G r]”F -
Figure 2 .10 %,-id BodvTizTesponsesof = Free-Free Bean

We wish to find the nodal constants of the rigid body node O[A] .
This process is facilitated by use of equation (2.4). Tirstly set
w, = 0 and observe that the first column of [RJ has each el ement
unity. Then observe thet the remaining el ements of the first row of
R, tend to zero es _0.1, the first excitation frequency, tends to
zero. Thus we get:
Lo (0 = sy (2.32)
were t h e prefix O denotes the first node (at zero frequency). The
el enents of O[‘A‘] can thus be found from consideration cf zero fre-
quency inertances which relate steady accelerations to steady forces.
There are two rigié body nodes excited by the input force F wkick
does not pass through the centroid G and consequently prcduces rotetion
about G as well as translation of G Thus:
F.oe = I,8 (2.33)
F = mf;IT (2.34)

where % is thetranslational conponent of %
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The rotational component .{R is giver by:
3% = eb = ez}?/lG (2.35)
usi ng equation (2.33).
Cozbining (2.34) and (2.75) acd rearranging:
ir o= (&, + L)/F o= /a4 /1, = 4 (2.36)
arc from (2.33):
&/F = e/I, = Ay (2.57)
The applied moment ¥ excites only the rotational rigid body node:

L1

o= I8 (2.38)

Thus: g/ = 1/1G = A, (2.%9)

and, using (2.35) agair:
XR/M = e/'LG = oA12 (4.40)

The copmplete matrix of nodal constants is:

(2.41)

le]
Ir:
L
"
(@)
e
O
NN
I
(0]

The sinplest derivation fomule in which (£/11) i s cbteined in terzs
of (i/F) and (&/7) does not hol d since:
2
2 ¢
Fro K oho [ ot (2.42)
Thi s hervens because the two rigid body nodes which excited by ¥
are not separated. When the separation is carried ocut by calculeting

the Pass of the free body and simply subtracting itS reciprocel We ceay
wite:

Le]r ; Z = .:5{;}{1 0%} (2.43)
an ofdds = LT ) - %{1}{ ) (2.c4)
G

G e
wher e o[:A] O[A:] - o[A:l . (2.45)

Bl -

| -



Fow that the sets of nodal constants have been separated, useful

derivation relationships do hold:

2

ohoor = o211 [ otin (2.46)
2

oAZZR = oA21R|cA11R (2.47)

Wren selected curves froxz the reswonse surface of a freely suppor-
ted body are identified it is the total metrix 0 [AJ which IS obteired,
and ir the general case it =ight be cuite difficult to separate the
nodal constants of the several rigid body codes. The rel ationships
involved in rigid body notion have been developed and are presented as

Appendi x 43,

2.2.4 Consistency

it is usuelly possible to collect zcre date frez the response sur-

v A

-

face than is strictly necessary for identifyingihrenmodal constents oOf
the systen. Such 'redundant' data can be used to zzke second estimetes
of constents ernd Will help to avoid gross errors. Let us assumet hat

one column and the |eading diagonal of a nobility matrix have been

measured: the method which is likely to give the best data for identifi--

cation as discussed in section 2.2.2. There will have been N points of
excitation used. The first step to obtaining a corsistent model iS to
check that the resonance frequencies messureé at different points do coin-
cide or if not,estimate a best value using sinple averaging. It is impor-
tant that the identification calculations for the different point res-
ponses are all carried out with the same set cf nominal resonance fre-
guencies.

It is to be expected that the poini mocal constants should be
accurately eval uated. Extra data will be available froz a set of
transfer responses which will give second esiirztes for the point nodal
constants usinz the derivation relstionshins devel oped is section 2.2.2.

In some cases, particularly Mere rotations are concerned, the derived

&
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val ues of pointmodalconstantsarenearer their true values than the
directly identified set.  The values ultinately adapted for the matrices
of nodal constant S[A]r shoul d certainly be adjusted so that they con-
sistently conformto the derivation relationships of equation (2.27).

The data contained in the § nmatrices designated D’l can be
reccced and be contained in cae matrix [@:] kgi.  The resonance fre-
cuencies W Il be listed (squared) in the diagonal matrix [@ri] -

These two consistent matrices formthe basis of the spatial nodel.

2.3 Construction of the Spatial Mdel

2.%3.1 The Svpztiel Model W thout Residuals

The construction is sinply done by using equations (1.12):
[ - [P
F-a=] - [g]7[NY [E]

The latter can be nodified for the undanped case:

=] = [1)7 [« [37 (2.48)

This calculation is carried out using the program EZMKAY witten by

the author in PORTRAN for use on 2 nain frame computer and in FCCLL for
use with the PDP& m niconputer in the |aboratory. The central feature
of the programis the standard matrix inversion routine FATINY, al ready
nentioned in section 2,1.1(iii).  The remminder of the programis con-
cerned with the input, handling, multiczlication and output of matrix
arrays. The data invut consists of &, then ¥ resonance frequencies
expressed in Ez, then [@] entered by col ums. The printed out put

i ncl udes [ﬁ] (for checking) [EJ -1, [@:] T, l:;] . SN, [I{J and

I, where 2%, for exanple, is the summation of &ll the elezents of
metriz [’:I .
& significant problem was encountered by Maleci (e5) when he first
used identif'ieé nezsured data in the construction of a spatial nodel.
The test viece Was an zluminiuz | girder |oaded by point masses and its

point 2nd transfer responses were identified by use of program IDE:T,
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which, as remarked earlier,cen handl e only one zerc frequency resonance.

Lccordingly, Meleei entered ¢ values based on the square roots of
the rigid body nodal constants ir the first column of [ﬁ .  Program
EXIAY produced mass and stiffness matrices which were not rearirgful in
t hemel ves but which woul d successfully regenerate the reszonse data on
which they were based in the frequency region5Ctc1000Ez. Selow
50 Hz tke regenerated curve did not fit the criginzl data. The. suzme-
tion 2 ¥ also bore no relation to the mass of the bean.

A second zttempt was made, this tine with the rigid body nodes
separated by the technique based on know edge of the total zess as dis-
cussed in the previous section. Thus the first two columns of [@]
corresponded to rigid body modes end since that metrix had to be scuare
(because it needed to bde inverted) the mezsured data of the highest fre-
quency node included in the first calculation was cmitted.

The results this tire were very encoursging in that the total =ass
2 ¥ wes now close t 0 the reasured mass of the bveer and its added messes.
Furthermore, the regenerated frequency response metched the original
data in the | ow frequency region. Thi s experience highlights the neces-
Sity of sepersting the different zero frequency nodes.

L denonstration of the feasibility of the proposed nethod of spatial
nodel i ng using ideal data of several simple Li-degree-of-freedon systems
IS repcrted in Chapter 3% and a similar exercise identifying an ideal
continuous structure i S the subject of Chepter 4.  The separation of

rigid body modes is denocstrsted in Chepter 4 andé al SO in Crapter 7.

2.3.2 The Snetizl Iodel with Residuals

Zesidusl Stiffness

We sew in section 2.1.3 that the addition of high frequency resi-
duzls could maxe a Significant improvement in the accuracy of identifi-
caticn. It i s thus desirable tc include txrir.beneficial effects in

t he spatiel model. There is 2 zszjor difficulty, indicated in Section




2.2.2, that residuels do not derive.

incorporated in z consistent nobde shape natri x[}@]

cen be incorporated in the form of residual

spatial coordinete.

of the necipt et whick it is ettaeched as sketched in Figure 2.16.

residual s can be incorporated into the
is in concept non-nmathenatical .

In Pigure 2.20(2) the spetial nodel
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System B i S & set oOf springs witrh no intenal connections and cen

be witten:
Q. ) N -1
< \ \ ey
! X K |
1 r r '
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9 &- = {=— |
:'1<+1 ) 554 \7‘,- q}".,. (205C>
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System C has the same mass metrix as system A and its stiffness

matrix is the sum of thofe for A and 3.

i -
i 0
. _ s
[
2 x2N 0 0 (2.51)
TR i
5] - il
J < <
2Zixek =X X
- >N T

The two matrices [MCJ and [I’CJ constitute the spatial nodel
with residuals and in nost cases the cusdrupling of nuzber of elenments
associated with doubling the size of each matrix will not cause any dif-
ficulty. Shoul d there be any »roblex it is possible to retain ¥ x K

matrices, as seen bel ow

Residual Flexibility

The equation of nmotion for steady-state sinusoidal excitation of sys-

ter Cis: {2} - =] {o) - [5] {e) (2.52)
(6 -~ - " .
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We are looxing for a relationship bvetween the forces and displace-

nents of the accessible coordinates Oipqr Gys oo P
Ezvand the partitioned matrices:
Q q > G-
L [K-O.)ZI{]{:1 [] { 1} :»c]<;““ (2.52)
~ S s r
y 9 ot

A !
W _ . 1 e
N R A R R ]{ (2:54)

1

Adding (2.53) tc (2.54)weget:

4 1 2 %y

' .A+ ~r d~.¢ 'Al

{3y - B g @59
=5 2% &

g 5 Q G-
*1 : - 2, -1 A R .
' } = ns - W I-LS ' + : (2.5c)

G _ S %o e

"’1\+1 - . FK ¥ - wzm 1 :1 + :"+1 - (2.57)
A Lr s s - A

A i o

2\ I 21'1

Thus rearranging:

G- Q.,- -
:n-r1 [[ ]-1 |: G ]-] [ih-ﬂ . ]’:Ks— wzz,,:s] 1
2 L%

Since the terminzls 1 to ¥ are iaeccessible there can be no externzl
force input on then.

"Therefore
(z.50)

and q~ - - :
; v _ L[Cr] + [KS _ wZ}{SJ 1 ‘lf\+1 (2.6C>

12K 2t

- &
—

(z.58)

e

+

e

The diagonal metrix [-Cr] represects resicdusl flexibility.
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The receptsnce matrix is:

[o(] - [cr] + [KS - wzl-:S] - (z.61)

jihaty N=xX

T e T
PAP/AY)
which haes the sane frecuencies Of resonance es the system Wi thout resi-

dusals The antiresonances will be screwhat modified,
The residusl stiffness and resicdual Flexibility methods are com-




2.4

(1)

(3)

(4)

(s)

g€

CONCLUSIONS: IDENTIFICATION OF MODAL DATA AND CONSTRUCTION OF
SPATIAL HODEL

Modal constants which represent one freguency response curve can

be found with reasonable accuracy.

The modal identification calculations for each curve should incor-

porate (i+1) resonance frequencies, the first & corresponding to

+h

irue rescrences and the (5+1)"" being set at a nominel frecuency

about a decade or more above the I(’th resonance.

The (¥+1) items of response data should have frequencies inter-

spersed with the resonance frequencies and coincide with anti-

resonances or (in the case of some segments or transfer resconse

curves) with local minima.

4 spring element to be used as a representation cf high-freguency

. . - .y th

residual effects should be calculated from the (i+1)“* modal con-

stant of ezcn vpoint resvonse.

| f there is mere than one rigid body mode the modal constants at

zero frecuency should be sererated into parts corresponding to

each mode.

The two methods of using modal constants of related frequency res-

ponse curves to evaluate the elements of the mode shape matrix [ﬁ:] :

(i) |dentify 1 pointand(-1)trensfer response curves all
obtained by excitatiocn at one station.  The elements of [§]
can then be found frocz one column cf the modal constant

P
&T¢TiX.

2

(ii) Identify the X point response curves obtained by excitetion
at each statien in turn. The numerical values of each
column of [@:l then can be found by taking the scusre root
of the main diagonal elements cf r[i.] for each r In turn.
The signs of[I_-J elements are obtained from the responses

at a1l stztions arising from exciteticrz at one - as in ().




"he bases of the spatial model are the Nixi metrices [@] end
[i_wrzj as established above in 2 and 6.

The high-frecuency residuals of point responses can be incorzora-
ted as springs joined to the spatial =model at its coordinates.
The free ends of the springs become the new coordinates.

Tre righ freguency resicusls of trensier responses alre scell
enough to be negl ected.

411 the above calculations can be carried out using programs IDEKNT

and EMZHAY ané a hand cal cul ator.
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Fi_ ure 2. Identificetion of a Transfer Response
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Fi gure 2.5 Trequency Responses
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Figure 2.5 (continued) Frecuency Resvonses

(as) (d) | pzarithmic Recepiance V. Logarithmic Frecuency

-£0

-

-80

-=100 -

=120 -+

~140 -

-160 -

=180 T 7 l{l 1 11 T T i ] LR
20 100 1000 Ez
(&3) (e) Logerithmic icbility v. Logariihrmic Frecuency

o

- &0 A

-100

T T T T 1 7 1 1 [ | i i T

20 160 1000 Ez

(a3) (f) Logarithmic Ineriance v. logarihmic Frecuency

20 * /

| \/\/

20 " 900 " '1000 Ez




102

Picure 2.6 Point Response (X/F) &t Tiv of Beam
Comparison Of Rezepersted Curve with Originel Date
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Figure 2,7 Responses Calculated from First PRive Terms of
-Infinite Series
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Figure 2.9 Conponents of Nobilities at Tip of Freely Supported Beam
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Figure 2.10 The Frequency Resvonse Of an |solated Node
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Fizure 2.11 Showine the Effect of Selection of Detz Points uvnon
Identificetion
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Figure 2.12 High and Low Frequency Contributions to Kobility (&/i)
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Figure 2.13
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The Identification of an |sol ated NMode

Le &J

Curve A - Response of
Curve B - Response of

Curve ¢ - Response of

True responses of individual modes

Responses of mpbdes identified in 3-mode cal cul ation

leasured resoonses = trvue resultant of all nodal coniributions
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r
mede at &Jrz:w’, ntained =t true voiue
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Figure 2.15 Sensitivity of Modal Constants to Residual 'Resonsnce’
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Figure 2.17 Bending Modes of a Free-Free Beam
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Figure 2.16 Discretized Representation of a Kode Shape
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Figure 2.20 Addition of Residual Springs to the Spatial Mdel

(a) Representation of X x N Spatial Model

(c) Representation of 2§ x 2§ Spatial Mdel with H gh Frequency Residual s
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3,  SPATI AL MODELS OF IDEAL NASS SPRI NG SYSTEMS

3.1 Introduction to Lunped-Paraneter Systems

The nodal identification techniques devel oped in Chapter 2 are
applied in this Chapter to ideal undanped systems consisting of sinple
mass-spring chains, grounded and ungrounded, in order to investigate the
feasibility of the spatial nodelling techniques of Chapter 2.

3101 Properties of Simvle Kass-Spring Chains

A typical mass-spring chain is sketched in Figure 3.1. The

inertia of this systemis in the formof l[unped rigid nasses, each
capabl e of notion in the/borizontal direction neasured by its nunbered
general i sed coordi nate. The kinetic energy of the system can be
expressed in terns of the masses and their velocities.

T =% {.c} T[I-E:] {{;} (3.1)

In this case the generalised coordinates coincide with the spatial
coordinates with the result that the mass matrix is diagonal

The elastic properties of the system are represented by massless
springs whose deformation and stored energy are expressed in terms of
the differences of the relevant pairs of coordinates.

V = -‘;{q}T[K] {q} (3.2)

The |Tatri)4:K] I's not diagonal because the potential energy
expressi ons each involve two coordinates.

The property of the sinple mass-spring chain which is of nost
inportance in this study is that the number of degrees of freedom &k,
is finite and so a conplete spatial nodel is feasible. I ndeed, it
exists in the formof the matrices {:M] and [K] . There are, for
this system K nodes of vibration and ¥ corresponding natural fre-

quenci es.




3.1.2 The Generation of *requencv Response Data

The frequency response data of the system can be generated by
repeated use of equation (1.20) for successive stinulus frequencies.

The program COUPLE{ (21)

has a 'nodul ' Zi&X2 designed for the purpose
of producing response data using this equation for a systen specified
in terms of matrices of mass, stiffness and Gazping vroverties.  Such
data may be regarded as 'error-free' because it is not subject to the
unknown random and systematic disturbances which occur when practical

measurements are made on physical structures.

%2.1.3 The Calcul ati on of Xodel Date

lodal data may be obtained directly from the mass and stiffness
matrices by use of the conputer program EIGZN written in Fortran. It
calls the Numericel Al gorithm G oup KAG5 ei genval ue subroutine FO2LZF
whi ch employs Eousehol der's method and the QL al gorithm The i nput
data required by the subroutine are ¥, the order of the matrices, and
matrices [A] and [B:l of the following equation:
[:A - A B]{x} = 0 (3.3)
i n whi ch[A] iS real symmetric and@l is real symmetric positive
definite.
#¥nen the hysteretic danmping matrix [E] is set to zero in equation
(1.2) we get:
[K - W I-:]{q} =0 (3.4)
whi ch corresponds to (3.4) when C.I iS substituted for [A] , [1]
for [E—_I and W? for A.

The subroutine FO2AZF produces output data )\1 to A , a set of

N
ei genval ues, and corresponding ei genvectors {¢}1 to {;ZS}N which are
normal i sed according to the equation:

{6}> [3] {8}, = (3.5)

whi ch, conveniently, is equivalent to equation (1.8).
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The node shape data arethus obtained directly. The natura
frequencies are obtained fromthe eigenval ues by using the equation:
£ = (abs(A ) i/omr (3.6)
Program EIGEN is used to read X, D:] and [K] and then print
them and the cal cul ated A o Io and{ﬁ}r for r=1,k. The nethod of
cal culation ensures that the node shape matrix [Qﬂ obeysthe crthogonality
equation (1.8).

3.1.4 The njectives of the Investiagation

Havi ng produced an ensenbl e of frequency responses it is intended
to dermonstrate in this Chapter that such data can firstly be identified
by means of accurate curve fit procedures and then the nodal data be
assenbled into a structural nodel which should closely resemble the
prototype, since the nodel should be 'conplete' in that 211 ¥ nodes are
represented and in that all ¥ coordinates are included.

An "inconplete' rodel is then to be constructed starting fromthe
sane N-mode response data, this time with the assunption that only (i-1)
modes lie in the 'measured range. H gh frequency residuals are not
considered in this Chapter. In order f{:ﬁjl, the node shape matrix,
to be square it is further assumed that one coordinate is inaccessible
and that no data involving that coordinate are avail able. The appear -
ance and properties of this inconplete nodel are investigated.

Lastly, the useful ness and accuracy of both conplete and inconplete
spatial nodels in the prediction of the effects of paraneter changes is

to be noted.

3.2 Complete HModels

3.2.1 | nt roducti on

Three different mass-spring chains are considered. The first as
shown in Figure 3.1 is designated AGS,asymmetrical grounded system

The asymmetry i s apparent in the diagram The mass at station 2 is
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bi gger than any other and the stiffness between coordinates 3 and 4 is
simlarly enhanced. The matrices [:M] and [K:\ are symetric about
the main diagonal, however.

The second, designated SGS, is a symetrical grounded system
Al five masses and all six springs are equal, both outermost springs
bei ng grounded as shown in Figure 3. 3.

The third is designated SFS, symmetrical free system shown.in
Figure 3.4, This is sem-definite since a finite force will produce
an infinite displacement at zero frequency; the properties of a rigid
body node. In this case the stiffness rratrix[’zi] can be eval uated
but not inverted.

Each of these systens has five nodes and &ll are represenied in
the following identification calculations and =11 five coordinates are

retained in the spatial nodels which are thus_complete.

3.2.2 @S Asymmetrical Grounded System of 5 Degrees of Freedom

The vroperties of this system are shown in Figure 3.1. There is
a sketch of the basic configuration and the corresponding mass and stiff-
ness matrices. The modal properties obtained directly by use of pro-
gram EIGEN are al so shown in the formof natural frequencies and cor-
respondi ng node shapes, adapting the device usual in representation of
| ongi tudinal vibrations of indicating nmodal deflections at right angles
to the actual notion.

Frequency response datawerethen generated using program COUPLE1
as specified in section 3.1.2. Bach of the five coordinates was speci-
fied in terms of output velocity for input force input at each of the
five coordinates in turn. Thus for each frequency of the conputed
sweep a 5 x 5 matrix of nobility responses, EY] , was calculated, and
printed out in decibels truncated to 4 figures. Results were obtained

for about 100 frequencies in the range 25 to 400 Ez.



Nodal Identification

The data obtained above were regarded as 'neasured'. The voint
responses (i1/F1),(iz/Fz),(iB/F3),(i4/F4) and (i5/F5) toget her with
the transfer responses (RZ/F1),(X3/F1),(X4/F1) and (XS/F1), corres-
ponding to the |eading diagonel and first colum of the nobility matrix
tIl , Wwere examned in detail and, for each curve, 5 sets of response
data were noted for use in the program IDENT. In each case,the res-
ponse at 25 Ez was used and the remaining 4 sets of data corresponded
as nearly as possible to antiresonances (AR) in the case of the point
mobilities or, in the cage of the transfer nobilities, were a mxture
of antiresonances or nmininma (Kin), as appropriate.

Sket ches of the 5 responses of the first colum and the data selec-
ted are shown in Figures 3.2. The + and - signs adjacent to segnents
of the response curves indicate whether the phese angle of the nobility
is +90° (spring-like) or - 90° (mass-1ike). The sign to the left of
each resonance pesx of the point response is always positive but an
i rregul ar sequence of signs is obtained for each transfer response, es
already indicated in connection with the Salter skeleton in section 2.1,
Figure 2.3.

The array of nodal constants corresponding to the first colum of

I}{i is shown as Table 3.1(a). The constants A corresponding to

11
the point nmobility Y11 are all positive while those corresponding to
transfer responses feature some negative val ues. Tabl e 3.1(b) shows
the point nodal constants derived fromthe transfer constants by use of
equation (2.26).

Directly identified point nodal constants are shown in Table 3.1(c)
and the values agree well with thederivedval ues of Table 3.1{b) except
for the 5th node where the uncertainty in the very small val ue of 5511

leads to errors in derivation. The direct values are in this case nore

accurate.




The node shape matrix can be found fromthe array of point nodal
constants by the Method (ii) of section 2.4(6)since the signs to be
given to the square roots of the elements of Table 3.1(c) can be obtained
fromthe array of Table 3.1(a) or the corresponding frequency responses
of Figure 3.2(f).

Table 3.1(d) constitutes the matrix of mode shepes, [i] , found
from neasured dat a. It may be conpared directly with Table 3.1(e)
whi ch contains the nodeshapes cal cul ated by EIGEK. The differences in
sign of the second and fifth colums are of no significance in subsequent
calculation, though the 'nodal constant' signs of Table 3.1(d) are to be
preferred as having meaning while those from EIGENK are arbitrary. The
nunmerical values being corn-pared in these two Tables are very closely
simlar.

At this stage we have found the resonance frequencies needed for
the diagonal matri xfwrﬂ and the node shape matrix [ﬂ , accurate to
4 significant figures. Such accuracy mght reasonably be attained in a
practical measurement using the best equipnent avail able.

The summation of all the el enents of @/Il gives S¥ = 5.90884 kg
which is a reasonabl e approximation to the true value of 6 kg. Sim-
larly, £k = 1.00209 x 106 XImis very close to the true val ue
1.00 x 106 ¥/m.

Construction of the Spatial Fodel

Mess and stiffness metrices were cal culated according to equation
(1.12) using program EFKAY on the PDP& nini-conputer. The results are
shown in Table 3.2(a).

It can be seen that these matrices resenble closely the protetype
matrices of Figure 3.1. The largest off-diagonal elenent c[1~i:]i IS
-0. 0137 which is 0.6% of the largest elenent of the |eading diagonal.

The | argest el enent of@l corresponding in position to a zero of the




121

5

originel matrix is 0.184 x 107 which is 0.06% of the largest elenment of

the | eadi ng di agonal

In each case the presence of small elements in the nmodelled matrix
corresponding to zeroes of the original matrix can be attributed to
errors arising fromthe rounding to 4 significant figures.

A check was carried out by using the 6 significant figuresofthe

BIGEK node shape data output as direct input to EiZ4Y. In this case,

6

the largest off-diagonal elenent of was 1.67 x 10~ which can be

)
L-1
attributed to rounding errors in the processes of matrix inversion and

multiplication. The matrix was simlarly accurate. These

¥
C'l
matrices are shown in Table 3.2(b).

Error Sensitivity of Cozplete Mdodel

Smal | perturbations were made in one el ement of each of the 4
digit spatial nodel matrices of Table 3.2(a). The consequent effects
on the resonance frequencies were evaluated using program EIGEX.  The
results are shown in Table 33. The largest effect of 1% change in
one mass el ement on resonance frequency is -.15: whereas a sinilar
stiffness change caused a 4 shift in resonance frequency.

The cal cul ations are evidently nuch nore sensitive to errors in

stiffness values than for nass val ues.

3.2.3 @ Symmetrical (rounded System of 5 Dezrees of Freedom

The properties of this systemare incorporated in Figure 3.3. A
most significant consequence of the symmetry of the systemis to be
not ed. Coordi nate 3isanode of both the second and the fourth node
and in the third nmode coordinates 2 and 4 are nodes.

Cal cul ations were made using CCUPLE1 and the resulting frequency
response data were selected and identified by nethods ekin to those of
section 3.2.2. As in that case,the spatial mdel constructed fromthe

identified node shape data was simlar to the protctype.
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3.2.4 Symmetrical Free System of Degrees of Fr m

This system has a specification and properties shown in Figure 3.4.
The mddle coordinate, 3, is a node of the second and fourth modes,because
of symmetry. The first node is a rigid body node at zerofre-
quency.

ks before, nodal identification based on generated frequency res-
ponses gave data for the spatial nodel which were simlar to the origi-

nal specified by the [M:] and [K] matrices of Figure 3.4.

3,2.5 Discussion of iodellinz wWith Conpl ete Data

The accuracy of the check cal cul ation mentioned in section 3.2.2
using 6-figure data denonstrated that the method of producing mass and
stiffness matrices froma node shape matrix and the corresponding set
of resonance frequencies is capable of giving accurate results and indi-
cates that the process is numericelly well-conditioned.

In all the cases considered in this section there are only a finite
number (5) of nodes and all are represented. In these circumstances
program IDEXT can be expected to yield accurate nodal constants and
enabl e response data to be regenerated which will coincide with the
original data at all frequencies.

We have shown that point nodal constants can be derived fromtrans-
fer measurenents. This feature is of great velue if point neasurenents
are difficult - as in the case of the rotztional measurenents reported
in Chapter 6. The redundant data in this case here reported were used
as a check on consi stency.

However, it is likely that point measurements will general ly be
more accurate than transfer neasurements so that the cal culation of
mode shape matrix el ements from point modal constants is to be recommen-
ded. The necessary signs are readily obtained by inspection of trans-

fer response plots.



3.2.6 Conclusions

(1) Spatial nodels involving mass and stiffness matrices related
to defined coordinates can be calculated from frequency response dat a.

(2) One nethod requires data corresponding to force input at one
coordi nate and response neasured at &1l coordinates and subsequent cal-
culation of point and transfer nodal ccnstants.

(3) A second nethod, generally to be preferred, requires nuneri-
cal data for point responses at each coordinate, together with plots of
transfer responses corresponding to excitation at one coordinate.

(4) The total nass of each systemis closely approximated by the
summation of the elements of the mass matrix. Simlarly, the tota

stiffness is given by the summation of the elements of the stiffness

matrix.
3.3 | nconpl et e _Hodels
3.3.1 | ntroduction
In  measuring continuous structures which "have an infinite

nunmber of natural frequencies,it is practicable to get data for only

a limted nunber of |ow frequency nodes. The data obtained are thus

truncated, by exclusion of resonances above a certain linmt of freguency.
An approximation to this situation was made in this investigation

by limting the range of response data to 250 Ez, thereby excluding the

hi ghest resonance frequency. The truncated data do, of course, stil

include the effect of the highest node but the nodelling process has to

be confined to 4 degrees of freedom In order to retain sinple cal cu-

lations with square mstrices,the nunber of coordinates was also reduced

to 4, in this case by the arbitrary onmission of the 5th variable coordi-

nate.
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3.3.2 @S Asymmetricel Grounded System of 4 Derrees of Freedom

| dentification

The mobility matrix wasnextreduced to size 4 x 4 and accordingly
the data for the point responses (i1/F1),(k2/F2),(5<3/F3) and (5{4/?4)
and the transfers (5:2/?1), (5{3/1’1) and (I’f.4/F1) were input inturnto
program ID=XT.  The data selected corresponded in each case to the first
four response frequenci es used o»reviously in the 'conplete' calcul ations
of section 3.2.2.

The nodal constants corresponding to the first colum of the
mobi lity matrix are shown in Table 3.4(a) and close conparison shows
that they are quite simlar to the corresponding values in Table 3.1(a).
Sinmilarly, the derived point nodal constants in Table 3.4(b) compare
closely with those of Table 3.1(b). The directly-identified val ues of
Tabl e 3.4(c) when conpared with those of Table 3.1(c) are generally
sonmewhat | arger. The approximetions Of this process were discussed in

section 2.1.2.

(Cenerati on of Anproximate Response Data

The nmodal constants found above were used to regenerate the fre-
quency response curves and a selection of the results is shown as
dashed lines in Figure 3.5. The dashes coincide with the original
response curves except in the high frequency region around the omtted

5th node, thus indicating a good approxi mation at the |ower frequencies.

Mass and Stiffness Matrices

The identified point nodal constants were used as before in the
cal cul ation of nunerical values of the node shape matrix presented as
Tabl e 3.4(d) whose signs are the sane array as those of Table 3.4(a).

This mode shape matrix with data of 4 significant figures was used

in program EXXAY to give the mass and stiffness zatrices of Table 3.5.
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The mass matri X M] has of f-di agonal elements of simlar numeri-
cal value to those on the |eading diagonal. Sone of the of f-diagonal
el enents have negative val ues. The matrix is not at all simlar to
the original diagonal matrix or to the 5x5approxi mation in Table
3.2(a) and it is not easily interpretable in physical terns. It is,
however, Of interest to note that the sumof all the elerments of [1'1__]
is close to the total mass of the system (6.000 kg).

Simlar coments apply to the stiffness natri x[}j which al so
has 2total sumsimlar to that of the original stiffness matrix
(1 x 106 4/m). h description of some of the characteristics of these

matrices based on truncated data is given in Appendix A4.

lMode Shaves

The first test of the validity of these strange matrices wes made
by using them as input to the program EIGEN and thus cal cul ating asso-
ciated node shapes and frequencies which are presented in comparison
with the original values of Figure 3.6 case (b). Wen all 6 figures
of [M:l ,[h] data were retained, natural frequencies (eigenvalues)
were obtained coinciding with the original values to 4 figures.

Eowever, a second cal culation in which the matrix elenments were
rounded to 4 figures before input to ZIGEN gave significant errors of
frequency - case (c) of Figure 3.6 - although the node shapes were not
markedly different fromthe 6-figzure val ues. ts one mght expect, if
BIGZX is given data of sufficient accuracy (e.g. 6 figures) it sinply
returns the natural frequency and node siepe data that were input to
EVXAY in the first place.

It can be seen that the node shzpes of the first two nodes are
indistinguishable fron the original except, of course, in the om ssion
of coordinate 5. The third and fourth codes showsome di vergence
fromthe original in the region of coordinates 3and 4 although coordinates

1 & 2 are accurately defined,within the limts of the sketch dinensions.
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Irror Sensitivity of the Incomvlete Hedel

As before, for the conplete AGS model,small perturbations were nade
in one elenent of [I*’x:] and of @l for the inconplete spatial nodel.
The effect of such changes on natural frequencies are shown in Table
3,6, The 1% increnent in an elenent of the nass matrix gave at worst
-.&. shift in one natural frecuency, showing slightly nore sensitivity
than before. The 1.2 change in one stiffness el enent caused at worst
a 2% error in natural frequency.

Thus, as before, a greater sensitivity to errors in stiffness than
in nmass i s shown,leading to the observation that once the spatial nodel
has been established in terns of S-figure EIGEX output 211 6 figures
should be retained even if the original data were only of 3or 4 figure

accuracy.

23,3 635 Svmretricel Grounded Svster of 4 Dearees of Freedom

| dentification

The response data used in section 3.2 wvere truncated and used in a
manner simlar to that of the previous section in a series of calcula-
tions using program IDEXT.

The directly-identified nodal constants of the first colum of the
mobi l ity matrix are shown in Table 2.7(2) and the point val ues derived
fromthemare shown in Table %.7(v). This latter Table can be conpared
with Table 3.7(c) of the point modzl constants directly identified.

It is apparent that the consistency of these data is very poor.
Suspi cion of numerical error also arises because of the negative val ues
agpearing in Table 3.7(c) which shoulé all be positive because they cor-
respond to point nodal constants which are sgueres of node shape vector
el ement s. Conparison with the conplete data of section 3.2.4 (not pre-
sented here) shows great divergence in values expectec t0o be corparatle,

especizlly for the higher nodes and for transfers between renote coordi-
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%o further calculations were done with these data, but the reasons

-

for their poor accuracy are discussed in section 3.%.5, bel ow.

2,.3.4 Symmetrical Free Svsten Of 4 Jegrees of Freedom

| dentification

The complete data of section 3.2.3 were trunczted in a simlar wvay
to that of the incomplete 4GS nodel of section 3.3.2 and used in IDZXT
calculations, resulting in the sodal constants shown in Tables 3.8.

Poi nt modal constarts derived fromthe elements of Zeble 3.8(a) are
shown in Tevle 3.8(b) which should be conpared with the directly identi-
fied values of Table 2.8(c). The correlaticc is reasonable although

t he negative sign of 2A33 i S enomelous ard indicates a |ikelihood of
error.

The conparison of Table 3.8(z) with the corresponding data for the
conpl et e 5-degree-of-freedom nodel shows quite good agreement with diver-
gences increasing with node nunber and range of transfer; i.e. left to
right and downwards in the Tables, as found for the 4GS system of sec-
tion 3.3.2.

It can be seen fromthe node shapes of Figure3.4 that the constants
2A33 and 4A33 shoul d be zero as a result of the synmmetry of the system
They are correctly found in the set of derived values of Tabl e 3.8(b)
but are non-zero in the identified data of Table 3.8(c). It is thus
clear fromthis case thet directly identified éata is not always nore
accurate than derived data. Accordingly, 2 node sheze matrix was cal -

cul ated for each case (Tables 3.&(d) and (e) ).

¥ess and Stiffness iatrices

The two zlternative node shepe metrices were used in two runs of
progren EIFAY tO Qive corresponding mass and stiffness matrices presen-
ted as Table 3.c(z) based on identified data and Tabl e 2.3(b) based on

derived data.
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ts found for the inconplete 4GS nodel, the mass and stiffness
matrices are not easy to interpret physically.

The summation of mass elenents is 5.000 kg and that of stiffness

elements is zero. The val ues obtained by EIXAY are quite close to these
val ues. It should be observed that the stiffness summation of order 10°

is negligible conpared with the order of magnitude (107) of some of the
matri x el ements (especially when data have been truncated to 4 significant
figures).

¥ode Shaves

The results of EIGZ cal cul ations usinq:M], [ﬁ] matrices of
the previous section are shown in Figure 3.7, being calculeticns to €
significant figures they agree with the node shave matrices of Tables
3.8(d) and (e). It is apparent that in this case the results bvesed cn

derived detz are slightly nore accurate than those based on directly

identified data.

3.395 Discussion Of lodelline With Inconplete Jzte

The inconpl ete nodel can be used to predict frequency responses
which are of good accuracy up to the highest resonance frequency inclu-
ded, but, of course, are inaccurate in the region of onitted resonances
at high frequencies.

Predicted nmode shapes are of reasonable accuracy, but distortion
occurs affecting those coordinates nearest to the coordinate omtted.

A study of Figure 3.3 showing the node shepes of the Symmetrical
G ounded Systemreveals the reason for the failure indicated by the lack
of consistency of Tadle 3.7. In the seccnd and fourth modes the centre
coordinate 3 had no motion and for the third rode coordinates 2 and 4
were zero. Such 2 large amount of null data led to identifications of
great inaccuracy. In practice, the siting of accelerometers at nodes

should be avoided. |If such a placement were discovered, 2 re-siting




i nvol ving novenent of the attachment point by e small distance woul d
sol ve the probl em

The useful ness of derivation as & check on consistency is seen
when the results of section 3.3.4 sre consi dered. In this case of the
Symmetricel Free System coordinete3in the centre was et 2 node of
the second and fourth nodes. This led to & smal |l inaccurscy of the
directly-identified point nodel constants which could,to a certein

extent, be corrected by using the derived constents.

3.%.6  Concl usions

(1) The spatial nodel besed on inconplete dete does not readily
provide a direct physical interpretation of the system s configuration.

(2) The nodel gives genereted frequency responses Of acceptable
accuracy.

(3) The nodel gives gooéd prediction cf eigenvelues (naturel
frequencies) provided 6 figure dete IS reteinec for the nass and stiff-
ness netrices.

(4) The node shape data obtained ere slightly distorted et higher
frequencies and at coordinates near the onmitted coordinate(s).

(5) The method of calculation ensures thet the node shape vectors,
however, are orthogonal

(6) The use of redundent dete provides a useful check of consis-
tency - it is possible for derived data to be nore eccurate than directly
identified date.

(7)1 f response date are neasured at e point which is a node for
one or nore nodes, then the sporoximete nodel will be inaccurate. Stevs
shoul d be taken to check for this condition and, if encountered, to cor-
rect for it by reselection of coordinates.

(8) Once again, even though the mass and stiffness metrices have
no ready vohysical interpretation,the overall sumnaticns[}i:!e_nd [»{] are cl ose

to the known true values of the corresponding prototype system




130

2.4 Par anet er Changes i N Incomplete [odels

Any change in the nmass or stiffness properties of 2 system such as
we are considering will produce correspondi ng chenges in natural fre-
cuencies and nmode shapes. To be of value, the approximte spatial
model shoul d give reasonably eccurste predictions of frequencies and
node shzpeS when it undergoes rodifications ccrresvonding to those
affecting the original system Predicted frequency responses mey elsc
be conpar ed.

Program EIGZE was used to cal cul ate the natural freguencies and
mode shapes of both the complete system of 5 degrees of freedom and the
truncated-deta nodel of 4 degrees of freedox.  Corresponding el ements
in the matrices were changed by eguel anounts.

Frequency responses Were computed 2S before, using program COUFLES
with nodul e Z:&x2,  The input data were the inconplete 4 x 4 mass and
stiffness matrices. The desired responses were conputed in the range
20 to 500Ez., A though cnly certain sel ected respenses are reported on,
bel ow any of the 16 elenents of the mobility =zatrix coul d have been cal -

cul ated fromthe spatial nodel . This shows a significent adventace Of

the svetiezl model when compared With nodal identification alone which

enabl es regeneration of only those responses which have been directly

i dentified.

3.4.1 Chanee of Mass

@S Mess Chenze in Asymmetrical Gounded Svstem

The change made was the addition of 2 further 3 kg to the 2 kg mass

at coordinete XE’ the second verisble coordinete. The mass matrix
becane: .
1 00 0O
5 0 0 0
[:M-J = 1 00 kg (changed el ement underlined)
1 C
symmetric O




A similar addition of 3 kg was mzde to the LI element of the 4IF

mess matrix of Table 3.5.

These messmetrices together with the appropriate unchenged stiff-
ness matrices were input to IGEK giving the results shown in Figure 3.8
inwhich one sees excellent srediction of freguencies which have been
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Response calculations using COTPLZ1 2re presented for comperison in
Figure 2.9 in which it can be seen thet the 42F aprroximation diverges
from the 'complete' response only in the region of the 5th node.

These results show very setisfactory tehavicur of the approxzircste

-

spatial mode

@S Mess Chanse Oof Svmme tricel Free Srs tem

In order to save time,computetions for this system were restricted
to use of progre=m ZIGEN, thus no frequency responses were obtained.

The mnass netrix for the complete model vas modified by the zdditicn
of 4 kg at coordinate 2 2nd it thus bdecerme identical with that of AGS
above. Both ' identified’ and ‘derived’ matrices of the 4DF approxima-
tion were modified.

The results of the =ZIGENW celcule tion with approprieste unchanged
stiffness matrices are summsrised in Figure 3.1C. The identified
oodel, (b), is marginelly better at nsturzl freguency prediction, giv-
ing 2 meximurn error of 0,%. for the fourth mode for which the -derived
codel (c), has an error of 1.5:. It does seen, however,that the

derived ncdei geve ode shepesslightly nearer to the correct ones.

<

o

It is avoerent that the eigenvalue routinecelled by ZIGZX has cif-

4]

Ziculty with the frequencies of the lowest free node which shouid be
zero in all ceses. in cese(z) the computed valuewas 0.000016 Ez

which was rounded to zero in the Figure.
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5.4.2 Change of Stiffness

@S Stiffness Chenge of Asvmmetrical Grounded Syster

A change of stiffness between coordinates 3 end 4 wvaes made by
reduci ng the corresponding spring from2 /o to 1 Mi/a. Four ele-
nents of the stiffness metrix were thus altered; the revised 507 zztrix

bei ng:

[ - | e

symme tr[ic 1

i¥/m  (chenged el ements underlined)

Similer modifications were made to the ¢ x 4 incomplete stiffness
natrix,

The results of the two ZIGZN calculations using these nodified
matrices ere shown 2S Pigure 3. 11. The nmode sheves seemto be of sipi-
ler accuracy to those for the mass chenge but the predicted frequencies
are significantly less close, especiclly for the second node in which
the error is 4.4, One nay note that this node involves the grestest
difference in displacenment between coordinates 32nd 4.

Correspondi ng cal cul ations of frequency response involving the
coordinates 3 and 4 zre shown 2s Figure 3.12.  The response in the
region of t he first and third nodes i s ressonebly zccurate in both fre-
guency 2nd ievel; the fourth scmewhet | ess so 2nd the second mode is
the | east well predicted. One of the pair of antiresonances is omtted

in Figure 3.12(b), the trensfer response Y,,, just zvove the erroneous

3
second node. in this caese the low-zmplituée response is of poor
sccurscy. An examinztion Of the signs associated with moiel constents

shows that the sign of the third nmod2l constent i s wrong.



Stiffness Change of Syrzetricel FPree System

For this system a change of stiffness was made between coordinates
2and3 by increasing the crresponding soring stiffness by 1 kii/m. The

revised conplete stiffness matrix is:

(1.1 0 ¢ 0]
2-2 C 0
[E{:] = 2-1 0 19/z  (chenged el ements underlined)
2 -1
symmetric l

The EIGEX results are shownas Figure 3.13 in which the 'derived!'
nmodel clearly gives better node shapes and closer frequencies than does
the '"identified nodel. In either case, hoverer, the freguency of the
feurth node is seriously in error.

The reason for the relatively poor performance of the stiffness
matrix may be discovered by studying the ecustion (1.12) by whick it is
f or mul at ed. It involves the squares of +he natural frequencies. If
these are erroneous or, as in the inccrplete nodel, onitted, there are
substantial effects on the stiffness matrix which is thus inherently

more prone than the mass matrix to ill-conditioning.

2.4.3 Discussion Of Prediction using Incomnlete Models

In the nmost favourabl e circuzstances, the inconplete nodel gives
extremely good prediction. in section 3.3.2 it was established that
the Asymmetrical Gounded System which had no nodes at measurenent
coordinates, led to an accurate nodel. It was found in' Section
z.4.1 that the effects ¢f a change of nmass distribution in this system
were very accurately predicted. The sane nodel coped adequately, but
| ess orecisely, With changes in the stiffness matrix although it =er be
argued that the results are acceptable.

Study of the Symmetrical Free Systemled to two incomplete nodel s
wnich are a little inaccurate because of the node that appesred at >

nmeasurenment -point in the original second and feurth nodes. Thus its
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prediction of the effects of change of mass are worse than was the case
for the Asymetrical Gounded System The change of stiffness predic-
tions are sonewhat worse again. Levertheless, it is felt that even in
this relatively unfavourable case, the spatial nobdel wes useful in that
reasonable first estimates of the effects of changes could be nade wit:
a miniruz Cf corrutetionzl effort.

The truncated frequency response data could, of course, have been
used directly, frequency by frequency, in impedance coupling czlculations
of the effects of peremeter changes.  The preciction of frequency res-
ponseby this reletively tize-consuming method will be accurate. Reso-
nance frequencies would have to be found by interpolation and no node

shape data woul d be directly available.

3.4,4  Conclusions

(1) Very accurate predictions of the effects of change of nass at
a specified coordinate can be nade

(2) The prediction of stiffness change effects is |less accurate
but still useful.

(3)4 truncated nodel based on data involving a node at a neasure-

ment point gives |less accurate predictions.
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CONCLUSIONS: SPATI AL MODELS OF MASS-SPRING SYSTLH

The nmethod of constructing a spatial nodel from freguency response
deta is feasible and ususglly the calculetions ere weii-conditioned.
Conpl ete spatial nodel s incorporating all coordinates and all npdes
are zccurate within the rounding errors of the conputation

The spatizl model cansuvnplydeta for 211 coordinstes OF response
and sti mul us.

| f the measured frequency range is linmted and a node is excluded
it is feasible still to construct a spatial zmodel using square
matri ces Cbtai ned by reduci ng the number of coordineztes to mmtch
the nuzper of nodes

The spztizl nodel based on incoxmplete data is not capable of vhysi-
cel interpretetion but the total suns of the =ztrix elenments are 2
goed epproximation to the ictel mass 2nd stiffness of the originel

system

t IS necessary to retain all the significant figures (usually 6)

in the incomplete spatial model even theugh it is based cn data

with 4 or fewer significant figures. Rounding errors lesd to
relatively lerge discrerencies in predicted frequencies.

The |l oss of informetion erising from resvonse coordinzies being sited
at nodes | eads to considerzble inaccuracy -even conputational failure.
The incomplete svatiel nodel gives excellent prediction of the
effects on frequency response of |arge changes of mass el enents.

The vrediction of the effects of stiffness cheanees is |ess accurete

but is 2 useful indication of trends.



Ficure 3.1 Oc;s Properties of Asymmetrical Grounded System,
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ratrices related to ungrounded coordina"ces)

| ] 2 1 0 0 0]
2 2 -1 0 o]
[M;l - 1 Ve | {:f:l = 10° 3 -2 o /e
1 3 -1
1_ Symmetric 1

Resonance Freguencies 2nd iode Shaves

Cutput Of Program ZIGZIK with input matrices above.

Freguency

ode T /_/
1 43.83

124.8 /
\/

3 208.4 /\ /
\//

4 247.2 T

\/ T~
5 362.3 /\__—\
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These dats are presented
numerically 2s Teble 3.1{e)
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Pigure 3.2 O acs Identification

Resonances at 43.83, 124.8, 208.4, 247.2, 362.3 Ez

Precuency Response Sel ected Data

req.(Ez) 1od.(dB) Fhase Type

25.00 ~74.40 a0
56.1% -110.4 90 AR
147.2 -88.20 90 AR
216.5 -83.73 -90 iR
350.9 -61.93 -90 AR
25.00 -73.17 9C
78.04 -109.3 90 iR
203.0 ~£2.30 -90 LR
216.5 -57.26 -90  ¥in
350,49 -81.30 o0 AR
25.00 ~72.48 90
121.3 -89.95 -90 AR
142.5 -70.76 -90 Fin
230.6 -57.78 o0 ¥in
208.7 -100.9 90 AR
25.00 -72.26 90
85,38 -68.61 -0  Min
156.9 -94.43 90 AR
230.9 -55.87 90  Min
329.0 -79.85 -90 ¥in
(e)(XB/F1 ) 25.00 -72.05 90
78.04 -65.,08 -90 Min
167.4 -63.84 90  MKin
p 230.9 -57.74 -90 Min
\ %29.0 -90.15 90 Min
(£)Sign trrey
Yode 1 2 3 L 5
+ + + + +
+ + -+ - -
+ + + +
+ - - + -
A
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Figure 3.3 @ Properties of Symmetrical Grounded Systen
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Yatrices

Properties of Symmetricel Free System
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Pigure 3.5 QQEQ Preguency Responses of liodels
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Figure 7.5 Frecuency Resvonses Of lodels (cont'd)
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Figure 3.6 @S Predicted Nodal Properties
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FPigure 3.7 Predicted !odzl Provperties
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Figure 3.8 Chenge of liass -~ Predicted liodal Properties

less at X2 changed from 2 to 5 kg
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FPigure 3.9 Change Of lass - Frecuencv Response
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Figure 3.12 (cont‘d) @::) Chence_of Stiffness — Frecuencv Hesponses
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Figure 3.10 @S Change of Mass - Predicted liodal Properties

i‘ass at X2 changed from 1 to 5 kg
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Fiqure 3.11

AGS Change of Stiffness - Fredicted

riodal Properties
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Pigure ,13 Change of Stiffness - Predicted Xodal Properties

Stiffness between X2 and X3 changed from 1 x 106 to
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Table 3.1

GE;S Development of lode Shave latrix

(2) Point and Transfer F.odel Constants

(b)

¥ode L

“11 1 +0.0316
Ly, +0.,0608
"3, +0.0808
“44 +0. 0877
"51 |+o.0948
Point :iiod

A 0.0310
“224 0.1171 "
#2323 0.2069
Aiae L 0.2437
“55a 0.2848

Using X1 =%i|%/4
s (directly identified

rPoint Fodel Constant

£44
u55

C.2432

— 0.2849

2

+0.129C
+0.1779
+0.0084
-C.C7%0
-0.2055

[ Constants (derived

0.1290
0.2453
0.0006
C.0484
0.3274

C.125C
0.2466
0.0006
C.048¢
0.3277

Fode Sheve Fatrix (from (c))

43.83

F0.1778
+C.3418
+0. 4542
+0. 4932
+0. 533€

“ode Shavper

¢1 To.1777
¢2 +0.3419
¢3 +0.4543
¢4 10.4333
g, +0.533 7

U

124.8

+0.25%2
+0.49¢€¢6
10.0245
-0.2205
-0.5725

-0.358%
=-0.4970
-0.0236
+0,2204
+0.5727

1

3 4
+0.1548 +C. 6825
+0, 0449 -0.2801
-0.2202 +0.112%
~C.1637  +C. 1739
+0.2296  -0.1226
from (a) )

0.1549 0.6825
0.0130 0.1150
0.313C G.C185
0.1730 0.0443
0.3403 0.0220
for i = 2,5
)
3.1549 0.6825
0.0129 0.1162
0.3096 0.01 85
0.1720 0.0443
0.3370 0.0217
208.4 247.2
+0. 3936 +0.8261
+0.113¢€ -C. 3409
-0.5564 +0. 1360
-0.4147 +C. 2104
10.5805 ~C.1473

+0.32952
+0.1130
-0.5566
-0.4144
+0.5803

‘atrix (2IGET calculation from data of

+0.8263
-0.3408
+0.1363
+C0.2104
-0.1480

5

+0.00057
-0.0021
+0.0177
-0.0186
+0.0048

0.000S;-
0.0078
C.5516
C.€60%1
C.0406

0.00057
0.0072
0.5516
0.4921
0.0281

W
(o)
N
*

W

+0.0239
-0.0849
+0, 6812
-0.7015
+0,1676

Tigure 3.1)

-0.0266
+0.0847
-0.6817
+0.7015
-0.1677




Table 3.2

& Spatiel Hocdel

(a) ¥atrices Based on 4-Digit Data

Cutput of program EZAY with input of Table 3.1 (d)

1.00145 -,000422  .000524

2.00086 .00000O

[21 = 1.00107
Symme tric

>H=5.90884 kg

[2.00280 -1.c0186 .000417

2.00409 -1.0043~

['\] = 10° 3.03256

L?ymmetric
K= ]_66(1.00209)K/m

(b) IHatrices 3ased on 6-Digit Dzta
™1 .00000 0 0
1.99999 0
[x] - 999998

Symme tric

S¥ =

6.00000 kg

 —

2,00CC01 -1.0020C0 .0000C2
o

2.00CCC -.00cccT

Sym-etric

2K =

106(1.00000)

(Fumbers < 10° recorded as 0)

-.002274
. 000445
-.000C17
.995892

.000738
.018381
-1.99161
3.01923

-.C03541
-, 413681
-.008488
-.009858

.879498

-.001560
-.015569
-.00728%9
-1.00028

879275

N




Table 3.3 £GS Sencitivity to EZrror
<. Chen £
Jeovheange O ! Ch . T _
= ¢ Chenge in NFeturel Irecuency
ietrix Element AN = : ¢
1 - SK - 1 2 4 5
+1 C -l 0 -.15 -.01 -.22
0 +1 + 4 0 z +.01 + W
based - L-di-Zt . matrices 07 Table 3.2(&)

Teble 3.4 (95 Developnent of Incomvlete liode Shave HMeatrix

0.1550
0.0130
0.3072
0.1771

(a) PointandTransfer@kﬁal Constants
Mode 1 2
—
‘L‘ﬂ +0.0316 +C,12¢0
A21 +0. C60&E r0.1778
A31 +C.080C8 +0. 0084
A, +0., 0876 -0.0792
41 b
(b) Zoint odel Constants (derived from (a) )
A11 C.0316 C.1290
A22d 0.1170 0.2451
A 0.2066 0.0005
234
A44d _0.2428 0.0486

lodal Constants

(&) ode

0.0316
0.1169
C. 2073
0.2446

(directly identi

0.1290
C.2470
0. CCO7
C.0521

atrix (from (c) )

43.83

50.1778
+0.3419
+C. 4553
+0.494¢

124.8

+0. 3592
+c. 4970
+C.02€5
-0.2263

fied)

C.1550
0.C12¢S
0.3907
0.2414

2Ce. 2

+0.3937
10.1136
-0.£251

-0.40173

C. 6827
0.1153
0.0196
0.0425I

C.E827
0.1174
€.0704
o.é945l

4

O
L]

n)
)
(53]
N

U
Ny



Tebvle 3.5

Incomulete Svonatial Fodel

Cutput of progrem EIZAY with input date of Table

Mess Ma

] -

Stiffness letrix

ct
H
’J

Symrmetric

2 M = 6.01533 kg

o
167(1.00411)

.050e781
-3.75324
16.5135

-3.71277

16,4797

K/m

3(&)

—.1E11€0
4.1021¢
-16.4969
16.1315

.1 10257
4Ll e angmn
~-12.82¢7
10.62¢0

Incomplete.iodel~ Sensitivitvy 1O Error




@5 incomplete llodel

(a) Point and 'i'ransfer Mdal Constants

e~
N

- v s
Pcint iioc

=3

o

+0.0835
+0.1364
+0,1710
+0.1365

—

1 Constants (derived

o

0.0835
0.2228
0. 3502
__0.2231

(®)
o
[\
N
[AS]
&

+0.18%6
+C.0058
-C.3236

14,
]
Q
&}

. 2526
. 1423
. 0901
. 4146

o O O O

w

—

N

+0.34€6
-0.0726
-0.2942
-0,03%88

O

3466
.0152
.2497
.0046

o O O

PointModel Constants (directly identified)

0. 2667

0.4747

0. 2667
—0.0E35

o

.0322

m

HO W

v

o0 O
>
oy O

LY

\NO

L

+0. 2858
+0.0465
-0.0061

+C,5371

0.2E59
0.007¢
0.0CC1
1.009

54



Table %.8 Develovment of Incomplete ¥ode Shape Fatrix

\J
\n

Point and Transfer Modal Constants
Mode aad 1 2 3 4
+
A11 0. 1999 +0.3596 +0. 2606 +0.1513
+
A22 +C. 1999 +C. 2204 -0.1029 -0.2918
+
fzz +C,10¢C6 -0. 00C3 -C,3063 +0.003%6
[ <+
44 . +0. 2002 -0.2228 -0,1024 +0.1805
- |
(b) Point Fodel C{ istants (derived from (a) )
AH 0.1999 0.3596 0.2606 0.1513
4204 | 0.1999 0.1351 0.0406 0.5628
“23g 0.1943 0 0.3600 0
K444 C.2C05 0.13&c C.C402 0.2153
(c) Poirt licdel Constants (direcily identified)
fa C.199¢ C.35¢¢ 0.2506 C.1513
.F-.22 0.198¢& C.13&4 C. G408 C.512%
b C.1988 ~C.0C11 G.4532 C.0115
&, 0.1998 0.1384 0.0409 0.5125
(&) Hode Sheve Katrix (f rom (b))
Frequency 0 9S.36 187.1 257.5
V Ay +0.44T1 +0.5997 +0.5105 +0.3890
554 +0.4471 +C,3676 -0.2075 -0.7502
VEzsg +0.4464 - 0 ~0.6000 + 0
VE +C.4278 ~0.3715 ~0.2005 +0, 4840
44
(e) lode Shzve Hatrix (from (c) )
Ve [5G, 4471 +0.5907 +0.510% +0.389C |
VEnp +0. 4470 +0.3720 -0.2022 -C.7159
\/ Ao +C.445C -C.0C3Z52* ~C.ET7%2 +0.1072
\/ AA4 L:C.447C -0.%720 -0.2022 +C,7155

* 0,0332 = (0.0011 )2 ; the negative sign of ko Deing ignored

23




Spetial iodels

(a) ¥atrices bzsed on Identified Date

Cutout of Program EFMxAY with input data of Table 3.7(e)

r‘1.82‘173
E{] _ 5.59552  -6.15616
L — 9. 14045
Svometrl
VRS i ozcor 2.50795
v 4. 99465 kg
1.562685  -2.42406 2.19513
EK{] { 5.42721  -6.15406
i I 9. 28160
Z 4of Rt
DL 106(.000039) "0

(b) Hetrices bzsed on Derived dete

B .oes40  -.essise 1 .46454

D
i
o

-4.T5¢T5 8. 66676

Symxetric 3.80c4&

Siy = 4.98757 kg

1. 20894
P 5.00308  ~6.04828
Bl
- G.96815
TR C 183505 1 .c4s63

5 10°(.000048) =2 0

5. 83441
-7.6292

-1.32886
3. 13632

-5. 30353
3.48432

.7(2)

-1. 26469

2.77733%
-5.340543
3. 3636767

g6

-8
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4. SPATI AL _¥ODELS OF | DEAL UNIFORM BEAMS

4.1 [ntroduction to Continuous Sys tens

The development of the nodelling techniques of Chepters 2 and 3 is
here taken a step nearer to application to real physical systens. 'tie
consider in this Chapter the identification of spatial nodels of con-
tinuous systens which have unlimted numbers of degrees of freedom and
resonences., Thus the spatial nodels nmust be inconplete but the
conpensation afforded by the use of high frequency residuals can be
i nvesti gat ed. The response data upon which the nmodel is basedars again

to be error-free, being generated for an ideal structure.

4,11 Properties of Beans

A beamis a simple structure which has physical existence and al so
has dynam c properties capable of being conmputed accurately. It is
continuous and has an unlimted nunber of nodes which are fairly evenly
distributed in frequency. A suitable test of a method of nodelling
woul d be the prediction of the vibration properties of a beam construc-
ted by the joining of two smaller beans. This is a process which
could be checked since the properties of the coupled beam coul d be pre-
dicted with as much accuracy as those of the constituent beams which
differ fromit and each other only in Iength. The sinpl est coupling
woul d be a butt joint of two beams of equal section. Such a joint
woul d transmit force and torque and thus at |east would require two
coordinates, one translational and one rotational, to describe it. It
must be that in many practical structures vibrations are transmtted by
torque coupling at joints, but it is not a phenomenon whick has had

extensive study.



4.1.2 hj ectives of the Investigetion

Accepting the desirability of using both |inear and angul ar coordi -
nates at a juncticn,it iS a natural extension to use a mxture of such
coordinates as the generalised coordinates with reference to which a
spatial nodel could be constructed. As was denonstrated in section
2.2.1,e nmode shape can equal |y well be represented by k/2 transl ational
and §/2 rotational coordinates as by the nore conventional & transla-
tional coordinates. It would be interesting to see if a spatial model
based on such m xed coordi nates woul d be neani ngf ul

4 nmodel Iing exercise based on error-free response data fromidea
beans could reveal systematic errors and numerical ill-conditioning and
also indicate if the addition of high frequency residuals by the nethods

developed in section 2.3 inproves the results.

4.1.3 The Short and Lons Beans

These were specified first in terms of their natural frequencies.
It was decided that the range of f recuencies used in the theoretica
i nvestigation should correspond to what woul d be reasonably measurable
in practice. This was taken to be the two decades from 20 Ez to 2 kEz.
The vibration properties of standard steel rectangular bar are plotted in
Figure 4.1 as length versus frequency for depth of section and nmode nunber
as paraneters. Stock of section 31.75 mm x 25.4 mm (13" x 1") was
chosen. A 'Long' beamof 1.4 mvibrating free-free would have reso-
nances at 0, 86, 237, 464, 767, 1150, 1600 and 2130 Et and thus conve-
niently have six nmobdes in the range and six coordinates, three transla-
tional and three rotational, to describe its mde shapes and to act as
its spatial model coordinates. Simlarly a 'Short' beam of 0.65 =
woul d have resonances at 0, 395, 1100 and 2150 Ez and thus have four
nmodes dom nating the response in the range of interest. The two beans

connected at a butt joint would be constituent perts of a 'Coupled beam




of length 2.05 m and whi ch woul d have resonances at 0, 40, 110, 217,
358, 535, 746, 994, etc. Hz.

Plainly, since the Long Beam was to be coupled to the Short Beam
each needed two cf its coordinates at one end. |t was then reasonable
to site two further coordinates et the other end of each beam Four
coordinates sufficed for the Short 3Beam; the Long Beam had two stili to
al l ocate. L location 0.4 mfromone end was chosen, which would be as
far as possible fromany node of the nodes whose frequencies ley in the
chosen range.

The specification of the Long Beamand its nobility matrix is
shown as Figure 4.2(a) and the corresponding data for the short beam are

in Figure 4.2(b).

4.1.4 (Generation of Precguency Response Date

Response data were cal cul ated using program COUPLE1 with nodul e ZTLAXY
eppropriste t0 an undanped Bernoulli-Buler beam For each of the three beans
a Nzl matrix of nobility terms wes calculated for 101 frequencies spaced
| ogarithmically between 20 and 2CC0 Ez, These were,withir rounding linits,
error-free and were to be treated as 'neasured’ data in the follow ng

nmodel | i ng process. These original datevere designated T for 'Theoretical'.

4.2 @ Yodelling Without Figh Frecuencv Residual s

411 the data in this sectionare designated ST for 'Spatial

Theoretical '. In later sections STR for 'Spatial Theoretical with
Residual ', Sk for 'Spatial Xeasured' and S!E for 'Spatiasl Measured with
Residual' will be encountered. It is hoped that the code will help to

clarify comparisons and avoid confusion of similar, but different, data.




4.2.1 0ST | dentification of liodel Constants for Short and Long
Bean

The modal constants needed for establishment of the noduli of ele-
ments of mobde shape matrix [_‘«ﬁ:] were to be found fromthe point res-
ponses on the main diagonal of the mobility matrix. The node shape
signswere t0 be obtained fromthe transfer reswvonses of one col um of
that matrix and in each case this colum was chosen to be the first cor-
responding to translational excitation of each beam tip. The tip of a
free-free beam of course, can never be a node and so tip excitation
must stinulate all possible nodes.

The identification of the Short Beanisillustrated by Figure 4.3.
The point response Ty is sketched as Figure 4.3(2) and all the data
used in 4-node ID=RT cal cul ations are |isted. The resul tant nodal con-

stants, . of the first three nodes are presented in Table 4.1, to-

rA1

gether with the A series whose calculation is not shown. The sign

22
array for the Short Beam is presented at Figure4.3(ejandit wes
obtained by inspection of the transfer responses sketched in Figures
4.3(2) to (a@). The data at 20 Ez are doninated by the rigid body node
and thus the signs of those data indicates the signs of the zero fre-
quency nodal constants.

Simlar information for the Long beam S-node IJExT cal culations is
presented as Figure 4.4. It is to be noted that all the identifications
of Point responses for both Long and Short Beans were done using enti-
resonances and the response at 20 Hz.  Becsuse of the symmetry at the

tips of the Long Beamit is to be noted that A end koo are i denti cal

55’

with A, end arid thus are not recorded in Table 4.4., which con-

™11 22

tains data for the first five nodes.
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4.2.2 @' Separation of Rizid Todv Fodes

The rigzid body notion of the veaz is confined to one place and is des-
cribed by two rather than three coordinates. This is the simple case exem
plified in section 2,2,3.0ne rigid body node, the translational, is com
pletely specified in terms of the mass of the beam. The npbdal constants

D v

for tris node cre given simply by the equation:

thism = |/mfor i odd
11.
Ayp = O for i even (4.1)

remenbering that even nunbered coordinates are rotational.

The moéel constants; for the rotational node are obtained fromthe
tot21 zero-frequency constants s obtained ty use of progrez IDZXT by
subtracting the translationzl corponent:

- - 2 - 9 : A\
1AiiR = 1Aii 1#54m for 211 1 (4.2)

]

he first tvo columns Of the scuare matriz Of point nodal consiants
cerresoonc NOW to the 4wo Zero freguencry modes. This meirix for the
Short Beam IS shown in Table 4.1(c) and txzt for the Long Bearm I N Table

t.4(c)

4,.2.3 @' Spetizl Hodels of Short and Long Seans

The node shape matrix [§] has elements whick have nuneri cal
velues equal tc the squere roots of +re corresponding elerents in the
metriz Of ooint model constants. The sips of the [@] elenents are
those found from the transfer plots sketched in Pizures 4.3 eand 4.4 for
the bending nodes and fromthe thurb-nzil stetches of the rigi¢ body
modes which atpezr at the bottom of Tables 4.1 and 4. 4.

The el enments of the diasonzl ratriz E‘“rﬂ are based on the rztu-
ral frequencies, whick Of course were esteblished for the IDENT cal cu-

| ations.



Application of equation (1.12) by progremEZAYwitht he i nput
data of Table 4.1(d) nroduced the sve nodel for the Short Beamin
the formof the -ass and stiffness matrices of Table 4.2. Simlarly,
for the Long Bean, the model dzta of Teble £.,.(8) vere transformed into
the spatial nodel of Table 4.5. The matrices are all £ully populated.

These =paetiel models reguire careful exexinaticn, It muet
remenbered tkat odd nunbered coordi nates have translations or applied

forces and even nunbered coordi nates are associ ated with rotetions and

. .
applied torques. Thus the elements of the [ ] and | 'f matri-ces i th
exclusively odd numbered suffixes mey be desigreted I, ané ¥ ,
Trans trans

respectively.  Their summations are neaningful as can be seen, for

exarple,in Teble 4.5 which shows I close tc the true value in ZTable
= trans

& talis

4.4(b), whereas the total sumzetions over all coordinates gives meani ng-
less results. it is tezpting to think that L:rot and E"rot' bei ng the
el ements of [] and [ X-]j whickh are exclusively even-nuzbered, thus
relating rotational quantities, will have summati ons capsble of inter-
pretation., Unfortunately, this is not so, because the inertia terns

are not sinple scalars as masses are but they are dependent on the

vosition Of the rotation coordinate with respect to the applied tercue

coor di nat e.
21
Tre values of SU ' rans &R0 2“trans serve as a check on the ssetizl
nmodel . Anot her check can be made by using the spatiel zodel mzirices

zs inputs to progra=3IGEY in order to find the node shapes and fre-
cuencies, The results of such a calculation fcr the Short Besz zre
shown in Table 4.3. The node shapes are very well determned but the
two rigid body nodes have indicated frequencies of 3.50 =z 107 anc
0.625 Ez rather than the correct freguency of C Zz.  This tendency to
indicate small finite frequencies rather than zero frequency wes rre-

viously commented on in section 3.4.1 in connecticn witk the eigenral ues

of an exactly defined Synmetrical Free Systemand may be regarded as a
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feature of the FG24EF subroutine used in ZIGEN. |t has al so been
observed that these errors in deter&nation of would-be zero values are
a function of the particulsr cozmputer used for the calculation and the
size of fioeting point numbers which are handl ed. The DEC10 czinfraze
conput er at Xiddiesex Polytechnic Qi ves |ess accurate prediction of zero
eigen val ues then does the CDCEECC computer at Imperial Col | ege, using
identical program The DEC10 has a limit sbout 10720 for a floating

point nunber whereas the CDC6600 has T

4.2. 4 @' Spetiel Yodel of the Coupled Bean

The two beams constituting the Coupled Beam are joined at twc coor-
dinates, one translationsl aznd one rotational. Thus the spatiel nodel
of the Coupled Sean is formed by joining together the spatial =odels of
the Long and Short Beams using the natrix method of coupling of substruc-
tures which wes introduced in section 1.4. The | ast two cocrdinates Of
t he Long Bear mztrices coincide with the first two of the Short 3Beaz,
This joining i S presented in sketch form in Table 4.6(a) and the mess
and stiffness matrices of the Courled Beam are shown in Tables 4.6(b) asd
(c) in which the overlap is seen to be confined to a 2 X 2 submetrix

associated with the joint cocrdinstes.

@' Keturel Frecuencies

These data were first assessed by using them With progran TIGZX to
predict the natural frequencies of the Coupled Dem The results are
shown in Table 4.6(d) in which it zey be seen that there are two codes
at | ow freguencies Whi Ch cen pernaps be interpreted as rigid body roces,
rezerbering that the EIGEF routines are not capable of indicating zero
frequency exactly. The other frequencies are between 2.4% end13.7: in

error, this being always positive.
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@ Error Sensitivity of Spatial Nodel

The sensitivity of this spatial model to error was indicated by the
effect of a szell change of one nain diagonal element of the stiffness
zatrix upon the predicted natural frequencies as listed in Table 4.6(e).
The shift of frequency wes negligible for the eighth node but increased
with decressizng mode nunber to +62° for the first bending code. The
shift of the second 'rigid body’ code is enornous and clearly anomalous.

This result indicetes extreme sensitivity of the nsturel frequencies
(ei genval ues) to perturbaticns of the stiffness matrix and confirns the
idee thrt 211 significant figures of the spatiel nodel matrices should
be retained, even though date of fewer significent figures were used in
their celculstion. This concept IS contrary to the advice,given to
students using celculztors vhern iackling nore elementzry problens, to
retain only 2s zany significant figures in solutions 2s were in the pro-
bleminput dete. Eowever, since spatial nodel calculations are imprac-
ticeble Wi thout computers which can handl e dete with many or few signi-
ficant figures with equel facility, there is no need to round off the
el enents of spatiel nodel nmatrix elements in order to meke manusl celcu~
| ati ons easier to record. The spatial nodel rmatrices should be regar-
ded 2s an intermedizte stage and fin2l results, such as predicted fre-
quency responses, should be rounded.

@ Counling at One Coordi nate

It wes esserted in section 4.1.1 thet the coupling of beans et 2
joint required two cocrdinetes et the joint. Thi s assertion is veri-
fied by the results presented in Table 4.6(f) which shows the nine netu-
ral frequencies predicted for the Coupled Bear constructed by joining
the Long and Short Besms at one coordinate (the trenslational) only.

The frequencies listed bear no relationship witk the true val ues.
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@' Yode Shapes

Program EIGEN produces node shape data as a colum {g{} . for each
value of r, the mode nunber.  The odd-numbered elenents of {g} are
presented es points corresponding to translations and the even-nunbered
el ements as sloping lines corresponding to rotations in Figure4.5 and
sutsecuent moae shape disgrszs.  The C ortirucus lines on these diegrazs

show the ideal shapes of the nodes, based on 2ishopr and Johnson'-s Tabl es.

(5)
The ST data in Figure 4.5(2) and (b) clearly relate to rigid body

nodes since they are collinear. The node at 0.478 Ez should ideally
have zero sl ope. The other rigid body node which has a negative eigen-
value (hence the indication of immginary frequency 0.2383 Ez) is quite
close to the ideal rotational rigid body node.

The first three bending nodes are quite accurately indicated by the
ST data, the worst error being for the third bending node at the tips,
the translations being too large although the rotations are accurate.
The next three bending nodes shox rather more divergence fromthe idea
with inaccuracy increasing with frequency. This trend was explained in
Chapter 2 as the increasing influence of nodes whose resonances are out-

side the freguency range of the sinple spatial nodel.

@ Frecuencvy Responses

The frequency responses of 64 responses could be generated for the
spatial nodel of the Coupled Bear represented by 8 z 8 matrices. 4
selection, corresponding to response and excitation at the tip and at
the pcint of junction of Long and Short Beazs, i S shown iNn Figure 4.6,
in which the thinner continuous curves correspond to the true '7' fre-
quency response cf an ideal 2.05 - beam In each of the diagrams six
model | ed resonances corresponding to the bending nodes may be observed.
Each shows a sinple asynptotic approach to a mass-line at frequencies
above 800 Ez.  Discrepancies of resonances and antiresonance frequency

are clear but the general level of all the responses is correct. The
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junction cross response of Figure 4.6(d) has a correct ziiernation Of
antirescnarces and Non-zero ninine between resonances. Figure 4.6(f)
for the rotational response Yee has the second bending node meving a
negligible contribution to the nodel response although jt puts a s=zall
kink into tre ideal curve. The reverse is true for the fifth bending

mode,

4.2.5 @ Concl usi ons:  lodelling Without High Frecuency
Residuzls

The ST spetiel nodel of the Coupled Bear: has been comprehensively
mat ched agzinst the ideaf/ in (a) natural frequencies,(b) roge shapes arid
(c) frecuency response, it cen be given an over2ll rating as 'fair',

In summary:

(1) Tre construction of an incomplete szetizl model of & continucus
systez i s feasible.

(2) The spatial model can be based on a mizture of trensistional
and rotational coordinates.

(3) The total summetion of the elements of the spatiel model
matrices is not meeaningful but summaticns of el ements exclusivelv irans-

letional in nature do correspond to the total mass and the totel stiff-

™

ness of the structure.

(5) Each svatiel nodel mztrix is in effect substantially perturbed
by the coupling process. The fair zpproximetion to ideal behaviour
given by the spatial nodel of the Coupled RBezx indicates that tre rro-
cess IS V& d.

(6) The renge of freguencies for which the I x spetial mocel
gives valid predictions has an urper bound corresvonding tO the I{'th —ode,
(7) ?he spa tiel nodel without high frequency residual s shows

increasing error in node shape as the mcdel frecuencv rises.

(¢) The high frecuency trend of the predicted fregquency respccse

beyond the range of validity iS mass-like,



4.3 @H Modelling With High Frecuency Residuels

In Chapter 2 wesaw thet the incorporation of 2 high freguencr resi-
dual term could meke a significant inprovement in the curve fitting of
one response 2nd that such a residual could be reyesented 2s 2 spring.
when several related curves were identified 2nd the spatial nodel con-
structed the high freguency residuzls Of rteint responses could resdily
be acceomrmodeted as springs and those of transfer responses could be
negl ect ed. in this present Chepter we seek to identify the response
curves once more, this time making provision for celculztion of the high

frequency residueals, [

4.3.1 ST2 Celculetion Of Eizk Frecuency Zesidusl Terns

The identification calculetions were cerried cut using the szze
response dete as were used formerly in section 4.2.1. The highest fre-
quenci es, hovever, were altered to 10000 Ez in the case of the Short
Bear 2nd 5000 EZz for the Long, these being convenient round figures
eboutz2decade above the hi ghest true resonance in each case. The

th

resicdusl stiffnesses were calculzted fromthe X modal constant and

5% ' resonance’ frequency according to eguation (2.21) and are presen-
ted 2s part (b) of Tables 4.7 and 4.9 for Short and Long Beams respec-

tively.

4.3.2 @R Spatizl ilodels of Short and Lona Seam

The renainder o Tabl es 4.7 ané 4.9 is devoted to the develorzert
of the data for the respective [_7@] end EJI?_] metrices by the seze
methods as were used for the ST nodel in Tables 4.1 and 4.4. The mode
sheve metrices for the STR model can be seen to differ fromthose cf the
ST nodels in that the nunerical velues of the {z(}r el ements of STR
becone smeller than those of ST as r increases. This is the effect of

the high frequency residuals which remove the need for cods-1 cecnstent

n

to be exaggerated in order to zpprozimate the out-of-range nmodes,
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The spatial models of the Short and Long Beazs were cal cul at ed
usi ng progran EMXAY and are listed in Tables 4.8 and 4. 10, together

with the diagonal matrices of residual stiffnesses.

@. Residuel Stiffness Fodel

The 2§ x 25 matrices which constitute the spatial models with resi-
dual stiffness were di scussed in section 2.3.2 and are specified in
equation (2.5) and are composed of submairices which can be found from
the data of Tables 4.8 and 4. 10. Since the nass matrices have zeroes
on the nain diagonal they have zero determinants and are therefore
singuler. Thus they erg not positive definite and consecuently cennot
be used unmodified to cal culate eigenvalues and mode shapes using rrogram

EIz=0. The suzmastions of i, and ZKH‘ for the expanded nmetrices
"4 T

ans crans

give the same results as before, however.

|

@3 Residuel Flexzibilitv lode

The alternative approach for inclusion of high freguency residuals
that was discussed in section 2.3.2 invelves Several steps which entail
computer file menioulation.

(i) Use program COUPLEY with nodul e ZiAXK2 with input data

1)
G{l {0 generate a matrix of linear receptances for each frequency of
the sweep and store that data on file.

(ii) Use a special short program £DFLEX With input data [CreS:]
and add that data, frequency by frequency, to that of (i) above end
store on file.

(iii) Use program CCUPLEZAY with nodul e ZFILE to process the recep-
tance data into the desired final cutput formet, usually nobility in
logarithmric form.

This nodel wzs tested by going through steps (i) and (ii) using
deta for the Short Beanm. Ultimetely, 2 4 X 4 receptance matrixz was

obtai ned for easch of 101 frequencies. The method. i nvol ves consi derabl e

file menizuletion, done by control cards in this particuler case, axnd the




procedures were tedious. The resulis were cormpared with those prepared
by the residual stiffness method using & x 8 matrices. The two sets
were not identical but were nearly so, the largest discrepancy being
0.1:. The residual flexibility nodel was seen to work but offered no

advantage and was therefore not further used.

4.3.3 TR  Spatial Yodel of the Counled Zeam
Residuel Stiffness liodel)

The Long Beam With residual stiffness has a representetion With 12
coordi nates, nuxzbers 7 to 12 being available for external connections.
In the case of the Coupl e/d bean coordinate 11 is used for translational
coupling and coordinate 12 for rotaticnal coupling. Continuing sith
systez coordinates those for the Short bvesz are numpers 11 to 18.
Coordinates 11 tc 14 are available for external connections, numbers 15
to 18 are inaccessible.

The spatial mnodel of the Couzled Beam IS specified in Table 4.11
firstly as a sketch with labelled coordinates in 4.11(a) and ther in
terns of the two subsystems, the Long bear! in 4.11(b) and the Short bean
in 4.11(c).

The conplete 1€ x 18 matrix of the Coupl ed Bean does not have to be
specified, since the frequency respcnse of the system can be generated
by use of progrsz COUPLZ1 and nodul e Z¥a¥2 wWith +wo subsystem using the
computer to do the necessary coupling calcul ations. [t will be renmem-
bered that the complete 8 X 8 matrix for the ST Coupled Bean was speci-
fied although the frequency response cal cul ations could equally well
have been dcne using progrem CCUPLIY t O assemble the syster metrices.
In that case, however, the system matrices could be used with srogram
EIGEY for the direct calculation of natural frequencies and mode sheves,

n option not available for the STR matrices above because of the singu-

o

lerity of the rass matrices.



@n keatural ¥reguencies

The spatial model with residual springs can be nocdified so that the
natural frequencies can be calculated using ZIGEX.  The modification
involves removing all the coordinates which do cot designate mass poirts.
In this exemtle the springs attached at coordinates 7,8&,9, 10, 13 and

-

14showninTeble s, 11ere omitted altogether, zrd ezch vzir of sorings

)

connec ted at junction coordinates 1{and 12 is repleced by an esuivalent

'S

single spring representing the series connection of the two residual

- L pmre 4 “ 4N A PR +

Springs. The resultent systen has1Ccooriinztes, each a2t a mass point,
~ <+ —~ — [ PR - 3 ~m - Fal - g4 ~
ané the zesz metriy is non-singuler. The neturel frecuencies predicted

1040 and 14%€ Hz, the latter two bteinz aznorelous since the model Las et
the outset only & external coordinates arid & vzlid nodes. The mode

shezpe vectors outvut by ZIGZi o notcorresronz to trhe external coordi-

V3

1ztes and zre thus not directly useful

@ Pwecuency Sesponses

The frequency resvonses of selected pazrazeters, at the tio anc et

the junction, were generzted and plotted in Pigure 4.7. The spatial

el has eight external coordinztes and has eight true resonence codes,

two of whichare rigid body codes. There are six bending modes, there-
fore, which are predicted. This covers the freguency range ut to 750 Z:o

The model zekes no valid prediction at higher freguencies,

“he modelling of the twe tip responses is excellent. Slight dis-
crevancies are cbvserved for Y77 at the antirescrences about 190 £z arnd
. ¥ismateh of entiresonernces IS

apparent for the tiv cross reszonse Y tut they are cct serious errcrs.

Slightly core sutstentizl errors are to be seen for the junction resrounses.

The junction cross response ¥, , , > hes the nodal constant Zcrtke fifth
1

bending node at 535.2 Ez a little too large, evidently, although it has
the correct sism. The »oint translational response Y, , , &t the junc-
y

tion hes IS zniirescnancesslighily astrav, & feature of no greset

170
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si gni fi cance. Lastly Y12 17 shovws good agreezent with the exception of
?

a contribution of the fifth bending mode showing itS resonsnces, whereas
the true resvponse has a negligible resonznce for that —ode as can be

cdeduced frox the near horizontal slope of the shepe of that nmcde seen in

3
O
ct
'y
m
81
[
M
[43]

e . -~ -+ -y b -
tuire is egnmarent in g1l +h

there zre two indicated resonances, at 1C4C and 145& Zz, of which more
will be said telow. Also, the final trend of all the curves at high
frequency is upwards towards a sw ng-line. This is, as expected, an

effect of the residual syring.

Lt first sight the cezlculation Cf zode shapes seems tO present a pro-

blez, &agein because EIGZl is inapplicable to the extermal coordinates.

T

llodel identification, wusing progrem IDZIXNT is the sclution. hceordingly,
respense cete were selected for the eight resnonses at external cocrdiretes
(7T tc14)toexcitzation et coordinate 7, the bean tiv. Zight runs of
IDENT were sade giving data from which the mode shape natrix could be cal-
cul at ed. Xo tabular data are presented, the results are plotted as
translational points and rotational slopes in Figure 4.E.

Onemaycomzment first cn the rigid body modes; their predicted shaves
ere accurate within the folerances ¢f the grezh., Their indicatied frecuencies

are very low, well below the renge of interest. The Tirst <rree tendins

»

meodes exhibit slight discrepencies in mode shape, slight errors of distlace-

f

nent vernevs veing zmore noticeeble. Trhe f ourth bending rode at 3612 =

has a perceptible slcpe error at coordinate 12. The fifth bendi ng moce at

(Ve

535.2 Zzshows significent errors at scoe inboard cocordinztes: § naving only
€07 of iis true value end 11 about 125.. This fzct help to expleirn tie
relatively poor fit of the frequency resoonses Y ., and Y -
y ® quency = 11,12 12,12
vicinity of that ode, which has already received comment. The sixth bend-
ing mode, whose frequency rerke the urper-limit of {the range of validity cf

this spatial nodel, shows merked angul ar discrevancies at coordinates 10

and 12 end an error in the tip disclazcement, coordineate 14,



The modal datz for the indicated resonences et 104C 2nd 1456 Zz zre
compared with the true mode shepes in Figure 4.8(g) end (n |. Thei r

znomelous nature is very clear since the nodal datz appears to be

i ncoherent. The inboard sl opes and disvlacements tight conceivably be

but the slopes fcr the bess %izs must be

fitted to plausible curves

wrAnn o..sinctne trenmd Tc hizher sloves gt the ftiv zs the model frecuerncy
rises is inezorzsble, This perticulaer spztiel model has, fron the

outset, eight coordinates and ei ght ncdes and can give valid dzte only
up to the eighth resonance frequency. Thus such znomzlous modes coul d
be detected and excluded in the generzl case when true freguency res-

vonse data are not eaveilable for ccmparison.

The mzjcr results for both ST anéd STR modelling are surrerised

The innovationdt reserntation Of roint resicusls oy spring ele-
rents i S simple, eesy tO visuzlise and produces & recarkeble improvezent
in the fin2l predictions from 'feir' to 'excellent’

(1) The ST3 frequency resvonses in ccoparison to the ST resronses

e 'focussed" since the mismatch between model 2nd prototype i s very

(2) zzturel frequenci es, found »7 using EIGES witk a modified

svetial model, ere eccurste within 1% evervwhere.

the exceptions 7bveing &t inbozrd coordinstes near rotziional noies, which
(4) The residusl stiffness model inve lving 20 = 28 metrices 1O

incorvorate residuel springs iS much easier to manipulste th2.n the esuiva-

lent residuel flexibility model invoelving program ADPLEX end ruch file

.
manivulation.

172 i
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(5) The high frequency trend of the predicted freguency resvonse
beyond the range of validity is springlike.
(6) There ere two enomzlous high frequency modes ezsily detected

. 3 - AP, t 3~ iR
v hzve stronge 'mode chavpes

ersd discerded beczuse the

1ie beyond the valid range of frecuency bounded by the I *" pode.




=Y
by

(4)

(5)

—~
[ex)
~—

(8)

(

\O

)

174

4,4 CONCLUSIONS: SPATIAL VODELS OF IDEAL UNIFCRI BEAMS

The construction of 2 useful spatizl nodel of e continuous system
is feasible.

The svyatizl nodel czn be b-tilt wWith respect to 2 mixture of trans-
laztional and rotational coordincstes.

— o X
Elezents of the spatiel zod

(]

T A b I P R N b P S
1 exclusively reisting transleficnel

ct

guentities heve rmeaningful summations.
The spetiel nodel eccurztely predicts the effect of the substantial
perturbation involved in coupling two substructures,

Beams connected et 2 butt jcint must have twe cocrdinstes of coup-

The overzll process of modelling ané coupling 1S numerically well-

The frecuency response vredicted ty arn X-node spztial nodel is
. -th .
velid up to but not beyond the ¥ node,

The innovatory addition ¢ srrings tc the spatizl nodel to repre-

sent high frequency residuzls of point responses mzkes 2 nost

significant inprovenent in the accurzcy of the nodel

This addition of spring elements i s most ezsily achi eved by increas-
ing the size of the retrices tc 2N x 2,the 'residuzl stiffness'

wodel,

(10) The mass metrices resulting froz (S} are sirnguler, end the spatiel

(11)

model has to be reduced so that EIGZN cen be used to celculete the
natural frequencies. Cl ose frequency sweeps using program COUFLE1
with the full nodel will give responses, program IDEXT will then

gi ve moce shapes.

The residuvel-syrings method troduces twe hien frequency anomalious
modes which affect the response in the region beyond the range of

validity.
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The CCHCLUSICKS of Chapters 2, 3 and 4 tzkex together constitute a
summary Of theoretical tools whick can be used in the latter part
of the thesis, Chapters 5 6 end 7 which are concerned wth

experimental neasuresents and the azvlication of the techniques of

identificetion Of spatizl models of lightly damped systens




Fizure 4.1
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Pirure 4.2 Specificetion of Coordinates end Yobilities
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Figure 4.2 (continued) Specification of Coordinates and Mbilities

(b) Short Beam
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Fizure 4.3 Identification Oof Short Beam

Resonances at 0, 398.5, 1099, 2154

Precuency ZResvponse Sel ected Date

recuency( Ez) ! Phese Type

20. 00 .0829 0
274.6 0 0 LR
889.% 0 0 AR,
1857 0 0 LR
20. 00 -2.25 0
20.C0 -.4951 0
(a) (é4/F1) 20.00 -2.290 0
(e) Sip Array
¥ode 1 2 3 4
FPreguency(Hz) 0 338.5 1099 2154
+ + + +




Pigure . 4 Identification Of Long Bezn

Resonances =2t 0, Eb.91, 236.8, 464.2, 767.4, 1146

Frequency( Hz)

20.00

20.00

(v) (8/%,)

20.00

(e) (Z/7,)

50.00

(e) (:k5/31 ) \ 20.00

29.00

3

+

+

IN Phase Type

L4267
e

O O O O

-.3694

~-.02854

-.5489

-.2524

-.5636

4

“+

0]

o O O O O

0

1
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236.& 464.2 767.4

6
1146
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Figure 4.5 <:> Predicted !lodel Zzta for Counled Bean

(c) 1B
(¢) 2B

@ = \ AN

\V/“”\

AN

N ~_

Frecuencv (True Frecuency) (Ez)

(2) j

0.23 (0) (p) 0.8 (0)

(c) 42.47 (40.07) (&) 123.1 (110.2) (e) 221.7 (216.5)
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Pigure 4.5 (::) Predicted liodal Date for Couvled Beam (cont'd)

NN A NI AN

\ A~ A~/
NI/ P A

AN ANYAN
NN \/\

Frecuency True Fresuencv) (Hz)

(£) 370.6 (357.9) (g) 608.0 (534£.7) (n) e601.2 (74€.8)
ney (a) Rigid Zoéy Transletion T

(v) Rigid Body Rotation OR

(c) 1st ZBernding Mode 13

(¢) 2nd Bending iode 2%

etc.
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Tin Cross

Frequency Responses Of Coupled Bearn (cont'd)
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Figure 4.6 @ Frecuency Responses of Coupled Bean (cont'd)

(e) Junction Response 5, 5
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Fizu a7 ’ Frequencv Resvonses of Coupled Bear (cont'a
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Fiqure 4.8 STR i lModal Deta

(a) 0oT

(v) o= ’\{_
\
-

(¢) 13 \

\E——’/

AN \//"‘\\
/

(e) 35\ /\
N N~

Frecuency_(True Frequency) (Ez)

(a) 30.239 (e) (b) 0.465 (C)

(c) 40.20 (40.07) (d) 110,23 (110.4) (e) 215.1 (216.5)




1 90 (3] e

Ficure 4.8 . Predi cted liogelData for Coupled Beem (cont'd)

(£) ¢z \ /\ /\

(g) 53 \ (/\ /-O_\ /
N

D
D
D

(h) &

(1) 78 OY /\ /\
N \7/\\/

N AN A ANTAS

3) &3
Frecueﬂcv True -reque“cv Iz
(£) 361.1(357.9) (g)535.2 (534.7) (n) 740.4 (746.6)

(i) 1040.2 (994.1) ( j) 1455.6 (1277) - both anomelous



Figure 4.9@ Spatial Mdels of Coupied Beam

Coor di nat es and Netural Frequenci es

~ AN A

(2) Ldeal Beam 1.0 0.4 0.65

Y

Long Beam Short Beanm

(b) Natural Frequencies (Hz)

0 0 40.07 110.4 216.5 357.9 53447 746.8 etc.
(b) (ST Spatial Mdel - Theoretical Data

Tip Coordinates 1,2 Junction Coordinates 5,6

Nat ur al Frecuencies (Hz) - Error (%)

(SN

.23 A48  42.47 123.1 221.7 370.6 £08.,0 801.2
(+6.0)  (+11) (+2.4)  (+3.5) (+13.7)  (+7.3)

(c) . Spetial Model With Residuals - Theoretical Data
1 2

15 16 17 18
Tip Coordinates 7,8 Junction Coordinates 11,12

Yatural Frequencies (Hz) - Zrror (¢)

J.329 65 40.20 110.2 215.1 361 .1 535.2 T40.4
(+3) (+.1) (=.7) (+.9)  (+.1)  (-.9)

plus 1040, 1456 (anomnal ous)
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Teble 4.1 @ Development of llode Sheve latrix for Short ZSezzm

( a) "odal Constants

Outputof vrogram IDENT.

lode 1 2 3
Freguency (Zz) 0 30€,5 108¢

T . 9859 9810 1,038

by 7.000 51,51 173.1

(b) Seperation of Rigid RBody Iodes

=]
]
P
(@]
1
g |
w
o]
~
H
1]
n
~
o
\J
123
M

fAygp = +2465 fhyqp = +9859 - L2465 = .T394
A _ s = 7.00C
1foop = O 1%203
where -1‘A°iiT = 1/mfor | odé
1Aiw"“ = O for i even
1h355 T qhys — qhygp o elll

(c) Letrix of Foint Model Constants

Because of symmetry A, = 4 1,A =4
s

Frecuency (Hz) o(7) o(r) 39€.5 109 _
A 2465 L7394 .9810 1.038

>
N

2

z
-~

\G3

Qe
N
o >~ O
[0}
w
.

. ~J
N
O
BN
»

X¢)
U
.
O w
M
m

\'
o
o
o
wm
pury
.
(W]
Y
~~J
A9}
.
-

r

A
&

(¢) iode Shave Metrix

Freguency (Ez) oy

&
N +.405 -.8500 +,9255 ~1.01¢
>3
£

The sifmns in the lesttwe columns were found from the
identified short bveam transfer resvonses Figure 4.3. The s:

first tuc columms were found from the rigid body node shaves telow:

+ 40 U"'O +

=4 T

—-

Translation notation




Table 4.2 @

Spatiel Model of Short Eeam

Output of program EMKAY
iless lletrix

1.62039

-

But

Stiffness latrix

[$3]

with input date from Tadble 4.2.1.
. 193443 407904 -.0ET7ES57
.03034€8 .CETESST ~.01EZE3C
1 .5203¢ -.1835447%
| e
= 4.08052 kg
= 4,056588 kg
3.65028 -11 .2z2C 2.£5020
1.49352 ~%, 65020 .881¢z0
11,2320 -2.65C20
1 £CC52
et
= 10°(2.74208) /=

its

Table 4.3 @' llodal Proverties of the Short EBearn Predicted from

Svpetial Model

Output of

e}

rogram TIGZE

Haturel
Freguencies (H2)

Hatrix

tlode Shape

with input [MS}
3.50E-5 625 4 398.5
[ e07 BEC -.995
L
£ 897 .860 .995
1.28-8 -2.65 -7.18
—1.25-8 -2.65 7.1s

Comypare

with Teble 4.1(d)

[i:{] of Table 4.2.

-1.0
L

17
Iinte

192



(e)

(v)

Table 4,4 @ Development of iioce Shave iatrixy for Long Sear
¥odel Constants
Cutput of crogrem IDZNT.
Yiocde 1 2 b & 5
Freguency (Ez) 0 85.9 236.8 464.2 767.4
A11 L4577 4581 4636 L4736 .5082
322 . 7C0C £.06 14.83 31.77 68.58
“33 774 0233 .1958 .1 081 .0043
A44 L7003 2.619 .2827 7.629  35.58
Severation of Rigid Body ilodes
n = 874 ve , /& = 1144 kg "
2 L : = = - 4 L = XS
1.:‘.11,1-‘ - -1144 1"111“ - 04377 01144 034‘J3
A — » — NNN
15027 T © 1722R = L7000
1333T = 1144 1A333 = 1774 - 1144 = L0E3C
) _ . _ ~=

equations of

Table 4.1 (b).

O

P2




B

continued ST

Table 4.4 0

(c) ¥atrix of Point Kodel Cons tents

3eceuse 0of Symmetry Aﬂ: = AH’ A66 = A22
Frequency (Zz) o(m) 0(R) 85.91 236.8 464.2 767.4
Ao L1144 « 3433 L4581 L4638 L4736 . 5082
Ays 0 . 7000 5.061 14.83 31.77 6g.58
Ao 1144 L0630 ,0233 .1959 .1081 .0043
J S
A4 0 . 7003 2.619 . 2827 7.629 35.58
bog 144 .3433 . 4581 L4636 L4736 .5c82
-
L, 0 .7000 5.061 14.83 31.77 68.58
€6 s f
(¢) iode Shape liztrix
Frecuency (Ez) o(m) o(&) 85.91 236.8& 464.2 767.4
\/AH [5.3382  +.5850  +.6768 +.6809  +.6862  +.7129
ko, + 0 -.8367 -2.250 -3.,851 -5.636 -8.281
Vann 403382  -.2510 -.1526  +.4426 -.3288 -.0656
\/A44 + 0 -.8367 +1.618 -.5317 -2.762  +5.865
Vi +.3382 -.5859 +.6768 -.6809 +.6882 -,7129
\/;\66 + 0 -.8367 +2.250 =3.851 +5.636 -8.281

The signs in the last four columns were found from the plotted long

beam transfer responses, Figure 4.4.

The signs in the lirst two columns were found from the rizid body

mode shapes sketched below.

Rotaticon




Teble 4.5 (::) Spatial liodel of Long Bean

Output of progrem DAY with inputdate from Table 4.2,4(a)

iess liatrix

Stiffness

(5]

But

2.42399 .431632 -5.60223
.100957 -1.66088
45,5975
S tri {
| Symzmetric
2u = 6,66408 kg
Eihtrans = E.74287 kg
retrix
—~
3,20505 1.56869  18.1014
.968344  2.49452
Symmetric
| Sy 920.808
Sk = 107(174.104)
Sx = 10°( .000E5)

2.36038

30.3421

161.986

N/m

P4

- C

6.22342
1.86052
-50.8450
-11 .834%

61.1720

-4.06322

-167.092

960.216

-938.909

F/m

-1 .54614
-.4€1354
12.5811
2.91720

-14.8869

W

.£58C2

40.3183}

-234.495;

305 15832

—

0



Table 4.6 9‘ Spatial Model of Coupled Beam

(a) Coordinates

Tip Coordinates 1, 2 Junction Coordinates 5, 6

(b) Mass Matrix

2.42099 .431632 -5.60223 -1.16026 6.22342 -1.54614

0 0

.100957 -1.66083 -+ 350506 1.86032  -. 461354 0 0

45.5975 10.0147  -50.8450 12.5811 0 0

: _ 2.36030 -11.8349 2.91720 0 0
®I 62.7924  -14.6965 .407904  -.087896

3.68837 087896  -.0183839
1.62039 -. 193443
Symmetric .0303468

-
(Ve
-3
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Table 4.7 OSTR Development cf ilodeSheve letrix for Short Rean

(a) Fodal Constants

Output of prograrn IDIW

| Hode | 2 3 | 4(resicusl) |
Frequency (Zz) 0 398.5 1099 10000
244 .985¢ L0587 LI7T2 89.23
L0 7.000 49.83 129.6 26235

(b) Residuel Stiffness

- _ 2 , _ - 2 .
o = a)4 / POTE (271 = 10000)° / .
K, = 442.478 x 10° e = 1.50489 x 10°
rs1 : ’ Trs2 T~
(¢) Seperstion of =Zigid Bodvy Lodes
19417 A
1A22’1‘ = 0 17222 = 7.003
Usi ng eguations of Table 4.1(b)
(d) iztrix of Point lodal Constants
Because Of symmetry A33 = AH’ A44 _ A22
Frequency (EHz) ) c(®) 298.5 1 099
A” . 2465 . 7354 .9587 L7772
A22 0 7.C0C 49. 83 129.6
A33 . 2465 . 7394 .8587 L1772
2
hup = 0 7.000 49. 83 129.6
(e) Mode Sheve Hatrix
Freguency (Ez) o(m) o(&) 398.5 1089
— -
\/ AH +.4965 +,850¢ +.9791 +.881€
V 11.22 - 0 -2.645 -7.059 -11 .38
_ \/AB.Z i.4965 -.85S% i.9791 -.881€
~
\/A44 _+ 0 ~2.64€ +7.059 -11.38_

Signs as for Tadble £.7(d)
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Table 4.9 STR) Developrment of ModeShepe Hatrix for Lonz Beam

(a) Modzl Constants

output of program IDEIT

Yodle 1 2 3 4 5 6(residuel)
Frequency (3) 0 €5.91 236.8 464.2 767.4 5000

L L4578 L4558 L4450 3995 ,2872 54.88

!-.22 .7008 5.000 14.24 26.82 28,70 8590

ABB 775 .0232 . 1881 0918 .0C12 13.75

.844 .7005  2.603 .2505 6.123 18,85 20C¢

(v) Residual Stiffnesses

2 _ 27,

Pai= We/ghys = (2T = 5000)%/gh,,
%211 = 179.824 7 10° I/n K05 = 1.14903 x 10° %/=
faze = 717.875 x 105 1/n 14 = 4.91884 x 105 3 /n

(c) Separation of Rigid Bodv lodes

11’-.11,1\ _ L1144 1.5;113 = W45T78 - 1144 = 343
2 = G A = ,7008
17227 17722R
) _ " . _ J— ., -
1"‘33!1\ = 1144 1“333 = L1775 ~ .1184 = .0631
i - ,
1A44T = 0 1744 . 7005

Usi ng equations of Table 4.1(b)




202 ™

Table 4. continued

(a4} Hatrix of Point iiodal Constants

Beceuse 0 f symmetry 5%‘5,. = Ly Aee £os

Trecuency (X: o(7 CLE)  85.91 236.8 t&i.2  TET.L
Ay 144 L2434 L4556 L4450 .3995 L2872 |
oy 0 L7008 5.040 14.24 26.82 3&.79
hse L1144 L0631 0232 .1881  .091E8  .0012
Ays 0 .7005 2.603 .2505 £.123 1E.85
hes 144 L3434 L4558 L4450 .3995 L2872
b o L7008 5.040 14.24 26.82  3E.79

Frequency (Ez o(1) ¢(R) 85.91 236.8 464.2 767.4

VA +.3382 +.5860 +.6751 t.6671 +.6321 +.5359
+ 0 -.8371 -2.245 -3.773 -5.179 -6.228
3% +.3382 ~-.2512 ~.1523 1.4337 =.303C =-.034€

+ 0 -.8370 +1.613 =-.5005 -2.474 +4.342

+ G -.8371 1s.245 -3.773 15.179 -~£.zZ28

V&za
Vess +.3382 =.5860 +.6751 =.6671 +.6321 -.5358
Vg




Table 4.10 @“ Swatial ¥odel of Long

Output of program

Bean

liass lMatrix

Stiffness

Symnetric
-

hntEatd
L

itk inputl

25:37678

45.1140

5t = (8.74284 kg
trens

atrix

-, 5

Wl '

.OBEE3

Symmetric

2K

trans

1.94368
1.15510

31.0199
€.72279
1271.70

9.94157

7.60471
2.53812
220.634
40.5604

= 10°( .0010%) =~ o0
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5e oty CRENT OF MCOBILITY PARAMETERS

The theoretical tools necessary for the identification of spatial
nodel s were devel oped in Chepters 2, 3 and4, the conclusions of which
sumcarise the techniques evaileble for use. Thi s Chepter i s concerned
with the devel opnent of experimental tools for use in the modelling of
physical structures. There is zemphasis on the measurement of rota-
tional mobilities including the use of the derivaticn relationship of
Chepter 2 to reduce the effects of errors. The errors of neesurement

arising from certain properties of accelerometers ere al so di scussed,

and renedi es prescribed./

5.1 Esteblished Mobility Measurement Technicues
51.1 tveileble Test EZcuipment

The avail abl e technigues for acquiring measured mobility data heve
been briefly discussed in Chapter 1. In the subsequent Chepters it
was shown thet successful identificetion of spatial mnodels was founded
on accurzte values of frequencies, particularly antirescnances, ané of
response levels, especially of rigid body modes. While it is possible
to get good mezsurements USing transient techniques there is always dif-
ficulty i n esteblishing Within close tol erances the ressenses et | ow
| evel s suches antiresonences and tke | ow frequency rigid body nodes.
The tine taken for tests to be carried out is not the most importent
criterion es it zightbein commercicl vibration invesiigaticns, SC for
both these reasons stezdp-state siruscidel testing is to be récomzendec.
The digitel transfer function analyser (DTFL) eguirments for steady
state sinusoidal testing hzve the zdvanteges of performing well et low
| evel s and of quickly zroducing deta thet is easy tO visuzlise and easy
to check, thus faciliteting the development process during which
unfanilier results have to be assessed. Two system besed on D774

principles were zveiletle in the Dynemics Sectiorn of Imperial College
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Mechenical Engineering Department.  These were both menufactured by
Solartron Ltd.

The | arger epparatus, the JX 3381 Progrzmmeble Freguency Response
Anal yser, consists of a Ji 1600 Transfer ZFunction inelyser With high
frequency extension unit JX1639interfaced with a PDP8e minicomputer
mernufectured bynt Digitel Zgunmenit Comparny. Thesysten IS controlied
by programming the minicomputer via 2 teletypewiter, using the -high
| evel conversation2l |anguage DYXAIIC FCCAL.,  The minicomputer is al so
interfaced with peripherel equipment, 2 hi gh speed tzpe reader, hi gh
speed tape punch and ar EY graph plotter. El ectroni ¢ signals origina-
ting in the TF4 oscillator are amplified in a power amplifier and zpplied
t0 an electromechenicel shaker which avovlies force to the test structure.
Signals from piezoelectric force gauges and accelerometers mounted on
the structure zre teken through cherge amplifiers before being input
sequentially tc the TFA Correlator which has ten input chennels eveil-
abl e. 4 blocx diazgram of the whole systen is shown 2s Pigureb.l.

The smaller anparatus | S transporteble 2nd consists meinly of the
m croprocessor-controlled 1172 TF% which is nore cozpact than the
J¥ 1600 + JX 1639. It has only two input channels, sufficient for one
input force 2nd one inrut accelerstion. Linear or logarithmic freguerncy
sweeps can be progremred Dy touch buttons. The out put |evel of *:
oscilletor has to be preset 2nd there is no provision for the setting of
linits On oscillatecr voltage, force level or response level which is a
feeture of the more versatile JX 3381. The reasured data car be outrput
in the form Of the level .either input channel with respect to tze
initiel osecilletor sign2l or the rstio of inputs. These data can be
expressed in Cartesiezn or polar forz and in the lstter cese the =modulus
mev be linear or logarithmic. They are displeyed digitally, together
with the frecuvency, 2nd they =ay be stored on tare or printed by use of

the sttached perivneral devices. Data stored on tzve can, if necessary,

be processed zter the test by using the FDP8 computer and its perivherzls
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The shaker can be flecor- or table-mounted or supported on pivots by
a crane so that it can be aligned to ezply force in any direction to the
structure under test. This structure will have accelercmeters mounted
et specified coordinates for detection of response and will heve one
force gauge to which a push-rod is connected. The push-rod, +ypicelly
2 steel wirelmr diameter, 25 mz long, zllows transcissicn Of oy4z1
force without imposition Of significant rotztionsl resirsint. - In cany
cases the teststructure iS to be freely supported. Such 2 free sup-
port is obtained to s good approximation by use of soft rubber cords.

lobility testing in/general has veen comprehensively described by
Dwins (4) who has also witten a handbook (86 ) for the J% 3311 pini-
comput er controlled facility. Silva (9) has zrovided 2 description
of both sets of Solartroc equipment aveiladle in the Izpgerizl Col | ege

Dynarmics Section together with 2 discussion of zezsurement and calibre-

ury 31D

)

tion procedures. 4n earlier work by gives detzils Of
multidirectional NObi ity rezsurement methods. These zre bzsed or the
use of 2 single shaker together with an "exciting block' on to which
eccelerometers coul d be connected and through which forces and torques

could be applied to the test structure. This Chapter is principelly

concerned with the develovment Of exciting bl ock teckrigues fOr oyi:ia

directi on2l mezsurements ON smeller structures than Sainsbury tested.

5.1.2 Foi nt and Trensfer Transisztionsl

is used for nXizi.D- toip

end

ot

The standard FCOCAL program 11082 (
transfer transletionsl measurements USing the zini-conputer controllied
syvstex introduced in the previous section. It feetures mzss-cancelle-
tion for point messurements. The besic configureticn 2nd zzthersticel

rel ati onshi ps eare outlined in Figure 5. 2. As meny response traznsducers

can be used as are desired up to the channel selector_ i:izi+ (10).




Siriler inertence data cen be ¢t ed by using the 1172 DT7A but
in that case mass cancellestion has tc be done by processing tzred data
after the test run i s cemplete. Frogren IDEET has a fzcility for read-

ing a 1172 coded tepe, de-coding it 2nd czrrying out zass-cancellation.

if ¢ ed the date so transformed can bve outout on tape, printed cr
~lctted, With either ecuirment, 1T ie not nossible to cancel completely

the effects of the added mess of the trensfer zcceleroreter(s) so it
is zlweys desirable to choose as srcell a transducer as possible to ful -

fil such a role.

5.1.3 Point Trenslaticna
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found by sttaching en exciting block eguizrved with tve
the test structure znd then carrying out two identicsl frecuency svweers
for excitation at two different noints on the bloci. The tests erecon-

trolled by the JX 3381 systez mini-computer with the standard FOCAL pro-

gran PL2/1. The test configurations and methemeticel reletionshins are
presented in Figure 5. 3. The inertisl effects of the exciting bl ock

and its azttachments are cancelled in the processing of the data, the
equation having a similar form to the simrler one-di necsional nass—-can-

cellation of program 1032,

5.2 Develorrment of Xotstional ilobility feesurerment

The design of exciting blocks is here considered, progressive modi-
ficatioos being rade in the lizht of experience obtained in the mezsure-
ments on 'peans reported in Chapter 6. The derivetion releticnships of
the model model revorted inlhapter 2 zre epplied to sizplify the process
so that the four elements of the point robility matrix can be deterzined

from rmeasurenments of only two.
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52.1 Desien Of Excitine Blocks

The bases of the exciting block zethod were laid by Sainsbury G1)
who devel oped four relatively large blocks and used trem for tests on
engine foundations and other massive structures, including the 135kg
zssembly |ater used by the author in the centilever tests on & turtine
bl ade rzvorted in section7.2. Owing t0O z lack of communicetion, the
euthor began his series with 3lock ark 4 which new has the eztre identi-
fication 'G' to distinguish it froz Sainsbury's block of the seme merx
nunber .

The bl ocks described are all designed for use with progrez Fi2/1
asd therefore to provide points of zattachrment for two accelerczeters of
s+tandard 'gseneral-purpose' Size typified by the Inieveco 233% equidistent
fron the datum point. There also has to be provision for two zcunting
vositions for the force gauge, the Eruel and Zjeer 8200 type.

Bl ock lzrk 4G

This block was designed with the intention of being as smell end as
| i ght as possible consistent wWith the outline specification abcve. The
material used was dural and as can be seen fron Figure 5.4, the trans-
ducers are separated by 25 mm between centres, as close as is rpracticable
without interference of their projecting electrical connecticns. In
the first position of the force geuge the input excitation pesses through
the dztum point F, in the second vositibn there is an offset of 50zz
and a correspending input torcue., Theheight Of the block was chesen
to perzit the mounting of transducers for the input of horizontal force
and the neasurenect of horizontal acceleration, features which have zot
beer used. The width of the bloc-4 wes set at 25 mn %o meteh (neeriy)
the width of the first test structures, the Long and Short Beezs of
Chapter 6. The bl ock was intended to be attached to the test siructure
by meens of adhesive -~ usually 'Plestic Paddi ng', scmetimes strain gauge

adhesi ve.



Block ilark 4G is equivelent to abeaz98mm |l ONg and 32 mmdeep an;!
escan be deduced frox the data of Figure 51w ll heve its first bending
node of wvibraiion at about 1& xEz, well above the maximum intended to be
used. It was, therefcre, expected to be =zdequately stiff despite the

reduction in neiural frequency exvected when the block was loaded ty the

Prograr Fi2/1 callsfor the inertizl proverties of the block +

accel eroneters including the location of the centroid, G znd the rzss

moment Of inertia about it, lG’ zsvelleas the totel -ass, m=. These

quentities could be estigated treoretically but they were elsc checied
experircentally, The locaztion <f the certrcid vwas found for ezch bl ock
systes by belencing about {wo axes. Subsecuently, the dlcck we.s Sup-

ted by a bvifiler suspension SO that the yperiod of szell oscillztiions

Lt
O
H

could D€ rmessured erd 1he result relsted tO the lengin Of tne corgs by

the formula:

o= 1 =) af (5.1)
s L} qemw?
wher e k = redius of gyration
T = period of oscillation

| ength of support cords
9.81 u/s’
distance of separsztion of cords = length of bl ock

~

The ' best' velue wes obtained fror the siope Oof the greth of T°

oM e
0

against L.

This bl ock wzs used for the tests at a point on the Long bezz repor-
ted in section 6. 2. 1. These results were poor, especially for the rota-
tional cuentity (&% ). The rotational insut 2nd outwut signels were
estimazted inN secticon 5.3.1 znd found toc be very smzll in comperiscr with
their transletionel equival ents. Accordingly, & newCesign wes sought

wvhich would i ncrease rotetiocnzl signals,

210



Block larx 5

This block is specified in Figure 5.5. The accelerometer offset,
s, is doubled to 50 mm and the twe force gauge locations set to be
-FSO mm also, this arrangement being possible because the transducers
could be mounted back to back and share a comon mounting stud. The
' sxirts' of the blociz were set at 6 mr in order to give it adequate
stiffness. The block at 30 mrm was slightly wider than the test bean.
Block larkx 5 was used extensively in measuring the four nobility para-
meters of the beans. hs before, the rotstional quantities were obtained
less accurately than the{ translaticnal with(é/ﬁi) generally being poor,
especially at low freguencies. Two factors were significant:

(2) The trensverse sensitivity of the accelercrmeters gave rise to
signals comperable to the smell difference Signals associated with €
measurenent shown in the tests of section 6.2.2 and 5.3.2; 2nd

(b) There was direct interference between the force gauge and the
2cceleroneter when the transducers shared a comon nounting stud.

The first factor could be minimised by selecting zccelercreters
with a transverse sensitivity about 1%. The second factor was to be
corrected by producing a new design of block.

Block Xark 6

The chief feature of this design is the offset vetween the lines of
action of the input force et I 50 mm and axes of the sccelerometers at
o 44 wm., The ' skirts’ have been omitted as Figure 5.6 shows, but ade-
gquate stiffness is maintained by the top-section having increased depth.
This block wes used in the tests on Long ané Short Beam reported in
section 6.3.1 znd summerised in the paper by Zwins & Gleeson (84).
Todal modelling and derivetion developed for this purpose in section
5.2.2were used as one method of reducing the effects of (€/i%) errors.
The principel source of these errorswzs identified as base sirzin sen-
sitivity in zccelercmeters. The exverirental evidence for this corclu-

sion is tabulated in section 5.3.3. Thus ultimetely Block Meriz 6 with




approprizte iranscducers is a satisfleactory device for use in reiztionzl
mobility messurerment. The lzter designs of exciting block have the
seme basic feztures bat they were designed for specific applications.

Block leark 7

The tests on the turbine blade resorted in section 7.2 were=zie

side 30 mm weas machined tc fit closely over ths fir tree rcot ¢ the
blece, Paert & was 2 bean with locetions provided for twe zccelero-
meters end one force gzuge 2s usual. There vwes & slot 30 oz by 2 oo
deep milled in pert A sc thet it could be atteched tc part 3 ir a veriety

-

of configurstions for the stimuletion of different responses.

The idez of the two part block was extended ir this desigrn sc thet
seversl irnterchengezble components could be used according to the shere
of théest viece, The basic team, part A, hes & shellow centrzl notel,

w3

25 seen in Ficure 5.8, 4 second part of the bearm - 2 'foct' sheped +to

1

the test struc ture , could then be inserted 2nd secured by zdhesive. Cne
minor defect of 3lock ¥ark 6 when used with beems is that the zeasure-

ment point P cannot be sited zt the gnd of 2 sear but hes to be 2 few

millimetres inboard. Tne 'end foot' for use with Zlock ilark € does
2llow T to be placed exactly zt the end of the test beer;. “here is

glsc a 'nmid foot’ for use on a Tlztsurface.

There would be no difficulty znd little exvense in designing speciel
feet for particular test struc tures,  Three Elocks 0f the Yark € pattern
were used in the tests cf section 7.1 which merk the culmineticrn of this

phase of the work.
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5.2.2 Use of ¥ocel lodelling

The nobility metrix involving translation 2nd roteticn et a point
cm be rmessured by use of an exciting block with two accelerometers 2nd
carrying out <we tests with different input force considerations as wes
noted in section 5.1.3. If the perzzeters of the 2 x 2 matrix are

- P R s 4 T aLs a oo
exrressed in zmodel terms their inter-releticnshir offe

3]

¢ the tossidbility
of simplifying the necessary -measursnments. The concept was nmentiocned
briefly in section 2.2.2(iv) end is here treated nore fully.

The derivation relationship of equation (2.24) leacd to the observa-
tioo that all the elemen'ts cf & squere metrix of related modal constants
cen be found frorm kmowledze of one row or one coluzn., In the particu-

ler cazse we are conmsidering here it is ymacticeble tCc mezsure 2nd iden-

tify response dete for the first row or first celumn of the point mobi-

'_I

ity matriz. If two accelerometersere used it is possible to mezsure

X enéd € and thus one run with fore

m

input elong the X coordinzte will
give the cate corresponding tc the first cclumn of the meztrix. Con-
versely, it is also possible to measure X with one accelercseter but to
provide two excitation patterms involving force and moment and thus give
the data of the first row of the metriz. Either method has the advan-
tage thet the exclusively rotstionzl cuantity (6/1) does rot have to be
neasured directly.

The Two-iccelerometer iletheod of llezsurins the Point leobility istrix

This method is summarised in, Figure 5.9. The input from the shaker
is applied throuzh the force gauge tc the micédle of the exciting block,
2nd the resultantarnsular and translationzl motioncan be deduced from
the indications of the symmetricelly placed 2cceieroneters. If the
miri~-comouter-controlled syster is used only one test run needs to be
mede using prograr (B2, three inputchanrels being required.

The Solartron 11'72 ecuipmentcen elsc be used effectively, but two
runs are necessary because only twe inyut channels are aveilable. Since

this equipment is sost conveniently used to search for the resonznces
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and antiresonances which are different for each accel erometer/force
gauge conbination there is no significant resulting handi cap because of
the change in electrical connection. No change in the mechanical con-
figuration of the systemis needed throughout.

The synmetrical mounting of the acceleronmeters and the centra
position of the force input result in a mniml base strain effect
(discussed below in section 5.3.3).  The errors due to transverse
inputs (discussed in section 5.3.2) are likely to have nore effect than
in the Single-Accelerometer nethod, although this is unlikely to be sig-
nificant if acceleroneters with low transverse sensitivity are chosen

It should be noted that this nethod of testing will give no rota-
tional information if the test piece is symetrical about the X axis
through the centre of the exciting bl ock. This situation is not often
encountered although it is possible that the rotational signals for cer-
tain test pieces mght be rather small

The Singl e-Accel eroneter Method of Measuring the Point Mebility
Matrix

The arrangements for each of the two test runs necessary are indi-
cated in Figure 5.10. The measurenents can be made using program ¥0B2
with the JX 3381 systembut it is particularly suited to the 1172 equip-
ment since only two channels are required. The useofonly one
accel eroneter sinplifies the precautions needed to mininise accel ero-
meter transverse response (section 5.3.2) but increases the risk of
i naccurate measurenent of antiresonances since these are frequencies at
which the force input is a maxinum  They are thus also frequencies of
maximum strain in the exciting block which can give rise to errors in
the accel eroneter output if it has significant base strain sensitivity
(section 5.3.3). In many applications, it night be possible to avoid
base strain effects altogether by mounting the accel erometer on the test
piece itself rather than on the exciting block, as shown in Figure

5.10(¢).
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A feature of thesingle-zccelerometer nethod of test is the obli-
gation to change the nmechanical configuration of the system between Run
tand Run 2 by moving the force gauge and realigning the shaker.

Processing the MeasuredDz ta

The equations:

Y = (Y, + Y.)/2 5.2)
XX £ 8 (i) of Tigure 5.9
Yos :(YA - 13)/25
Y = (Y, + Y.)/2
and = 1 2 } (iv) of Figure 5.10
e (Y1 - Y2)/‘2e
are very simlar. The first pair (5.2) will suit both methods provided

that e is interpreted 2sthe offset of the force gauge fromthe |ine
through the test point P in the 'single-accelerometer’ nethod and as the
of fset of both accelerometers in the 'two-accel eroneter' method.

| dentification

The neasured data for sz and Yex (or Yxe) nust be converted to
modal form before that for T, can be deri ved. The identification pro-
cess is nost accurate when the response data used in the calculation are
based on antiresonances (section 2.1.2). However, Since Yxx, T, or
Yex are not neasured directly* their antiresonances are not known. It
is, therefore, sensible to carry out the identification calculations
directly on the measured quantities Y1, Y2 of eguetion (5.2) whose anti-
resonances can be observed experimentally.

The foll owi ng devel opment shows that equation (5.2) and the deriva-
tion of T, can be carried out node by node:

Define Ro= - /W) G.3)

wher e &Jr is the resonance frequency for whick the nodal constant for

Y1 1S rA1.

* but see section 7.1 where direct indication was contrived by
modi fication of program XO0B2,
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Thus, ate particular frequency

YE 2 AR Y = 2 AR (5.4)

=1 r=1
It nmust be remenbered that the resonance frecuencies &% and conse-

quently the val ues of R, are the sane for Y1, Y., Y Y .

2’ "xx’ “zxe
so for the point translational mobility:

= (¥ - 4 >
Yxx_f(f1+xz)-7{1a1/:~: + A/‘. + 3A1/R3 Yoo }
+ 3 {{AS5, + A2/2 3.42/ C }
=-2—{(A+ £)/% (A 2)/122+.....}
= Z A /R 5.5
r=1 ~ T
where rAXX = (rA1 + r£.2>/2 (5.6)
Simlarly Y. = 2 rre /s (5.7)
wher e A = (r;.1 - rAz)/2e (5.8)
) n
and deri ved Yoo = g e (5.9)
2 - '
wher e Poe = (A /rAXX (5.10)

In the case of rigid-body notion (Cc)1 = 0) the derivation equation

Tor (A, requires special develorment, as indicated in section 2.2.3.

Inertia Cancellation

The mobility parameters Y., Y ,Y and ¥ as deternmined above
XX Xe ex 86
are properties of a complete system C, which consists of the test piece,
A, to which is coupled the exciting bl ock, 3. The system C will have
resonance frequencies different to those of the test piece al one. The

effects of the block must be renoved by inertia cancellation.
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The basic relationships can be expressed in terms of inpedanceAEZlJ:

B - B - o1
Therefore  [2,] - [%] - ) - ] -1 2] (5.12)
Then E] - B - (5.13)

At the end of the identification/derivation process the nobility

paraneters froz which the el enents of C}'q can be calculated at any
frequency will be available. The appropriete inpedance matrix for the
exciting bl ock, [ZBE' may be found from neasurenent or calcul ation of
its inertial properties. It is not necessary to-assunme that the bl ock
is infinitely stiff, although such an assunption will nornmally be justi-
fied. Compensation for the effects of bvloc: flexibility is possible by
using, frequency by frequency, the dynam c properties of the block con-
sideredasa beam in program CCUPLEY, but the calculations are cumber-
sone znd best avoi ded,

Program IHCAH

This program for use with the PDP&/e miniconputer system has been
devel oped to carry outfullinertia cancellation and other calculations
outlined above. It will accept as input data the inertia parameters
of the exciting block, together with the data for EY(E:] in nodal form
or inthe formof a series of values constituting a frequency response.
The output data for [Y}Jcan be plotted on a graph, listed or punched on
to paper tape. Wiere the data for [:YC] is in nodal form,the program
enabl es searches for resonances and antiresonances of the test piece
alone to be made.

Program INCAX shares several 'groups' or subroutines wth program
IDENT, particularly those concerned with input, output and transformaticn
of date. It calculates the 2 =z 2 point nobility matrix and alsc the

determi nant and norn¥ of that matrix at eech frequency. The normis a

* llorms are classified in Appendix Ab.




wel | -conditioned indicator of the singularity of the matrix of a freely-
supported body which occurs when the frequency is a cantilever frequency*.
A flow chart of the main segment of INCAN is presented in Appendix X2.

*3

5.3 Trrors i N the leasurezent Of Zotationsl Mobility

Conventional accelercmeters zre sensitive to transletionel accelera-
tions and so measurements of rotation can only be nmade by determ ning

the difference between the outputs of two accel erometers. The fol | ow

ing sections are concerned with the overall low |level of rotational, as

conpared to translational, acceleration compcnents; W th the errors due
to transverse sensitivity, and with the errors arising from base strain
effects.

The nature of the problem can be illustrated by reference to
Figure 5.11 which shows the nmeasured nobilities at a pcint 0.4 mal ong
the 1.4 mLong beam one of the test pieces featured in Chapter 6. The
point translational response (%/F) i's shown compered with the ideal in
Figure 5.1 @) The agreenent is quite close. Or the other hand,
Figure 5.11(b) illustrating the rotational mobility (&/) shows good

agreement only near resonances, and poor agreenent elsewhere, the

neasured data shoving systematic rather than random error. The cross
responses (){dﬂd (G/F) which are not shovn were of internediate
accuracy.

5.3.1 Low Excitati on and zesponse

in estimate of the relative sizes of rotational and translationa
quantities can be nade by considering the geonmetry of the test configura-

tion fcr meeasurement of the point nobility matrix shown as Figure 5.3.

* The prediction of Cantilever frequencies is suzrerised in section 7.2
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The magnitude of the input torque F.e applied by the shaker is
restricted by the relatively short lever arm of effective length e.
The rotational accelerztion response is controlled in its turn by the

distance s from each accelercmeter tc the reference point, P.

() = {(a, - g)/es} /7ue (5.14)
wherezs the trenslaticnel acceleration response IS given ty:
(/7)) = {(s, + ay)/2)/r (5.15)

The ratio of rotaticnel to translationel quantities can be witten:

(aA + aB) G/ (5.16)

R/T = (aA - aB) = S.e (é/M)

The responses (&/i) and (%/F) have resonances et the seme frequencies
but otkherwise have different freguency response characteristics. The
rati o tends to infinity in the vicinity of antiresonences of (%4/F)
2nd to zero et antiresonances of (&/%).  iwey fror these singulerities
the ratio is generally quite smell. Wor st -case values are found
for | ow frequency vibrations dominseted by rig-id body moies. In such
2 frequency range the 2/T retio is feirly constent 2s freguency veries
and is determined by the effective (ress moment of inertiz)/(mass) ratio.

Bxample 1 Tip of Short (0.65 m) beam at 25 Ez:

Y3

R/T = 171 z 10-3 & 1:60
Exemple 2 Point 0.4 & along Long (1.4 &) bean
R/T = 7.07 21070 = 1:140
The lower ratio indicated fcr the second exerple can be expl ai ned
in terns of the larzer rmass roment of inertia of the longer beam 2nd the
smeller rotetionzl response which results when the excitation is fowards
the centroid razther than et the tir of the been. This type of test
pi ece then may be considered tc give rise to a roizticrel sigral about
1% of the transistionzl signel. Sigmels of the order of 1 to &: of the
translational signzl can arise from transverse sensitivity of accelero-

reters, a source of error discussed in section5.3.2.
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5.%3.2 Transverse Sensitivitv of Xccel eroneters

The 'transverse' or 'cCross' semsitivity of piezoelectric accelero-
neter zrises beczuse Of unevoidable miszlignment in menufacture whi ch
has the effect thet the axis of mazimuz sensitivity of the sensing ele-
ment has a szell coaponént,TN, inez direction perpendicular to the &eo-
netricexisof the transducer. The situation is skeiched in Figure
5.12(a) in which theengle @ is greatly exaggerated for clerity. Ty
usuelly |ies between 15 and 67, t he corresponding values of 3 being in
t he range 0.6° to 3.4°.

As the accelerometer i S rotzted thrcugh angle € about its =zin axis,

the vector of maximum sensitivity describes 2 cone shown in plez and in

elevation as Figures 5.12(b) and (c). I f there i S constant transverse
excitetion z2long the axis 1{21 the appazrent transverse sensitivity, TA’
of the aoceleroreter wvaries in megnitude zs & is varied:
T, = T, cos © (5.17)
wher e Ty = tenm Vel (5.18)
This gives rise to the double-circle polar response shown as
Figure 5.12(d). From this it is clear that if the accel eroneter can

be alizned SO thet its direction of nmeximum cross-sensitivity is orthe-
gonal to the direction of excitation then there will be no error signel
caused by this ezcitatior.
In order to assess the possibility of rotatioral measurerent
accuracy being impaired Dy the irensverse sensitivity limitaticns of the
transducers, scme evalustions oOf (é/:-ie)were made Using the established
method witkh progrem Pi2/1 of section 5.1.5. The only guantity varied
in these tests was accel eroneter orientation. The results showed
marked differences in systematic error arnd thus established transverse
sensibility of accelercmeters as z major source of this type of error.
The subsequent investigztion reported here wes an attempt t o0 minimise

errors caused by transverse sensitivity.




ansverse~sensitivit

The two accelerometers mounted on the exciting block should be
arranged With their directions of meximum positive transverse sensitivity
parallel to each other so that eny transverse excitation produces an
error signal in one accelerometer Which is in phese with that in the
other, thus producing the minimum error in the difference quantity
(aA - a,B)mipon whi ch rotational neasurements depend. The sunm quantity
(aA + aB) W Il be subject to an increased error which w%ill, however, be
negligible in proportion since (aA + aB) is typically two orders of
magni t ude greater than (aA - 2,), 2s shown in section 5.3.1.

If transverse excitation occurs in only one direction which can be
identified then the parallel directions of mexizum transverse sensitivity
should be at right angles to this. The proposed arrengement IS shown in
Figure 5.13.

The directions of meximuz trensverse sensitivity with respect to
the 2ccelerometer body, where not specified by the manufacturer, can be
found by oeasurenent of transverse response.

Yezsurement Of Pol ar Resvonse of Lccelerometers Ssubject to Trans-
verse Excitaetion

Elaborate apparatus has been devel oped by menuracturers for the
reasurexnent Of accel eroneter transverse sensitivity (o7 )( 88 )( 89 )( 90 )
In order to obtain data quickly,a single nodificatioo was made to the
standard | aboratory calibration syster based on 2 cylindrical steel

10 kg mass. The arrangements are sketched in Figure 5.14 in which it
can be seen that the accelerometer mounted on a subsidizry bl ock coul d
be excited at right angles to its mein axis of sensitivity and could be
secured at any angle about that axis. Zero angl e corresronded to
alignment of the accel erometer electrical connector with the axis of

excitation. The angl e € was incremented by 45° bet ween reasurements;

a complete polar plot thus being obizined With eight readings.




Poler Resvonses Of Accelerometers

Exerples Oof the voler response of 2 Birchall accelercreter of
nominel trensverse semsitivity & 2re shown 2S Firures 5.15, 5.16
2nd 5. 17. The first two Tigures show clesrly
datum., The <hird, resulting fro- a re-test, is not cleer, having
only one doxinent | obe.

When an Endevco sccelerometer ¢f nominel trensverse Sensitivity
> wes sirilerly tested the resuizeni poler response shown as Figure
5.18 is single-l1obed with no clear orientation. The indicated trans-
verse response is about %, | arger than anticipated. There is no

clear indication of a direction of mninumsensitivity.

Di scussi on of Poler Resoonse lieasurement

The znomelous results obtazined for the Endeveo eccelerometer and
the re-tested Birchall accelerometer indicate thet the excitation
received by the transducers wes riot entirely trensverse, the sinple
rigof Figure 5. 14 perheps allowing some rotational input in 'rocking-'
of the 10 xg mess. This effect would be frequency dependent 2s
Figure 5.15, showing Birchall rew date, indicates.  The differences
betweern Figures 5. 15 2nd 5.177orthe sarme eccelercmeter in different
tests indicete that 2 significant variasble fazctor wes not controlled
wher the 2vveretus was set up. Thus further analysis wes carried

out.
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The Effect of kiselisnmernt upon Transverse Sensitivity

The concepts of Figure 5.11 are nodified in Figure 5.,19toinclude
the msalignment of the geonmetric axis of the accelerometer with resnect
to the normal to the xx' direction of excitation, Thus the cone swept

out by the vector of maximum sensitivity itself has an angl e « measured

frcx the Z axis. The projecticn ¢f the circle of Figure 5.11(b) upon
the XY plane becomes an ellipse as skovn in Figure 5.19(a). Point &

traverses this ellipse as the angle e is varied and the projection of €Q
oz the Xx' axis has a greater negative maxi mum than positive giving a
pol ar diagram with unequal |obes as in Figure 5.1¢(c). The avparent
transverse sensitivity is given by:

I:‘. = (T}; cCos €& - ‘can°<> cos &% (5.12)
wnich degenerates into equation (5.17) when « is set to zero. It can
be seen that if e > 0 the polar response will be asymmetrical and if
o > S this response will show NO phese reversal . It is evident that
the angle « was not effectively kept constant in the foregoing tests.
Since polar plots which indicate the direction of nmininumtransverse sen-
sitivity are only to be obtained when <</ an2 # for an accel eronmeter
with 2% transverse sensitivity is only 1.15' it is evident that care
nmust be taken to keer % very smezll. In practice the angle & depends
on the aliznrent of the exciting block with the test structure and in
turn on the alignment of the acceleroneter to the exciting bl ock. Par-
ticuler care nust therefore be taken if &z hele is tepped for stud nount-

ing of the accelerometer.

inalozue Computer Sinul ati on of Poler hesnonse iodel

Lguetion (5.13) can be rewitten:
T, = TI( cos X cos &€ -~ sin« (5. 20)
T, andd are to be specified and € is to run through all values o to
2w . It is convenient to make € = Wt, a ccntiruously increasing angle,

so that sin wtendécoswt can be generated by a sinple oscillator cir-

cuit.



Since the polar response of T, versus € i s reouired, write:

PeS

X= T, cos e =(TV cos o()cos‘e—(sino(j cos ©
FeY P

(5.21 |

Y'—‘TA sin e=(T1: COS X )cos €& Sin & - (sin & ) sin 6 3
writing TH cos X = 4 and sin X = & we get
- 2 - .
A= AcCcos Wt -3 cos Wt
(5.22)
Y = £ cos t sin t - oein Wt

An analosue comvuter was progranred 2s showrn in Figure j. 20 tO sizu-

| ate eauaticns (5.22) 2nd theoreticael plets Of polar response for various

val ues of o zre shown as Tigure 5.21 for which 7. = &I, correspending
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to the nominzsl iransverse sensitivity of the 3irchell
‘igure 5.22 for which T.. = Z:as for the Znéeveco transducer. Clearly

these nlots have the szme essentizl rnzture @S the puzzling plots of

Tigures 5.17 znd 5.18 and UhUS :irgicate thet mechenicel oiszlignment of
.0 .0 ‘ s \ .
even I~ or 27 of the zxis Of sensitivity from the normzl tO the ezcite-

tion éirecticn is sufficient to produce 2 gross anomaly. FParsdoxicelly,
the better transducer is core sensitive to disturbance, although it is
| ess sensitive to transverse excitation.

Eval uati on of FProvosed liethod Of Zeducine Transverse Sensitivity
Lrrors

The volar measurements mede On the two Zirchall accelerometers
vielded cleer indications cf their zzes Of minimumn sersitivity. Accor-

¢ingly they were mounted on the teop of Zlock ark | and oriented so thet

t hese axes were coincident with the long axis of the block. The result
of a measurement Of (&/¥) is shcim as Figure 5. 23. There is s+ill evi-

dence Of systematic error, especizlly in the region bel ow the first

resonance.  There is 2 Sl i ght irzvrevezert in the fit to the theoretical

+

esponse between the first resornzrce and the second antiresonsnce izre-

¢iately following but the overall accuracy is nect satisfactory,

N
N



Mobility Measurements using Accelerometers of LOw Transverse
Sensitivity

The EBirchall asccelerometers used in the test reported above were
removed 2Nd replaced by twe Of Zndeveco manufacture, Since their axes
of meazimum transverse sensitivity were unknown for reasons which have
been explained above they were connected tc the exciting block with ren-
com orientation. The result for the difficult (8/il) neasurenent is
shown as Figure 5.24 which is scarcely nore accurate than those seen
before but tne inaccuracy is of a rendom rather then systemetic neture.
Such errors may votentially be reduced by aversging the results of
several tests.

Conclusion: Transverse Sensitivitv of Accel eroneters

The response of accelerometers tO transverse excitation IS 2 source
of error in rotational measurements vwhich can best be reduced by using
accelerometers Of the lowest transverse senmsitivity zveilable, “aking

care OVer their szligrment and reducing transverse inputs if possible.

5.2.3  Base Strain Dffects in icceleroneters

| nt roducti on

ts2result of the investigation reported in section 5.3.2 accelerc-
meters Of very low <ransverse sensitivity (< &) were svecified for any
further measurements of rotational nobilities using exciting bl ocks.

Early experience of applying the 'single-accel erometer’ metrod of
section 5.2.2 was encouraging, the first tests being carried out on a
0.65 = beam of rectangular section - the Short bean. This showed a gen-
eral ly good comparison between theoretical ané measured data although
with 0.43 &3 (55°) discrepancy in the rigid body low freguency response
which was treated as insignificant. L later test on 2 1.4 - bvear =
"the Long Beam-of the seme section to thet used earlier gave sinilar
results but with 2 lerger discrevancy of 2 a2 (25%) at | ow freguencies.,

The next test piece used wes a rectezngular frame foned by welding




together two 0.65 = and two 1.4 = beams, and when this was the subject
of a 'single-accelerometer’' measurement, the error at |ow frequencies
was 4 dB (60°). In each case, the neasured response was higher than
that predicted theoretically. The trend to larger errors for bigger
test pieces was disquieting since it was intuitively thought that errors
shoul d reduce as the exciting block became snaller in conparison with
the test item

Test Configuration

in order to obtain nore data about the discrepancies described
above, the exciting block (Hark 6) was attached to the Long Beam with
accel eroneters and force gauge |ocated as shown in Figure 5.25. This
was a standard 'single-acceleroneter’ se t-up With the addition of a
second accel eroneter (3) attached to the beam by means of =z nounting
stud, itself stuck to the beam with 'Plastic Padding' adhesive. This
achesive was al SO used to secure the exciting block to the beam
Accel erometer (A) was attached to the top of the block so that the
accel eroneters shared acommon axis.  The nmethod of ettechrent of
accel eroneter A was changed during the course of the tests repcrted
bel ow.

Tests on Endevco Accel eroneters

Accel erometer A Screwed to Bl ock

Accel erometer A was attached to the top of the block by means of a
grub screw, its base being directly in contact with the block surface.
Accel erometer B was connected to the test beamas indicated in Figure
5. 25. Both transducers were Zndevco Type 233E.

Yobility tests were carried out using program MCB2 with the bear
supported 'free-free’ on rubbers and excited by a shaier via a push rod
for a range of frequencies betweer 10 and 1000 Ez.  The data obtai ned
wer e processed and it was found that the nobility neasurements made with

the acceleroneter mounted directly on the beam (3) were quite accurate
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whereas those for the accel eroneter on the block (%) were in error, nost
noticeably at low frequencies where the rigid-body nmotion dom nated.
Subsequently, attention was paid to the ratic of the outputs of the two
accel eroneters, which quantity was available as a '"transmssibility" from
the standard version of 0B2. The transmissibility (}iA/.'K'B) was ecor-
ded for a nunber of different excitation configurestions indicated in
Figure 5.25.

Conpl ete frequency responses of ('3':‘;/.}“;3) are vresented in Figure
5. 26. The response of the system at 31.62 Ez is dominated by the rigid
body node, and it was taken as a tyrical point of the low frequency
region. Varying tests were carried out at this frequency.

Figure 5.27 is based on data obtained in these tests

and it shows tine dependence of the output ratic {wnick is essentially a
measure of error in the reading of accelerozeter A)uvon the distance e,
the offset of the force gauge frcz the accel eroneter axis.

Figure 5.26(e) is typical of several frequency responses show ng the
error o accelercneter 4, It has the feature that the error is zero at
84, 230, 440 and 770 Ez which are resonance frequencies of the block/
beam combinaticn.  The largest errors occur in the regions around 60,
190, 400 and 660 Ez, which are regions of antiresorance of the inertance
(3/7) of the conbination, Betweer a resonance and the nezt hi ghest
antiresonance the ratio is esprproximately constant, and has its |argest
val ue below the first antiresonance, in the region doninated by the
rigid body node.  The apperent mass, (#/Z), fcr the tip of tne test
beam is shown Es Figure 5. 28. [ts similerity tO Pigure 5.26(a) is very
close, and leads tc the survositicn that the error is directly related
to the zpperent mass of the test object.

The error Plotted in Pigure 5.26(2) is positive excest In regions
of antiresonance. This neans that it is the accel erometer nounted on

the bl ock which generally has 2 nigher reading.

N
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Pigure 5.27 shows the dependence of the error upon the offset of
the force geauge, 2nd it indicates an zspproximately linear dependence,
the error being greater than unity (0 @B) for both positive and negative
offset., Itwas Not possible tC carry out 2 test with zero offset but
it 1S rezsonzble to infer from this Figure thet in thet case the error
woulsd Tte veryr szell, The error is unlilzely to be esscciated with
tramverse sensitivity of the 2ccel eroneters. In the test configura-
tions used transverse inputs were likely tc be szall 2nd the accelero-
meters vere specizlly chosen bveczuse they had & transverse sensitivity
of lessthan 1.5.. The error i s very unlikely to arise because of
flexibility in the 'Flsstic Padding' zdhesive.  J.}.1. Silve :eports(g)
thet the achesive IS more rigid than a bolt.

Lccelerormeter 4 Founted on Isolatine Stud

The grub screw used for the tests of the previous section was
removed and replaced by an isolating stud attached to the topofthe
bl ock with Philips strein gauge cement. 4 full freguency sweep test
gave the results shown in Pigure 5.25(b). This shows substantiel
reduction in error when compareéd with Figure 5.26(e). The lerge errors
at 190 Ez and 660 Hz ere not significant since these are freouencies of
antiresonance fcr vhich the azccelerztion |levels ere very scmall. Exemina-—
tion Of the zctusl mebilities (2s distinct fror their retio) shows thet
the frecuencies of antirescnance are found azccurately using either
acceleroneter,

Lecelerometer 4 Screved 10 Lodified Bl ock

In order to isolate the base of zccelerometer 4 from surfece sirzin
the block sas modified by cutting z circular groove of inside dizmeter
14 mr end cutside dizmeter 16 zm et the cerntre of the top surfece cf the
bl ock. The accelerometer was secured at the centre of the 'mczt' by
using the same grub screw 2S hzd previously been used in the first sec-

tion. The groove wes initizlly cut to z devth Oof 2 =m ant the results



ofe full freguency sweep made with the block in this condition are

F

shown in Figure 5.26(c). These results make it clear thaet the 2mm
groove reduces the error in asccelerometer A indication considerably.

The results shown in Figure 5.26(c) zrenot as gcod, however, 2s those

of Figure 5. 2&(v). The depth of groove was increzsed to 4 mm 2nd the
- ~ - . - f s\
resul &= 0f 2 subsecuent frecuency sweer are shown in Iigure 5.26(¢;

) and mey be resorded as setisfeze-

X

which is conparable to Figure 5.28(

Tests on Bruel & ¥ijeer Lccelerometers

The series cf tests/using block lzri ¢ atteched to the 1.4 mbveam
were repeated vhen & K 'celte sheear' azccelercmeters of type $366

becare eveiletle.
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of about + 1 ¢ 2zt entiresonances (meximuz val ues of epvarent ::ass) end
typicel values =zround + 0.2 é¢B.  This result is tresented 2s Figure
5.2¢{z). Anot her sweer vwes made with the mouniting & accelercmeter
changed from 2 grub screw to an isolating stud attached to the top of
the block at point A with strein gasuge cement. The result of this

hal]

test is shown in Tigure 5.20(b) whick is not significently different to

Murther swees tests were carried cut with the

cutting of the'mozt'. Kone of the results was zporeclebly different

to those of Figure 5.29( 2). It say be ccncludec thet the use of en
isolzting stud or zodificetion of the block by cutting 2 groove meize no

difference to the performence of = & ¥ accelercceters of this type.
The foregoing cbservations lead to the suspicion thet the errcrs
associzated with the zccelerozeter mounted cn the exciting bloci are

attributable to the effects of strain in the top surfzce ¢f the bl ock.

The followving cevelopmeni convert intec cenviction.
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ofe full freguency sweep mede with the block in this condition are

shown in Figure 5.26(c). These results make it clear that the 2 mnm

groove reduces the errcr in accelerometer A indication considerably.

The results shown In Figure 5.26(c) zre not 2s good, however, 2s those

of Figure 5.28(b). The depth of gzgroove was incressed to 4 mm 2nd the
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were repezted vhen T & 6 'delte sheer' eccelerometers of +ype 4366
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changed from 2 grub screw to an isolating stud atteched to the top of
the block =zt point & with strezin gazuge cement. The result of this

icure 5.29(v) vhich is not significently different to
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Further sweexw tests were carried cut with the block modified %

L

cutting of the 'moat'. Lone of the results wes apsreciebly different

isclzting stul or —odificetion of the block by cutiting & groove meize no

by

difference to the vnerformence of = & ¥ accelercmeters of this type.

The Toregoing cbservations lead to the suspicion thet <
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associzted with the accelerozeter mounted cn the exciting bloci are
attributable tc the effects of strain in the top surfeace ¢f the bl ock.

The following cevelorment convertis suspicion intc cernviction,




Rigid zodv liotion

Consider the rigid body motion of the block/besxm combirztion

igure 5.3C. The equations of mction for the test piece

are
-~ - “r N
k = m, X (:.49)
P A

and o~ I 5.24)

2 Lo L (5.26)

where &, 1s the gpdarent rmzss of the test piece ac measured Et point r.
F oY

The eguations of motion for the exciting block ere:

3 _F =2z X (5.25)

R = 1
[ = PP m1/m‘ (using 5.23)
and ef, - my = I,6 (5.2€)

(o} o o .
Thus o= 01+ ; ) 5.27
Q r( 17 7A £ 17T ( )
and e?. = (1+ I./1.) (5.28)
", - 1 2
If the exciting block is smell compered to the test piece:

F.o® o, X (5.29)

L Lo
er = I 5.X%
2 - (5.%)

Avparent Mass at Tip of Bean
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Tor meesurenents et the tip of & slender
-2
I, = m, 1/3
< <

(
/e, = ifm, + /1, = lnR 3/, =4/, (5.32
(

Therefore r, = ”é/4

Sending

how =uchk strzin is caused by this zoment. Bounds car be set, however,

by ccansidering cantilever bezms of rectanguler section whose depths cor—




It is reasoneble 10 surpose that the strzin czused Dy ihe moments
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wJ
'

values of strain ceaused by the -oment eF. et *he corresponding points
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L on the cantilever beaxs Of different thicimess.
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.
A3
I~
N

vhere v 1S the di stance of the point 4 from t he neutrel axis,
The corresponding strain IS given by:
€, = o,/E = eF, v/t | (5.35)
3 1 Q
vhere 2 IS Young's modulus of elasticity.

Substituting for ¥, using ecustion (1):
-,

E,A/"» ey mA/:J I = Cem (

Ut
.
Wl
On

-

Lstirates of Strein &t Lccelercometer liountinsPosition

For test piece consisting of 1.4 n bear! of mass €.7¢ kg, =, = 2.175 kg.

14 ‘“A
T

-
P, . H A - . 4
Slock IS aluriniuz SO teke T = 70 X 1091J/m , € = 0.05 nforworst case.

For bloc4 of depth, d = 0.02 n For bl ock of depth, d =0046x

second moment oOf aresz

fl

= b a’/12 = 1.6210°C 24 | = 1.35 z10”/ °

b = 0.024 m b = 00241

y = C.01 9 y = 0.023 El

EA/X:« 0.05 ¥ 0.01 x 2.185 EA/J?:'«O.OB = 0.023 z 2.185
70)(109 - 1.6 % 10—8 70 2 10 x1.95 =10 -7

0.98 strain/(m/sz) = 0,18 s‘crain/(m/sz)

9.6 strain/'g’ = 1.8 strain/'g

Bese Strain Sersitivity

The base strzin sensitivity of the ZIndevco accelerometers IS cuoted
2s 25 equivalent ‘g 2% 250 M strain (Type 233Zcozpression type). The

(29)
Endevco conpany do wern

that this sensitivity is not a |inear
function of strain. However, in order tO mzke an initiel estimate Of

error tiemey texe the base strain sensitivity tc be C lequivslent

2/ mestrein,

Ny

WA
—
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Supposethatar input force produces an zccelerztion of 1gat

poi nt 4, thern the resultant strain at & will lie between 1.8 and ¢.6
/ustrai n. Such strain will give rise to error signzls betweenO.18and

096 equivelent g i.e. between 18. and 9. or 1.4 ¢3 arid 58d3. Since
this is the order of magnitude of the errors observed when Zndevco
acceleroreters vere used witk tlocit lark € it ic reasoneble 1O zssu-e
that the effects ¢ base strazin were the dozirent source c¢f error.

The zuoted bese strain sensitivity of tie 'delte shear' 3 & X
accelerometers of Type 4366is 0.0C0€ ‘g‘/)/astrain which is about
160th of the Zndeveo figure. The error calculated assucing use of

& X delta snesr esccelerometers will thus lie between 0.01 &% end

ts!

- -

0.05 43, when irhe zrzerent mess IS about 2 Kkg.

ffects in scceleronmeters

48

Conclusiocns: Zzze EZtgrein

N

rom the cbservaticns above we may conclude thaet the error for

Y

7

Endevco zccelercmeters i S associzted With the sccelerozeter which is
nounted on the block end, noreover, is a function of the offset of the
force gauge (or the moment frensmitted through the block) and of the
azparent mess of the test object.

It has been shown thzt there is a relzticnshiv between the strein/
accelerztion ratio &t point A and the offset cf the fOrce geuze zné the

epperent mass of the test object:

acceleration X will be associated with 2 bese strain whick in its turn
gives rise to & signel cutput which is 2 significant frzcticn of <ke
correct outout arising directly froz scceleration. The errors observed
[ie between the estizates =zde, it is to be noted particularly tret
the effect of bzse strain is inlependent of force level and of frecuency

2s far 2s the block itself is concerned. The intuitive ides trhzt a

block is rigid at freguencies well btelow its first antirescnance i s not



S
i
L8N

relevmt; base strein errcrs would be vresent et zers frequency.

1o

The effects of base strain can te mitigeted in the cazse of the
Indevco type 233Z zcceleroneters by use of an isolzting stud or by reduc-
ing the strein st the mounting voint by cutticuz e £ == groove in the top
surface of the excitine blocik.
¢ tyuine wse cf & I
eccelerometers or eny others with e low bese strazin sensitivity.

Such eccelercneters should be selected for any tests involving

exciting blocks oxr for ¢irect attaechment to a test- object for which sur-

f&ice strein at the mounting point is likely.
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Sever 21 cdevelovments vwere reported in this Chapter. They fea-

tured exciting bl ock design, simplificeatior of testing by use of nodal

modelling 2nd considerstion of sources orerrer.

(1)

The small exciting bl ocks, Marké, 7 znd & were satisfectory. The
lztter twe are mzle more versatile for being comrosed of two sec-
ions, one %o mate with the test object, the other to provide 2
rigid veam for input of torgue 2nd mezsurement of rotationel res-

ponse,

(2) The use of the model rodelling 2nd derivetion reletionships of

(3)

ciently for USE with 2 meesuring systen resiricted tO twe resvonse

chernels, such 2s the Soiertron 1172 eguirzernt. These reletion-
ghips alsc enable the pure rotaticnel cuantity ; to be deter-

nined with improved zcecuracy, especielly where tie two-accelero-
neter method is employed. This aveids to 2 certein extent the
effects of errors due to accelerometer defects.

It is unfortunzte that some accelerometers which are excellent iz
having very | ow transverse sensitivity prove tc be very susceptible
tc base strain, especizlly when the 'single zccelerometer! rethod

is used. There are now aveileble accelerometers which have got

their use would minimise the errors etiributetle to the trans-~

(4) Where nodal modellirg is used it is ceonvenient to model the excit-

(5) Prograz ILCAT fecilitetes the icdentificetion calculztions neces-

i ng block/test structure combinetion 2s 2 whole a2nd to deterzine
the properties of the test structure elone by cencelling the zass
of the block zné its attached zccelerormeters at the final stage of

cdatz processing.

TTOUATY

v

serv tOo carry out the stevs of secticn (¢) exove
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Pilgure 5.2 lMeesurement 0f Point and Transf er liobilities

ProgrenmiiCB 2

B
=* = end mass of force gauge ———
{ structure

+ mass of ecceleroneter —1, IIIJ

., Ve,
] = Y " v N »
x4y 11 T % ‘21 T

— Al D

Y‘H - (X1/‘1) Y21 = (‘(2/F1)

T

zss Cancellztion

i

m
¥

i

The force which affects the siructure is,j: =~ X
1

. * ..
Sy Mol T
Thus X, Y., P, Y, (F. - A1)
and (1;:1/F1) =Y, (1 -m* (3'11/1“1))
ivi = (% - (X /7))
giving Y., o= (.«1/17‘1) (1 - (l1/_1) )

It is nc t kxnevn how much £ orce input at cooriinee 1 is needed to
»

accelerate the transducer ztcoordinzte 2. Conseguently it is not
possible tccencel the effective inertiz of that zccelerczeter.

In general, masscancellationcar ve carried out only for point
quantities, It is sensible, therefore, to use zccelerometers of low

mness.



Figure 5.3 Veasurement Of Point Zotztionsl 2nd Trenslzticnel lMNobilities
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Figure 5.4 Exciting Bl ock Nark 4G
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Figure 5.5 Exciting Block Mark §
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Figure 5.6 Exciting Block Mark 6
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Figure 5.7 EZxciting Bl ock HMark 7

Scal e 33z
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Boles 6, 3, C, D, E

all drilled and tapped
10/32 UNF,depth 14 mm

Faces have

scribed lines

Bl ock 7=

Material DURLL

| |
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10 mm from
centres

fole 4 S$.53mm di aneter

Hole B drilled and tapped i |

AN

10/32 UNF,depth 9 mn

TS

]

. Notch 2mm deer 30 m» wide

to fit over Block 7=



Figure 5.8 Exciting Bl ock Merk &

Scale 3:4 Al dinensions in mm
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Fi gure 59 The Two-Accel eronmeter rethcd of Measuring the Point

Fobility Matrix - lMeasurement O Y , Y
XX ex
p— g ey g —e
F F
V
o a, — a
an 251 62 B
] L jwes
3 Yo R
f{ Tojwe
!

|

Yo = (/F)={(a,/F) + (ap/F)}/jw2 = (v, + v,)/2

(i)
You = (6/F)= {(a,/F) = (ap/F)}/3wes = (¥, - Y;)/2s
Data Required
s = Offset of each accel erometer from measurement point, P
ISF(4), ISF(B) = Inertance Scale Factors for two accel eroneters

one force gauge

where (a/F) ISF X (va/vF)

vol tage output fromthe charge anplifier connected
to an acceleroneter or to the force gauge

and \Y

Procedure (a) Usint Solartron 1172

1. leasure (VA/VF)V.U . Comput e Y, = (aA/F)/j(A) usi ng ISF(4)
2. Change electrical input to other accel eroneter channel

3. leasure (VR/VF) v.W . Conp te Y, = (aj)/F)/jw using ISF(1)

(b) Usin~ Program 1032

1. YA YB-v.w can be obtained directly in one run
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Figure 5.10 The Sir&e-kcceieroneter Method of Nezsuring the Point

Mobility Matrix - Measurement of Y_ , Y
XX Xe

¥, ) —eF )
'/»t\ O Q/t\ NN B2

kT i
{ﬁ P fj P

by

(a) Run 1 (b) Run_2 |

X, = (X/F) Py + (X/M)eF, X,= (X/F)F, - (%/12)eF,

Y.=(X,/F,) = Yote Y (i)Y (/) =Y, -e Y (iii)
Combining (ii) and (iii) gives : Y .= (Y1 + Y2)/2

Y .= (Y1 - Yz)/2e

Dat a Required

e = Ofset of force gauge from neasurenent point, P

| SF = Inertance Scal e Factor

Procedur e

1. Set up Run 1 configuration. lieasure (‘v‘a/VF) v.Ww. Compute Y,v.w

2. love force gauge. Re-align shaker for Run 2 configuration.

3. Measure (Va/Vv) v.Ww ., Conpute Y2 V..
(c) Alternative Position ‘ ‘
For _Accel er onet er ) j._l
]
—
|
Yote : Equations (iv) have similar formto sguations (i) of Figure 5.9

so the same Progren Will serve fcr either set cf celculaztions.



Figare 5.11 Measwred Nobilities at = Point cn the Long Beam

ds
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Figure 5.12  Illustretion of Trensverse Sensitivity

Q¢ Meximum
Sensitivity

Jirection of Maximurm
Trensverse Sensitivity

-1
\J

Y Direction of Minimum .

Transverse Sensitivity

e
(v) (c) Polar Response
< n
T4
- + |
I I
| |
| !
I
+ denotes in-phese
! " antiphese
I
R,
PL = P cos
PG = PR = OP tan f8

PA = OF tan/g cos G

3
s

I, =55 = tanfcos®
v = T cos &
— |- v

X 0 X
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Figure 5.13

Provosed Lrrangement to iininmise Transverse

Sensitivit

LITC TS

23}

igure

Directions of /
mezirur positive /
transverse /
sensitivity

5.14 Arrenzement of Test Zguipment for Transverse

Sensitivity

lezsurement
__—— Suppori Strings
Force
Gauge
\ .~ Lcceleronmeter

-

[\

10 kg iass

Subsidier;
Fush Block
Sheker =
Faqoled
Subsidiary Scrlbgd Lines
3lock et 457 Irtervels




246

/i bl
T \\\\\s
N\\\\.. it

TRIO0 1£21oT0aL jo Td

OOPN‘

(11943370) Osg 4910w0ia[33aV

h Jo ssuodudy osaasunil

T070l0101000Y LLoUoxtd JO
5CUGdEoY 10104 DOLLOPOH 91°G 2IndTy

z)|
z{i
m 09

(TE9yY2210) OCF 3210u0151305Y

.._.

3530W0101800Y TLUUoXTd J

HSU0AGOY AB[0d

POINBUON GL°G dIndTy



247

om 134

oo vo'o  zo'o 0°0,
rhkhrrhkkkhb___»_PF»»PL»>__..—.__

LT

(0342pul) : w L
FCAV 2230w01271300Y Rins M ’ \
J0 asucdvay s¥iaAsuNIl Ty (AN

oS¥

4

14 mmw~

006

T030W0d0 000y OoAopuy JO osuodcey Ae[0d 8l'G oandty

S5

(asuydiiue)
(aseyd-ug)
(3suyd-ug)

(1rsu23i) Oy

swjusuranseo Jeaday
AETETEETEEEY

1
DE

Jo ssuodsay 2s1aacueil

Gee

084

J9)oWCITTIVOY TTEUYDITY JO

95U0dBoY d€10J podnscou-ay

I1°G sangtyg




Figure 5.19 [Ilustration of Transverse Sensitivity With
Misaligned Ceonetric Axis

(a) Y’ (v)

o - — —
N—l

: fe Ty
|

+ denotes in-phase

n

antiphase

CE=7FB - PC
= PA cose = Q0P sin«
= OF tang cos® cos«x - QP sinx
= OF cosx(tanﬂ cos® - tane)

A= cos=<(tang coss - tang)
coso((TN cos@~ tano()

(c)
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Figure 5.23 Measured Rotational Mobility of a Point on the Long Bear:

Birchall Accel eroneters with Selected Oientation

dB re SI
OF —
== . © Response for Test Beam
= o
F= mirchall accelerometers with selected
-10 :’_". orientation.

_»:_ Continuous curve - theoretical cdata
= Points . -  measured data

_90'; r -
10 100 : 1000

Figure 5.24 Measured Rotational Mbility of a Point on the lLong Beam

Endevco Accel eroneters with Random Oientation
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izure 5.25 3ase Strain Test Configurations

A, B - Accelerometers

e - 0ffset of Force Gauge from axis 3)(f Accel eroneters

€
0.05
‘ — " Force Gauge
Y ]
'
0. 044 ,_: j Exciting
, Nock
1
0.046 |
T
1 £
]
Beam
\.
Adhesive Layers
Mounting FPlete
D nensi ons in petres:
Configuration 1 - Force applied to top surface of block
" 2 — v underneath bl oc!;
" 3 - " " to beam
Force Gauge - Bruel & Kjirer Type 8200, No. 3%4411
Acceleroreters - 7 1 " " " 4366 "R 40168 "delta slear!
_B 2 " ' " 1 1 BN 14:\1(_:,1 ‘l"'

-E 1 Endevco Type 233E No. CEH8 ‘'single endsd compression'

-t

-FE 2 - v " " CE93 " "




Figure 5.26

(g)Ratioof Qutputs of FEndevco Accelerometers

Accel eroneter A screwed directly to Bl ock
1 [ T T T T 171 T
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77 20 50 100 200

(b) Ratic of Cutouts of Endevco Accejeroneters
Accel erometer A screwed to. Iscleting.Stud

500.
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Figure 5.26 cont'd
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Pigure 5. 27 Ratio Of Accelerometer Cutvuis es & Function, of
Force Geauze Offset

Endevce Accelerometer A screwed directly to Bl ock

(xA/zB} 2.0
(aB) o
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Figure 5.29
(a) Ratio of Outputs_of Bruel & ¥ijser Accelerometess
directly_to Block
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(b) Ratio of Outputs of Bruel & Kjaer Accelerometers
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Figure 5.30 Free Body Disgrams Of Exciting Bl ock and Bean
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Figure 5.31  Strain in the Exciting Bl ock
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€. MTASUREYERT OF WULTI-DIRECTICHAL MOBILITIES ON BEAMS

The measurerents reported in this Chapter were mede on uniform
st eel beam of rectangular section, test pieces for which precise pre-
dicticns of nobility properties could be zede using, for exemple, pro-

gremn CCUPLEtY and nodul e ZFLaZX1. The specification of the beems i S dis~

(a2

cussed in section £,1. The measurements renorted in section 6.2
general |y revezl discrepanci es vetween the perzrmeter (/i) obtained
from measurements anéd calculated theoretically. ks sources of error
wer e identified, the informetion was used tc evolve block design from
i.zeark 4G and kerkS5-which have serious defects-to i.arkx 6 which ultimstely
I's shown to be satisfactory. Section 6.3 is zmeinly concerned witkh the
epplication Of the model modelling and deriveticn technigues of section

5.2.2 t0 measurements nade using the finel exciting block, Hark 6.

€.1 Specificetion Of Test Beams

The reteriel used for the test eers wes steel, chosen for its
evaila®ility and al SO beczuse, being very lightl: demped, it would offer
ride éynamic range of response and thus tax the measurement process
Several factors were considered in deciding upon tre dimensions of two
peazs., The beam were to have their é&ynamic proverties as substructures
mezsured and then the oroperties Of 2 cousled vesm structure consisting

of <he two beams joined end toO end were tc te predicied end ccmpared

witn the actual proverties.

Therewere frequency constreints to be imvosed ir order to xeep
within the range in which accurateneasurenects could be reliably expec-
ted. This range had a lower bound of 50 Zz (zzins frequency) ané zn

uozer one of about 1000 Ez sbove sihich transducers ené drive rods car-

begin to cause zroblezs, Thus the decade 83 tc 800 Ez wes selected 2s

~

the 'central' frecuency range.
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Thebeans were t0 be tested in a free-free configurc3ion; this
havi ng boundary conditions which cen be cost closely achieved in en
experiment. “he longer of thetwo beams wes chosen witk a section of
25.4 m x 31.75 o= (1" z 12") and = length o2 1.4 n.  Figure 4.1 shows
the relaticnshiv between length of bveez znd natural freguency for rec-

e a + SN ey
tenguler steel beznms o

Beem bending in its stiffer "lane has four natural freguencies in the
‘centrel' range, at 85.91, 236.&, 464.2 end 767.4 Ez., The Short Bean
waschosento have the szme cross-section and 2length of C.65 =, This
veam hes its first two natural frecuencies z< 39E.5 and 1099 ES, deli-
berately chosen so as nct tC coincide with those of the Long bees.

Dimensicnal Telerances

The lirmit of nmeasurement of mobility using the Solariron mini-conm-

o

puter-controlled ecuivment was 1/ (= 0.1 dZ) and it wes decided to inves-

¥

tigete the dimensionel tol erances cf the teems necessary for this order

of accuracy to be achieved. & specisl Fortran computer Program wes Wit -
ten to investigate the limitswhich were frecuency-devendent ari d not

easy to analyse and it wesfound that a 0.02: chenge in length, 1,

caused a rmeximum nobility error of 0.11 &B and20.0%: change of thicimess

an error of 0.1 éB., Thus the beams were specified:

w = 254 I 0.1 m within nominal tol erances
h = 31.75 % 0.01mm of bar stock

1, = 1400 0.2 m for the Long Beer

1S = €50 T 01 = or the short Been

The natural frequency is independent of the widih, w, of the beaz,
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6.2 Developrmant Of Zxcitinz Zlock Desism wic Te€StS on Zesms

6.2.1 Use Of Excitine Block Ferk 4G

This sz2ll exciting block, whose dimensions are given in Figure

5.4, was attached by adhesive to a point cn the Leng Beem C.4 m fror

one end. This pointwas chosen because it was not z node of any mode
in the freguency renge un 1o 1000 =z, Itwesfeirivelesetca Trota-

tion antinode and a disvlacezent node of the fourth node at 767.4 Ez.

Teference tC the theoretical data zresented as centinucus |ines on

x

+

rigure 6.1 Shows that the (%/7) response has a relatively szall (but

-

far fron zero) resonence and the (£/X) response a relatively |arge resc-
nence at this frequency. The point mobility metriz date presented as

dots or this Figure were obtazined by using the standerd zethod involv-

ing Trograx Plii‘2/1 . The fcree wes inmut centrzlly for Run 1 arnd of fset

0.05 n fpr Run 2.

These data have interestinz characteristics. The £t of point
transletionel data (Z/F) is excellent showing very little scatter t hr ough-
out the rage 10 to 1000 Zz. The cross-nobilities (&/F) end (Z/i) are
reasonably accurate eround the first resonence at 86 Hz and above the
second at 237 Ez. The values at low frequencies are seriously in error,
showi ng a resonance at about 17 Ez which could be attributed to the sus-
pensi 00 rubbers. The deviation Iron the rigid body =zss |ine telow
50 Ez averages 6 dz - an error of 107, The fit of the measured rota-
tional quentity (&/¥%) is ever, worse, showing error throughout the fre-
quUency range and aversging +20 ¢3 (100C:) in the region cominated by
rigid body motion.

The poorness of this reasurement was considered i S section 5.3.1 and
attributed to the low rotatienal signal |evels. iccordingly it vas
decided to increase the tcrgue input by using two shakers in a push-pull
configuration. Bloclk llark 4G was modified by the additien of an suxi-

liary bl ock and the erperatus set up as shovzn in Figure 6. 2. The tiwin-



shaker equipment was thzt used by Sainsbury (31) andwas availeble in
t he lzboretory. The results obtained using this ecuipment show a
slight improvement in the perezeter (/i) but rather worse accuracy
f or (&/1:Ps commented upon ir section 5,2,1 Block liark 4G evidently

has too small 2 lever amto give sufficient rotationai signal

6.2.2 Use of Exciting Block Ferk 5

The salient feature of Block Hryk 5 (Fizure 5.5) is that both
invut force and outprut acceleration have values of Z0.05 n, the force
trensducer sharing a comrmon axis and common mounting stud uith one cr
otrer accelerometer. Experiments with this block showed that the
orientation of the accelerozeters zbtout their nrorinel axes of sensi-
tiv

ivi ¢y ve s a verisble affecting accuracy. Lccelercmeters with low

trensverse sensitivity were specified subsecuently.

Two different metheds of arranging that accelercmeter 2nd force
gauge sharing e comzon axis are sketched in Tigure 6. 3. Experi ence
obt ai ned in measurements oxn the Long been indiceted that such commonzlity
weee source Of systermetic error whose mzgnitude was altered if the sys-
ten of block and transducers wezs diszantled end they? rezsserbled,

L series of tests on the Short Zezm gave useful information.
Trmyhesis wes laid on the rotational rescense (é/K) which could be
measured with the exciting bloc% attached at the end but et right angles

to the beam, so that excitation parallel to the long axis would induce
transverse

vibretions, Four con irations of trensducer pesitions ere shown in
Figure 6.4. The mobility parezeters ceessured uUsSing Configuration (a)

. . . - N a o
are snovn in Figure 5.5. The translzticnel response (Z/F) which should

be a simple mass |ine appears t0 have @ resonence about S0C Hz and is

ot herwi se zbout +5 dE in error. The ideal cross response is zero



n
h
no

(at - co/on the @B scale), there being nointerac tion between applied
torque and longitudinal displacement for this syrmetrical combinetion
of bear.? and block. As can be seen the neasured cross resvponse is

meinly in the range -60 to -ECd3.  The rotational nobility (&/1) is

ag

also grossly in error by about 20 ¢E in the low frecuency region.

n
o N

g 3
ave IiCr eacn
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The function ¢f prograr F12/1 is 10 zeguire ol ty
acceleroneter with respect to the force gauge anéd then to vprocess these
data to give the rotational and translational rarameters based on the
sums and differences as shown in Tizure 5.2. 4 calculation was done

to 'invert' the procedure, starting witk ideal movility data for the

tear and then celculeting the mobilities that would be observed at
zccelercneter locations onen added exciting block. The resultant
frecuency responsecurves are shown as Figure €.€., At low frequencies
the twcaccelerometers indicate = smzll difference wnich vanishes at

100 Ez, the first antiresonance frecuency of (é/li‘), the frecuency at
which the accelerometer signals are ecuel. Cne azccelerometer experiences
an antiresonance with a change of ohese at 330 Ez so that although both
accelerometers indicate a resonance at 400 Ez the sum of their signals

is small and finite and in this ideal case does not deviate froz the

mass line.

Direc t measurement wes nade ¢f the individuel mobility provperties
at the mounting pcints of the accelercmeters using Confizurztion (a).The
results shown as Tigure 6.7 show systematic errors although the generzal
shepe of each curve is correct. it is most significent that the accel-
ercmeter with. the greater error is mcunted on the sz-me side of the block
as the force gauge. These data and otherssirilar led to the conclu-
sion reached in section 5.3. j that base strasin sensitivity of zccelero~
meters was a major source of systemaiic error. it can be seen fron

Figure€.4(z) that inConfiguretion (a) one accelerometer is inboard cf

the force gzzuge and it is mounted on a surfece which will be strained




N
[#3)
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when -Force | S applied. With this consideration in nmind it can be seen
in Figure 6.4(c) that the strain in the block has |east effect on the
accel eroneter in Configuration (c). The results of nobility nmeasure-
ment using Configuration (c) are shown in igure 6.6 and they are seen
to be significantly better than those rresenied in Figure6.5. Tre
mass lin /“ 3 stly accurate; +the cross rescenses are zboout

2C 4% lower than before (notins the change of &3 scale) and +he (&/:)
nobility is now abecut -3 & in error at the low freguencies dominated
by rigid bodry behaviour.

5t this Jjuncture it seemed that (é/m would never be sztisfaciorily
neesured directly and stimulus wes given to the develcpment Of the mocal
model derivation nethod of section 5.2.2 as a potential way of providing
adequat e (&/17) data indirectly.

Lastly, it should be zmentioned thet 3lock Hark 5 wes used in meassure-
ments CN various L-shzped asserbdlies Of Lonz znd Short Beans :oined
orthogonal ly at their tins. There were four different nethods of coz-
nection.  Twe involved continucus contact at the joint, one using
'Plastic Paddi ng' as adhesive and the other a wel ded joint. The ot her
twvo met hods had bolt fixings, in one case incorporating four 28B4 cap-head
bolts and the other a single 3" 257 cap-head bolt. In the two cases of
continuous contact the comparzson of neasured data with ccnruied ideal
data was quite close. In the case of bolt fixing, ontke other kzrnd,
the neasured results were very erratic and guite unrezeztzble The
neture Oof joinis and their effects upon coupling czlculations vwere sub-

. . c2)
sequently investigated by Silva (52 ‘.

~ - + RS S 1. %)
Corments orn zZxcitineg Blocr lerk

This block wes partially successful in that increased rctzticnal
input and resrtonse vere obiained, It wes eprerent thet sharing & coz-
mon mountins axisfor force zzuge and accel eroneter led 4o interference

bet ween the transducers. In all configuraticns frere was scme effect




Of tase sitrain sensitivity and in some the zssociatel errors were eXCes-

,..-

sive. it wvas found thet. the vts' intended to stiffen the bloci:

sliz
mzde connection and alignment of the accelercmeters when they were —oun-
ted under the tloc very awiward. Eowever, in tne light of experience

o

gained witkr Block llarx 5,its setisfactory successor -lark £ -vwas designed.

£.3 Avvlicetion of & Jeveloved Dxcitins Zloel — lars €
5.3.1 Established .iobilitr Messurerment Technicues
Extended by liccdal licdelling end Derivation
Date for point translztional and rotationel cuantities were accuired

in a2 conventicnel menner using exciting Block Xzrk € with the zini-com=
puter-controlied system. riocel modelling using the identificetion end
deriveticn technicues of Chepter 2 were used <ic smooth the data zné to

compensate for errors in the nmeazsurement Of rotz<ionezl gueniities.

tecsured lMobilities cf Lonc erd Short Zesms

In order to measure the movilities of the Long Zeam the llarz €
exciting block wes attached by adhesive to the beem such that the test
point, P, Was as close as possibie (0.16 =) tC the tip. 2B&E 8200
force transducer wes used, together with two Zndevco 2%3%E accelerometers.
Measurements were made at 76 discrete frecuencies in the range 31.6 Ez

to 1 OOC Ez, this beinz the upper three-cusriers of z logerithnic sweern
of 101 frequencies for the twe decades froz 50 Zz to 1000 Zz

The resultant measured data zreshown as dots on Figure£.9 in
vhich the continuous lines shew the theoretical reswense for the deanm
tip, computed using closed-form receptance formulsze,
The messured responses for (i/7), (&/F) end (X/i1) show e litile
scatter but zre eccurste to witkin gbout 2 48 ur tc E2C Zz. The (é/:i
response is inaccurate below the first resvconse arid shows an antireso-
nance =2t about 57 Ez wherees the theoretical antirescnznce is well below

Z0 Hz. Above the first resonsrce et 8¢ &z, howvever, the zez ured (/1)

response is reascnazly accurate. The results of other tests 33 this



[yl
o
AN

vean heve very similar features.
A nuzmber cf corresocnding tests were cerried out on the Short Beax
2nd the results are shown in Figure 6. 10. These shov very good corre-

letion between the nezsured date and the theoretic2l tia resvonse for

t he measurerment point not being quite at the tip of the bezm, but C.01énm
inboerd. (& theoretic2l calculztion WAS made for 2 point C.016 = al ong

0. 65 bear. Thi s showed zntireso

ances exectly. coincident with those
of the reasured date. The rescnences, of course, were unchar.ged and

remzined i N clese ccincidence with the measured date points.) The ( &/¥)

In general, it can be seen %hzt the two rotztionsl resvonses (&/F)
2nd (&/:)arethe more difficult to measure accurately and (é-/li), which
involves two rotational guantities, i s unlikely %tc be accurate at fre-
cuencies pelow the first resonarnce, The € ézte deaends, 2s has Been
di scussed, on the difference between the sigrnzls of the two accel ero-
meters, which have therefore to be accurately matched and carefully celi-
brated. Any spurious response Which has only 2 slight effect on the X
dete (which devends on the sum of the accelerometer signals) will ‘have
a mejor effect on the €val ue. Ir most cases it is elso true tc say
thet the expected values of acceleration due to rotztion zre rmuch smeller
then those due to translation.

It is apperent that the low frequency discrepancies in the (&/i)
response, which ere lerger for the Long Beam than the Short, arose
beczuse of the effects of base strain cn the 2ccel eroneter nezrer the
force gauge. At the tize of these tests alternztive acceleromeiers
with |ower base strain sensitivity which alsc had transverse sensitivity
as low 2s 15 were not eveilable. The technicues cf nodsl modelling and

derivation were used to bynmass the prodlenm.
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Analvses Of the Coupled Beam

The mathematics of coupling substruetures were noted in section 1.3.3
2nd were seen to involve the addition of izpedance quertities. In the
varticular case here considered the 2 z 2 point mobility metrix for the
junction point 1.4 malong the 2.05 = Coupled Bean, C, is to be found by
use of the equation:

) = (B - B o
wher e [YL] end [:YS] are tae 2 x 2 point nmobility nmetrices for the
tips of the Long and Short Beans respectively.

The calculation has to be carried at each frequency cata point.

Coupled-Beam inelysis Using Raw Data

The neasured data used for Figures 5.9 2nd 6.10 were conbined, fre-
quency by frequency, in a calculation of the mobility responses at the
point of connection between the Long beam (1.4 =) 2nd the Short beam
(0.65 n).

The result of this direct calculation is shown 2s Figure 6. 11,
together with the theoretical values cf the mobility et a point 0.65 m
along a 2.05 m beam The predicted results are extrenely poor for 21l
four nobility parameters except in the range 180 Hz to 400 Ez. Exani na-
tion of the input data shows that this is the only frequency range for
whi ch the (&/x) response of the Short Bezm is eccurate.  The other
seven mobility paranmeters have w der ranges of reasonable accuracy.

Thus it is concluded that if any of the eight input nobility paraneters
i s inaccurate at a particular frequency, then all the calculated nobili-

ties of the conmbined structure will provably be wong at that frequency.




266 5

Analvses of the Coupled Beam

The mathematics of coupling substructures were noted in section 1.3.3
and were seen to involve the addition of izpedance cuentities. In the
particul ar case here considered the 2 x 2 point nobility matrix for the
junction point 1.4 malong the 2.05 m Coupled Beam, C, is to be found by
use of theequati on:

- [ B o
wher e [YL] and [:YS] are the 2Xx 2 point nobility matrices for the
tips of the Long and Short Beans respectively,

The calculation has to be carried at each frequency data point.

Coupled-Beam inelysis Using Raw Data

The nmeasured data used for Figures 5.9 and 6.10 were conbined, fre-
quency by frequency, in a calculation of the nobility responses at the
poi nt of connection between the Long beam (1.4 n) and the Short beam
(0.65 n).

The result of this direct calculation is shown as Figure 6. 11,
together with the theoretical values cf the mobility at a point 0.65 m
along a 2.05 m beam The predicted results are extrenely poor for 2l1
four nobility parameters except in the range 180 Ez to 400 Ez. Bxamina- -
tion of the input data shows that this is the only frequency range for
whi ch the (&/#) response of the Short Beamis eccurate.  The other
seven mobility paraneters have w der ranges of reasonable accuracy.

Thus it is concluded that if any of the eight input nobility paraneters
IS inaccurate at a particular frequency, then all the calcul ated mobili-

ties of the conmbined structure will probably be wong at that frequency.



The (&/1) responses vereconfirmed 2s the chie sources of error
by another calculztion in which the raw(é/li) date of both subsystem
were replaced by_theoretic2l (8/i1)data. The resul:t of this exercise
igure 6.12 which illustrates 2 censidersble improverment in
accurzcy when compared with Figure 6.11 especizlly below 8C Ez. The

- el - - g s
verzll eceurzcy, however, is still no

O

+

anges vhere the scatter is consideratle, (8C - 100 Ez;120 - 140 Zz;
400 - 500 Yz, for ezample).

Izprovement in the resultent coupled dzatz cculd evidently be rade
first, by smoothing, and second, by improving ihe zccuracy of the rota-
tionel mot es (&/F) 2nd (&/:2) for the tsc component subsystens.

Coutled 3Seam Ainelvysis Using Smoothed Jeate

e
Ha

n2j0r adventage of the identification rrocess develcved in Chep~

*)"

ter 2 is thet the frequency response regenereted fros modal dazte is
smooth, heving none of the smell irregulerities of directly-measured
data. Accordingly, the mezsurec dztz for the substructure beanms were
examined and deta selected for wuse in an identification curve fit.

The raw date for the Long Bear were exe-iced 2nd five resonant f re-
quencies (0, 86, 274, 457 end 758 Ez) estimated. Dete measured et the
N off-resconant frequencies of 31.6, 63.2, 120,3C2and 724 Fz were t&en
2nd used tc celculate model constants frcr vwhich the smoothed curves cf
rigure 6.13 were calculated. These zre seen to be cuitesimiler to the

raw data of Figure 6.1 C exceptebove 758 Hz, the highest resonant fre-

cuencv used. Above thet f reguency , the curves zvorcach the 20 ’?/

M
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O
P
]
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t
3
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O
3
b
+e
33
(&2
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ct
‘ 4,
O
o]
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n

decade mcbility line of ez mass, tecause th
from the highest mode included in the identificztion which is rmass-like
ebove its resonant freguency.

In the czse of the Short Bean, the rescnance frecuencies vere esti-

nmeted from the rawdate to be G, 394 2nd 110C Ez ernd date neesuretc at

31.6, 20C end 603 ¥z vere used in the model celculetions giving the




results shown in Figure 6.14 which is recognizably a snoothed version

01_’

of Figure 6.10. There is no high frequency discrepancy on this plot
beczuse the highest node use? is ate freguency higher then the range
lizit of 1000 Ez.  In generzl, smoothing by modzl identification gives

ecceptable eccurzcy vrovidéd” that the number of rodes identified is one

interest.

The snoothed date of Figure 6.13and 6.14 were coupled usi ng

exectly the same process 2S before to produce & predicied set of pega

conses for & 2.05 = beam, The results zre presented in Pigure £.16 but

elthough heving less sceiter, they are not otherwise apny irprovement in

stege, @rdat was K-1 the comrtutetion time which wes considerabply
reduced since nuch less data neeced to be hendlied. Zowever, it srtould

be said thet inconsistencies mey be built into the celculetions if the

related curves azre smoothed independently; wusing different estimetes of

Y

resonance rrejuencies, for examrle.

)

erivetion of Rotetionel Mobilities

The idez of deriving v/”) deta to aveid the inaccurscies of mezsure-

zert was introduced in section 2.2.2 example (iv) znd furiher devel oped
in section 5.2.2. in this case the subsiructurs beans were freely sup-

. ~
QL ezZsurements oI
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(“/?) end (Q{L) using the model identification fechniques, without
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forz receptance forrulszece’ ismuck vetter than either of the previous
examples shown in Figures 6.15 and 6.11. In verticuler, these results
based on consistent data for both subsystem predict the low frequency

rescnance at 42 Ez which is absent froz the earlier Coupled Beam

results. The other £ resonsnces are zlss indicated with reason-
atle eccurcey for the movility {7 ."/, znt thie restonss has the right

N - — I RN .
generzl shave end 1evel ugp to 6800 Ez, “he \:/E‘), (j./‘;) resSpOnsSes main-

tzin good shape up to 40C Ez, elthcugh the resonance at 120 Ez is only
Just noticesble. The 120 Ez rescnence is missed eltogether froz the

-\ P 3 i i
2/i2) re sponse tut it should be ncted <zt the corresponding theoretical

/‘

rescnence IS very small.

-

The identificetion and derivztion process IS thus more accurate ror

- . . - TR ; s

low frecuencies than for high which rmey e exnlaines §v the inherentlyw
- . N

greater accurecy of low freguency modal constenis, The resulis were

felt to be significent meinly because it hrazé not been possible, at that
time, to measure (&/1) at all accurateliy at frequencies below the first
resonance by any other methed.

Conclusions

The extension of conventional multidirectionel mezsurement technigues

by modal modelling and derivation has rroved valuable in the smoothing of
the data in the reduction of tize of cezrutetion end, most importently,
in the coxpenszticn of rotational errors rost significantly zarising froo
bzse strein effects ir accelerometers. The resuliscoculd be further

improved If the meszsurerment point could be sited exactly at the pearm tix

rather then at some gmzll distance inbozrd. The success of the derivea-

tion method used prompted the develormernt Of simplified measurerent
technizues of section £.2.2 which are evelusted in section 6. 3. 3 follow-

ing.
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€.2.2 Istavlished Mobilitv Messurezent Techniogue used with
iccelerometers of LOw base Strein Sensitivity

when the relatively hignh bese strein sensitivity of Zndeveo 233E
eccelerometers wes revealed irsection5.3.7, replace-
ments were sought which would have the same cversll charazcterisiics
including low transverse sensitivity but zlsc have low bese sireir sen-
sitivi ty. The 3Bruel & ijaer
fication end when they became aveiletle in the Jynecmics Leberatory a
test wascarried out using the=: with Block lzrk 6 on the Lozng bear with
the sare errangezents as used before 2nd revorted sbvove in section 6.3.1.
The results cbtzined are shown as Figure 6.19. The cost remzriadle

-

fezture tc be seern is the generzl accurzcy of the low frec_uencykt“—/i‘i)

-

mobilities, not zrevicusly obtained without zodal ncdelling end derive-

ticn. There zre inesccuracies still, esrecizlly in the region of the
(8/7), (l’l/;;) entirescnance at 40 Ez. It is to be expected that further

improvement would be obtained by arrencirng thet the force itransducer vas
rounted inbozrd of the zccelerometers so thet the surfece on which they
ere mounted experiences less strzin, The cut ting of 2'mozt'around an
zcceleroneter wasshown in secticn 5.3.3 tc »roduce such an isoleting
effect.

™
Py

z et~
6.32. echricues

w

The two simplified mobility meazsurement technicues which were deve-

loved theoreticelly in section 5.2.2 were grrlied to the Lonzand Short

43}
M

€

S,

Sinzle~Accelerore ter Kecsurerents

Short 3Sezz-
VYeesuremernts were nade usingitworuns of prograx 0Bl using one Endeveo

23%2% scceleroneter et the centre of Elock Mark 6attached et trhe tir of the

Shert Bean, T he deta obtained were rrocessed by usine vrograxm LUCAN
whose cutnut 1S plotted as Pigure €,2C. Trhese results are IS zocld S
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Either cf the methods outlined in section 5.2.2 for chtaining the

pint mobility zatrixz from mezsured cate can give satisfactory results

I

when comsarel with the established zmethol involving two zcceleroreter

3 4 .
enad e} UIlS.

H

znd,in addition, it needs no mechanicel altersticns during the ccurse of

the meessurements. In the comperetively rare event of the testing of a
symmetricel structure which restonds to an insut force with transletion

eccelerormeters to be used and modificsticn of the tlock meke ithis &
rezlizeble objective. The nmetrod does reguire mechanicel zlteretions

t0 be made between thz twe test runs Ttut has the zdvantege of recuiring

<

onlv cne zccelercoreter and ascocizted signal conditicning ecuipment and

m

thue is less expensive tc organise than the two-zccelerometer method.

- . -
3¢0th methols me

1

te used in laboretcries eguivoed for sccurate

facilities since &ll the complex and tedicus celculsiions can be <done on
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Figure 6.2 Arrangement of Plodified Block Mark 4G in Tw n- Shaker Test

—— —
— auxiliary
Block Mark 4G bl ock
/ 1 J |8 - LA
force gauge \ — push rod

" accel eronmeters

&

Twi n shakers in harness

Pigure 6.3 Flock Ferk 5 - ilternative hrrarsements for Common Mounting
POI Nt

(a) Single Screw Fixing (b) Stud end Two Kuts

7/

\
\

\% “

Bot h sketches show a section through the nmiddle of the Block
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YMobility Proverties at Tiv of Short Beanm,Configuration (¢)
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Figure 6.12 MOBILITY PROPERTIES OF THE CCUPLED_BEAM:i Ll
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Figure 6.14 MOBILITY PROPTRTLES an THE SHORT-BEAMTIT
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Fizure 6.16_MOBILITY PROPERTIES of THE IONG BEAM: I
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Pigure6.17 MORILITY PROPERTIES 0? THE SHORT BEAM: ||

Theoretical ... Smostn=d Measurenents for (X/F}(X/M)
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Mobility Properties a2t Tiv of Long 3Bean

& XK. Lccelerometers
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Figure 6.20 Mobility Proverties et Tip of Short Beazm
Sinzle Endeveco Accelerometer

(e/7),(€/11) derived

(&3 re 1 =/eX)

=20

-40 4
: .“M.nu_u“ _ 3
(X/P) | M“uu“m‘!«% ‘ / \x

(3 re.1 rad/sk)

=20

. . 40 ""‘v—.,.“ | »
(&/7), (x/4) *n\\ / \
% | Y

—80

(a® re 1 rad/s¥Nm) . /
-20 \ Ve

»
L
L ]
~40 et < o
..- .. \ Y
(&/x) . s ! .
/ N i

-80 —

20 100 Excitation Prequency (Ez) 1000




FPigure 6.21

Mobilitv Properties at Tip of Lone Bean
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Pigure 6.24 Mobility Preoperties at Tip of Lona Beenm
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The inveStigetions resorted in this chevter involve the erplice-

tion of the measurement technicues develored in Chapters 5 end 6 to

physical structures - a pair of ur

The data zccuired were used for mexing models using the theoretical

methods esizblished in Cheniers &, 3 =nc <. i eacr: case the model

checked by other means.

7.1 Spatial

predict vibretion troperties whichcould be

- v

Ilodels of a Coupled 3earx

T.1.1 Introduction

ives Of thi

The sbject

: N 3~ - e - e Pl ~ - - S 3 -
risues Of icdentification %o frecuency reszonse dzie rmeessured on physi-

cal structures and the suc s eguent const

exciting block desigzn.

making a Coupled Beam by connecting the Longz and Short 3een

o
o

section involve zticn of the tech-

H

ucticn and eveluation of svnat

e e e :
hevter £ in the cevelopzment of

The velidity of the models wes to be tested b

models as

if at a butt joint and then predicting the vibration bveheviour of the

combination. A check could be made against ideal prcperties computed

for the Couvled Zeam, as in Chepter 4.

P.J

20C0 Zrz, thus including six vernding

-

the Short 3ezazn.

Tne methods zre summerised,

first

three ncints cesigneted by

igure 4.2 could be used egein,

method would emplov one excitirnz bl ock,

Tre coordinate svs tems of
The freguency range wss tc be PO to

modes

ecuired data.

for the Long Zeesz, In Fizure 7.1. The

escr of two force geauge positions, would be
with two accelercmeters on the block or the

g I0C40 and =z sinzle accelerometer on the

nifecrm steel beams znda turbine blade.

RPN - L D ann r
¢f trhe Long 3eem and four of

cornrnected in turn tc the

=, Ior ezch Dblock
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-\ -
the block (2 method developed in Chapter 5) could Se used tc give ulti-
nately the mass-cencelled point resronses at z11 SiX coordinztes. “rom

these dzte the numericel values of the elements ¢f the mole shepe

atrix [@] of the beazm could be cazlculated. The signs ¢f those ele-

ments, regquiring trznsfer resconse informetion, cculc be found by the

tions to record its outvut during eacl of thesix test runs., It would

not be rvossible tc compensate entirely for <he additicnal mess of this

-

accelerometer, tut for g smel

[

accelerometer the errocr ceuseld would

provetly be negligitle,

these mezsurezents, Tre dete obtained, irncliuding cne coiumm and the
diagonel Of the mobility metrix, would lead to a spatial model of the

bean with blocks. Inertia cancelletion could renove the effects of
the blocks =zt this junciure.

£ P ~ 5 3 ~ SR
Of the alternstives presented, tne lest incecrporzted most of the

m
[¢]
f35
ct
‘J
@]
5]

test involving identifi of spztiel models fOr vibretion sneivsis -
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’.%.2 Yeasurements on Long and Short Beans

£ sketch of the test configurations of the Lonz Seer iS shown in
Figure 7.2 (a) and of the Short Beamin Pigure 7.2 (t). The test on
the Long Beamrequired the use of three I-lark 8 exciting blocks, two
with "end feet' and one with a 'md foot'. One force gauge was used
together with six acceleronmeters, all connected via charge amplifiers
to the Solartron JZ3381 equi pnent.

The operaticnel computer program B2 was nodified as indicated in
section7.1.1 2nd used first in the control of test on the Short Beanm,
The nobility parameter 1, was monitored during the test and is
shown as Figure 7.3. Coarse sweevs were mede from 20 +¢ 2000 Ez and
then close sweepss in linmted bands around, resonances and antiresonances.
At each frequency, the four nobilities Y , v Y

11 21 31
Y41 in nodul us (&8)/phase formwere punched on to paper tape and

and

printed. Only one run was nade on the Short Beam which, having identi-
cal blocks and acceleroneters at each end, was symetrical.

The tests on the Long Beamwere simlar but since the beamwth
its blocks was asymmetrical a run had to be made witk the force applied
through the force gauge in each of the positions &, B ané C successively.
In each case, the ocint rotational parameter wes conitored and six
mobi lities punched on tepe at each frecuency. The results were not
vrinted at this stage, in order to save tine. Towerds the end of the
testins a slight rmzlfunction of the JX3381 system becanme zzparent. It
can be seen in Figure 7.4 that there are sone arocmalous voints about
20 4B above the first antirescnance of Y65 bet ween 40 and 5CEz.
4 printout reveal ed that the faultwas associated witn arbitrary changes

of sign of the phase angl e of responses i_ and éé. The snmooth resconse

5
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Y65 velow the first antiresonance was about 10 45 higher than that of
Y21. whi ch should be very simlar. An adj ustnent cf date to correct
this anomaly is noted in Table 7.4(z2).

The raw rotational detie obtained in these neasurements do show
some scatter at the higher frequencies but the low-frequency informa-—

tion IS smocth. Thus the innovetion of the direct calculetion Of

rotationzl data during the frecuency sweep mey be judged to be success-

ful.

Inertial Froperties Of Ixciting Bl ocks

The inertizl properties of the exciting blocks lozded by accel ero-
meters are developed i N Figure 7.5. Assuming thzt they are rigid,

the three blocks attached to the Long Bees have 2 diszgonal inertis
metrix releted to the beer coordéinztes at the neutrzl axis. This is

in Teble 7.5(h).

=
.1
14}
4
4]
[¢]
’_l
th
’_1
m
1

The corresponding matrix for the twc bl ocks connected to the Skor:

Beem is [ISJ , specified in Table 7.2(b).

Plexibility of Exciting Bl ocks

The “erk 8 Exciting Block is 2 beam which hes2first bending node
at about 8 xHz, considerably above the 2 kHz upper limt of the tests.
Eosever , since the zccelerometers attached czuse 2 reduction jn resonence
frequency the response of 2 block lozded with tiv messes was celculzated
2nd the results shown esPigure 7.6 2s 2 grarh of inerience azeinst
frequency. The first antirescnance occurs zbout 3 xFz 2nd its effects
begin to be visible zt about 808 Ez.  The highest response frequency
used in the identification of the long beam was 760 Zz and that fcr the
short beam was 1050 Hz (section 7.1.3). Since there was sone scztter
of the data obtained at these frequencies it was not thought necessery
to mexe the small corrections for block flexibility but it is apparent

that the blocks were only just stiff enough for the purzoses of these
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tests. Seinsbury (3) encountered similer difficulties and concl uded
that the local stiffness at the joint between the exciting block end
the test structure was a significant but unpredicteble factor. A use-
ful rule of thunb nmight be to design a block witk 2 first bending node
et 2 frequency about ten times greater then the highest neasurenent
frecuency t0 be used.

In ceses where the block flexibility could not be neglected it
m ght be thought possitle to construct a spatiel model of the bl ock
wWith 2 stiffness metrix as well as 2 nass natri Xx. This would require
the addition of coordizztes tc the block and to the systemas 2 whole
endwould thus necessitate tests at higher frequencies to include 2s
many nore nodes es additional coordinates foOr spetial rodelling to be
done. It is herd to see the advantege in such & proceiure. Better
to have tre bl ock sufficiently rigid so that it needs oniy the coordi-

nztes Of rotztion 2nd translation zt its centre 2nd the associzted txo

element inertia metrix Em I};] .

7.1.% Hodellines Without Figh Frecuency Resi dual s

The results of this section 2re design&ted, for ease of reference,

es SM, signifying - Spatiel, Heasured.

(5; Identification Oof Resvonses

The frequency responses obtained in the tests on the Short Beam
with two attached exciting bl ocks revezled sharp resonances at 333, 760
end 1150 Ez and since the tests were made on & freely supported struc-
ture a zero-f reguency resonance was assuned. Each I €Sponse wes viotted
2nd then response deste points selected for use in program IDENT.  Dazp=
ing was assumed to be negligible. The data selected for calculation
of the point modal constants of the Short Beam are shown in Figure 7.7
together witn sketches of all the responses arising fromforce inrut at

coordinate 1. The signs which charecterise the node shapes zre shown




releted to..the esponses enz zlsc presented in an array. The sign of
the rigid aody nodal constant is deternmined fromthe phase angle of the
quoted low frequency response (about 20 2z},  The signs for other nodes
then follow in sequence.

Simlar treatment wes given tc the dzte meeasured for the Long Beam
lczded with three exzcitings bdlocks,vwhose resonances were estinmated as
0, 80, 219, 420, 655 and &0C Zz.  The responses arising frominput
force at coordinate 1 are shown in Figure 7.8 which includes the asso-
ciated array cf mde shape signs. The data selected for calculation
of the point nodal const ants esreeslsc shown. Further identification

Y_. and Y t he

cal cul ations were done for the responses %ﬂ, Lz Yoo 650

| ast of which caused a little difficulty because of the encmalcus low
frequency response already mentioned in section 7.1.2. Response data
wereregenerzted from the nodal constants determined in each celculetion
and plotted in comperison with the raw neasured ézta. |n some cases
several selections of data were made before a sufficiently good curve

fit was obtained.

@i iode Shape lietrices

Program IDENT can provide only one nodal constant for each resonance
frequency. There are several potential rigid body nodes at 0 Fz, of
which two are significant in this instance, one translationzl znd the
other rotational. The nmodal constant identified for the node at 0 Ez
is the sinple sumof the constant fcr translation and that for rotation.
Since the transiational nodal constant is the reciprocal of the mass of
the tested systemit is easy to celculate it and, by subtraction fromthe
IDZET output, the rotational constant al so. Part ®of Tables 7.7 and
7.4 show this calculation for short and |ong beans respectively.

The derivation of the point rotational constants iS shown in part
(a) of these Tables and subsequently the matrix of point nodal constants

and the dependent matrix of node shapes are shown in parts (c) and {(d).
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The array of signs for the bending nodes were shown in Figures 7.7 and
7.8 and the signs for the rigid body nmodes were established in the
thumb nail sketches at the bottom of the relevant Tebles. The data of

Tables 7.1 2nd 7.4 (d) are those needed for celculation of the spatiel

model , nanely [w,.] and [§] .

(S; Spatizl lodels of Short and Lone Seans

The matrices established in the zrevious section were used as input
to program ZIZAY and the corresponding output is shown in Table 7.2(a)
and 7.5(z). The sue of t{he transl ational elements Byyr Byzs By and gz
of the mess metrix [_-ISIQ of the Short Seam with Blocks IS equzsl to the
mass of the bean with the blocks, 2nd the corresvendiing stiffness sumis
zero as to be expected for & freely-surported system Sinmlar observa-
tions apply to the matrices MLB 2nd KLB for the Long Beam wit: Blccks.

The diagonal matrices of exciting block inertiz terms Es develooned
in Figure 7.5 are shown as part (b) of the Tables and sinple subtrac-
tion provides the date of part (c) which constitutes the spetizl nodel s
of the bveams without bl ocks.

The first check made of these spetial nbdels was to czlculste node
shave information with program EIGEEK. Table 7.3 (a) shows to three
significant figures the modal properiies of the Short Beam with Bl ocks.
Ideelly, these would exactly meich those of Table 7.1(d), criginally
input to program EZAY.  The discrepsncies are nost marked for the two
rigid body nodes whose frequencies are |ow but not zero. The nuneric2l
val ues of node shepes and frequencies for the two bending nodes are
accurately obtained. £11 the signs of the lest two col ums hzve been
eltered, 2 netter of no significence. Evidently the calculations in
program EIGz: are ill-conditioned for nodes of zero frequency. Simlar
coments epply to the data for the Long Beaz with Blocks as presented

in Table 7.6{z).
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Program ZIGEiwas used ezain, this tine for rrediction with spatiel
model nmatrices of the beans without blocks 2sinput data. Thi s caleu-
letion, Whose results are in part (b), cen be checked zgeinst the dete
for ideal beezs in pert (c). Once egein, there is inaccurecy in the
rigid body node shepes, being, at worst, 5.5° for the Short Beam trans-
lztionel Mode 2nd 7.¢- for the Long Ream rotaticnelr-cie. The irndice-
ted frequencies zre very low but not zero.

The first bending mode of the Short Beam has 2 predicted frequency
which is ¢.4% high. The trensletionel nbde shepe daia are 3%: high and
those for rotation 33. high. Greater imeccuracy IS shown, 2sexpected,
in the highest frequency node, the estimsted frequency being 112: hi gher
than the true velue of 1099 Ez.

The bending node resonwces found for the Long Beam sre 85.67
(error + 0.%.), 243.2 (+ 2.7%), 475.1 (+ 2.39 ard lastly 995.6 (+ 30:.).
The node shaveiztzare NOre zccurate than those of the Short Eean.

These spatizl nodel s based on measured data were té&en as reason-

abl e representations of the Long and Short Beans 2nd used in further

calculations, specified below

@4 Spetial ¥odel of Coupl ed Seem

The Coupl ed Beam consists of the Long Beamjoined to the Short Beam
attwo coordi netes, shown as 5 end & in Figure 7.13 (2) for the ideal
beam. The correspondi ng spatizl nodel without residuels i S shown 2S
FPigure 7.13 (b), in which the short bear coordinetes zre 5, €,77 and &.

The correszonding pertitioned metrices szre found by simple addition:

] - 5] ¢ [
5 - [ - 4

and they are stown in Table 7.7.




Three sets of predicted dat a were obtained in calculations with
this spatizl rodel:

1. Natural frequenci es

2. “ode shapes

3.  Freguency responses
Tor ecch Of these sets corzerison wes mede wiih corresvoniing data
cal cul ated for an ideal beam

The frequencies are shown in Table 7.7 with the error of -3&
in the first bending node nbst epperemt.  The sixth bending node hes
ar indicated frequency 21% high and the second is 14 | ow The third,
fourthend fifth bending nodes have errors less than s,

Yicde shepe data cal cul ated using program TIGZL are presented inN
Figure 7.3 1in comparison With those for an ideal continuous beam

igures (@) and () clearly show rigic body nodes, zlitnough there is a

&)

slight error of slove. The bending nodes in Figures (¢) to (n) show
smell deviations of slope or of location and the general trend is to
greater inaccuracy at higher frequencies, particularly in the rotations.
The node shapes are, however, clearly distinguished fromeach ether.

The |ast and nost stringent conparisons are to be seen in Figure
7.10 The frequency response of the beam predicted using program
COUPLE' Wi th nodul e Z:xX2 to handle the spatial nodel matrices, is
plotted as thick dotted limes. The thin lines in the background are
the correszondings ideal responses. The inaccuracies of frequency,
elreedy coxnented uvon, are evident in every graph. A11 plots are
NMoSt accurate in the frequency range from 150 to 500 Ez and nost have
| evel s of response in this region which are satisfactory. The mest
obvi ous exception is the rotational junction ressonse of Figure (e},
which is 10 to 15 éB high, even in the favourabl e range of frecuency.
The junction cross resvonse (f) shows @ minimum rather than an enti-
resonance just telow the fifth non-zero resonance at 534 Ez.  The linit

of prediction is the sixth non-zero resonance, and beyond this woint the




predicted response sinply falls away as a mass |ine.
The forecasts nmade using this spatial nmodel may be judged overall
as ‘fair'; reasonably accurate in the mddle range of frequencies and

| evel s but guite poor at the extremes.

T.1.4 Todelline with Eizh Frecuency Zlesiduels

The results in this section are designated SYR - Spatial, Heesured,

wi th Residuals.

€I}’R | dentificat i'on of Responses

The ID=XT cal cul ations including residuals were done using the
sane response data as had been used in section 7.1.3 but the highest
resonance frequency was taken as 10 xEzforthe Long Bean and 20 kZz
for the Short Beam arbitrarily chosen. Conparison plots were made
using regenerated data and, as expected, they showed better fit at the

hi gher frequenci es.

@R ¥ode Shavpe liztrices

The devel opnent of the node shape matrices is shown in Tables 7.8
and 7.11 which follow the same pattern as the correspondi ng Sk Tabl es
7.1 and 7.4, The one significant difference to be seen in the SIR
Tables is the inclusion of calculations of point translational stiffness
residuals fromthe nodal constants of the fictitious high frequency
nodes. "There is a limtation in this devel opnment which i s that resi-
dual stiffnesses for the point rotational terns cannot be derived
and thus the spetizl nmodel ultimately constructed has only half the
number of residual springs that were used in the theoretical develoo~

ment of the STR nodel of Chapter 4.




Spatizl lodels of Short ené Leonz Beeros

Progrem EIFAY wes used 2s before to produce the natrices consti-
tuting the spetiel models of the beams With bl ocks. Inertia cancel-
lztion removed the effects of the bl ocks. These natrices 2re |isted
in Tables 7.9 and 7.12 the residusl stiffnesses being ormitted at this
st age.

Similar check calculetions using program EIGZN were made giving
the results in Tables 7.10 and 7.13. The numerical ill-conditioning
nentioned previously affects the rigid body modes which should have
Zero frequency but do not(.

Yost significent for the Short Beam i S the improved eccurzcy cf
the mneturzl frequencies  rpredicted for the vean without blocks,

The first bending node has a frequency error of only -0.2¢ and +he seccnd
such node has only ace-sixth the error of the SI celculztion - a mere
195, The rigicd boly rnodes ere very siniler <o those of the SX celcu-~
letions, ané finally the second bending mode is less inaccurzte than
before.

For the Long Bean the bending mode frecuencies are S6.66 (+ 0.9%),
242.6 (+ 2.4%), 465.1 (+ 1.9%) 2nd 767.6 (+ 0.02%).  These 2re all en
i nprovement whes compared With the Sk series, especially in the |ast

frecuency, now almost exact, formerly 305 in error. The rode skzre

deta in the SKR list for the long bee-, is al SO scmevhet izproved.

@? Svetiel Fodel of Coupled Beex

L sketch of the SirR Coupl ed Bean model IS shown as Tedle 7.74{z,
in vhich residual springs are attached t0 the translationzl cocrdizztes.
The coordinates for the Long Eeam are numbered 1 t0 ¢ in seguence, tut
those for the Short Bezm have to be tzxzen in the order 9, 10, 11, €,t2,
13. Spatial model matrices including residuals zre preserted in

7.14, vhich may be systemeticelly releted 1O the figure in

P P T
2T 2,20

o)

attenpt was oade to wite the full metrix for the Courledrear because



itinvolved 13 coordicetes 2nd difficulty with the Short Beam because it
would have to have its elements re-ordered. Since ZIGIX could not be
used directly, the mass matrix beins singuler, 2nd since CCUFIZIt+
module ZMAX2 could be used to assemdble the spatizl nodel fro-, the two
convenient sub-systers for resronse calcula tions the full 13 coordinate

cetriz would De unnecessary, anyWeY.

resoense

+8

The saze criterie involving frecuencies, rode shapes an
plots was used as before to evaluzte the success of this spztiel molel,
Uifferent celeculations had tc be used, however,since quick znswers for

wizth co

[

neturel frequencies using LIGEL required 2 reduced spetizl zode
unattached sworings, s shown in Table 7.14(e).
The natural frecuencies founo are sognificen tly closer to trhe ideal

values than for the spztiel nodel without residusls., The worst error

(for the first bending node) is 23: rather then 3&.. The other beniing

&)
£,

cdes have frecuencies within 5.70of the ideal values. The frecuercies
indicated for the rigid body modeszare very low. The EZIGEN spetiel

model hes nine modes corresponding to its rinecoordinates, but only

eight of those nodes are valid. The extra,anomalous, node is at 21'71 z=z.

The mode shape data output by EIGEX zre not directly useful beczuse they
do not refer to the externsl translztional coordinates, &zt the rexcte
ends Of residusl svrincs, The rigid boly zoles, hovever, will be indi-
cated adequately by TIGEL since ezt very lov frequencies the deflections
of these residuel springs will be negligble.

CCUPLEY was used tc generate freguency resvonse and the sweer was

caerried to a freguency sufficiently high that the rising slope associated

with a high frequency residual was established.

ne response date produced for the tip 2nd junction coordinetes
hed similar frecuency sieeps, These results are assexmbled as Figure
T, The tip response Y77 is typical in hevingz 2s 2 salient feature

e very good esgreerment between 100 Ezend 600 Hz - significantly wider

\N

[



than the range 150 to 500 Bz of the SIf series and including all but the
lowest of the benéing nodes.

At the high ené of the frequency spectrum above the sixth pending
node and, incidentally, beyond the range of the prediction of this

spatial model, the presence of the anozzlousmode at 2171 Ez can be

. . . . L L. oo
inferred fror itrne anitirsscnsence cccurrins cetiteer 1Tz oent e H£mIAn
3 e rieh he R b Retd] ¢ o
me O0f the nlcss - =2 ezcevtion veing 1 wnich has e minimum, ‘also an
sem I £ Tge

indicetor of the out-of -range resonance.
The fit cf predicted respeonse to the ideal is remsrkably good for
all the tivresvonses and for the trenslaticrel junctiorn response ¥_..

The junction Ccross response is reasonably good but shows the sznme

e rrone ous minimum ercund 5C0 He which was noted in the ecuivelent S
vlot. . Tinally, the junction rotetionzl resvonse ffy( is merrec crly by

heving much tco lzrge a resonence at 105.4 and otzers a little too large
at 522.6 ard 74C.E z=z.

ode shave data were not generally available, as has bee:! said, frox
orogran EIGIL. Accordingly, model constanis were calculated using pro-
gram IDZNT on the frequency response data which have just been discussed.
ioduli of node shape metrix elements were obtained as the sguere rccts of
these nodal constantsand the signs needed eztzblished as usuzsl frex
specially plotted transfer resgonses, The results are vlottec as
Figure 7.12 , The rizid body modes are chown clearly shown elthough

there areszell errors of slope

The six benling modes are delinested by the voints and slcres cor-
restondire to trenslz<ionzlend rotational coordinates. Generellyr, tke

goodness ¢f fit is grezter for lower frecuency modes than for nigher

Overall, the S.% mode sk

PJ

pes are a little better thenthose of the SiC
series. Pinelly, one mey See in Figure 7.12(i) thet the node at 2171 ==
has a shape wnich Sears norelation tc the seventih (or any oin

mode.
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7.1.5 Discussion 2nd Concl usi ons

The objectives set out at the beginning of this section in 7.1.1
have been net to a substantial degree. The chosen mezsurement strategy
proved to be successful, yielding smooth deta, particularly for the
rotationsl response of the form (8/F).  Such neasurenent difficulties
2S were encountereld were cevable Of being overcome larzely by use cf
redundant or rether duvlicated deta., Tre mzjor resulis are cmariséd
in Figure 7.1% which may be compzred with Figure 4.9.

The cencept of the test oiece consisting of beam plus exciting
bl ocks (i ncl udi ng accele;ometers) proved to be sinple and the cancel -
ling of inertia effects of the blocks after the construction of the
svatizl model turned cut to be sinple 2nd sufficiently sccurete,perti-
culerly in the case of the Long Beex in the nore favourable case wren
residual terns were included. It is, however, evident that the Short
sear wes | €SS eccuretely nodel | ed than the Long 2nd this chiefly because
its nodel could only include two bending nodes, the other two being
needed for rigid body representztion. HMetching the nunber of nodes to
the number of coordinates is 2 restriction, not essily to be dism ssed.
In this case it is apparent thet the upper frequency limt of rigidity
of exciting blocks was reached 2nd inclusion of higher frequency nodes
for the Short Beam woul d have necessitated redesign of the blocks to be
stiffer, possibly more massive 2nd probably more intrusive as the trans-
ducer system began to match the test piece in size.

The identification curve fits using program IDEXT required scze
judgenent in the selection of data and of the goodness of fit. Tze
curve fits were successfully achieved, even for cross terns festurizng
mnima rather than antiresonances. Since, at this stage in the tresis,
curve fitting is regarded as an established process it was not thought

necessary to include exanples.
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The processing of the nodal constents in the various steps to the
construction of the final spatial nodel have been carefully laid out in
Tables 7.1 to 7.14. Each step is sinple but there are a nunber of pit-
falls to snare the unwary. Chi ef anong these is the need to renenber

that the rigid body node at zero frequency has a special derivation
Z)

v

[STepve

tion, usuelly ernressed in terms of the =ass of the test piece.

3]

treme care is necessary also in the allocation of signs tc the transfer
response graphs. It is easy to mere an error in the phase angle of the
rotational data in particular. In the final stage of the model inclu-
di ng residuels,ceare must Pe taicer to include the residual stiffnesses
in the main diagonal of the fully popul ated segment of the matrix as
well as in the extended matrix consisting only of terzs on the diagonal

Residuel springs in this study could only be added to translationa
end not to rotational coordinates (whose =odel constants were derived),
thus reducing the potential icprcvenment. Nevertheless,the addition of such
resi dual s as were pcssitle proved very effective in reducing error in the
terget frequency range encompessed by the six bending nmodes. It would be
possible to -make neasurenents using program P2/ which would yield the
rotational responses of (&) formdirectly and for these identification
usi ngafictitious high frequency node would yield the desired residua
terns, Such an experinment woul d involve nmore mechanical adjustment in the
addition and renoval of exciting blocks than in the experiment vhich
was actually carried out. There would be some difficulty in the zllo-
cztion of signs to the mode shape matrix, too.

The following points may be nmade:

L. The meesurement technique involving simltaneous recording of

vibration data on several channels was satisfactory.
2. The cal culation steps required in the construction of the

spatial nodel are easy to carry out systematically.



3. The sk nmodel without residuals gives reasonably good predic-
tions in the central range of frequencies but is poer at the
extrenes.

4, The addition of residuals to make the SFE nodel has the
effect of adding an anomal ous high frequency node which is

K PRPR ] PR
€881V STCTUTed &nl LIscounved,

n
.

The S¥R model,despite including only half the potential num
ber of residual terms.gives very good prediction of the rigid
body modes and,cf the six bending modes of the coupled beam

whieh, 1N oractice, would be nmost inportant to imow,

Finally, the results of section 7.1 constitute a denonstration of
measurements USi Ng technicues developed in Chapters 5 and €, on real,
al beit sinple, physical structures. These neasured data, identi-
fied by the theoretical techniques evaluated in Chapters 2, 3 and 4,
give a spatial nodel which in a very conmpact way contains information
which can be used in representations of the vibration behaviour of the
substructures and of the conplete assenbly. The nodel matches up to
very stringent criteria in prediction not only of resonance frequencies,
a point at which many nethods stop, but also of nbde shapes and fre-

guency responses.,



Figure 7.1 Alternative Ietrhods Of ilezsurings lobilities Of Long Bezsn

(a)
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(v)

Usi ng 'Two Lccelerometer' Method
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Ficgure 7.4

Tests on Longe Beam ~ Raw Data

Yobility
(¢B)

(8) (éG/F5>" Force Input C

o-

~2C-

-40

-60,

‘el

-850

=1

20

Mobility
(az)

50 100 200 500 1000 2000

Frequency (Ez)

(b) (%/F ) - Force Input4 -

0

=20

=604

-804

-100

—
g\

knomalous

points

4

20

50 100 200 500 1000

2000

Frequency (Ez)
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Pizure 7.5 Inertial Tffects Of Zxciting Block and Accelerormeters

(2) Accelercmeters — Assuned shape - cylinder

IG = m(r2/4 + h2/12)

Tvpe 4366 - r = 7.75mm, h, = 20om », = 29 gn

| 1 1
-6 2
=1.4 ke o
I, =1.402 x 107 kg
Tvpe 4367 © r, = 6.75zz, h, = 1€ oz, o, = 12.5 &=
2 2 2
-£ 2
T.. _ 0.4418 107" ¥z =
Ge ~

b) Exzciting Block - Assumed shepe - rectangular perellelipiped

b IQ = mB(a2 + 'b‘)/12

- -2
IGB 1.3 x 1C " kg o
(¢) Inertie of Zxcitine Bloeciz end Lecelercmeters w.r.t, Leutrzl Aris
L Daawm
- C. e
- oy
' d =32 ==

G3 . = vn
*1 31—2712'“

= 20 == (4366)
18 = ($367)

jo N
o
=
n

Inertiz of Block ebout P

I(:-3 + :‘7_’;‘ “r
= 2.242 x 107" kg m

oz L

Inertic of One 4366 Accelerometer sbhon

=1.38 x 10 " kg m

rtiscef L ~et ghout T = I o, \x

Inertiezcf One 4367 Lccelercrmeter zbou co T oo (=° «+ {y,‘+y2} )
= 5.75 = 1072 ke m2

zxciting Block plus Two Accelerometers

4366 : ess = 0.182 Inerti2 aboutF =5.0C X 10—4 kg m2

~

-4
4367 : Mass = C,1%1 Inertiz about P =3,3¢ x 107" kg n°
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Figure 7.7

Identification of Short Beam with Bl ocks

Resonances at 0, 333, 780, 1150 He

() (x,/5,)

Freguency Response

+

+

(e) Sign Array

e et et o = e

Fode
Frequency

Frequency
(2z)

20
24C
693

1100

20

140

530
1050

20

20

Mob(dB) Phase (°) Type

-44_05
-85
-84
=75

=37
-85
-76
-39

-51

=37

Sel ected Data

-82
-90
-56
-71

77
28
18

95

105

78

780

AR
AR
AR

AR
AR
Min

1150

321
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Fizure 7.8 Identificetion of Long Bear with Elocks

Resonances at 0, 80, 219, 420, 655, 800 Ez
Freguency Response Selected Ddata
Freg.(Ez) Mob(¢B) Phase(®) Type
20.00 -48,89 -90.27

57.68 an.57 83.72 AR
182.4 -96.27 62.22 LR
3EL.1 =342 77.83 AR
€03.98 ~£2.86 -26.81 AR
760.37 -66.89 -88.78 AR
20.00 -52.12 85.55
34.76 -90.17 25.16
135.00 -82.53 -55.72
295.00 -75.69 -39.62
502.37 -66.93 61.50
760.37 -55.81 49.70
957 20.00 -53.72 -91.02
24,08 -52.66 102.97
21.93 -54 .56 84.76
21.93 -43.42 -117.92
(g) Sign Array
Fode 1 2 3 4 5
Frequency 0 80 219 420 655
e
+ + + -+ +T
+ -
- + + -
- + -
e o




Figure 7.9 ‘ Predicted Modal Dzta for Coupled Beanm
(o —C—
(a) oT O—

o\\
(b) or \\

(e) 1B

(d)zB\ /\

(e)')’B\ /\ .
S SN

Frequency (True Frequency)(Ez)

(a) 0.122 (0) (v) jo.13& (0)
(e¢) 29.48 (40.07) (¢) 96.46 (110.4) (e) 210.6 (216.5)




Figzure

(&)

(n)

. Predicted ¥odel Dete for Courled Bearn (cont'd)
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(v)
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Rigid Eody Translation
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1st Bending Mode

2nd Bending Mode

etc.

(g) 523.4 (524.7)
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Figure ‘7.10 @ Frecuency Responses 0f Couvpled Beam

(@) Tip Respomse 1, 1
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FPigure 7.10 @i Precuencv Responses of Coupled Beam(cont‘d)

(c) Tip Cross Response 1, 2

©
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d) Junction Cross Response 5,6
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Figure 7.10 Preauencv Eesvonses 0f Cowled Beam (cont’'d)

(e) Junction Response5,5

HOBULUS (DB
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(f) Junction Response 6, 6
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Pigure 7 . 11" SHR Frecuencv Resvpenses of Counled Beanm

(2) Tip Response 7, 7
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Precuency Eesvoncses of Coupled Eeanm (cont'd)

(¢) ?ip Cross Respomse 7, 2

-40.0 -30.0 -10.0
! |

-48.0  -s0.U
|

.
TS WU Y Y S |
.

“m.0

.....

—— —— i & e &
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Figure 7.11 Frecuencv Zesvonses of Coupled 3eam (cont'd)

(e) Junction Response 9, 9
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Pizure 7,12 Predicted Kodal Deta for Counled Bgem
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we N N

/A WA WA
}

RN AN Ao N
VARVaR Y Saawa!

recuency (True Frecuencv) (Ez)

350.32 (357.9 (g} 522.32 (524.7) (n) 740.77 (746.8)

) 357.9)
i) 2171.57 (994.1) - eanomelous
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Figure 7.13 @ @ Sratizal liodels of Coupled Beams

Coordinates ené Hatural Freguencies

2 4’ 6 5
(2) ideal Beam ¥ "\ <= N
- 0.4 1.0 | 0.65
4
T 1 3 5 7
v v
Long Beam Short Bean

—-
by

Wet1rs ] —esuercies Ero
NETUTYEL Teguernclies Lt

0 0 40.07 110.4 216.5 357.9 534.7 746.8 etc.

(b) Smatiel ¥odel ~ lMeasured Data

1 2 3’ 4 5 6

LA A N WA WA

I {
i

| |
| {

> 6 7 8

Tip Coordinates 1, 2 Junction Coordinates 5, 6
Natural Precuencies (Ez - ZIrror e

.121  -.138 29,48 06.46 210.6 341.7 523.4 903.3
(-36) (-14) (-2.8) (-4.8) (-2.2) (+21)

(c) Spetial lodel with Residuzls - lieasured Dete

1 2 213 4 5 6
i
9. \
7 g | |
i

Ple s VAVAY | 10

|
11 6 12 13
Tip Coordinates 7, 2 Junction Coordinztes 9, 6

Katursl Frecuencies Ez - Error &

jo.82 0.06 32.58 105.42 210.87 35C.32 52259 740.77
(-23) (-4.7) (-2.7) (-2.2) (-2.3) (-0.8)
plus 2171.57 (anomalous)




Table 7.1 D,ev,elocment of Yode Shave letrix for Short Beer with Blocks

(2) Derivetion Of Rotztionel ¥odsl Constants
Mode 1 2 3
Frequency (Hz) 0 333 780
All .790815 616797 . 338670
f21 -1.80585  -6.22252 - 15. 4156
22 = 1,,“/a,, 5.77415%  62.7755 701.688
_ L 2 . .
*hg T gk /(1Aii -1/m) for i odd endj =i +1
m = 4.06 (bean) + 2(.182) (bl ocks) = 4.424 kg
I/n = .226040 kg~
(b) Sevaration Of Rizid Body jlodes - T=Trensleiionsl, R=Roiztional
1?11'? = t/m = .226040 ] 1%13 = 1:"11 = qhyqp = 584775
17221 T 0 ' 1Te2R =122 1%227=5. 77415
(c) Matriz of Point Hodel Constants
Because Of symmetry of short beam with bl ocks A33 = AH’ A44 = 522
Frequency (Ez) 0 (7T) o (&) 333 780
=r [ 226040 .564775  .616797  .338670
"33 . 226040 564775 616797 . 338670
%3 .4 B: 77418 &2 775% 76916888
(d) Mode Sheve lMatrix
Frequency (Hz) 0 (T 0 (R 333 780
VA, [#.475437 +.751515 +.785364 +.584
v A2 +# 0 -2.40295 -7.92310 -26.49@4
V k33 4.475437 =.T51515 +.7685364 -.561954
Vi [+ 0 -2.40295 +7.92310 - 26, 4894
The signs in the lest two columns were found from tke plotted and
identified short beam transfer responses, Figure 7.1. The signs in

the first two columms were found from the rigid body node shzpes bel ow.

+M+O + Ay +0 4
N —/ -

=3

334 -9



335 4

Teble 7.2(SK) Spetiel Models of Short Beam - Zased on Measured Datz

~ ———

Cutput of zrogrem zZiLlhY with input dete from Table 7.1

(2) ratrices for Short Beam with Blocks

|1.62228 .1221908 589714 —.0970625-

.0155087  .0S70625 ~.0141900

E::t] = ‘ 1.62208  -.122198
L?ymmetric .;15508?J

thrans = 4.424 kg

r-1.01210 316530 -1.01210 316530 )

- 5 273324 =.316530 -.0753462
E‘ss:lz 10 1.01210  -.316530

LSym:.;etric 273332 .

ZKtrans =0

(b) tetrix cf EZxcitinz Block lnertia (from Figure 7.5)

fis2

. _ 5.00 -4
S - .182
(c) Matrices for Short Beam W thout 3locks

) = b - [

5.00 E~4

1.4:028 122198 .589714  -.0970625]
.0150087  .0970625 =-.0141900
[Ms] = 1.44028  -.,122196
_SymTet ric .0150087

s =
"trans 4.06 kg

!:Ks] = E;SE:I in (z) above



Table 7.3 Modal Properties of the Short Beam

Precicted from Szatial Models

(a) Short Beamwi th Bl ocks

Program EIGEF with input ELS{I ] E:S{]

Yatural Frequencies L0163 163
(256 764

Node Shape 063 -2.40
Matrix 494 -.739
063 -2.40

(compare With Table 7.1(da) )

(b) Short Beam W thout Blocis

Program EIGZEK Wi th input [T j, BS]

Xetural Frequencies .025 .185
271 . 861

Mode Shape 081 -2.70
Metrix 521 ~.831
.081 -2.70

of Table 7.2(2)

of Table 7.2(c)

(conpare with (c)

(c) ldeal Short Beam

Tetursl Frequencies 0 0
497 .860

Fode Shape 0 -2.65
Matrix 487 -.860

0 =2.65

398.

1.00
-7.18
1.00
1.1€

78%

-.5€2
26.5
.582
26.5

2.37
81.1

bel ow)

5 1099

1.02
-13,2
-1.02

-13.2

336 2



Table 7.4 Develo:‘ment of Mode Shave Hatrix for Lons Zeam with Blocks

(&) Derivaticn of Rotationel Kodel Constants

Fode 1 2 3 4 5
|
Frequency (Hz) 0 80 219 420 655
A1 432627 .301486 371123 . 298655 .262382
A21 -. 441017 =1.31538 -2.37549 =4.26877 -10.1784

2
‘¢‘22 = A21 /A11 .589229*% 4.41963 15.2051 61.0149 394.843

233 .169413 .0306106 .196428 071770 .0678318
43 2/ -.199691 2513173 .088g312 ~-.651109 . 637200

A A

A44 = A43 33 .649846* 2.06328 048726 5.90697 5.98574
£55 .454948 413042 0 413775 . 391063 472566
A65 2/ 1.07100 1.93318 3.14928 5.67542 15.0795

A66 A655 A55 3.30656" 9.04795 23.9695 82.3662 481.184

- 2 \ . .

*Uq . . - ) - - =

Using : 1Ajj 1Aij /(IAii 1/z) for i odd and =i+ 1

where 1/z = .108050 kg_1

m=8,74 (bean) + 2(.182)+.151 (blocks) = 9.255 kg
1/m = .108050 kg~ |

1A66 = 3.30656 is an order of magnitude greater than 1A22’ 1A44,
whereas, ideally, all three term have the same value. The plot of Y
shows anomelous low frequency response zbout 10 dB high. It follows

that ,A._ is too big. In (b) below

1765 1220124471566

(b) Seperztion of Rigid Bodv liodes

1A11T = .108050 1A11R = .432€27 - .10805C = ,324577
1}‘22T = 0 1A22R = .624538
_ 4 _ . _

1A'33’1‘ = ,108050 1733%R = 168413 - 108050 = 061363
1A44T _ 0 1A44R = .624538
12&;@ = .10(8)050 1ﬁ%a = .454040 -~ ,108050 = .346899
17667 = 1766R = .624538
Using , A, .n=1 /= for i odd

= 0 for i even
and

1£44R = 1243 — qbigp for alli

=(.599229+,649846)/2.

337



Table 7.4 continued

(c) Matrix of Point Mdal Constants

Freguency (Hz) 0(T) o(R 60 219 420 655
Ay, L 108050 .324577 391486 .371123 .296655 .262382
boy 0 624536 441963 152051 610149 394,43
. 108050 %z, O GWUE ogioe 071770 0678318
vas 0 624538 2.06328 .049726 5.90697 5.98574
kg .108050 346899 .413042 413775 391063 .472566
A66 ) 0 .624538  9.04795 23.9695 82.3662 481.184-

(d) Kode Shape Matrix

Frecquency(Hz) 0 (7) o (r) 80 040 L20 655
‘/AH ;—.5287‘10 +.560717 +.625628 +.60S199 +,5£6493 +.512232-
hoo + 0 ~.790277 -2.10229 -3.89937 -7.61120 -19.8707
\ /A33 +.328710 +.247716 =.174959 =.443202 ~,26789% +.260445
\ /AAA + 0 ~.7S0277 =1.436L1 3% =,222903 42,4%043 +2.4L658
\ /A55 +.328710 ~.588981 +.642683 -.643253 +,625350 ~,687434
Aée + 0 -.750277 +3.00798 -4.89587 +92.07558 -21.9359
The signs in the last four columns were found from the plotted

and identified long bean transfer responses, Figure 7.8.
The signs in the first two columms were fcund fron the rigid body
node shapes sketched belcw.

+T a+0 +T »+0 + T% +0
NG .

Transl ati on

\-;'.J _ Rotation
N/
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Table 7.6 @ liodal Properties Of the Long Beam

Predicted from Spatial ¥odels

~~

a) Long Bean W th Blocks

+

ural

liode Shape

Matrix

Frecuencies

.

no
I
\Ne}

(2!

[N

O

1
(e}

L] .
-~ o1 ~3 N 3 WU

AN

~3

O N0 \O
O\

£ 21¢
626 -.609
-2,10 3.90
—'175 "'AL,'B
-1.44 .223%
642 643
3.01 4.90

Program EIGZN With input E_L,J, ELL:] of Table 7.5(a)

-2.43
-.625
-3.08

(compare with Table 7.4(d)

(b) Long 3eam W thout Blocks

Program EiGZE W th input [:ij{%L:]of Teble 7.5 (€)

Taturel

Mode Shape

Matrix

(c) Ideal

Frecuencies

3T
<354
-.022
345
-.022
$322
-.022

274

.607
-.844
263
-.844
~-.631
-.844

86.67

695 =.732
-2.21  3.75
-.163 476
-1.57 .49

05 761

3.20 4.84

(compare witn (c) bel ow)

Long Bean!

Tatural Frequencies

lode Shape

Matrix

0

.586
-.837
251
-.837
-.586
-.837

85.91
677,687
-2.25 -3.85
=153 =443
-1.62 -.532
677 -.681
2.25 -3.85

243.2 475.1

-2.46
~-.831
-10.5

.688

-5.64
-.322
2.76
.689

5.64 -8.28
—

340

995.6

-1.14
31.5
-.312
-3.36
1,49
35.7

236.8 464.2 767.4

-
<713

-8, 28
.0656
5.97

=713




Table 7.7

3Kt Spatial Model of Coupled Beam

(a) Coordinates

(b) Mass Matrix

4.83913

-

Symmetric

1 2 3! 4' 5 6
5 6 7 8

.654748
.097938

-1.27187 1.70485 1.88910
-.242128 .259411 .296964
2.83510 —-. 584487 -1.03067
L71827 .687852

3.33286

-.548830
-.054722

.182848
~.134620

-+ 103356
.050712

o O O

0
589714
.097063
1.44028

o O O

0
-.097063
-.014190
-.122198

.015009
-

L
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Table 7.8

(2)

(v)

(e)

Development of ¥ode Sheve ¥atrizx for Short Bearm with

Derivation of Fotstional Xodal Constants +

Blocks

Residuzl Stiffness

¥ode l ! ! 2 ! 3 4 (residual
Frecuency (Hz ’ 0 | 333 l 780 20000
Ay . 70879 L€02327 282642 179,315
; 1.81023 £.C153¢ 11,8062
A5 , 1. 21023 Ci5 a
5,801 5% 60,0742 405,172
Boy = Ay /A11 5.8C15% 6C.C742 4 ,
2
* - o =,
Aoy = 4By /(A = 1/ where 1/m =.226040
Residual Stiffness
E.q = (21 x20000)%/179.315=880,650 x 10° N'm
(c) Sevpzrstion of Rigid 30dv Fodes
: L= A . = 56483
1By 4o o +226040 1A11r = qBgq T ghqqp = PEAES
= EC 5'2
thoor = O 15201 = 7ee123
¥atrix of Point ¥ocdal Constants
Because of symmetry: ,f\,/, = A, ,A44:A22,Ixr3:Kr1
Frequency (Hz) o (1) o (r) 333 780
Ay 226040 .564E30 60233 .282642 |
Y 0 5.80153  60.0742 493,172
bss 226040  .56483C 602337 .282642
A44 0 5.6015%  60.0742 493,172
e -
Yode Shape latrix
Frequency (Hz) ¢ (T 0 (R) 333 780
Vi, +.4T5437 4751558 +.TTE104 +.521841
\/A22 + 0 -2,4086  =7.75C75  -22.2675
Vi +.475437  -.T51558  +.7TE1C4 =.531641
, /—‘A44 | e -2,2086L  47.75C75 =22.2C75

Signe as in Table 7.1.
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Table 7.3 @ Spatiazl Yodels of Short Beanm

Qut put of program E¥KAY with i nput data froz Table 7.8 (e)

(a) Metrices for Short Beam With 3locks

B 1.63133 .125082 580666 =.09641CT
E_: ] _ LO1E€1431 .0GE21CT -.C14358€
SER| < [, e7473 125082
;‘S Symme tric LhEh e ]
SU__ = 4428 ke
i.26705 457757 -1.4670% o 457750
[Kq:; o 1P 325012 -.457757  -.0393478
SER 1,467C5 -, 257757
I_Symmetric .225012
Z Ktrans =0

(b) Yatrices for Short Beem without Blocks

[:T:] [ J (see Table 7.2(p) )

A . 12508 LEBCEEC ~,0C821C7
E, ] _ 0156431 .0264107  -.01435€6
“Sr - - -
1.44C%72 -.1250&2
Syrmetri c 0156431
it = 4,06
2 ¥ am Ske

in(e) above

il
4
o
td \
il

=

(c) Residual Stiffness Matrix

Froz Table 7. 8 (b).

88C. €50

[Kr; 10° 0
£0.650

U




Teble 7. 10 Modal Properties of the Short Beam
Predi cted from Spatial Xodels

(2) Short 3Bezm with Bl ocks

rogren ZIGEN with input EES?RJ rK.,_{l of Table 7. 9(a)
et 9 L_ -

ad)

oLk

Natural Frequencies 1.4E-5 , 125 333 780
475 752 =.776 -. 522

Mode Shape 0 - 4 7.75 22.2
Matrix LAT5 =782 =776 S22

C -2.44 7.75 22.2
_ -

(compare witk Teble 7.1 (d) )

(b) Short Seam wi t hout Bl ocks

Program ZIGEX with I nput E@o,\] , [z:s] of Table 7.9(b)

-
Wi
-
-

Fatural Frequencies 2.02-5 135 397.7

456 846 =1.010 -1.212
lMode Shape C -2.71 9.26 38,36
€ = BLE =~ -1,010 l.z12

Matrix .48
C -2.71  -9.26 38,38

(compere With ideal, Table 7.3(c))

345 %
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Teble 7.11 Development Of iode Shezpe Matrix for Lonz Zearn with Blocks

iEl) Derivation of Rotational ¥odal Constant + Residual Stiffness
7

¥ode 1 ) 3 4 5 65;‘;3)1-
Frequency (Ez) 0 80 219 420 655 10000

AH .432683  ,390762 .365629 .284437 ,229058& | 62.3506
AZ‘!

-.441252 -1.30459 -2.22375 -3.34418 -4.38631
A & 2/A «599764* 4.3554-E 13.5248 39.3182 83.9950

Ly 169495 .0303925 .184489 .0507017 .0320674| 76.4577
ks -.199718 .251227 .0994088 -.641178 .683884
2 -
Byq = b5 /hss | .649154% 2.07666 .0535648 8.10839 14.5848
b 455071 .412029 406801 .364028 387669 |101.485
Ags 1.07255 1.92052 2.97085 4.34011 8.83560
2/,
ke —hes/hos | 3.31497% 8.95179 21.6960 51.7448 201.378
. 2,0, . .
*Jsing: 1A3j = 1Aij /(1.-;1:.L - I/mfori odd and j =i +1

where, 1/z = .1 08050 kg™

@1A66 = 3.31497 is in error because of the enomalous | ow frequency
response of Y. already commented upoo in Table 7.4(s).

\ — , _ ~ca A — 5

In (b) below &, = 44, _ 4. = (.599764 + .649154)/2 = .624459

(b) Residual Stiffnesses

2 _ 2
K =0 /6Aii = (217 x 10000) /6Aii
74 — 54 — 5 - ¥ = 5
LN 633. 168 x 105 ’Ar13- 516.543 x 107 ; I‘rlS = 389.007 x 10
(¢) Seperation of Rigid Body Kodes
jhyqp =-108050 | LA,,, = .432683 - .108050 = .324633
R = .
thopr = O 1722 .624459
R =
i = O 1%44 .624459
1A55T =. 108050 12;;‘;3 = .455071 - .108050 = .3%47021
1hegr = O 17668 = 624459

Using: j4;.m = [/mfor i odd

O for i even

and : 1Aii3 = 1Aii - 1AiiT for all i

]




Table 7.11 continued

(d) ¥ztrix of Foint lodal Constants

347

Frequency (Hz) 0 (T) 0 (R) 80 219 420 655
L, L108050 .324633  ,3907€2 .365625 284437 220058
by 0 .624459 4.35548 13.5248 39.3182 83.9950
Lyx .108050 .061445 ,0303925 .184483 ,0507017 .0320674
” 0 .624459 2.07666 .0535648 8.10639 14.5848
by .108050 .347021 .412029 .406801 .364028 .387669
Lee 0 .614459 8.95179 21.6960 51.7448 201.376
(e) ¥ode Shavpe letrix
Frequency (Hz) o (7) 0 (r) 80 219 420 655
AH +,%328710 +.569766 +.625110 +.604673 +.53%326 +.478600
[ + 0 =-.790227-2.086G€ -3.67761 -6.27042 -9.16488
N +.328710 +.247881 -.174334 ~.429522 -.225170 +.179074
‘/A44 + 0 =.790227 -1 .44106 -.231441+2.84752 13.81901
teg +.328710 -,589085 +.641895 ~,637810 +.603347 ~.622631
ko + 0 -.790227 +2.291S5 -4.65790 +7.19339 -14,1908

Signs as in Table 7.4()




Table 7.12 Spatial FKodels of Long Besn

Qut put of program EXXAY with input data from Table 7.11(e)

(a) Metrices for Long Beam wi th Bl ocks

(17.4567 3.53401 -10.8825 4.72573  3.25114
.74440% -2.35505 1.0033C  .693001
r 1 —_ _ _
E'*LB.E = 9.91375 -3.15513 -2.45306
1.40910  .839911
2.05329
Symmetric
S¥, oo = 9.2540 kg
186.627 38.8150 -178.343  45.5029 - 8. 28462
8.41497 -37.1813 9.09710 -1.63368
[%LBRJ = 10° 172.953 ~42.2925 6. 08957
12.4297 -3.30040
2.19505
L?ymmetric
X = 10°(=1.05 x 10™°) " 0
“trans ¢
(b) liatrices for Long 3earm W thout Bl ocks
o= (.| -1
[‘L.;] [_.BP] [ 1;} (see Table
*17.2747 3.53401 -10.8525 4.72573  3.25114
.74390% -2.35505 1.00330  .693001
[E%%J = 9.73175 -3.15513 -2.45306
1.40860 o 839911
1. 90229
g1 _ 200
Z It_trans -— 8.7/J) kg
[KLP] = E sp| in (¢ above
(¢) Residuel Stiffness Metrix
Prom Teble 7.11 {(b) -
€33.168
[% ] _ 10 516. 343
rl
0
389.007
0

-.649997 |
-.139267

.485490
~. 174690
-, 236663
.0388722

. 386041
.028E314
3719347
540303
-.765366
398771

(b))

-. 649997
-.139267
. 489490
-. 174690
-.23666%
.038533:




Table 7.13 @R ¥Medel Proverties O f the Lornz Bear Predicted from

S»atiael Hodels

(a) Lonz Beam with EBlocks

L

Program ZIGEXN with input F&BR‘l’FL’BRW of Table 7.12(a)
[ — — —

Ratural Frequencies .188 .881 80 21¢ 420

~.104  .650  .625 _.605 ~-.533
498 -.614 -2.09 368 627
liode Shape .098  .400 -.174 430  .225
Hatrix 498 -.614 -1.44  .231 -2.85
(626 =250  .642 .63 -.60%
498 -.613  2.99 466 -7.19

(compare with Table 7. 11(<d))

(b) ZLone Beem without Blocks

Program EIGIH with input ELP] , [E:L?] of Table 7.12(v)

Natural Frequencies 191 .936 86.66 242.6 465.1

- 108 .694  .6894 -.732 -.761
515 -.669 221  3.92 7.62
liode Shape 122 .422 =163 457 L.275
Metrix 515 -.669 -1.57 .520 -2.93
648 -,286  JT14 759 ~.T79
.518 =-.669 3.20 4.88 -8.13

(compare with Table 7.6(c))

655

-.479
9.16
-.179
-3.82
.623
1.42

767.6

- 775
11.43
-.168
-4.18
1.03
18.2




Table 7.14 @( Spati al Iodel cf Coupled Beam

(a)

Tip Coordinates 7,2

Coor di nat es

2

(b) Subsystem 1 Long Beem

€x6

M

R

6z3

3x6
-

3x3

submatrices from Table 7.12

(c)

Subsystem 2 Short

] -

Beam
0] 0
2x2 2x4
0 MSR
L%IZ 4x4

submatrices from Table 7.9

coordi nate sequence ¢,

(d) Predicted Resonance Freauencies

10,

Pl
nw

- []

6 12 13
Junction Coordi nates 9,6
_ - -
Frtin X
€x6 6x3 N
N N
—hrl Krl
'~ S ~ N
L;xo AN 3x3 _
. o ]
-X
rs \ rs
aox2 ex4 N
N
<} 4
“rs KSR+hrs
L4X2 N 4x4

6, 12,

jo.sz2

0.006

3

~
[

58 105 .4
) (4.7 (-2.7) (-2.;

plus 2172 (anomalous)

210.9

, output by
(e)Reduced Svatizl edel for zIcmy Calculation

13

1

(Error %)

E 4R
SoU,

L Sala A
A PRS

program LIGEN

oy \
i :\J.t‘

D) '(-2.3) (-0.8)
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7.2 lloéel Yodelsof a Turbine Elzde
7.2.1 Introduction
Following on the successful modelling of +%¢ simple structures of

section 7.1 it was decided to apply the mezsuring and modelling techniques

developed in the earlier chanters to a much more complicated test piece.

) c e Mg D
Yuen ettention hes teen ( 53 \ 94 "( g5 N9 ) to the beheviour

of blacded discs wnich are tte dorminent vibrzitory comovonents of turbines.

L

-turbine tlede is a challenging test cozponentsince it is very lightly
damped (typicel loss facto? C.0001) end hes a complex esymzetricel &,
hich mares anelytical prediction of vibreticn beheviour very difficult.
The objectives 0f the tests revecrted here were the measurement Cf +ra-s_
letional and rotsticnel properties of z freelv suvvorted blade, and sub-
seguent coenstruction of a partial model model which could Se used to pre-
¢ict tre effect of coupling the blade root tc ground, the first step veing
the estimation of cantilever freguencies. Tre blade used for testing is
svecified in Tigure 7.14. i‘easurerments and predictions were made wit'_
respvect tc the 'fir-tree' mot and the cocriinzte system end ratrices

used are specified in Pigure 7.15.

It is realised tkhat the axes in Figure 7.15 are not principal axes

of the blade, since that hes zbout

AN
¥y
ot

0 . - .
C” of twist. fccordingly, a restric-

tion of the anslysis to only two dimensions at time gives & reletively

W)

voor arprexivation to the blade vrorperties wnich resuire three dimersicns
for zdesuate description. levertheless, it was thought worthvhile to

the exverimentel and theoreiiczl feche-

V3
b
\Q
o
@
]
O
vy
ot
vy
I i
n
ct
18]
m
n
2
mn
5
[0
[
IS
o

1
m
s}
ot
O
ot
'y
b
'_!
l_l
ct
+

erresented by such & coo-

antilever frecuencies

~T <

O
[0
n
ot
’\l
8]
m
ct
[¢)]
ct
e
®
0

ol the blzde based con dete mezsured for the free~free condition zrné chec:

those fresuencies by direct measure-ent,
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T.2.2 Prediction 0f Cantilever Frecuencies from Free-Free

lleeSurenents

Consider the Nxli metrix of zobility terms relating tc the coordinztes

of & free-free body which are to be grounded.

The relationship mey be expressed:

{X}Nx‘l {? 3 (7.1)

: + ol rmApds 4} +3 sy -
rern the cocriinates are grounied then the egustion becomes:

(Y] {z} = {o} - (7.2)

This equation has & solution vwhen [f] is sirgular, which implies:

I
1
Ay
2

|x|= o (7.3
tech elerment of [?] is freguency cerendent e&and soluitions of egua-

7.3) will Te found et gcaentilever frecuencies &t vhich t2

ct
F‘-
o]
t3
U~

L—"
[0
ct
n
3
'

1
P
I

Ay
"

21 22
——nd
Theoretical date, generated by using program COUFLL1, wes used to

celculate the deter:inantle for 2 range of freguencies:

v| =

7 =
Tig Yoo = Tyo Ty {7.5)

The numerical value of [Yl has an extremely wide range so0 in I'igure
£{z) it is expressed in logerithrmic form azs decibels v, logerithzic
. > & &

frequency. ~he first zero of this functicn is clearly locate9 a<

—_—
A
.
n
i
¢
ot
52
(1]
H
' 3
;]
N
v
(¢}
W)
3
ct
}J
'__l
D
4
m
H
-y
'3
D
Q
o
(0]
8]
(@]
Al

Tre seccenc zero occurs &t

84,6 Ez, closely followed by the first pole - which corresponds to the
resonence at 835.C Hrz, Thereafier zeroes end peles ere very nezsrly in
coincidence, causing very
trend of the curve. L frecuency sweep IS thus very likely to cissany

pole Or zero oiner +than the first unless the increments are very szzll.

Tlainly, the determinant is & function ill-conditioned for Ifreguerncy

-t . & R 0 T ~ aoa Tyl R
tere, for ezample, the ubiguitous Leng Seam. FPrec-Tree czazta
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N
wn
AS Y]

search purposes. & related function which has the same zeroes as the
determinant is the Nerm of the deter—inant as defined in the Appendix

A5, In this example:

lx’orml Y[ = 11l 22 12 2 ('7.6)
2 4 2 2
(\/Yﬂ,:. + T )(\/Ym MRCTYS
where -1 < liorm |Y| < +1 (7.7)

The norm so defined is & function with & mavipur magrnitude Of unity.
It is plotted inPigure7.16(b) Ffor the Long Bezr acd it can be seen
to very smoothly without discortinuity and in addition to indicating by
/
its zeroes the cantileve!r and rescnance frequencies of the bezz, reveals
entirescnences of verious elerments of the mobility mztrix at those fre-

cuencies when it attains the value -1 . Cleaerly it is a function mcre

suiteé 10 fresuency searches <iranis th

(¢]

o ma s s . ]
unmosified ceterminen } Yl

243 Free-Free iiezsurements

Deter—ination of the cozplete mobility metriz feature in Zigure
7.15 can be dcne by using the techniques of Chapter 5 in several stages,
meesuring at each stzge translation along one axis and rotztiocrn ebout
enother. Blocx lMark 7 was designed fcr the purpose and was czde in

two parts, as shownin Figure 5.7 and described in section$.2.1. 3Blcck

75 could be attached to the blade root by using adhesive znc subseguertly

<

Block 74 could be fixed to Zlock 75 in the zvppropriate attitude. The
range O0f possible configuraticns is shown in Figure 7.17. It caz be

seen that the mostsignificent mobility terms can be found ty using

o
o>

configuretions 3z an



Tests using Two B & ¥ Accelerometers

Tests were mede using the two accelerometer method of obtain-

ing rotational =mobilities specified in section 5.2.2. The
Sclertron 1170 eguipment was used and the physical arrangerents
are shown in Tigure 7.1&(a). Since the 1170 hes only two inputs, one
of which is reserved in this applicetion for the force gauge, two runs
had to be made, one with the acceleroneter in location 1(+0.025 &)
connected electrically, and the other with the | ower acceleroneter in
location 2 (-0.025:) cori {nect ed. There was no mechanical adj ustnent
mede between the two runs. The first two runs were made W th Bl ocks
in configuration B2. In this configuration the systez centroid was
fount by simple delancing to be 0.01 = fro;! the origin at the centre of
the Yir-{ree' root. The Blocks were then remeved from the blade and
rezssembled | N configuretion A1, in whick Block 72 had to be displaced
fror the central axis of the blade in order for Block 74 to be attached

wi t hout touching the bl ade.

Results - Configuration B2

The meassured data plotted as dots in Figure 7.18were Obtained in a
logerithmic 101-point sweep froz 20C to 200C Ez. Subsecuectly, close
linear sweeps were made in order to establish accurately the frecuencies
cf resonance and antiresonance which were used 2s input data for curve-
fitting using prograz IDENT. The smeoth curves of Pigure 7.1&show the
results of 2direct identificaticn of five nodes including the rigid
body zode 2nd the corresponding nodal constants are listed in Table 7. 16.
Curves arising froa identification by the 'window' method are shown in
Figure 7.19and 2 high frequency residual node wes added in a direct
calculation tc get the curves of PFigure 7.20. In each case, the
response data used in identification IS merked Dy arrows. 1t shoul d be

noted that the transfer characteristic, particularly noticeable in the

AN
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responseof the | ower accelerometer between 377and 752 Hz and bet ween
949 2nd 1486 Ez, is successfully modell ed.

The three curve fits differ in ninor ways. The five-node curve
of Figure 7.19 lies just bel ow the data points between resonances but
fits closely in the frequency range esround 140C Zz.  In contrast, the
twincow ' curve of Figure 7.2Cfits significently less well in this range
but is a little mre accurste in off-resonance regi ons bel ow 800 Ez.
4s mght be expected the six-mpde curve including a resiéusl (Figure7.21)
has e superior fit at high frequency. However,since the |ow frequency res-
ponse is of the grester ilnt erest 2nd since the residusl terns cannot be

USEO0 in derivetion the data selected for further r»rocessing using pro-

gram INCAN were those of the cdirect five-node celculetion of Figure 7.19.
Program INCAN hes & two-fold purpese, first tc provide, frequency

by frequency, the matrix of point and cross nobility terms fcrthe
desi gnated point on the blade root, the inertia of the bl ocks and
2ccel eroneters having been cancell ed; and second, the norm of the deter-
mnant of this matrix. The norm has a velue of zero et 2 predicted
cantilever frequency. INCAN converts a psrtial nod2l nodel into an
approximete mobility nodel.

The plot of the different mobility parareters 2s a function of
frequency is shown 2s Figure 7.22in wrickh resonances occur et 357, 731

= mass |line showing

and 887 Zz. The =zerameter (Y/TY) i S predominently
rigid body vehaviour cost s trongly whereas the rotaticnal movility
{ éy/?_\_} nas & trend which rises witn frequency indiceting |arge
i nfluence of high frequency nodes.

The plo: of the normas a function of frequency is shown as Figure
7.23 which reveals no violent discontinuities. The curve crosses the
zero | ine fromvelow at 357, 731 2nd 887 Ez which hzve been established

as resonance frequenci es. The zero line is crossed fromabove et 111 . O

and 487.5 Ez and these may be taken as predicted centilever frequencies.




Results - Configuration X

The test procedure in this case was very simlar to that for B2,
above. The experinmental connections are shown in Figure 7.18(%). A
| ogarithmic frequency sweep was used as before to provide the plotted
data points and then resonances and antiresonances determ ned by close
| i near sweeps. The measured detaare cresented as dots in Figures 7. 24,
7.25 and 7.26 in wkicz it can be seen that the rigid body modes are
doni nant . This observation i s consistent with the expectation that
the bl ade would be stiffer about the Y axis than it is about the X axis,
since it has a larger sef:tion in Z than in Y direction.

The results of a fi.ve mode IDENT curve fit are shown as snooth
lines in Figure 7.24 2nd the correspondi ng nodal constants are in Table
7.15. The response dztez points used for identification zre marked by
arrows and, save for the first tvoint at 200 Zz, 211 coincide with anti-
resonences. lMismetch between the raw dete and the regenerated curves
i'S apperent i n off-resonence regi ons. The overall levels of these
curves depend on the response data points which are not antiresonances.
Thus the responses at 200 Ez are evidently not typical, since they do
not Iie on smooth curves which pass through nost data points.

The 'wi ndow identification curves shown in Pigure 7.25 do not
suffer fron the off-resonance discrepancy. Xeither do the six node
identifications including a residual node which are presented as Figure
7. 26. However, since both of these identifications give problenms of
consi stency, further calculations were done, as bvefcre, using the nod2l
constants obtained in the direct five node identification.

The freguency response of the nobility matrix of the blade without
exciting blocks is shewn 28 Figure 7.27 in which 2 zinizur rather than
an antiresonance occurs between the resonances at 396 zné 778 Ez for
the cross resoonses (éy/Fx) and (i/z-:y). The normof this matrix is
plotted over the sane frequency range in Figure 7.28. The scatter of

voints around 800 Hz arose from singularity of the =mobility matrix.




‘Centilever frequercies are incicated 2t 112.2 anid 402 Ez, The lower

of these is remarksz®ly close to the 111.0 Ez nredicted froz- B2 measure-

rents.

Zeview Of 81 Resulis

The dominznce of the rigid body modes IS shown in the messured
data of Pigure 7.2-L &xd in the corresponding nod21l constents of Teble
7.16. The moéel constants of the nobility metrix of the bvlade/block

combinetion ere feund by use of equations (5.2).

. = )
rAx:: (/r él' Y /2
ez (I'A1 - :r"t“Z)/d’LL

2

£ = A

T es rAe}: /r X

enéd for the rigid todir node:
thee = 1£ex/EK (1)
or 1‘&‘,99 - 1Aex2/(1Axx - 1/x) (i)

The rotztionel rcdal constents, bei ng dependent on the difference
between the nodal constants of runst and 2, zre very sensitive tO
smell errors in those constants., It was seen in the previous section
that the level of rhe fitted curve depended on the non-zntiresonance
| ow frequency respcnse peint sel ected. & check or this sensitivity
wes made by celculetizz the cantilever frequencies predicted by INCL:
for the sets of dziz contributing to Pigures 7.24 7.25 and 7. 26. The
effect of substituting 1A/sc— derived according t0 equation (ii) wes
al so found.

The results are summarised in Table 7.17. The centilever fre-
quencies predicted heve & very wide range and thus indicete thet the
celculations ere ill-conditioned. The cealculations of rows 3 2nd 5
zey be conpared. There 2re differences of -0.167 in vy 2nd €.587 in

1A2 which | ead ultizesely to %1% shift in estimeted cantilever frequency.




The discrepancy between t he val ues of and 1“‘;9 calculated by

A
17ee
different nmethods is also marked. This discrepancy is leestin the
case of rows 1 and 2 and accordingly, giving greatest weight to these
data, a frequency of about 113 Hz renains the best estimate of the

first cantilever frequency.

Concl usions - Tests on Freelv Supvorted Elade

1.  Measurenments using the two-accel erometer nethod were succes-

ful in that they gave snooth data and consistent resonance fre-
guencies.
2. Identification curve-fitting by direct and window methods was

successful as was the inclusion of a residual high frequency =&de.

3. Theoutput of program INCAX indicated in the nobility res-
ponses of Figures 7.22emd 7.27 was plausible in that it showed the poirt
translational terms doninated by rigid body (low frecuency) moges and
the point rotational terms, in contrast, doninated by high frequency
nodes. There were no data available for direct checking.

4, The plots of the norns of the nobility matrices were in each
case snmooth curves capeble of interpretation

5. The inportant difference between the signals outzut by
accel eroneters 1 and 2 was not sufficiently clearly established. Some
part of the difficulty should be attributed to the necessity, vher using
the 1170 equi pment, of gathering data in separate runs.

6. The best estimate of the first cantilever frequency is 113 Ez

7. The innovation of & two-part exciting block proved to be con-
venient and the data obtained gave no indication of lack of rigidity of

the junction

IV 3



7.2.4 Cantil ever MNeasurements

Direct measurements of the blade clanped to ground at its root were
required as a check on the predictions of section 7.2.3. The connec-
tion to ground was simulated by mounting the blade in a suitable hol der
and then clanping that holder within a massive block which itself rested
on the laboratory floor. In all cases the vibration of the blade was
detected by neans of a very small accelerometer (B & X Type 8303 -
mass 3.5 gm)'fixed to the blade ti p. A variety of methods of clamping

and excitation were investigated.

Tests with Tin Excitation

Conventional nobility tests were carried out, using a snall shsker
mounted on a retort stand. The out put of the shaker was coupled via
force gauge and push rod to the blade tip near the acceleroneter. The

experinental set-up is sketched in Figure 7.29(a).

(i) Root Held in Machined Bl ock

The first tests were carried out using a steel block machined to
accommpodate the fir tree root. Data were acquired using the 1170
equi pment and Figure 7.30 shows the variation of tip nobility, after
mass cencellation with frequency. The first three indicated cantilever
frequencies are 128.9, 315.5 and 363.5 e  There appears to be a minor

resonance around 230 Hz, and a scatter of points between 600 and 1000 Ez.
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(i1 Root Held In Zest Lead Block

Itves surmsed that the effective length of the free blade . .
have been shorter taan that in the test just reported because‘ when
assenbl ed on to a disc, the blade would contact its neighbours at the
tepered shoul der rather then at the root. Accordingly, a test -was
devised in which this shoul der was clanped. 4 tapered |ead block was
cast and the blade wes assenbled into the nmassive block with its shoul -
ders effectively clampeds  The results of a nobility neasurement are
shown as Figure 7.31 which has cantilever frequencies indicated as 131,
310 end 380.5 i1 z. The response between 200 and 50C Ez is quite dif-
ferent fromthat of Figure 7.30 and there i s ccasiderable scatter above

700 Ez.

(iii) Root Held in Block 7B

| f comperison with quoted data was not possible it wes sensible to
make neasurenments with the blade in a condition as near simlar to that
of the free-free tests. Bl ock 7B was reconnected to the root in a
central position and this 30 nmm cube clanped within the large bl ock.
Test results are shown as Figure 7.32. The doninant first resonance
is at 123.8 Ez and the next two occur at 259 and 306 Ez.
(iv) Summary

The neasurenents nade with tip excitation show that the nethod of
clanmping has = considerable influence on the nobility of the blade and
in particular its behaviour at high frequencies, The first cantilever
frequency is consistently obtained in the range between 122 and 132 3z
which is above the predicted value of about 113 Ez of the free-free

tests.
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Tests Wi t h Zoct Excitation

The use of a short pusk rod in the tip excitation tests above
tight have been a constraint which affected response. Transfer
meesurezents i N whick the blade wes excited at the root and response
measured at the tip would remove this source of error. The bl ade hel d
in Block 7B was clemped at the centre of the larze block which itself
was supported on rubber pads. A shaker was suspended above the large
bl ock and connected so that vertical notion was induced. The trensfer
nobility thus found is presented as Figure7.33. A damped resonance
is indicated at 25.8 Ez which, of course, is that of the rigid large
block on its rubber mounts., The most significant informaticn i S that
the next resonence, which is the first cantilever frecuency of the
bl ade, isat 12C.7 Ez. Subsequent cantilever frequencies are indicated

as 316,1 and 568&.5Ez.

Conclusions -~ Tests on Blede as Cantil ever

The nethod of clemping does have an effect cn the meassured res-
ponses especially at frequencies above the first resonance. The
results are summerised in Table 7.16. The first cantilever frequency
was found to lie between 123 and 131Hz, sonewhat above the val ue pre-

dicted frer free-free data.

7.2.5 Discussi on and Concl usi ons

The turbine blade proved to be a difficult test piece end the objec-
tives of this investigation have only been partially net. The data
reesured in tests on the freely supported blade showed little scatter
and the first stage of the mathematicel nodelling using progrem IDEXT
gave reasonabl e accuracy of fit to the measured data of the curve gen-
erated fromnodal cocstacts. The fitting proved accurate even for the
transfer characteristics. At this stage there wzs a partial rodel model
including five resonances related to two responses of the bl ock/ bl ade

corzbinetion.




Program INCAN used the partial model model as input to produce en
approximete Nnobility model of the tlade wi thout the exciting bl ock.
The results were obtained as smooth curves of mobilities and of the
nerm Of the movility matriz.,  These were capable of interpretstiorn in
reveal i ng predicted resonarces 2nd cantilever freguencies.  Ihe con-

sistency Of the INCAN predictions, however, vwas shown tO be dependent

on the differences between the zero frequency rodesl constents determined

in sepzrzte runs.

Thus, in conclusion, it can be said that program IDENT is effective

i N producing accepteble lcurve fits fror nodal constants but, for the

turbine blade, further predictions based on the ideotified date are sub-

ject to numericel ill-conditioning.
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Figzure 7.14 Specificetion of Turbine Blzde
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Pigure 7.17 Test Configurations
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Figure _7.18(a)__Two Accelerometer Test -Configuration B2

cord

Pigure 7.18(b Two~iccelerometer Test — Confizurstion At




Picure7.19 Direct Identificaticn Of B2 Data - 5 ¥odes
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Figure 7.20 _Wndow Identificetion of B2 3ata -Sliodes
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Pigure 7.22 B2 Predicied Frecuencv Responses at 3Blade Reot
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FPigure- 7 24 Direct-Identification _qgf
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Figure 7. 25 'Window' Identification Of 41 Data — 5 liodes
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FPigure 7.26
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Pigure 7.27 A1 Predicted Freouency Zesponses at Blade Root
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Fi gure 7.28
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Firure7.29 CGeneral Arrangement for lieasurement of Cantilever
Freguencies
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Figure 7. 30 Preocuency Response Of 3lesde Bxecited -at Tivp
Root field in Machined Bl ock
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Pimure 7.32 PFrecuency Resvonse of 3lade Zxcited at Tivp
Root Eeld in Block 73
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Table 7.15 Fodal Constants = Configurztion B2
Koae Frequency oczl Constents

Lo, (Ez) 1 Upper 2 Lower

| 0 1.73535 1.52352

2 377.0 0.480547 -0.0882276
3 792.1 0.257250 -0.0£28592
4 924.8 0.141726 -0.0697775
5 1505 -0.0774792 0.0241265

Table 7.16 ¥odel Constants -Confizurztion Al

Frequency r

Mode NodzlcCconstents
No. (Ez) 1 Upper 2 Lower
1 0 1.97652 1.51447
2 399.5 0.0828177 0.0166235
3 786.4 0.0152411 0.00358095
4 987.4 0.0255485 0.00582885
5 1460 0.302733 -0.269407
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Tabl e 7.17 Predicted Cantil ever Frequencies Related to Rigid Body Mbdal Constants - Configuration Al

Row | Corresponding Canti |l ever
No. Figure 1™ 1o 1hex 1 ex 1Aee Frequency
1 7.24 1. 97652 1.51447 1. 7455 9.2410 97.2737(1) 112.5
2 n " " " 98.3%939(11.) 113.8
3 7.25 1.76208 1. 45521 1.60265 6.13741 64.6043(i) 300.6
4 " " " " 51 .5256( i) 270.5
5 7.26 1.75315 1.463%68 1.61142 5.90941 62.2043(i) 229.0
6 " " " " 47.5881(ii) 187.7
(i) Derived from equation 1Aee = 1A9X/EX
.. . . 2
(ii) Derived fromequation A, = ,A /(1Axx -1/m

Table 7.18 Measured Cantil ever Frequencies Related to lethod of O anping

Method of C anping Cantil ever Frequencies (Hz)
Root Held in Machined Bl ock 128.9 315.5 363.5
Tip Pxcitation Root Held in Lend Wedre 131.0 310.0  380.5
Root Held in Block 7B 123.8 259.0 306.0
Root Excitation W ow om ow om 130.7  316.1 568. 5
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6.1 Surmary of Concl usions of Preceding Chapters

The concept of the response surface hes been introduced in Chapter

]
o
m
ot
W)
By
’_l
O
=

1 in order to help the wvisusl interpretetion of vibratio
be extracted fror messurements on e structure or fron correspondéing

+reoretical vredictions. The response surface clso illustretes reso-

n

rence, antirescnence 2nd node shave and proves tc be of velue when dif-
ferent nmethods of vibration anslysis ere ccmpared.

The matrix nodel s which can be for-ulated fror vidretion deiz have
been classified as nobility, model or spatizl 2nd their inter-reletion-
ships end utility hzve been discussed. IX hes beer shown in Cherter 2

thet dete selected frox the resconse surface of z lightly~iamped ooly

nodel terms. The resulting nmeiel rodel z
egte vibration date, thus giving e consideravle reduction of required dete
st or age.

kecdal models of related ccordinzte resvonses heve been subseguenily
trensformed into trhe svaiizl model expressed in terms Of svecified physi-
cel coordinestes. Difficulties arise whern the structursl response in the

reguency range of interest is effected by remote nodes of unknown fre-

L)

\Q

uencies and oode sheapes. It hes beer? demonstrated that high- anéd low-

)

frezuency residuel terms improve the rmodal model, particularlv for the
case of continuous sfrmctures wrhich keve unlinmifted numbers of nodes.
Low-frecuency residuals are often essocizied with free-free siruciures
vhose low-Treguency behaviour is cominzted by rigid-body modes of zero
fresuency, and these zre completely svecifiec in Avvendiz 43 in terms of
mode shapes, This novel formuletion IS valuszble when ttese =oles neve
to be severzted before z successful szatieh medel can be -ede, Zigh-
frecuency residusls cannot be incorvorated directly ictc syztiel colels

since ther donct have meaningful node snazes. 4 gool epproximetion
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can be made, however, by representing a point high-frecuency residual
2s & spring 2nd by neglecting transfer residuals. This proves to be

2 simple 2nd poverful irnovation.

N
}

the modelling process gives accurate resulis when &1l modaldatazre
included, but if <the highest freguency node is ommitied, the resuliant

trunceted dete give only epvrozirste representaiion whick IS more sensi-

tive to changes of Stiffness than of mess. iiodelling IS particulerly
inzccurate i f the noints of initerest - the cocréinzies of the spaiisl

P N 1 o ~ e b 2 Fal [N - ~ <
mocel « ere lccazted et or near ncfes of cne or ncre =odes, +le CErire

m - 3 n . P - -
The systemes considered in Chevnter 4 zre = sisgp nearer rezlity in
P PN e - < ! - PR ] P - 2. - = <+
tnet they are icezl veams with unlirited numbers of modes, Teir resultis
-— A o = -~ ] 3 -+ E Fad s - s
ere obtained Ior szatiel models without high-frecuency residusls. Tre

incorpcration of such residuals es eddifionel soprings then gives ezcel-
lent it between ideal datz and those predicied from the spetiszl model,
thus demonstirseiing conclusively the inherent accuracy ané utility of the

spatial modal and thet the identification process is numerically well~

conditioned. It mey bve concluded thet if wvibreiion datz is accurately
measured, it can also be zccurstely modelled by this method. liost

tringent corparisons bveiween model prediction and ideszl celculation
ieve been mede ixn neturel freguencies, zole sheves exnd Ireguency resucnce
and remerzedble coincidence achieved. The range of velidity of X

t0 the number ¢f cocrdinestes and trere-
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ATtention has been fturned in Chepter 5 to teczinicues for the neasure-
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using smell two-pert exciting blocks in particulier. Certain defects

of accelercmeters - trensverse sensitivity ancd base strain sensitivity -

have been encountered 2nd circunvented es revorted in Chepter 6by arsli-

‘
™

cetion of the modelling technicues of Chepter 2. These are examyples of
the successfai application of derivetion of On€ resoinse {rcm sepzrete
out releted responses and of ile adventege of gzr inti-zte comnection
between exveriment and znalysis. L conclusion of tnis section is thet

accelerometers with | ow transverse 2nd base strein sensitivities should

be used, especially If rotationsl mobilities are to be zeasured.

quzte for successful rodelling of the individuel beans, althcough only
two penliing modes can be included for the Short Bearn. The two-accelero-

meter processused ¢oes netallow for theinclusion of residuels of rota-
tionel cuantities &nd this cmission reduces the zccuracy of the eventuel
moéel of the Coupled Beanm, zlthough tnis result can still be proncunced
Agein, the coxparison with ideal results hes beer, =zde not

only for natural freguencies, the limit of neny pr edictive nethoés, but

al so for rode shepes 2nd freguency resvonses. 4 valuable feature of
this modelling process is the ability t0 cancel completely the ineriia
effects of <he transducers 2nd exciting bl ocks zfter the spatial nmodel
nhas beer constructed.

The turbine tlade is 2 complex, esymmetricel, i

el, vir

test piece. It is recognised trhzt the attexrt to model its bekeviour
using enslveis in two rether than three, dimensions IS an over-sizpli-

fication but it |s considered thet there is velue in apzlying the —cdel
modelling technigues of this thesis to 2 structural compenent cf such
complexity. Despite the obvious limitetions, the first centilever fre-

guencr 2s predicied using 2 novel search fechnigue tased on the norz of

PO VRS d e v
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.

the free-free mobility metrix is between %: and 17 of the cantilever

frecuency measured directly. Ir. this exercise it has been shown thet

5

the nobility model produces a successful zmeztch of regenerzited response

A

data to the original raw neasured data ené¢ that the paertizl nodal =model

vesed on the mobility model gives useful naturzl frecuency precdictions
gltncugh it Coes not have the power of <the speiiszl model zlso tO give

estimates of mode shepe eni frequency response.

)~_1J

E.2 Avrlicebility of Technicues and Future Vork

The identificztion of svpetiel models nes been successfully dezon-
streted for lightly-damped structures 2nd the limitations explored. The
technicue is comrendably ecconomicel of comvuter
requires the judgerment of the anezlyst during its aspvlication. 17 cerp=-
ing is tpo large for this method of identificetion to be sufficiently
accurztie then other zmore elaborste and tirme-consurming methods ere sveil-
eble, although several years of indusirizl use of the mevnod have sncwy
its versatility in treefing many rrecticzl problems.

It mey be concluded that there is 2 wide range of test pieces, par-

o
-t

ticulerly structurel components, for which the identification 2nd spzti
nodel ling of this thesis can be effected accurately and guickly. The
spatial models of substructures cen easily be linked togetner using

"

standerd computer routines and the resultant model of the complete struc-

ot

turewill have good estimztes of the frecuencies of rescnence ané anti-
resonzrce of the zssembly, slthough the zssembled structure zey iniro-
duce sufficient additional damping at the connection points to xeke irhe
prediction ofrespernse level in near-resocance regicnes somewhat inzccurete.

There are sozme zspects of this wors which deserve furiner sttention.

The concept of the response surface cou
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Apoendixz A1 Comvputer Programs Referenced in Text

Progran Code Author Introduced Zrief Cescription Or’ Funciion
in Secticn

ADZLEX 2 PTG £.3.2 Addition of Flexibility terms to
response

COUFrLE 2 iGs 1.3.3 Generetion of frequency resvonse
of structure formed by Courling
of substructures

SIGEKN 2 P16 3.1.3 Celculzation of model dete, eigen-

values and -vectors, from svetial

xﬁ_gjiel, i.e. [@J , Ewr] from [I'i],

SIAY 1,2 PTG 2.3.1 Celculetion of spetiel model
nodal data, i.e. [i], El fron
@] [wil
PTG 1.2.2 neration of suite of Frecuency
:ggponseSIrom bezr nodal czta

'
(7

¥
&
9]
N

IDEET 1,2 rgnel 2.1 Identificetiorn of modzl date frozm
frecuency resvonse

INCAXN 1 FIG 5.2.2 Inertie Cencelletion fcllewing
identificzation

¥CB2 1 ¥GS/JITES 5.1.1 Heesurement of poirt end ftransfer
mepilities

PICLSO 2 Jv 1.2.2 Grzshics: 30 views of surfece
stored &s errey of dete

e/l 1 “GS 5.2.1 vieasurement of translationzl and
retational Foint Mobilities

COTUPLEY Subroutines

FATINY 1,2 HGS 2.1.1 Fairiz Inversion  Jordan's.metkod
with partisl pivoting

VAN 2 1GS 3.1.2 Geperztes mebility oroverties of
] G [
v, 1 X, 1B

LZFLAXY 2 LGS 4.1.4 Generates mobility p opertiesof
Bernouilli-Zuler bezm

ZFILE 2 MGS 4,2,2 oupling based on response date
stored on fiie

Code 1 - Written in FOCAL languege for minicomputer

Code 2 - Vritten in FCRTURAY language for mainfreme comsuter
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to be processed

(2) Flow Chart of Prog-ram IDENT
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(if required)
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(@) Flow Chart of Proeram IDEHT ( continued

freguency
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Enter dzta 1
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data?
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(b) Flow Chart of Program INCAL
CD = 2 : 2wo tazpes ¢f IDZNT zodel date
CZ = 3 : Cne tape of ccnventionzl dezta
- each block:(frecuency,Z reszcnses)

Znter input code, CD, and
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Znter frequency
sweep data
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Is
anotther sweep

required?
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APPENDIX A3 Ri gi d Zodvy ¥otion

-

43.1 Besic Configuration

The basic configuration of a rigid body i S shown in Figure £3.1.
The point Gis the centroid of the body which has mass =. X, Y and Z
are principal axes and the corresoonding rzss moments Of inertie are
Ix Iy and |1Z.

The equztiorn of motion of the body in terms of centroidel forces

is:-
.. <
X ) 1/m -1 (F,,\
\ n
Y 1/m F,
\ FS
Z } /o Fo
v = ~
t>f 1/1‘~ 1};?
é’ 1/1Y\ g
© 1/1, e |
] “ \
G e — ol

O

H
on
ol

i}

g E1/m3 {F}G (a3.1)

£3,2 Displacement Transformation from G to F

Z ) with respect to

The point 3 has position coordinates (X, Y. %

the centroid as origin.

The displacements at G end P are related by the equztion:-

(% 10 c¢|o oz -.Y-; ()
Y 0o 1 G |-2. & X Y
I >
z 0 0 1 | Y. -i_ 0 Z
d L _ P ™p < - .
o o o o | 10 0 I~
&) o 0 0] ¢ 10 /3
O p o 0 1| ke/c

i}
—
S
N ©
@
-’ o

or {I}.;

402 wisd
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L£3]

g

igure £3.1  Principsl iyes and Koments Of Inertiz Of Riegid Body

’1J

igure X3.2  Hotation Lbout the I ixi

[V

SN
av]

St

X \
v
o ‘ . = y
X

)
+<

§L = 0

§7 = -8 sinyY = - L&
82 = LéX cosVW = % St
8x = = 1 &

86 = 0
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2%.%  Porce *Transformation from¢Gto ?

There is also a transformation relating the forces at P and G:-

{re o [ {77 (43.3)
The system may be allowed small displacenents ( &%, SY, ..... )G
and (SX, &Y, &z, ..... )P end application of the principle of virtual

work gives:-

GRS roby + P8z 4., = (A8 £ By RY 4 L)

G
w GREY, - Y 3.0
‘But {81} = [TPé] {6z},  from(s3.2)
Terefore  {82}7 = {6xy7 [ ° (h3.5)
Substitute (A3.3) and (£3.5) in (63.4) to get:-
{637 [_‘UGP—_I {F}P - {sx) [TPG] T{P}P
fromwhich it follows that EJGP:] - [TPC:] T
s {7}, = [TPQT {F}I (43.6)
Sinmilarly for another point, Gi-
{X}Q - [’I‘Q] {X}G (£3.7)
{=% [TQG]T {}a (£3.8)

P

~

AZ.4 Resvonsesat? Lrising from Forces Applied at %

The notions at ? caused by forces at ¢ can be obtained by substi -

tuting equeticns (£3.2) and (£3.8) in equetion (42.1) to get:-

W = [ {3k = [l [va] ) e = B {3
where [IPQ:] = E{‘PG]E‘l/DJI:TQG T

[IPQ] is amtrix of rigid body inertence ter=s vhich IS written

in full in the following esuation:-




(S
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1 ZPZQ YPIQ ij'\g Z?\Q ZP iz
Chi s o B I o [ [
Ty z Z Yy |tz
Y, L, Z2,, . XX, 257, 25 . % )
- ; I I - TIL - I. T .
IZ m I 7 IX IX IZ Y
h'4
X2, Y2, 1, Y ¥ . A S & ; .
- — —— = - | - o
Iy IX m Iy IY IX IY Z
>
Z Y
C Q |
IX IX IX =
zZ X
= 0 -8 o | = | o i
IY I, IY 7
- E ﬁ/ 0 0 o] l 1.7
IZ IZ IZ c
- J
(x3.10)

The first three terzms cn the |eading diagonal of this mairix each
have three components. The inertance (%;/FXQ), for example, has com-
ponents corresponding to three rigid body nodes; ecne ten involving
translation in the X direction, one involving rotation about the Y axis
and the third involving rotation about the Z exis,

-

2%3.5¢s at 2 in Terns of Zesponses at 2

This reciprocal relsticnship iS of secme interest.

Equaticn (x3.1)

Yo = 5] {3}, (3.11)
{z}, [TQ ] {z%, (£3.12)
e [TQG]T{F}Q (£3.13
{¥}4 [TQ]—T {F}e

0] [0 - (6,

(42.14)

]

wher e EvIB]is z matrix of inertia term
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Now [TPG] L (A3.15)
0]

[—m] [TPG] -1 = : (x3.16)

X
0 IY
1z
m 0 --mZP ‘*YP

'EPQG]-1 (=] [T PCJ - 0 2z, ~Y I ] E%}

Q Q A
-2 2 0 X Q 0 Iy ( A3.17)
Ty %y O I,
e r—t rranen. pr—
—:n 0 0 0 -2 =Yg
0 u 0 zZp 0 ~=Xp
[’B:l _ 0 0C o -x¥y = p 0
0 | =24 -mY; I,Xm(UQUPTY:*P) —:n'l'l 5 -nl. %
-zZ.| O | ER. -nk, Ty IY+m(ZQZP+;‘ZQK_P) -nl, Yo
oY, |-mX. | O ~nk, Zp —:Y; Zg Iz+m(YQYP+XQKP)
- (23.18)

= [IPC’J_ -1 see (43.10)



i-3.6 Zisid Bodv Mode Shepes

The contribution to receptance arising fromrigid body notion zay

be expressed by nodifying equation (1.18) , setting )\r equal to zero

and substituting s for r:-

O

X, (W) = sJ s (A3.19)

s=1

where scorresvonds %tceachof six vpossidle rigid body nodes in turn,
denoted by X Y, z, «,/3, ©,

Zach termof the form S;éj is an element of a node shepe vector
S{i} . The suffix j denotes in the general case a ccordinzte which
is one of the six possible coordinates of one of the points of interest.
Initially, we k-ill consider only one point, suches F in Figure 43.1,
and express the 'node shepe' of elenents at P :-

3

YT\
iy

{£ys = {ik/ (x3. 20)
)

-

In the rigid body node involving translation along the X .axis all
displacements are zero except the first. The mode shape vector rel ated

to voint T is thus:

(1

X{ﬁ}P = 0 4(03 (£3.21)
0
C

where CI is a sczlinz factor.
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Bquation (A3.3) can be transposed:

T R
AF¥, = ¢, {1 o o 0 o 0} (23.22)
Simlar equations apply to translations along the other axes:
T
A7} - c, {o 1000 o0} (£3.23)

SOF

The rotational rigid body nodes are a little nore conplicated.

c.,{foo 1 0 o o} (43.24)

Consi der, forexanple; a small rotation & about the X axis as sketched

in Figure h3.2.
It can be seen that'in addition to . the coordinates Y and Z are

affected by the rotation whose node shape IS given by:
R (22T R SO o) (~5.25)
Simlar geonetric considerations lead to the equations:
ﬁ{‘é}P s

and e{é}z ¢ {-tp % 0 0 0 1y (£3.27)

r -

0 } (43.26)

i
«Q
N
jav)
(@]
|
oS
)
O
-

il

-~

A2 7 Jormalisaiion

Nor mal i sation may be carried out by rewiting equation (1.8):-
[&]; [e] o[&] = [1] (43.26)
I n which [@]P Is the ensenble of the rigid-body node shape vectors
above andE{aP is the matrix of inertia terms of equation (A3.18)
with @ = P, for the case of point excitation.
The multiplication of the LES of equation (k3.28) gives a
di agonal matrix with elements of the form msz .

It follows that:= cC.=C =¢C_ =1NT (£3.29)

z
and C., = 1/\/'1_;, Gy = 1,‘/’1_;, c, = 1/\/}; (43.30)
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L3.6

Yormalised Hirid Bodyv liode Shearpes

The sir node shapes related to point 2 are:

Mode

{5

Yode

£%,9

*

X

1)

bt

Modal Constants

The ¢ x € matrices of nodal

(s = 1

il

#A25:

can be witten using equation (2.24)

and

e

— Iw

1)

W41

o o O O

i
o
0
1
m
—

¢c 0o 0

8]

Y
0

—

ES follows:

1

1C

(£2.31)

constants relating two points ¥ ani

PN
Had
A9
»

AN ]
AW
~




For the rotational nodes:
[o
~Z
e ) -
Al ==— JTPL40 -Z.Y,. ==
C
\ 0
and )
I {,, . o} _ 1
P B A Iy
and YP
1 ¢ 1
L] = {_Yxooof}:—
e[]h‘ I o Q “Q I,
C

—

The totel array of model constants is given by:

o[”‘lv:g = }:[”‘.]PQ * 'f[AJP

It can be seen that:

n_]_, [ ] of equetion (£3.10)

i)z * 2]

s
0 cC ¢ O
. =i, =Z. 0 O
g I3 P
. YY Y 0 C
< ™ -
Y. t 0 0
0 c 0 O
0 c ¢ ¢
(£3.35)
0 -Z%. © Z_ O
0 0 0 0 ©
0 Z4Z. 0 =X, ©
r < >
0 0 c ¢ ¢
C -Zi. C 1 0
0 o 0 G C
(1%,25)
YY 6 0 O -Y
[;.:"L:,\. O O C }:’D
- < -
0 0 0 0 ©
C 0O C 0 ©
o) cC 0 0 O©
i, 0 0 0 1
% aa——
(£3.37)

< [ oL
I 6 b

K:.B./..,

It should be remembered thet =211 the elements of these matrices express

transfer relaticonships between points FandG.

0 23



£14

X f~——— 0.7 —=
,/9\ e 40,7 ——=| 0.3 =
Y z(® oG ) ¢R

+P
>:1T
b NI

The bearn hes mess m =8.74 kg ; 1/\/ m=0.3382 kg"_é
The centroi del rmass moment of inertiz i sS:
I, = 8.74 (1.4)2/12 - 1.428 ken® ; 1 /\f I, = 0.6370 kg * .

The translational rigid body mode referred to X, 6 coorlinates at poiris

4]

7, 2 end K is given Dy:

+

1

[ (0.3782)
0 0
; 1 1 0.3382
R N B
x{"} ey 5 0 ?
! 0.3282
e Lo

end for the rotational rigid body mode:

1 1 . E370

Y R0 OO +0.3 | _ .2511
A7) -\/'_- < » = 0.8370 = >

Iz 1 1 .8370

1 1 L8370 J

These.vectors correspond closely with those in Teble 4.9(e)

.
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Appendi x A4  Xotes on Truncated-Data Matrices

It was pointed out in section 3,3.,2 that the truncated node shape
matrix had el enents close in value tc the corresponding part of the
full [§ matrix. The follow ng devel opnent, arising froma fornulation
in reference (79>, is based on a partitioned [@] matrix and shows how
thet runcat ed [:E_@:] matrix leads to nmass and stiffness matrices wiik no
zero elements and with negative off-diagonal mass val ues.

Mass Matrices

W have zlrezdy established:=-

e[ le] = [1] (1.6)
and [x] g [@]‘T [@J - (1.12)

Suppose that of the total number of nodes n a nunber r were reas-
urable, giving a node shape matrix Eérﬁ-} of sizer xr.
. *
L mass matrix E] coul d be celculated:~
S -7 K -1
] = Bl B (4.1
The rratrix[@rﬁ:l is the left upper partition of the conplete
matrix [@J . The truncat ed-data mcde shape matrices calculated in
section 3,3.2ere simlar to, but not identical with, the left upper por-
tions of the corresponding conplete matrices. However, the Simlarity
is near enough for the analysis below to be relevant.

Equation (1.6) can be written:-

B T T_ N - ~ —
érr @nr IN‘ITJ ° érr ‘@rn _ I_ °
T T |13 = |—f— (40.2)
—?an §Tm_ _O i‘r‘nn o ’an_ L_O I_;
. @ *’:l @ nrl }rr §m~ I"‘Irr §”‘1 I 0
A - == (k2.3
T T .
_§1‘1‘ @nn__ __l‘nn@nr nn énn__ _O I_>
Eval uating the submatrix in the first row, first colum:-
T : T | i ) .
l:@r;:} Erz][@rr_] + Eﬁnsj] [hnrs [Qng = [1_] (£4.4)
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m
Fremultiplying by [@_ﬂ;} © ené postzultiinlying by [@ r'] znd using

T BT - B - B B Tl

\--["//

l D \,’/

- PR . 4 Laad .~ o ~
they —ay heve certain eliemente zero. Thev are, in princirple, meszsurable
- A + Ead r oy . P = - P - .s o

even if limited frecuency rznge meesns that only r —oles cen be mezsured

end [e:] ﬁ-,h“:] [e:] will elso ve fully populeted with elements of eitker

sign. It is thus fo be expected that the metrix I erpisinz out of

*
It is clear alsc from eguztion (L4.8) thet [] conteins infermzticon

Stiffness liatrices

For an undamped system we my write equation (1.12)

&) [1[g] E‘%ij (L4.9)
] - e To- 8" (2-49)

Csing [@“] tc denote the fruncaied rmode shape netrix of the pre-
-

"

o -5 w o P .
v10Uug Section we Cén ceirinel-—

<] - (6] 7 [0 [ 32 (4.10)
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Equati on (A4.9) may itten in vartitioned form:-
g " | ¢ " wrf} 0
xr | *or = T4 (A4.11)
o 13,7 0 l‘w 2
™ nn nn
-
(Krr + r‘:’nénn)
(Anr * :nnénn)

, evelueting the subrmetrix of the first row, first column :-

5 8] [T o] - Bl o]
[é _] [m][é ] Ewmj (44.12)

its before, ryremultiply by L—§r] ostmultizly by [é*'r]-1 to get,
after substitution of [e:] [j@nz_][éﬁj can obtain, using

equation (44.10) :
SRR

- B Bl LT

'U

Thi s ecustion IS rather re compliceted then (44.5), but it hes
[‘.*
similer features. The metrix L_:I will have non-zero terms corresyend

mente of the originel [_-2 .

Check Calculstions

Three calculetions USi NG progran ZiZAY were mede USing as input,
first the co-plete rode shape mat [@] and then corresconding trunceted

natrices end . Thedate,0f 6 figure zccuracy, were that of
44 3%

"]

the ezact node shape metrix of the Asymmetriczl Grounded System 2 s pre-

sented in Table 3.1(e). The results are shown in Teble L4.1.

Teble Ad.1
by 5 4 3
bRy | S.990¢8 | 5.33567 27.520C
| €% |o.9s0097 |1 @ ooogz | o.ms1 x 10°

where €M st he summetion of all elements of the mass netrix

$K is the sumsetion of all elenments of the stiffness matrix




The closeness oOf the figures cf the seccnécolumntc those of the
first IS remazrzable, leadingoreto suspect that the eguivzlencecould
be proved. Zxtensive elgetre, not shown nere, feils to zroduce suck

proof end the figures cf the thirdcolumn indicete very forcibly thet

wn
[
[¢]
1]
13
3
H
(¢}
(9]
4
’J
]
[X)
13
(]
O
n
n
}_l
O
ft
(0]

Trere zmey be, however,a criterion of gocd-

. B T S FAR - DL LA <) -
Eeg8s QI 2 LTLTLIImdled 1 TerIs C0I Tne nezlnass.. CC EI‘. e The gyeler
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LPPERUIL AS £ Zote on NORMS

AS.1 The Korr of a Vector

This IS a single, real, not-negative number wri‘ct”an”z. It is

a measure Of the "length' or size of a vect ({X} .

According to ilbasiny (80 it has the fellowing properties:-
|xll>¢c if = % o, o] =0, ee.
“ x| = | ¢ |llz)l where ¢ is a scater (45.1)

= . vll< =l « | 5]
from vhich it mey be deduced that:

=] - “y”l (£5.2)

The general case is expressed by the Hdlder ncrm:

X 1/x
x = X, k | for (¥ > 1) (£5.3)
” ” x l i

i=1
where x; is the i"" component cf vector {x} whi ch has & el enents.

| = -5 >

The three =ost common rector normfollow by substituting k = 1,

2,00 in (45.%).

”11 = ‘Hl + ‘xgl"'..,_‘xz;l ‘.
I, = (=x]? =5 T |zj| &7 (45.4)
”x”co = meximun Ixil

i=12 ... 8%
The second of these is the Zuclidesn norm which could be written:
— z .2 2 \-'2'— o ™ _% ?
lally = 14, = =%+ 27 x )P = {EEY (£5.5)
Thi's definition (45.5)is conpatible with those of Strang (78),

Bishop et al. (5) and Conte (97).

216 =
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65.2 The Norm of a Matrix

tgein this is a number intended to express the 'size' of a matrix.
According to Albasiny (60 ), t he nom of {:AJ is Hn H whi ch nay be sub-
stituted for”x ” in equations (Z.5.1) and (X5.2).  Additionally,

matrix noms satisfy the inequality:
el < 1+ Je] 059

Vector and metrix norms are related by the comretidility condition:

le=ll < 1+l {1 06.7)

Tach vector nom has an associ ated metrix nom

X
maXx E l&l:’ l
Jd T

(reximur eigenvalue oOf [A]E[;-JF (A5.8)

41

K
VA= > ey
j=1

wher e[.t._']f‘ is the Hermitiarn conjugate of [b] and &,y is the (i,j) ele-

nent of 4, whickh has 5° el enects.

|4l i's the 'svectral nom of [4}nd is difficult to compute.

The Zuclidean norz IS given by:
bt N :
2\ 7 (.5 ¢}
HA“B "<2 Z “ij > Va2t
i=t =1

ené is ezsy to compute. Although it cen be us to X° times bigger than
H IL it does obey ecueti on (45.7),«which coul d be writien:

N R

8) . . . o . Lo
Strang (78) uses a related equation in his éefirition of the norm

(AE.?O)

2

O a mtrix:
2] = sz “_fi_” (£5.11)
ae [] |
He defines a 'condition number': ¢ = HAI H.L.— ” (45.12)

which indicates the amount of rocund-off errcrs irn ihe inversion of [A:l .




Ir [:A]i S symmetric positive definite then the condition number may

be simply defined as a ratio Of smellest and |argest eigenvalues:

¢ = )\N/}\1 = A max/xmin (£5.13)
Ko. of sig. figs. lost in inversion =~ log,c (45.14)
He comments that the determinant of a cstrix is a terrible (sic )

mezsure of i1ll-condéitioning.

N

.% The Norm of & Determinent of & Mstrix

b

Conte (97) observes thzt an indicator of ill-conditioning is the

'sxallness' of the determinant of the =metrixz, but realises that 'small'

L,

is defined only in & reletive sense. Ze suggests trat the deter-inent

cen be normalised by dividing each row by itS length.

Thus x, = (2, + 8" + + e 2T ,x= 1,2 % (45.15)
is the length of the kth r ow
2/% &/ 24/
and Xorm lAl = a21/12 - = Ifl (£5.16)
_ Ty Fooo Hy
e/ ol

vhere -1 ¢ 1‘:01‘2‘.[1‘.‘ < + 01

Py

Lol = . 0 - . . - . - -
£~ matrix Lr\] IS :ren seid to be ill-conditioned if Ixomlg. } is

5

smell compered to unity.
, ()

(=}

This norm is used by Sainsbury in the progren CCUrLE ené by

-

the avthor in Chapter 7 in the seerch for cantilever freguencies of =&

turbi ne blade.

3
'

‘hereseexs to be no reedy relationship between

cdeterzinent and the differently defined norm of the zssociated meirix.

- _ 2., 2
11 T12 = %41 =42
if E‘&] = ) ,then . —
821 %22 2 = oy T Bpp
Nors |4 | legy 8p -2, 8) g 1
I1 I2
whereeas { ILH . = b <. 1,2
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EXPERIMENTAL DETERMINATION OF

MULTIDIRECTIONAL MCBI LI TY DATA FOR BEAMS

D. J. BEw ns,

Imperial College of Science ané Technol ogy,
London, England

and

P. T. Gleeson,
Middlesex Polytechnic and Inperial College,
Engl and

London,

at each coupling point.
and rotational nobilities.

for measurinoc translational

nmobi lities.

frequenci es.

When mobility data is to be used for prediction O the vibra-
tion properties of coupled structures, it is necessary to
consider ali tne directions of vibreticn which are sionificant
In particular, when analysing beam
like structures it is necessary to include both translational
Often it is necessary to obtain
such data py experinent and although techniques are established
vibration, it is difficult to
measure rotational mobilities with sufficient accuracy. A
method is presented here which enabies the required rotatiecnal
mobilities to be derived from measurenents of translestienal
derivation of rotational data
measurenent, especially at low

r Results sncw that
is nore accurate than direct

1.  INTRODUCTION

Wen a conplete structure is analy-
sed in order to predict its vibration
characteristics, it is usually nore con-
venient to break that structure down
into its basic conponent parts. Each of
these may then be anal ysed individually
in as much (or as little) detail as its
conplexity demands. An analytical nodel
of the conplete structure may then be
generated by conbining all the indivi-
duai conponent analyses using an inped-
ance or mobility coupling process.

However, it is often found that

some of the conponents in engineering
structures are not amenable to (or even
defy) theoretical analysis. In this
case, in order to naké an’'analysis of
the conplete structure, recourse my be
made to €Xperi ment al measurement of the
necessary data. This situation is often
encountered when using non-netallic com
ponents (rurber or polyners), or when
attaching additional conponents onto an
existing and conplex structure such as
an air-frame or a bulkhead in a ship.
If such a procedure is to be undertaken
Successful l'y, very careful consideration
nmust be given to the cncice of (&) which
mobility data should be meessured, and
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(p) how these may be cbtazinec accurately.
Trne MAIN limitetion of conventicnal
monility or inpedance nmeasuring techni-
ques is that they consider notion in one
translationzl direction only, while
practical structures usuaily vibrate in
several directions simultaneously
(translational and rotational).

Previ ous work (1) has illustrated
this basic problem and presented 2
method for mezsuring the type of multi-
directional merility data which may be
required. The results were encouracing,
althcuch not perfect, but the meesure-
ment nethod was difficult 2nd relatively
lengthy. Another, simlar, metnca fer
measuring Such conprehensive mobility
data has been reported (2), but this
also is fairly conplex.

Further work has now been wunder-
takenwth the objectives of deveicsing
the measurenment technique described in
(1): (&) by appiving it tec a Wider
variety of structures, in particuler to
smaller Ones; () by inproving the
accuracy of the neasured datz; and
(c) by sinplifying tne procedure so that
it may be undertaken with cenventicnal
i rpedance testing equipment.



The present paper describes this devel op-
ment .

2. CASE sTUDY

As previously, a specific exanple
was chosen with wnich to test and denon-
strate the various aspects of the
neasurenent nmethod. A very sinple
structure was selected - a uniform steel
beam C, which wasformed by joining two
different uniform beams A and B, end to
end. The experinent consisted of:

(1) measuring the tip mobility data
for beam A;;

(ii) measuring sinilar data for beam B;
(iii) using the above data to predict

the properties of the conbined

beam C, and then conparing these
with the actual properties.

The underlying philosophy of this
experiment was that unless such a sinple
system as that described above could be
measured and anal ysed successfully,
there was little point in attenpting to
apply suen techniques.to nore conplex
practical structures.

Chosen Beans

It was decided to use steel beans
of rectangular cross section for the test
pieces so that the theoretical mobility
values could be readily calcul ated.
Steel was selected because of its avail-
ability and al so because, being very
lightly danped, it would offer a wide
dKnaMC range of response and thus tax
the measurenent system  Several con-
siderations were nmade in deciding upon
the dimensions of the two beanms. As
mentioned above, one object of this
study was to test the basic multi-
directional mobility measurenent tech-
nique on snaller conmponents than
previously. &lso, there were frequency
constraints to be inposed in order to
keep within the range in wnich accurate
measurenents. could be reliably expected.
This range had a |ower bound of 50 Hz
(mains frequency) and an upper one of
about 1000 Hz, "above which transducers
and drive rods can begin to cause prob-
lems. Tnus the decade 80 - 800 Hz was
selected as the 'central' frequency
range.

The beanms were to be tested in a
free-free configuration; this naving
boundary conditions which can be nost
clesely achieved in an experinent. The
loncer of the two beans was chosen with
a section of 25 nmx 231 mm and a length
of 1.4 m For bending vibration in its
stiffer plane (i.e. with 31 nm as the
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thickness), this beam has cal cul ated
natural frequencies at 86, 237, 464 and
767 Hz. The shorter beam was chosen to
have the same cross section and a length
of 0.65 m This beam has its first two
natural frequencies at 3%9 and 1100 Hz,
del i berately chosen so as not to coincide
with those of the long beam

3. DI RECT MEASUREMENT OF MOBILITY DATA

Basi ¢ Measurenent Nethcd

The response of the test piece tc a
narmonic input force and a nharmonic
coupl e M, applied at point' Pare the
velocity X-and the angular velocity s.

These are related by the mobility
equation: -

if im
X = |IF Yox Y| I
8 -f.-f— ;—"—’ M Tox Yee | M
or
m= ] @ (1)
In general, F and M are conpl ex

quantities incerporating both magnitude
and phase information of steady-state
sinusoids and it follows that X, & and
all four elenments of the mobility matrix,
[¥1, are also conplex,

For neasurement of these mobility
data, the inputs F and mare applied to
the structure by an texciting bl ock'
which is fixed to the test piece at P
and which enabies F, M and the responses
X and % to be deduced from the outputs
of accel erometers munted symretrically
on the block. See Fig. 1.

The responses X and § at point P
are related to the accelerations a. and
a, measured by the accel erometers £y the
eduations:-

X = (2,4 ag)/z, 8 = (a, - ag)/2s
where s is the distance of offset of each
accel eroneter from P.

These equations may be expressed as
a matrix equation:

X . 1/2 1/2 2,
8 1/2s -1/2s| | ag
or .
(X3 = [T} {a) (2)




[N GHPUN ISR

M

NOTATION:

L

A,

F16.1. BASIC MEASUREMENT CONFIGURATION,

Data are obtained in each of two
test runs at a discrete nunber of fre-
quencies. In Run 1 a force .5, is applied
to the block at a point o‘fse% a distance

fromP, and in n 2 aforce F
abplled at a point which is a dlS%ance
from P. (e. and e, need not be symm-
eérlcal about ﬁ).

The coordinate system has X positive
downwards and e positive anti-clockw se.
Since F and M are the force and couple
inputs applied to the test piece at P,
their relationship to F, and F, can be
determned by regarding-the exciting
block as a free body wth an input F
F. above the block and -¥, =M input a& P
(§ee Fig. 1.

Thus, in Run 1, resolving vertical
forces:

Fi_F =mX1

and taking noments about P:
4 Fp - M = Ipe,l

where m iS the massofthe block (inclu-
ding acceleronmeters) and | P I'ts monent
of inertia about P.

e r
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P
TV

e g

Equation (1)

(X/F)
1/3ed ..
(8/F)

-

€/35p = 6

} (4

m

P

m X, '}
4
Ip 61

may now be rewitten as:

{ofmags

D viding through by
i/jw = k?

Xy
I8,

1 and witing

we get:

Simlarly for Run 2:

sl

Conbi ni ng
(X/F),

1/ 3w

(3&/?)

(é’/?)

(‘é/r)1

-4

(X/F).
(/7).

(L

|

1 -m (Si/r)1

e, - Ip(E/F)l

1 - m (X/F)

Ip(e/F)2

(3) and (4):
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(X/F). (X/F),
T A
(§/F), (8/F),

1 171 m O
[Y] e, e, - 0 Ip
1

We may Wite

)

=[T] , a transfcrma-

e, tion matrix.

and m O
= [I-';], a matrix of block
0 ID

inertial properties
Usi ng equation (2), we have:
(/ry, /P,
(§/F), (B/F),
] [T_] (aA/F)1 (aA/F)2
(z-.B/F),i (aB/F)2

or [In] = [T] [ Inm] (6)

wnere I} is a matrix of Inertance
quanti ties

and |In is the matrix ©z those

m . . .
Inertancé quantities which are nmeasured
experimental ly.

Thus equation (5) may be rewitten:-
1/307] [Inr:} - )1 ]- [ [T] {Inm‘])
and so [¥] = 1/3o[T)(1n ]

{1]- [ E [

The required matrix of mobility paras-
meters 1S obtained here in terns cf
{3,{7Jane (M] wnich are constant for

a given test configuration, together
with [In ] which incorperestes data
measured* &t angular frequency  in the
two test_runs. The resultln? mobiiity
data, ¥l has thus been fully corrected
to accecunt for the mass and inertia of
the added block and transducers.

Measurina System

The experiments reported here were
carried out using a digital transfer
functicn anal yser (DTFA) interfaced with
‘a nini-conputer, tcgetner constituting
a system capable of nandiing the large
amount of data and conputation involved.
The peripheral equipnent consisted of a
teletype with a read/wite facility
together with a nigh-speed punch, a
hi gh-speed reader and an X - Y plotter.

The oscillator of the DTFA supplied
a conventional shaker via a power ampli-
<ier. Tne couvplinc cf ine sheker to tre
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force transducer mounted on the exciting
bl ock was nmde througn a snort flexitle
push rod made of steel < mm dianeter and
25 nm long. This allowed the test
structure to rotate slightly when the
applied force did not pass through its
centre of gravity without being restrai-
ned by an unknown couple.

During Run 2 the fcrce wes input at
a distancé e From P and the irertance
data at eacn'of the test frequencies
were stored on tape. The force input
was then nmoved to a distance e, frem P.
it each test frequency during Run 2,
inertance data were =zgain neasured eand
conbined with the ccrresponding data
read from the Run 1 tape. The matrix
calculation for the four complex_cecmpo-
nents of the nobility matrix [¥] was
carried out and the results printed cn
the teletype and al so punched Or. tape.
Graphs of the mobiiity data versus
freguency Were subsequently made from
t he-taped data.

Develonment Cf Exciting Blocks

Each excitinc block was designed to
be used with a Bruel and Kjeser type E200
Force Transducer and Encevco type 23:IE
Accel eroneters.

Easel on earlier tests (%), tiock
Mk. 4 was designed tO previde the smell-
est, lightest block which could have two
accel erometers on its upper surface,
equi di stant from the neasuring point P,
ena al so have two positicns for the
force gauge. A drawing of this biock
is shown in Fig. 2. The foct of the
bl ock has dimensions 24 by 32 mm whicn
closely matches the section of the test
beam to which it was attached (witn
adhesive) during the tests.

The results of tests using the Kk.4
bl ock were pocr in the neasurenent of
the rotational nchilities, of (&/M)in
particul ar. +_was thcoght that the
measurenent cf ¢ could be improvecd by
increasing s (the acceleroneter offset)
from25 mm to 50 mm and the rotational
sional levei could be increased by
shifting the force transducer in Run 1
from 0 to 50 mm. Thus a Mk. 5 »lcck
was designed wnicn had the accel ero-
meters and the fcrce transducer rcunted
back-to-back as shown in Fig. 3. The
foot of this block (30 mm »v 32 nm) was
Slightly wider tnan the test beams but
It was thoucht necessary to ensure
adequate stiffness at tne ends of tne
bl cck by mezkirg the 'skirts' 6 mm thick

Block Mk. 5 was used extensively in
measuring the four mobility paraneters
of the beans. As before, tne rctational

cuentities were chieined lessg accurziely
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than tne translational, with (§/M) gen-

erally being poor, especially at low
frequencies. Two factors were signifi-
cant: -

(a) The transverse sensitivity of the
accel eroneters gave rise to signals
conparable to the small difference sig-

nals associated with ¢ neasurenent; and

(o) There appeared to be direct inter-
ference between the force gauge and the
accel erometer when the transducers
shared a common nounting stud.

The first factor was mnimsed by
the use of acceleroneters selected to
nave a transverse sensitivity of |ess
than 1.0%

Tne second factor was corrected
b?/] the design of block Nk. 6, which has
the sane essential features as bl ock

Mk. 5 but does not use a common mounting
stud for both force gauge anc accelero-
meter. This block is shown in Fig. 4:

but has a thicker
stiff-

it has no 'skirts' a
top section to previde sufficient
ness.

Al the neasurements reported in
this paper weZe nmade using block k. 6.

Measured Mcpilities of Lonc and Short
bezams

In order to measure the nobilities
of the long beam the Mk. 6 exciting
plockwas attached by adhesive to the
beam such that the test point, P, was
as close as possible (0.016 w) to the
tip. Measurements were nade at 76 dis-
crete frequencies in the range 31.6 Hz
to 1000 Hz and are presented in Fig. 5
in wnich the continuous |ine shows the
theoretical response for the beam tip,
conputed using closed-form receptance
fornulae, and the points are the measur-
ed data.

. The meesured responses for (X/F),
(8/F) and (X/¥) show a little scatter
but are accurate to within a-bout 2 &B
up tc 800 Ez. The (g/M) response is
i naccurate below the first response and
shows an antiresonance at about 57 Hz
whereas the theoretical antiresonance is
well below 30 Hz. Above the first res-
cnance at 86 Hz, however, the nmeasured
(g/NM) response is reasonably accurate.
Tne results of otner tests on this beam
nave very Sinmlar features.

A nurbmer of correspending tests
were carried out on tne short beam and
the results zre shohn in Fig. 6. These
show very good correlation between the
measured data and the theoretical tip
response for the (X/F), (&/F) and (X/M)
mobiliities. Tne biggest cdiscrepencies
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are in the |l ocation of the antireson~
ances, but this is probably a result of
the measurenment point not being quite at
the tip of the beam but 0.0616 m inboard.
(a theoretical calculation was made for
a point 0.C16 n azlcng a 0.65 beam
showed antirescnances exactly coincident
with those cf the neasured data. The
resonances Of ccurse, were unchanged and
remained in close ccincicence with the
measured data points ). Tne (g/l) res-
pense IS reasonably accurate above

Tnis

200 Hz but has a ccnsiderable error of
about +8 ¢B below that frequency.

In general, it can be, seen that the
two rotational responses (g/F) and (&/M)
are the more-difficult to neasure accu-
rately and (e/K), which invoives two
rotational quantities, is unlikely tc be

accurate at frecuencies bel ow the first
resonance. Tnhe § data depends on the
difference between the signals of the 2
accel erometers, which have theiefore to
be accurately matched and carefully
calibrated. Anh/ Spuriccs response which
has oniy a slight effect on the X data
(whicn depends on the sum cf the accel -
erometer signals) will have a ngjor
effect cn the % value. In npst cases it
is also true to say tnat the expected

val ues of acceleration due to rotation
are much smaller than those due to trans-
latien.

4,  ANALYSIS C? THE COUPLED EBEAMS

Coupling of Ccnoonents

Conponents A and B have nobility
properties given by:-

& = [yA {F,]
and {X) = EYE] rFg)
Were [Y]is a mobility metrix for the

point on the structure which is of
I nterest.

(8)
(9)

Wien the components are coupled (to
form A + B) their respective notions at
the coupling peint nust be identical:-

{XA} = {kE) = (ic}

snc considering the equilibrium at tne
point of connection :-

[F,) + (Fo) = IF.)

where {F1 is the net force exerted on
the coupred structure.

(10}
(11)

Tne mobility cf the combination,
[YC-_I, features in the equation:-

& = [¥] 7
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[Yc] ({F,} + [Fg))

{Vc] ({YA]-1 (¥s)” b k)

—1 -1 -1
3
. [YC]= SEAREE: [¥g) (13)
Calculation of the mobility matrix
of an assembly for any particular fre-

cuercy thus involves i1nverting the
mobility matrix of each conponent (for
tnat frequency); adding the two resul-
tant inpedance nmatrices and then
re-inverting.

This process has to be carried out
at each frequency data point.

Coupled-Beam Anal ysis Usinc Raw Data

%re-

Tne neasured data used for
and 6 were conbined, frequency by
ina calculation of

quency, tne ﬁDbI|Ity
responses at the pcint of connection
between the long beam (1.4 m) and the

short beam (0.65 m). The computation

i nvol ved reading deta simultanecusly
from two tapes; then inverting and add-
ingtwo matrices; inverting the result
and punching out the data produced.
This process took about 30 seccnds per
resultant data point, the major part of
the time being occupied by the teletype
readi ng taped data.

The result of this direct calcula-
tion is shown as Fig. 7 together wth
the theoretical values O the nobility
at a point 0.65 malong a 2.05 m beam
The predicted results are extrenely

poor for zll four mchility paraneters
except in the range 180 Hz to 400 Hz.

Exam nation of the input data shows that
this is tne_only frequency range for
whi ch the (/M) response of the short
beam is accurate. The other seven nob-
ility parameters have wider ranges of
reasonabl e accuracy. Thus it is coenclu-
ded that if any of the eight input
nmobility paraneters is inaccurate at a
articular frequenc the &1l the calcu-
ated mobilities of the combined struc-
ture wiil probably be wong at tnat
frequency.

The (g/M) responses were confirned
as the chief sources of error by another
calculation in which the raw (8/M) data
of both subsystems were replaced by
thecretical(g/M) data. The result of
This exercise is shown in Fig. B which
illvstrates a considerable inprovenent
in accuracy when conpared with Fig. 7,
especially below SO Hz. The overall
accuracy, nrowever, is still not accept-
able since there are ranges where the
scatter is considerable, (80 - 100 Hz;
120 - 140 Hz; 400 - 500 Hz, for exanpl e).
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| mprovenent in the resultant coup-
| ed data could evidently be nade first,
by snoothing, and second, by inproving
the acguracy of the rot ational mobili-
ties (§/F) and (e/M)forthe two
compenent  subsyst ens.

5. COUPLED-BEAM
DATA

ANALYSI S USI NG SMOOTHED

Smoothing Technicue

The first attenpt to improve the
conponent data was by a sinple snooth-
ing. |p.rocess. In this, the experinental

ility '"curve' is curve-fitted by a
suitable equation which thus snoothes
out random scatter in the data. The
appropriate equation is formed by iden-
tifying from the experinmental data the
main nodes of vibratien of tne test
structure. Mdal identification pro-
vides a sinple representation of a
system Witn n resonances as an assembly
of n Single-degree-of-freedom oscilla-

tors, each resonating at one of the n
resonant frequencies and wei ghted by a
modal constant. The nethod noda

identification used here was based cn
the treatnent developed by A. L.

Klcsterman (2) and is sumarised in
Appendix 1. There it is snhown that the
nodal constants fcr a systemwth n

dominant nodes can be getermined by
matrix manipul ation involving measured
mobi ity data obtained at n discrete
non-rescnant frecuencies. |n the ores-
ent study, tnis data could of course be
selected from that already neasured.
Once the n nodal constants (e.aq. Ay yho
for (X/F)) have been determifiec,
the lGeﬂtl;led frequency response can be
regenerated by summing tne contribution
fromeach node in turn at each frequency.

The raw data for the long beam was
exanm ned and five resonant frequencies
(0, 86, 234, 457 and 758 Hz) estimated.
Dafa nmeasured at the n of f-resonant
frequencies of 31.6, 69.2, 120, 302 and
724 Hz were taken and used to calculate
nodal constants from whicn the snoctned
curves of Fig. 9 were calculated. Tnese
are seen to be quite simlar to the raw
data of Fig. 5 except above 758 Hz, the
hi gnest resonant frequency used. Ancve
that =r equency, thecurves Pproach t he
20 ¢2/decade mobility |ine of a nass,
because tne domi nant contribution is
from the highest node included in the
identification wnich is nass-like above
its resonant frequency.

In the case cf the short beam the
rescnant frequencies were estimated frem
the raw data to be 0, 394 and 1200 Hz
and data neasured at 31.6, 209 and €¢3
Hz were used in the nmpbdal cealculaticns
giving tne results shownin Fig. 10



0001

91

2 ADNIND3AL  NOIUNLIDIXE ooy

. o%
1iinn |
) Y N )
LTV AT VA
i |
w | | H \% QO!l=
rmﬁ./»m . .. ....‘/..\. .. .//.,_L\ v MMH AZ\ v
AR
| w \ Q0! -~
L ” .l SR - P
e R . (+19)
AR LY RERESAN
A RAR L
i T
DN AT I
IR ,.\

T w3 43TdA03 FHI 40 ATl dEc04d ALLILEOR L *9Id

e

ey



v ZH ADINTODIBI NOILYLINNG os
t

i

_

0¥-

0D~

2=~

(W[¥)

D -

V-

SOl -

O8 -

4/

c2-

Y-

r | W ot -

‘ 3-

M
|
#
|

e1Ep (W/§) 122IIIC3UI sntd . . ]
s3juaWaINSeSU 3D9ITP WOIF PIIDTIPII] Te31333I03UL

1

L]

T35 4374000 T0L J0 S3Iiuidodsd ALrlleow B *9Id




430

II

ET AN
ELslt

TTY PROPIRTIES_CF THZ LONG

MCRIL

Ei

FIG.

Theoreticel . . .

> , (/ /l‘:,
. \ s
\ D N X\»
R | " A
{ ” T {1\
= — € 0 a
> a Z o o] o 0 C o
79 9 ¢ & |28 ¥ 5 & |x& v ¥ T a¥ VW ¢
- i | ' o ! -
M ! n m N m TN
- — — - b3 o z
4 ~ v L v — ) —
Frl ¢ 09 f 'x 14 -9
3, ~ 3 3 3

[{=Zele)

[{ela]
EXCITATION FREQUENCY Mz

EY=]

164




FIG 10 MeoRILITY PROPERTIES OF THE S4HORT BEAM: II

Theoreti cal . . . Smoothed measurements
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which is recognisably a snoothed version
of Fig. 6. Tnere is no high frequency
di screpancy cn tnis plot because the
nighest nmode used is at a frequenc
nigher than the range linit of 1000 Hz.
In general, snoothing by nodal idertifi-
caticn Qives acceptable accuracy provi-
ded that the nunber of ntdes identified
is one nore than the nunber of nodes
which lie within the frequency range of
interest.

Coupled-Beam anal ySis usinc snoot hed
data

The smoothed data of Fig. 9 and 10
were coupl ed using exact I(}/ the sane
process as before to produce a predicted
set of responses for a 2.05 m beam Tne
results are presented in Fig. 11 but
al though having less scatter, they are
not otherwi se any inprovenent in the
unsnoot hed results in Fig. 7.

However, there was one advantage in
using snoothed data at this stage, and
that was in the conputation time which
was censiderably reduced since much |ess
data needed to be handled. Printing of
the output on.the teletype took the
greater part of the tinme, the process
taki ng about 12 seconds per resultant
data point (conpared with 33 seconds
previously).

6. ALTERNATIVE METHOD OF DETERMINING
ROTATIONAL MOBILITIES

A method was now sought by which
the accuracy of (&/F) and (/M) nobility
data could be inproved. A As the rota-
tional notion (& ¢ Or ¥) is evidently
very difficult to measure accurately,
sone alternative nmeans of deriving the
appropriate mobilities was required.

Referring to the nodal identifica-
tion analysis presented in Appendix 1,
we find a particularly interesting and
useful result. For each node identified,
there are four constants - & ., R, C_
and D - wnicn relate to ther.con{r;lbu~
tion &f the rth node to the (X/F)(&/F)
(%X/M) and (g/M) nobilities respectively.
Now it is shown in the kppendix that
these four constants are very sinply
related by:

2
Br = Cr and Dr = C!‘ /A:
(The special case of the zero-frequency
mcdes possessed by a free-free structure
is treated in Appendix 2, resulting in
2
E1 = Cl and D.l = C,l /(Aj -~ 1/m)
where mis the mass of the structure).

Beceuse Cf <tne greeter cifficulty
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in measuri _ng rotation than translations,
it is possible to derive nmobre accurate
values for A _and C_from (X F) znd
(%/M) data) than for B _and D_. However
it is clear from the above relaticnsnips
that these | atter censtants nmay be
imediately determinec from A_ and C_.

Tnus the mehilities (&/F) and (/M)
can be derived frcr measurements CI
(X/7) and (X/¥) usinc the nodal Tdenti-
f1catl on technicues, W thout measurinc
roteti ons directly.

Cal cul ations using tne relaticn-
ships between the modal constants devel -
oped abcve were carried out for both
beans and the results are shown in Figs.
12 and 13, In these, there are only
tnree distinct responses presented since
(§/F) is now automatically identical to
(x/M) (since B. = D).

When the derived (8/M) response Gf
g. 12 is compzred Wth the snoothed
/M) response cf Fig. 9, it is inmed-
tely apparent that the accuracy at |ow
frequencies below the first resonance at
86 Hz, where the Fig. 9 respense is very
oor, is now greatly inproved and at
i gher frequencies up to 800 Hz, where
Fig. ¢ was quite good, it is a little
further inproved.

3
{
i

QD W et

Sinmilar observations apply to the
conparison of (g/¥) responses of Figs.
10 and 13 for the short beam  Tne accu-
racy of the Fig. 13 curve is less than
tnat cf Fig. 22 because fewer nodes are
included, but nost significantly the
(e/M) response is accurate around 30 Hz.

The conclusion of this section is
that better (g§/M) resuits may be cbtai-
ned by identifying the A _and C_ mdal
constants from (X/F) and™ (X/M) Measure-
ments and then calculating B and D_
than by trying to identify Br_ and D]
directly from the inevitably®less
reliable (&/F) and (/M) raw data.

+

7. couPLID-BEAN ANALYSI S USI NG DERI VED
DAIA

The four nobility responses for the
cermbined beam were again ccnputed, this
time using the derived B _and p. con-
stants together wWith the identified i_
and O constants. Xgain these are eniy
three distinct responses presented in
Fig. 24 because (e¢/F) and (X/M) are
taken as identical,

This coupled data is inaccurate
above 800 Hz, the nighest frecuency for
which the data for tne leng beamis
reliable. Bel ow 600Hz.the fit cf the
smocthed and derived data to tnhe curve
calcul ated ¢rom closed-fcrm receztence
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MORILITY PRG?ER?IES oF THE SHORT BEAM:
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formulae is much better than either of
tne previous exanples shown in Figs. 7
and 12. In particular, these results
accurately predict the low frequency
resonance at 42 Hz (close to the theo-
retical value of 40 Hz) which is absent
from the earlier coupled-beam results.
The other 5 resonances are alsc indicated
witn reasoneble accuracy for the mocbil-
ity (XF), and this response has the
rignt general shape and level up to 800
Ez. The (8/F), (X/M) responses nmaintain
good snape up to 400 Hz, although the
resonance at 120 Hz is only just notice-
able. The 120 Hz rescnance is mssed

al together from the (8/M) response but
it should be noted that wecorrespond-
ing theoretical resonance is very snall.

The identification and derivation
rocess is thus nore accurate for |ow
requencies than for high which may be
explained by the inherently greater
accuracy of |ow frequency nodal con-
stants, The results are felt to be sig-
nificant mainly beczuse it has not been
possible to neasure (e/M) at all accu-
rately at frequencies below the first
resonance by any other method.

8. CONCLUSI ONS

It has been denonstrated again that
when experinentally determned nobility
(or inpedance) data are required for
further analysis, due consideration nust
be given to all the directions in wnich
the test structure vibrates. In parti-
cular, for beans it is necessary to
i nclude the rotational motionaswell as
the translational.

Measurenent of rotational nobility
data is hindered by the difficulty of
measuring rotational response. owever,
a method has been presented which en-
ables the determnation of such rota-
tional mobility data from neasurenents
of translational responses only, thereby
obviating the need to neasure angul ar
motion. ~ The technique invelves sinply
maki ng two otherw se conventional nob-
ility measurements,plus some analysis.
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APPENDI X 1. The Response Of a Multi-
Deoree cf Freedcm Svciem to
Sinusol dal Excitation

The response cf a n-degree of free-
dom system to steady-state sinusoidal
excitation at an angular frequency u,
can be witten in generalized coordi-
nates qq, q etc., see ref. (3):

n T
(4.} (F] fe]
{°3=Z r( RPN
r=1 mr q -

w )

n
= Z Yp ¥} (1)

r=1

where {Q} is a colum vector of response
anmpl i t udes
{F} is a colum vecter cf input
force anplitudes
andc . is the r th eigenval ue
{v ) is the eigenvector of the
rth node
m, is the mass of the r th node
We are particularly interested in
the response C% caused by the single
exci tation Pj:

n

(¢ . F.) (e )

Q. =Z rj 3 I (31)
i 2 2

r=1 Mr (Or o)
gi ving

.t t
(Q./F.) = ri ri , (iii)
i) :S: m_(Q 2 - w‘)

T=1l r r
W wish to consider two responses,
X (=Qq) and &g (=Q2),
and two forces, F («F,) and M (=F,)
~The system being considered is
continuous but we may assume that at |ow

frequencies only a finite nunmber of
nmodes need be included.

Thus we can write:=-

n Ar
(X/F) = —_— (iv)
}:Z:l (Q ‘< - q;2)
= r
n BE_
(e/lF) = ——— (v)
=10 - v
n c.
(XM = :E:-——ﬁ?——-—ﬁ— (vi)

17



D ..
r (vii)
(8/M) =Z —

r = ¥r2 wr’l/mr,
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This is the process of getermining
tne nodal constants from neasured inped-
ance data.

Equation (iv) may be rewitten v
substituting -yX = X tO give

. 2,
Cr =t . v /M D_ = ¢ 2/'”r(Vll"') n 7.
. -—w S
2 (X/F) = —
a = = 2
It follows tret B_ = O and D_ = C_"/A, -~ (Q - 0)
(ix) =
Tnus all four nodal censtants may be n
deduced from &  and O. - Z‘ R
=1 (1 - n /u) )

- This quantity is the Inertance, the
ratio of acceleration to force, the two
quantities measured in 'inpedance tests.

There are n nmodes being censicered,
and thus tne"e are n rescnant frecuen-
cies which must be known. I nertance
data nust be obt ained at r nor-resonent
angular frecuencies, Wy Wor W3 eeeelp

The matrix equation releating these
quantities is

. 1 1 1
(X/lf‘),l s . . . > 5 k.
(l—01 /u_), ) (-"‘022/(.01) (1-011 /wl)
o 1 1
(X/F) ceressevecnan A
< 2 2 Z P 2
( -Ol/wz) (1—Qn/w2)
CUSH L Aa
- (1 - Ql /0)3 )
o 1 1 ,
(X/7) o7, ceeen PP A
\ L R B oY - n ‘% b \_ J

or
) = [’
simlarly

and then pre-multiplying the appropriate

¢ = 97

and so on.

~here are equations for the other nodal constants:-
(rz) = [R] 83 203 = R (€1 end {1,)

The modal constants can thus be determined by inverting the

(=] (o3

R matri x
response matrix
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APPENDI X 11. Solid Body Response Secondly, the effect of the input
force F acting at P is reguired.(Fig.16)

If the systemis free-free it has a
resonance at zero frequenc?; (q, =0).
Tne motion is, of course, that of a
solid body. The relationships expressed =
in eouation (ix) do not hold for this
case-and it 1s necessary to study the
geometry Of thenption to discover the
cerrections needed.

_ The body has mass m and nonent of
inertia I, about its centroid G

In the first instance the effect of
pure input couple M on the angular
response g and the translational res-

ponse X_ of point P are required. P aQ
(Fig. 15) '
X e
M e 4
) G
P/

Fig. 16. FEffect cf Force Inout on
Sol 1 d Body

Force input at F produces both rotation
and translation cf G

szee+x

XP' [ G Xngp—ee

G

Fe:IGe ...(e/F)=e/IG
F=me=m(XP-ee)

= m(X, - e (e F/I.))
Fig. 15. Effect of Couple Input on

Sciia Body R+ mePsry = my
Pure couple ™ produces rotation but no . ° _ R

translation of G S Xp/E) = 1im e et/Ig
M=2I_% . (e/M) = 1/ It follows that A. = 1/m+ e’/1
G G z G

. . . B| = e/l

M o= I(Xp/e) LT (Xp/M) = e/Ig G

C: = e/IG

D, = 1/Ig

2

Thus Bl = d and Dy = C°/(ay = 1/m)
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