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PSSTRACT

It is accepted today that the design of structures should

include consideration of their vibrational characteristics. It is

thus necessary to obtain structural vibration data by measurement or

by use of computer predictions and to evaluate and modify the strut-

tures so that satisfactory characteristics are ultimately achieved.

The amount of data involved is difficult to handle in all but the sim-

plest cases and so relatively simple computer models become necessary

to reduce this amount and to facilitate investigation of the effects

of changes of design parameters.

Spatial models conskst of matrices of mass, stiffness and damping

properties expressed in relation to selected coordinates of interest,

in particular at points of connection. The lightly damped structures

featured in this thesis have the property that their natural frequencies

are easily dis.tinguished from each other. The dynamic range of their

mobility properties is very large.

The earlier parts of this thesis are concerned with identification

of modal parameters which represent the vibration behaviour of specific

points on a structure. Extension is then made to the relationship of

several points which are related by natural mode shapes. It is shown that

such modal data can be converted into a spatial model of the structure.

Particular attention is paid to the need to measure rotational mobili-

ties and cope with the limitations of transducers. The use of residues

to represent the effects of modes beyond the range of measurement is

explored.

The modelling techniques are initially evaluated on error-free data

for ideal systems with finite numbers of modes end beams with unlimited

numbers of modes.

The latter parts of the thesis are concerned l;ith the application

of the foregoing measurement and analysis technic_ues to physical struc-

tures. Good results are obtained for modelling a simple beam assembly

and for prediction of the lowest cantilever frequency of a turbine blacie

based on measurements of its free-free properties.
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1. IKTRODVCTIOX

1.1 The lu’eed to Wodel 'libretizx  Structures

The design of =echer?,ical  etr_Jctures should icclude cccsideratioz

of the vibrational properties of the structzes  2.r.d their cozponects.

There are recent trends that highlight the Gesirsbility of develo?zents

in this  f ie ld. Deci  crs for str’uctu-eq” _e_A * ., hCd csr?o-eats,  ~211, l a r g e ,

slechanicel, civil,  all tend towards the nerrouing of safety =2rgin,s and

the use of less massive components. Light structures tead to have

higher caturel frequencies 2nd consec_uently  are prone to fetigue more

quickly than their heavier predecessors. Ch2nge  3 in nethods of  fabri -

cation, too, contribute to a general increase in the level of vibratior

since bolted joints which have f r i c t i on  dazring ere ofterz reTlaced  Sy

velds or by 2dhesive  with me11  dissi32tive  >ro?erties. k >2r2llel

tendency is 211 increesizg intrusim  of vibr2tio3al  ef fects  2nd corise-

quential acoustic ones ir?to the hm2n enuirornezt. These netters have

been reviewed recently by Grootenhuis (1 > .

AcceDtmg  tne need for study of the  vibr2tion  of struct-ures,it

becomes necessary to consider the methods  applic2ble. If the structure

can be represented by sirzle  components such 2s beam, pletes and shells,

then  nodem coqmtational  nethods,  in particuler f inite  e lenent  tech-

niques, cm  be used to Predict vibration -,ro>erties from design data.

Xany structures , however, contein  cor?oncnts  >?hich cemot  eas i l y  be

nodelled theoreticelly  either bec2use cf the coqlexity  of their shape

( f o r  exaqle, 2 turbine blade) or bemuse  of con-lire2rity  alzd teqerz-

ture or frequency dependence as exeqlified by 2 daqed

isolat ion m_ount. In such cases, direct ze2surezen-l of

desirable.

viscoelast ic

vibr2.tio7.3  is

I42~y neasurenent systems 2re now avail2ble  and the gethering  of

v ibrat i on  datz is czde easy by autoz2tic recordisg  devices . it is not

so  e2sy to nake sense of the det2 or even to gather  tiisely.



In some applications it may be possible to make direct use of

measured data but in most cases data reduction is necessary in order to

save storage space and time of computation. It is thus desirable to

abstract from the large amount of available information that which best

simnlifies and characterises the material. This is the essential fea-

ture of the sodeiling pocess.

14ost fields of study involve this or an analogous sequence of step;

the gathering of data, its classification, the evolution of coherent

ideas, the testing of hypothetical representations and then refinement

of the conce;jts. One may observe simiiarities, perhaps, between the

development of actuarial tables from population statistics; or the esteb-

lishmezt of the authorshi:,  of Chapters of the Kew Testament from consi-

deration of textual fragments or in the modelling of vibrating structures;

all have the objective of producing useful order from apparent chaos.

it has to be said that the manufacturers of vljraticn test equip-

Tent can also sugly computer programs for sodeliing the data obtained.&_

Such programs are sonhisticeted and their complexity disco.arages  the

user of the equipment from enquiring too deecly into the validity of the

models develc2ed. No doubt, in a najcrity of cases, the resdts  are

cA.tite satisfactory but it is desi rable, in the author's opinion, for the

developent  ergineer designing a struct;;re  to understand the process by

which a model is obtained so that he can use his experience and judge-

cent in the selection of data.

The modelling -rocedures xii& form a significant ?art of'thisY

thesis are essentially simple and each stez is capable of being tested

independently. Coquter gwgrams are used but data have to be handled

-o-,7 &T&dc calculator at certain j-zxtures. Such manual xorir is first

done at stages where considerable reductions of data have .d_redy taken

place, are not onerous and have the advantage of giving insight.



The netho is econoniczl in tine of coqmtatioc. biher?,  it vorks,

it works quickly. *&en it fails, bec2use of error or because deqing

1s heavy, the failure is repic?ly  a;>serect. It cmaot be used 2s the

tonly 23.2lyticel ool but is potentizlly nost veluable vhen use? judi-

ciously.



1.2 Fundamental Concerts

This section consists of a review of the basics of

of structures, and an introduction to three-dimensional

the vibrations

graphical repre-

sentations of a 'response surface'. A variety of models is discussed

as a prelude to the identification of data which is the subject of

Chapter 2.

Identification is here defined as the process of determining the

parameters of a system from observations of that system's frequency

response.

1.2.1 Structural Vibration

A structure* consists of components having properties of mass,

stiffness and damping which are distributed in space either in the form

of lumped parameters or as a continuous system. The structure may be

ep?roximately described by a finite number of time-dependent displacement

coordinates showing the instantaneous soetial distribution of its compo-

nents. Certain of the coordinates might be related by equations of con-

straint but there will be 1: independent coordinates, each corresponding to

a degree of freedom, which are known as generalised coordinates.

If the structure vibrates, its motion is governed by energy, oscil-

lating betTeen that associated with inertia elements (kinetic energy) and

that stored in elastic elements (potential energy). There say also be an

input of energy from an external source and there will certainly be in

practice a dissipation of energy because of damping. Lightly-damped

structures, the subject of this study, may be assumed to dissipate only a

small part (say 5$$ or less) of their energy during each cycle.

Equations of motion can be formulated, for example, by applying the

methods of Lagrange to expressions of energy. Such equations relate the

forces applied to a struckure to its displacements.

* Key words are underlined in this Chapter uhen their specific meanings
are introduced.



Iqortant properties of the structure are zssociated with free

vibrations which 2re observed if it is left unconstrained after a dis-

turbance. In such circumst2nces the vibreticn will occur at one or

more of 14 discrete natural freouencies  w'hich are determined by the mass

and stiffness parameters of the structure. ht eeck netural frequency

the str>Lcture  moves in 2 ncturel or prircin21 mode._ ___ The mode shene is

defined in terms of the generalised cocrdin2tes by a column vector which

has erbitrary  2.mplitude but fixed reties bebeen its elements.

h set of nrincin21 coordin2tes for the structLL_e  is so chosen that

when it vibrates in a principal mode only one coordinate varies while

the others remain zero. Thus principal modes h2ve the property of

orthoaonalitv. If 2 principal coordinete  is norm2lised so th2t it has

defined amplitude it is then known 2s a normal coordinate. k set of

norm21 coordinates is linearly releted by a transformation  matrix to the

set of gener2lised  coordinates and it is thus possible to recast the

equztions of motion in terms of the normal coordinates. This procedure

has the advantage, beceuse of orthogonelity, of uncoupling the equations

and making them eesier to solve, although they 2re no*: expressed  in

mod21 rather than spatial parameters.

Then 2 structure is set into noticn by e>@ied forces it resnonds

to 2 greater or lesser extent denending on the re,gnitude  and on the time-_"

dependent characteristics of the force, be it rendom, impulsive, sinu-

soidal or periodic, X0 matter 'vihat  fcrm the force takes it is useful

to consider the freouencv resnonse of the structure i<hich involves the

reletionshi? between sinusoid21 force 2nd result2nt motion. This is

not 2 restriction which c2uses loss of gener2lity because the mathema-

tical relationshi?  betieen sinusoidal 2nd other foxes of excit2ticn is

well established.

The most useful way of quantifying frequency response is to czlcu-

late the mobilitv of the _ooint of interest on the structure. Xobility

_
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is the ratio of harmonic velocity/fort e and is in generalacomplex quantity

expressed in modulus/phase or real/imaginary form. The other response/

force quantities in general use are recentance (disnlacement/force)  and

inertance (acceleration/force). These three quantities are all mea-

surable on a structure with one or more degrees of freedom since it is

possible to arrange that there be only one ic?ut force at a specified

coordinate and then to measure the responses at all coordinates. However,it

is not usually Dossible to constrain the system so that there is only

one non-zero response when there are input forces asplied at all coordi-

nates. This means that force/response quantities are QQ& directly

measurable for a systen with more than one degree of freedom. The

three forcc/response quantities are dvzmic stiffness (force/dis$ace-

nent), mechanical imDedance

acceleration).

The six ouantities are

(force/velocity) and acDarent

kIlC%Z generally as mechanical

mass (force/

imnedance data

(or latterly as mobility data) and their use is an example of the

mechanical innedance method. Each is a ahasor quantity, being repre-

sented on the krgand diagram by a rotating phasor(as is electrical impe-

dance)but they have the added complication not encountered in the elec-

trical case of being vector quantities requiring description in spatial

terms. In the most general case one poir,t on a sinzsoidally vibrating

structure may h2ve t'hree translationa1 and three rotational coordinates

each of which has a time dependence which can be described by a rotating

phasor.

The structural vibration ccnce?ts  briefly summarised above are

exhaustively treated in books by Surty and Eubinstein ( 2 j a;6 -- -

Keirovitch ( 31. iiobility methods are comprehensively introduced by

Ewins(4 ) who gives an extensive list of references. Books by Bishop

end ~obson(~ ) and Salter(6 ) are classic works ix this field. The

book by lIcCallion (7 > covers zuch of the gro-ad azd has the advantage

over those two 'classic' works of being still in ?rict.



1.2.2 The -3lesponse Surface

The frequency response characteristics of several points on a hem

are Fepresected in two dinensions in ?irxe 1.1. The bea: is undanped,

freely supported and excited et the right-&d tip. Sach line repre-

sents the linear cobility of a point on the beam 2s 2 function of fre-

suezcy. SUC?l det2 ceo be represented  by ecuaticz (1.20) of Sectinn_"&A

1 l J7 following 2nd can be found by vibration testing,

The positive sections of the curves are those xhere the response

is in $ia.se kith the simsoidal stinulus. Figure 1.1(a) shows the

ooint response for which both stimulus an_d respcnse 2re at 2 = 1, the

right her;d ti?. Ir this c2se the response is ic phase rrith the stinu-

lus on the lcx-freouexy  side of the disccntiziuous  ciazge of phase et

each resoneme. The out-of-2hese response 2t lowest frec_uency plotted

is that qTlro?riate  to the high-frequency side of the zero r-etural fre-

auencp of the rigid body zode. Char-,-es cIcf +ase are 21~0 observed at

the zero-crossings UhiC8  are characteristic of antirescnezces.

The second cume, ?ig_xre 1.1(b) hes sitilar features to the first

but the resonzxes 2Te Eat so pronounced. This is 2 tra-sfer yespcnse,

being the response at Z = 0.75 to force input 2t Z = 1. P2rt.s (c>,(d)

a& (e) of Figure 1.1 ShOii transfer respomes et loc2tions progressively

further along the bern from the stiaulus.

The relationships which exist jetwee these curves

clearly seen by making 2"; ensemble ir, three dicersions,

c2n Se nore

the third dinen-

sion beicg distzxe of the res3onse loc2tion 210~g the bezz. The

result is 2 resaonse surf2ce, 2 general view of kich is given 2s

Xgure 1.2.

In this exaqle ixezty-one evenly soaced ;joi~lts heve Seec chosen

fro;;: the infinite nzzber zveilable for the cor,tinuous syster: and the

twenty-one cux-ves are placed 21oug the Z axis zccoALr,g to thei? szetizl



coordinates. Date were calculated at 101 frequencies to give

curve.*

The response surface gives considerable infomation  ebout

es&

the

v ibrat i on  properties  of the beez. If it is v i e w e d froE 2 location

near the Z axis 2s in r’igure 1.3 a series of c2xina are seen in all the

curves 2t the reson2cce freo.ier:cies  \.;>_ickL  ccincide -~:it r_2ALl;r21 fre-

quercies. __. this Tresentation  o f  lineerTn

change of sign of response  as the stir&us

rescrience i s  clezr.

tend to be relatively

A view 2long the

sh2~es of the been.

it is also see> that

sz2ll.

zobility  the discontinuous

frequency Tesses  through

27:ey f:on resonazce resporises

frequency 2xis 2s in Xgure  1.4 revezls the rode

The  tilted streight l ine visiSle et the 107;est

fre,T;e3c;r is indicetive  of the rigid body izode. fLt 2 frequen,cy  j u s t

below the first resonence the pe& zobilitiee  of the D;;ecty-one  po in ts

define a sirple cpstial  curve showing the first bending rode with a

. , .?osi-cive -,xinus:.  Xt the next frequercp, just

a sizilar curve of o??osite  sig-3  c2c be seen.

on pessage through resonance is egain apparent.

2bove this resona-ce- ,

"huS the chage of p&se

The differen_&b anpli-

tudes of the node shape curves are related to the closeness of the

stirmlus  frequency to the n2turel  frequency. The mplitude  would, in

this undamped  e2se, Se unbounded if the forcing frequency was to coin-

cide exactly with the n2tur21  frequescy. The surface  becomes  inf initely

s t e e p  2s Tesomnce is a?croached  and the ez@itude is in practice  dif-

ficult to estimate 2lthcu&3  the frequency of Tescrience caz 3e c l o s e l y

defined. The rode shzpe can be expressed  iL terzs of  the disDlece=ezit

or trazslation  of the curve from: 2 neutr21 position. It cm also be

defined by the slooe or rotetion of the curve or by 2 co-,Sinztion  of

these tr.zsl2tions  and rotations.

* The d2te for the response surface t;ere calculeted  using the author’s
Fortran TrograIz PEES an,d t&e curves were plotted using FICA!% gra-
phics developed by Dr. 2. Vince at I*:iddlesex Polytechnic. The
exezple chosen was the Long bees of CheTters 4, 6 2nd 7 of this thesis.
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The birds-eye view obtained by looking at the surface along the

mobility coordinate as in Figure 1.5 reveals clearly the straight Taral-

lel lines at which there are changes of si,~ at resonance. It also

reveals that other sign changes occur as mobilikj passes through zero

at antiresonances. It is cle2r that a resonance 2ffects every ?art of

the Sj7Ste5 2.t the sane frequency but that 2n Entirescnence  is 6 localised

cheracteristic. At the point at which excitztisn is -_@ied, the lower

end of the beam in 3igure 1.5,antiresonances and resonances alternate,this

being a necessary characteristic of point resnonses. ht the opposite end

of the beam there are no Entiresor~nces, the non-zero minimum between

resonances h2ving no associated phase chenge. Zor intermediate Points

on the bean the number of 2ntiresonances decreases with distance from

the stimulus, a clear pettern being discernible. In general, transfer

res3cnses,  involving force incut at cne coint and response at another

include fewer antiresonances 2s the distance of trensfer  increases.

L- significant effect of changing the driving point in a vibration

test is indicated in Figures 1.6, 1.7, 1.E. m2 1.9 which show the res-

?onse of the beam to a central excitetion. The beam centre is a node - for

alternate modes of vibration a point of zero motion - and these modes

are therefore not excited. Thus in such cases natural frequencies are

not frequencies of resonance.

The res?cnse surfece reTresents the krge enount of vibration data

available as a result of testing. It say be sac;led in various ways

in order to model the syster.  and thus reduce the d2ta needed to repre-

sent the systemt s vibration cherecteristics.

1.2.3 I:obilits,  Eodal  arc Saatial I*:odels

The values of mobility represented on the response surface at one

particular frequency correspond to stirxlus along cne coordinete and

thus corresI3ond to one coiumn of the mobility m2trij:. There ere 5 such



colun;ns in the complete mobility m2tri.x E(U)] Ks.u which may be regar-

ded 2s the mobility model of the structure at frequency 0. X model

represents the physic21 structure in terms of an array of numbers.

Mhen the mobility model is used 2 great deal of data must be stored

since there are IJ2 comrjlex numbers (or@:* + X)/2 when the symmetry of

the cetrix is taken into account  j for eech of many frequencies.

Since each element of a mobility m2trix can be represented as a

summstion of modal terms (equation1.20),  it is possible to constructamodal

model of a struct-ure  which consists of all the modal constants together

with the natural frequencies 2nd loss factors. 32th for 211 the mod21

constsnts are contained in t'ne mode shepe n2trix (equetion 1.19). Thus

the -0d21 model c2n be eqressed in terms of tr:e Z;3 matrices Cth com-I-

-,lex elements, the first being 2 diagonel matrix of netural frequencies

2nd mod21 loss factors and the second being the mode sha?e netrix. The

two matrices contein caly (X2 + 5) complex numbers in tot21 2nd they are

independent  of the forcing frequency.

stored for the modal model is very much

mobility model. If the mobility model

Thus the amount of d2t2 to be

less than is needed for the

is needed, for coupling c2lcule--

tions >erLhaps, it can be regener2ted  for eech chosen stimulus frequency

from the modal model. The nrocess of extracting acdal dete from fre-

quency responses is hovn as mod21 an2lysis or system identificetion.

Kodal consknts  for one element of the mobility model can be identi-

fied, as we shall see, from 2 limited saqle of d2t2 tzken elocg one res-

ponse line of the response surface, finding the frequencies of reson2nce

and the level of response st interspersed off-reson2nce  frequencies.

This is considered in detail in Chepter 2.

It vould seem to be an equally vzlid method of ecquiring mod21 data

to establish a resonance and to sem;sle each point et resonance - working

et right angles, 2s it were, to the identification process indicrted



above. Such methods are used in m2ny cases, but

with practical difficulties.

Chief among these difficulties is the effect

they 2re fraught

erount of damping c=ntrols the 2qlitude which c2n 3e 2ttaFned at

reson23ce. In prectice, the nature of d2qing is, poorly defined and

the various models thst kve been ;rc;osed,  :-iscc-:s, strict-221,

Coulom3, etc. are 2t best first order 2~~roximzticns. The fundamental

conclusion of the investigation by bishop 2nd Gladwell (8) into reso-

nance testing ~2s that the whole Battern of such testing revolved 2round

the net-ure Of the derping of the system under test. At Let time (1363)

there uere few eqeriaental date reletin,-  to t'r-e mecherics  2nd the

effects of d2nping. Silv2 ( s ' and se2fis (loI rencrt cn the current

informetion  2bout d..zr$_rig effects 3ut the nrcblems 2re by no me2ns

solved.

if the dan$ng is light, the cese considered in this thesis, the

frequencies of resonence ere well defined 2nd seprreted from one enother

although the 2mplitudes and mode skpes 2t rescn2cce 2re not easy to

establish accurately by direct me2surerent. "ort:xL2telv,L the method of

identificetion developed in Ch23ter 2 does not re+ire knowledge of

resonence asqlitudes,  2t least in the first insknce, since off-resonznce

d2t2 suSste.ztially  independent of Saz-,ic,-  effects 2re used in the ceicu-

1ation of mod21 constants rel2ted t0 m2ss 2r;d cfif'ncss"Y--A.__rL-L.

:;,+_ere  22-74 r- 5s hea;ry,LL-i+j resorzncesinterzct 2nd the resolution of

mod21 d2t2 h2s to be dome moJe 3;~U.. . c mode, or xr'ith smell grcuns of modes,

3:~ circle fitting polar plots 2s outlined in section 1.3.1. in such

an instance the damping pzameters  2rf estetllshed first 2nd stiffness

2nd m2ss veiues subsecuen,  ".__ L -j_?.T Tk eccurecy of the letter data is

dependent on the measurement 2ccurecy 2nd the 22positeness  of the

zssumeci  model of damring. This de?ender.ce or d2qinG is 2 severe dis-

edvantege. Although this is 2r 2ctive field of reseerck ~5th recent
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work Izublished by Silva (91, Geukroger et 21. (11)
, Gogder (121,

Zlosterm2n (13) 2nd ?lannelly et al. (14)
2303~ 0 thers no one method of

anelysis has established ore-eminence.

In this work daqing is considered to be light 2nd bekg of secon-

dary imnortence ney often be ignored eltogether. This approach is

j_stLfLed for three reasons. "h-e first ic ',l:e 2So-;e_--rA'o-ed  2v2ii_it;__"& __

2bilit-1 for heavily damped systems of developed analytical techniques,

which are time-consuming. The second 1s that svlp struc-

tur2l  cocxozezts  considered in isolstion heve negLi&bie d2,rning 2nd

eaibit vibr2tion beh2viour domin2ted by their z2s.S 2nd SU,'L+l"fness ?ro-

nertles. Thirdly, the enalytical procedures developed are economical dtime.

effects ol" coii~ling substr-xtures. -'i?; does net, however , lend itself

tc visualistition  of the physical structure or to the investig2tion of

the effects of chenge of mass or stiffness p2rezeters.

The eqixtions (1.12)) hc7:ever SILOiT how the nodal modei can be

transformed into a snetiel ZOdei in whick mass exi stiffness eiezlf3ts

car? be related to cocrdinates

used directly for cou$ing.

n.Lze _sn2tial rode1 CET! be

_o5i:ity date 2s is indic2ted

cf interest on the +vsq_U+,,Lc21 structure 2nd

used directly  $2 the regenextion of

in Figze 1.10 showing the relationships

3eWeen  tke three models disc-Lssed. its chief use is

structures pith specified vi*cretion >ronerties such 2s

lE.rticlAsr f-eguencies  of reso.zmce. it is Ezeneble,

the mtwmethods Of 3OZe e', 2i* xtic‘n est23list h,oxziCs

in the desi-mB-' Of

the zvoi<zmce of& A.

fcr el;&le, to

Of resncnse

resul tlng frcm the addition of ~2~s or stiffness eiez;ents to ET, existing

struct-z-e.
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As ir,diceted  in  ?iare 1 .lO there zre relz%icnski?s  betveen  a l l

tkree m o d e l s ,  sobility, modai  zrC s-,ctial znd they fecilitete corpari-

sozs between ex>erinent end theory, elwqz  2 necessery  p2rt of the

engineering  desig process .

Thns the ’ theoret+ c-21 ’ r o u t e  t o  v i b r a t i o n  anelysis  w i l l

s+“Ert  ::it;l  e L i_-v_.C  r&--rL.mc;--cii  crl s?ztizl  --ode1  m_c >-oceeE -;%E rz$ur_rl fre_

c_‘ile:cies,  mode shapes and zodrl d.aqin,- - the m,o?zl  model - to ?redic-

ted response  cherecteristics  - the L?ObiiltJ' ZOCei - am? there be com-

pared with experimental deta.

The ’ ex>erizentEl  ’ route  i s the converse. It s t a r t s

liith ezyerizertel  res;?onse  detz 226 Groceeds v i e  model  deta t o  t h e

spetiel  nose,.- 1 2 ozprri som cz.r b e  szce e t  my stsge zlt~ough it  is

current.L 3ricti.ce to co:centrete  cn the  2tch;lsg of ZOBZi CEtz. Ia

.P‘bCz;ters. $ znd 7 of th.iS t h e s i s  Cozps5_sons  Ere r”o32d  E t  El1 IleVelS.
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1 7
l , ~.i+*riea&tic2~

VA Prelixineries

1.3.1 Vibretlors o f  s.n X 3ecree-of-Treedon Syste; ’

T h e  eqx2tion  of xotior  of 2 sL3~~soi~Elly-excited  !i degree-of-free-

_(coz sys tez zay be written:

-
“’ [

5’ . =

- LA:] {q) = (=)
xnere [Is:] , -1 I;‘-ad [K] are 1; x I? x2trices -e-resexting  zass, hys-_ _ __

teretic  d - -- p i n , -  er,t st; “D,r,ness respectively, and {E} , {Q,)  a r e  COD-

Tier I? I: 1 colui212  vectors of generslised  dis$2ce_ezts  2nd forces  res-

pectively,  2nd c3 is the  frei;-dezcy of sirL-;soi&&, excitation.

T h e  ecuation  of free vibrrtioz for <he syster. ray be obtej_r,ed  fro=

for dexed osc.ili2ticn, 2nd tSe a-,z,iies force VfZCtOr @) by{O).

TiXlS rs + iE (1 2:

m-Ice rth node is characterised by 2n eieenvaiue, x r
and by an

eigenvector r which specifies the node sha>e  such that:

(1 .s>

LYx; ’ t%e  diagor-al  eigec-Telue  z2tziz

2nd Dd , t3_e eigemector,  or ro?e chr?e, izetrix.LA&_ L

sisce the zode shz>e  v e c t o r s  rre ort:?~ogonal  the:.7  obep the ec_TAaticss.:

iI!Yl{Y}r  = “r

p +  iE]{$$ =  kr

for r = s

Cl .4)

(1.5)



where kJmr = x; which is generelly  expressed

= LJf(1 +iqr) (1.6)

wr = L’n
natural frequency 05 rL- zlode

QT = daz?icg loss fectcr of r z-5 Eo-ie

thIii = nodal za.ss of r node
r

k = nodai stiffness of rth node
r

Ec_ztions (1.4) and (1.5) my 5e more coxisely  eqressed  in terns

of the mde shape nztrix:

[V]'[qV] = [mrJ

b]'[Z + iZ]k] = [k=J
(1.7)

Other fozs cf noxalisation are cowon. The lost ?O~UiCr is

nass-nomialisation, sumarised in the ec_.xticns:

pr?-J' [::I [9-J = [I J = fxj

c+]' p + izJ[r$] = [X:J

for which
{% = cy>r/K (1.9)

is also a solution of ec_xation (1.2).

Stiffness-nomalisatioc say 2&G be encour,zere<:

tTjyp]pj  =  p/x;]

py p i iE]pj = p-J = p-j

(1.10)

=pQ}r = {?k GC-
(1.11)

The Ess-normalised node shape vector ML': is use? i3 this IiOrke
L Ji

The conversion of a rodal rode1 tc a sptial mdel is

by recriti3g equation (1.&j, yexltiplying  3j7
-T

and

isg by rigi -’ t0 get:

acccmiished

(1.12)
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Proceeding further by substituting these ratrices in equation

(1.1) w e  get :

(-0 2 [g-j -T [jj] -l + p]“[hr’J[$~] -‘) {ql =  {Q} (1.13)

PremultiTlying  by znci rearra22ging:
(1.14)

Fre3d.tioI.g  ky - W2)J end t5en [@I to get:

[@] T {a) =  [d]{Q} (‘*“’

where o(Cl is a mtris of receptance quantities.

If -@I
.th

has only one element, in the k row; we get:

Q+ ? (1.16)

The response q+ is obtained by prem_Ltlplylng 'GUS column by the

.th
3 row of

Thus
Sj(O > = (l~j *~j ...

3
which gives:

=  djkW =

c

7-g-i y$k

r = 1

(1 .lS>
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Xe define a ‘3odal constant’:

(1.19)

and using equation. (1.6) we obtain:

’%,.W> = \ rXjk
(1.20)

r=l

as +t?e s-22 of a series of mdal term.

It is interesting to observe from:  equation (1.19) that the full

1; x 3: 3atri.x  of cO&?i  constants  a t  the  r
th natural keque3cy nav b e

obtained fron bowledge  of the r
th 1; x 1 zodai co1uz.z. T;Zis relation-

shi? f0FS the  bas i s  o f  the cierivaiion  of r;odal constants  of res?ocses

not directly me,.<*cured  2s discussed in detail ir, Cha.l;ter  2. The con-

plete natrix Cl4 l;i_& c2J-i tkiiS  Se cozstructe?  fro-, LzovleZge Of one

co1ux,
- .corresponamg to single yint excitat ion.

I ,
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Polar Flots

The receptance o(
$.C

(a> as defined in equation (1.20) is E coqlex

exzression md as such can be re;resected on the corSex plane by a

polar blot such as used by Syquist (17) Ol? I;emed;T  ~~2 pap_c-dc ‘18). The

got shot;s the locus of o(
jk

2 s  the frepenc:< W i s  v2ried 2 n d  i t  i s

conveniently built u? ir; stages:

Figure 1. 11 (8) is 2 ?lot of the function:

l/(1 - (W/Wr12 + i ‘1 r)

which is a 'Coda1 circle' whose diameter is 1/q,.

The expression, pj1/U2r
is a car-plex number ~?_Fch can be written

CVei9'. Thus ?i,gure 1. 11 (k) re:reser,ts the 5;nction
I

(Creie r, /
xhick: is 2 s c a l e d  2~~L-L.

circle has diameter CP

(1 - (LJ/bJJ2 + iv
r

>

rot2ted  versiori  o f  Fig-z-e 1 . 11 (2) xkose sodai

_‘q r’

SO I”2r we hzve considered  only one rode; the other rodes ?:hose

n a t u r a l  frequencies 20 zot lie in the r2nge W * W l;iii cOrL-i bute*I”*-
r

compcnents  which 2:e  nearly conster,t with frequency and i:kich can be

represented by a cosI+ex consbG_IC-1 L,r+ I) r which has the effect of shifting

the rotated nodal circle away fron the origin as seen in Xg-ure 1. 11 w

which reTresents  the function:

D
r + (C,e ier) / (1 - (W/C.Jr12  + i qr)

Firally, Xgure 1. 11 (5) shoi~s the cca$ete f-dzction:

z ( C eie ‘1 / (1 - (IJ/Wr)2 + i qr)r

r = l

which consists ol several overlap?isz a~? interactisz fodai circles.

Frecticel Systens

It is conveziezit  to class measured frequency respocse  dzta into

three categories according to the nature of their ~o1a.r clots. These

categcries 2re:
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(a) ligi?tiy  damped

(i3) loosely-coupled n o d e s

(4 tightly-coupled nodes

1~ the case of a lightly daqei system tke 3odai circles are very

large and are svezt very repidiy as frequexr W is iscreziented. It

c,-I *us.&1 LC *y<:e

(19 > -._-'

t‘ne tpe of $0', of log 4 versx 10E W cevelc;;ed bjr

3ode . 3ode z2d Eyc_xist  ?lots fcr 5e t'r,ree categories are skoxz

in Pigure 1.12 .

1.3.2 i<obility and imecance Katrices

J

The res3omes at the three coorZinetes  ze related to t‘ne fcrces

or {i) = jlE_] {F}
where all the variables are factions of frezuency.

(1.21)

v
-11 =  (i,/i‘,) is a

Y21
= (f2/?1) is a

‘31 = (ii,, ‘),‘z, is %>

rroirt nobilityA

cross noSi:l ”. +-

trazzfer nobilitp

ZXh elexer;lt of Y is zees-ma.ble  slrice it is nossible t0 aEply
C1 .Y

just ace force or zczent to the sub3t7ucture EEC. evaluate the reeilltant

res3onses.



The relationships between forces and velocities may also be

expressed by inverting equation (1.21) to get:

{Fj = P-J {y:}

where P-J = ['i-j-'

Cl
z is the isnedance  matrix

It is im>oW+D_ v-ET t0 reze5er Ikit the istivi~~~~l elezer,ts  of rlz
Ld

cam-lot by directly ze&sure?  but most be fom? bg inverting riY .*

1 ?Z./., c ouDllzl,n  of Substructures

The nobility properties cf a structure may be nredicted from the

kno‘vn mobilities of its substructures by carryin,- out counlin~  czicnla-_ -

ticr,s.

The method may be iilustrated  by the simple exhnple of ?i,ure 1.74

a single coordinate.

(g;xa_.YY-/-SJ & ~

I Figure1.14A  structure formed by addition cf substructures.
I

zxcitatisn and resoonse  fsr eack suSstr;Cture  zre releted  b y :

.
y* =
a

ya Fa , 2\ = Yj Fb , fc = Yc FC

Xier, the cocgonents A and 3 are added to fez C we have:

5, .,, ,‘.
= A = i’* ani 7 = ? +C a D c a

Pb

vzhich leads tc: 1 1 1-=--+v
iC

V 7
'a 'b

VhlC_,. F is, in innedance terzs 2 =z + z.
C E S

-<13*e?,  A-?-d e s-2‘9sp terns are coTJ:leC at zore than -. 1cne CoGrSlnate the

equations above become matrix eqaations:

L-1Yc -’ = Ya -i + Yb -’
Cl [I

OI‘ PC-, = pa-j + [‘j]
Thus coupling is carried out by the addition of i-,>edance netrices.

* In some work in this field pseudo-impedances with elements of the form
They serge no useful purpcse. To avoid ccnfusion

ion should be translated into meaningful mobility terns.



IP the g e n e r a l c2se  each substructu--e xilJ_ be resreserted b y  iz

iqedzce  zetrix referFed to coorcirate:  of irtercst  other thm t h o s e

involved in t>e concections. The co-Lplizg tecLx-A,--de car be illustra-

* A brief description of each ccmputer FrograE used in this work is
provided for reference in Appendix Al .

t
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1.4 3marf of Frevious i:ork

Surveys of Svstec identificetion

Systexi  identificetion techziques h2ve Seen established in t h e

fields of control engineering 2nd aerodpatic strbility  for zmy yeers,

zmi there is now vast literature on the subject (22 :(2j j. Only in the

32st deccde h2s there been considerable zeseerch istc the s-ptez iced-

tification cl vibreting structures. Several 323ers Aich suz-vey this__

field of interest h2ve been published. The 1969 pa?er by Young aaci

Cc (24) gives an introduction to the field and tebulstes the edv2nt2ges

2nd disadvanteges  of several identificeticn  schemes. Five cetegories

2re s3ecified: complete nodzi irifo~etior,,  iZCOqiete nod21 izfcrzation,

trecsfer fI_Ecticn, cozpo3ent mdel coc$ing 2zd resporse tize histoq

poduct and svereging. Two >;ezeFs 2Fpeered  sisulkneously ti 1972.

Th2t by Ccllim et 21. (25 ) ermksize6  St2tistic21  -"_EZl?iiZg  of dEtE at

iterative tecbkiques. Their o+iior? >:2s th2t mdelli~g teckr.iyues h2d

seriously l2gged behind enelysis capabilities. The p22er.by ?kZlEeliy

azd 3ezzm.n (26 > was specifically concerned I:ith modelling  of aerosgzce

structures. LLore recertly,  in 1978, %G_ns (27) li sted current 32sers_ _

in the field and focussed etteaticn on nobility, nodal 2nd spatial

sodels and the tests by &ich they tight 3e est2blLshed  exaerineotally.

In the imedi2tely-following  sections previous work is divided izto

three categcries; Eeasuresent  of zobility detr; nethods of DOd2i 232-

lysis 22d the spt'r.esis of models. It mst be reco,lzised tk2t these

cetegcries overla;,  since, for exezgle, the lode1 sought Frill ikfluexce

tne selected zethcd of testing, but thet there is sone velue iz nrA5..zg

- .
alstincti03.s.

1.4.1 I:eesuren-ent  of Ecbilitv  3ate

Since a mobility ?armeter is a xztio of tWo cechr-ice1 ouentitles

it is necessery to z&e zeas*;reEents  using two trazsd-hers , me for

force, 2 force r;lu~e_.-, 2nd one fcr rzoticz, zest usu2lly 2n eccelerczeter.

b . ..-.
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The usual fox-p of transducing elemen t is piezeolectric although

strain galuge and piezo resistive devices are sometimes encountered,

especially if me2suremenL9 have to be m2de of static quantities or at

frequencies below the usuel 5 Ez cut off frequency of the piezoelec-

tric transducers.

The star-derd techniques of using vibretion transducers ere avail-

able from their cznufacturers, for exe&e 3roch (28) of Bruel E Xjaer

and Quackenbush (29) of Endevco. Kerlin and Snowdon (30) report on

. point impedance measurements. 2;, thorough review-including an extensive

bibliography  is provided by Zwins (4). The mobility measurement

facilities available to the 3yn2mics Group of the Idechanical Engineer-

ing 3epertment of in>erial College are specified in the work of Sains-

bury (31) and Silv2 (9) .

Soze part of the wor'k reported in this thesis extends the nulti-

direction21 mezsurenent  teclhniques  developed by S2insbury. The use of

piezoelectric zccelerometers 2nd force gauges for nezsurement of rota-

tions is the subject of Cha$er 5.

There 2re many c*urrent methods for establishing frequency responses.

The clzssic method involving steady state sinusoid21 forces genereted by

electrodyn2mic  shakers controlled by varizble frequency oscillators is

still favoured by experimenters seeking the mode shapes of aerospace

(32 >structures . It is usuel to employ sever21 shakers carefully

adjusted in phase 2nd amplitude so 2s to excite pure modes of the strilc-

ture under test. The experimental setting up 2nd distribution of force

is difficult but the response date eventually obtsined require little

processing. The multish2ker  technique 172s pioneered by Lewis 2nd

Vrisley (33) 2nd b2s been further developed by Frsejis de Veubeke (341,

Treill-Eash (35 > ,  &her (36 > , ibanez 67 > ,  Klosterzn (13 > , de Vries and

Beatrix (38) , Sloane 2nd LcZeever (39) , Smith 2nd Xoods

Katthews (41 > 2nd Keller and &dress (42 > . Zisho? 2nd

(40 > , G2bri 2nd

Gladwell (8 >

provide a critical discussion 0,f the earlier developments.
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In many zpplications it is 20s sible,knouingthe derivation proper-

ties of the mobility model, to use single-shaker tests to find the com-

plete response datr needed.

In recent yeers, folloi;ing  the development of the Finite r'ourier

Transfom (ST)* by Cooley and Tukey (43) , it has been possible to use

miniccm?uters  or microprocessors  to calc.&te, in frections cl one

second, the frequency response function associeted with 2 non-periodic

excitetion such as ar? impulse or random stimulus. Bamsey (44) has

written 2 useful review paper mentioning nure, pseudo- and periodic

random excitetion technipues togethe,7 with sinusoidal testing 2nd

impact ('hammer') 2nd step relaxetion ('cable release'j transient

methods. Similar inform2tion  is ?,resected  in the 72pers of Sissor et

al. (45j, Feterson and I:losterz.n (46) an< Brain et al. (47).

Impulse excitation kth pulses of simple shape are not al-6ays

suiteble for transient testing, hotrever, beceuse zeroes in the modulus

spectre give regions of zero resnoase 2nd uncertainty in neasured data

derived by division of Fourier transforms. White (48,49) h2s developed

the rapid frequency sweel; technique introduced by Shingle (50) in which,

for example, tie decedes of frequency are swept in one second, the

spectrum having a flat modulus and high cut off rates at start and stop

frequencies. V'i-ii q type of input, 7*A--.- somekmes _ao?rn  2s 6 'chirp', gives

transient results h‘ith all modes in the frecuency r2nge excited. :,

critical guide to PST malysis is provided by Williams and Gabri (51)

and 2lso Threne (52,53). Single point excitation techniques are* easier

to apply experimentally than multipoint testing but generally require

more eleborate analysis as discussed by Le?pert et al. (54).

Despite the Edvantage of 35 methods in speed of testing steady

stzte sine testing is still popular. This method is quite slot: but

when controlled by minicomputer c2n deliver very accurate d2ta in a

* Populzrly ‘known 2s Fast Fourier Transform.
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rezsonable  tine, as asserted by Ez3a et al (55) and i?illi2m (56) ad

is the method used for ecquisition of experinentzl data ix this present

WOA.

1.4.2 Kodzl An2lvsis

The >robler of extracting model date, i.e. reson2nce frecuescies

2nd mode shapes, fro3 Deasured nobill'ties has been tackled by several

investigators. Ir the general case where dar.+ng r~2y not be neglected

it is usual to carr; out a circle-fitting procedure OE data mesented

in the form of a paler plot. The concept was origiz.elly amlied to__

vibration, data by Remedy and Pancu 08) and _h.m been developed for

solution,  using digital coz?uters by I:losterzan Cl31 2nd letterly by

Silvs, ( ’ ) whose rethod Tequires only a niri-concuter,  sicce the circle-

fitting is carried out node by node. in ceses cf close zodes it ~2::

be necessary to node1 several nodes simltaneoilslp 2nd larce-coa>uter

progF2zts  for this TurTose h2ve been developed 2nd applied by Gaukroger

et 21. (57) acd Goyder (12), for esmple. 'These nethods use least-

squrres iterations to converge to a setisfzctory result aud need irAti2.l

estinetes of the desired parar?eters. 6 consequence of the circle-fit-

ti~g 2pproach  is thet r?odal dac-,ing  is first celculated and LESS 2nd

stiffness Parerzeters  subsequently. T';ie inherer,t  ineccuracp of the

danping z?odel thus affects 211 caic~.&ted v2lues.

k le2sLb-squares zgroach is 21~0 used by Dat ar?d l:eurcec 0) =d

' t Xmnetje (59 j xho zultiply out eq_-atior: (1.20) to produce 2 .r2tional

fraction of ti:o >oi-ynorzials  which wher, suitebly weighted, cm, --educe_-

best velues of the coefficients. The oethod is suitabie for systezs

k:ith fe;: resouames only since calculations with i30iJTotiEiS  of high

degree are unwieldy.

Flzoaelly et ai (60) developed 2 nethod of n,oCal a~21::sis  of damped

system. ATI I\' :: K natrix of complex zobility data was obtained fcr



each node at each of tuo neer-resonance frequencies. Zxtensive nani-

~ul2tion of real and imaginary ?2rts evenkelly  produced 2 mode shape

vector. Xepetition of the process over the 1J modes then g2ve the com-

plete coqlex  mode sLh2pe nztrix. The yocess map be visualised in

terms of the res0onse  surfece  2s identifications of dete in 2 series of

yz >knes _312ced  Et eack resoxnce  2long  tie >I cr,frC2uency1  2nis. Lke

Frocess  ~2s checked only 3:~ ca~cA2tions  cn coquter-simuleted  rether

than experiment211y-measured  dzta.

For systems with light d2m?ing, siqler  methods h2ve

i$iobilities  of the form of eqxtion  (1.26) can be 0roduced

~uncoupled oscillators connected in series or connected in

3een az?lied.

3y 2 set of

oerelle:!  to 2_

corzon  kese. O'E2r2  & Zemmers (61 > used this ietter model uhen model-

liz,- dcu31e  cantilever be2ms. ITe&ert 62 > use6 2 series fox rr',th

data based on entiresonances rether  t&n reson2nces,  develcxing 2n ide2

Of Ziot (63 ) _3resented in 2 clessic  -,zper  in 1340. Zaney (64 ) ix lu-

ded viscous damsing in his model and pOSt~i2ted  th2t data sho:fid  be

measured only neir resonances. In effect he found e2ch element 0f the

mass and stiffness m2trices of ecuetion  (1.7) by considering only one

column of the mode shape matrix. Such 2 process Dr0vides  2 curve fit

which is valid only around reson2nces. ?aney tested his modellin,-

technic_ue 37 using coryter-sizzleted  d2t2  2nd found it sstisfsctcry,  2

simple  averzging of ffve estizxtes  of each n2trii:  element being used.

It is to be expected that relet5vely pocr results would  h2ve 3een

obtained if neer-resonsnce  exDerimentai data vere xsed.

Eerdenberg (65 ) formul2ted 2 mztrix  expression  releting  mod2l  con-

stants to neasured receptznce  using the concept Of uncolrpled 'OSCili2tCrS

and otitted  dac$ng  entirely. Ze successfully modelled the response  of

2 free-pinned beam over its first four modes. Jemingwzy (66) used 2

similer epproach but snlit esu2tion  (1.20) k-to real 2nd im2gin2ry prts

and used an iterative technique tC estinzte  modal ?aremeters. zs
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initial values, needed for the iteretion, were found by assuming that

there was no damping. Thus at the first stage, his method is equiva-

lent to the Eardenberg method which has the advantage of simplicity 2nd

speed of computation and provides moda, data unzffected by the inzccura-

ties of d2mping. This method is exten.ded 2nd its limitations explored

in Ch2pter 2 of this work. As will be seen, it has advantages when

applied to experiment21 data obtained in tests on physic21 structures.

1.4.3 Svnthesis of Models

There is 2 well-presented introduction to this topic 'in 2 paper by

Ross (67). Ee initially distinguishes between low-order models (models

of 2 few degrees of freedom) and high-order models, both based on

experiment21 vibration data. Low-order models involve matrices of mass

stiffness and damping properties which need not have physical signifi-

cance since their primary function is the accurzte modelling of 2 sys-

tem's dynamic response. Zigh order models, on the other hand, 2re to

be compered with high-order theoretic21 models (often in terms of finite

elements) for which individual matrix elements have physic21 interpre-

tetion. There are difficulties, however, because displacement func-

tions used in finite elements rarely equal the true system displzcement

functions beczuse the former are high-strain energy displacements which

are poorly approximated by discretizing functions. Boss is m2inly con-

cerned with the conversion of the modal node1 expressed in te,rms of

natural frequencies and mode shapes into the spatizl model. Reference

is mzde to the methods of Haney (64) and Ibanez (68) which proceed

directly from the mobility model to the spatial model.

Xoss mentions the case, commonly encountered in experimental work,

in which only P of the total of Ii eigenvectors of 2 system are available,

and the inverse of the mode shape vector @Cl is not defined. One

method for making non-singulzr is by limiting the number of
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coordinates used in the cod21 netrix  to 3, the nmber  of vectors deter-

mined. Tbs is t-k-e I;zsis  of a trmcated  0~ ir,cozlete  model. The

theoxyi  of incomplete nodels i s treeted  by 3erzaz 2nd Xamelly (69) f o r

the zarticuler  case of nany measurement stetions  and few natural fre-

quezcies  ; comon in aerospace structures. Flannelly et al. (70,71>

c f  tkie e f f e c t s  o f ch2sges iz syste=1  perezeters. Zeturning to the no3-

retrix, -loss considem the addition of (i? - ?> arbitzarjr

line2riy-in~e~e~~est  vectors  tc fill out
C%!J

, a  teckicpe  2lso s:q-

gested by retersor 2nd IXosternaz (46). zat, 2s silv2 (3) comects,

this emroach  creetes zew zroblers.-_ Ir t5e zest  coc7on c2se o f  a  con-

timoas -3 -4 7cf-es f->-e  ’ .lS.eE is i=zrecticeble  sirice  2 tends to  infirikr.Y

siBle 235 er,z‘;les  t3.e  2nelpt to exercise rr-rin7.z control .

Thcrer, b-2) ccccentxtes or the Cirect iSeyLtific2tion  of 2 low

order coqlete  spti2i 3oCel using ?2Pey’s near - resonance  tec>yj.cue

zlready n-entiolzed  i n  sectior: i.4.2. The ze thod 32s the defect that

t h e  xzass ztrix is dete&ned  as 2 fznctior,  cf the d2qing rzatrix which

i s lieble to have large error. Thoren’s cc~~;erison of respomes  zre-

dieted  fro3 the s32tial nodei ~itk test results shows good agreecent at

resonznce  2s me ~iOLid er3ect  byAt 3oor -ctchFr,g  ir, r e g i o n s  2Pia.V  frog-_ .

ressrlerce- - , Elty;‘cY,&c  the i ineir  grs$~icel  Fresentetion use5 tends to

suppress the feet.

The 22:~ cc 3~3~~s  by 32gley (73,74) deal ?;:;lth 2 very litited  2 r 2

zctrix sT2ti  21 ~32 el- ^ u _ yeprese+2tior*  o f  2 T*ifoV”* _- C2ZItiieve:  beas. These

pepers 2re, kol:ever,  sipificcrt on t w o  co.znts. Tirstl-7-r , 23 eyhasis

is p-2-t  or, ::eiS-:re-c-?tS  E;;E-;  fro=:
A.--__ reson2nce, yef era'cl:_  2t 2ntiresona:;ces  ;

th7.x re?*.x.in,- errors axe to sheker comectiox  2~~5 to inade c_;ate  hoi;-

ledge o f  Sazoizg zeckzisrs. Secor,dlvI t tke Troceiyures  >iere verified  by

experizzctel zeszesents  0~ 2 -,hysicei strdctiLPe.
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F’kmelly  and Giansaxte (71) cerried out tests OS a lightly daqed

her specinen in cr6er to verify the system identific2ticn 'based 03 the

cod21 2nrlysis 5etiod ( 60) referred to Ir- section 1.4.2. The coordi-

Eates at which t5e aeasurexents  k-ere nede were exclmively trzzsl2tior;al.

They chose res-,onse  date with fcrcing  frey~emies tss tize as fer 2s

-,cssible fro:. tke r,2*.~~21 fre:L.;e-cies  2x5 of a ~_a~~~<tl;ce  si,T_cfic2xtly

different (Trefereblp in sig? 2s veil as zg~-Lt~de) frcz thet of the

rigid body code. The ultimate coqariscn of regener2ted  response  data

w i t h  t’hat uqed fo-c -i the crigiwl identificatio=  t;‘as very close but the*

-ode1 ~2s not tested in az~y predictive mzner, by coxpling  to mother

sxbstruct-me cr by icvestigetirc tkie effect 0~: frequency response of

2dded nass, for exe&e.

(751Goyder recent13 re?orteA at investigation involving 30221

7analysls.2Tx sIj2t1L.. -1 nodelling. Pie systez xas 2ssmed to have hystere-

tic da~31..-,.n- er,d the anelysis technia_ue depeke? 03 tke use of r?ear-

resozeme response data. Ee concluded thet zodellicg  could be used

successfully to regenerate neaswed data and ixcraorateC  a useful  sxosth-

ing ef fect . The regenerated data did te>d, however, to be inaccurate

in regions 05 ar,tiresox.axe. T h e  teck.ique  I-ezorted imolved the ider-

tificatio2  of tke -nass  zatris as a fSmctio2 o f the deiqi~g szrazeters.

X pzrtic-alar  exaqle of a bee- ~riti- nm-~miforr. krr+g led to 2 sp2tial

model ?iXc'_ ~2s inacc-;r2te, bec21;se  the z~t~he~~Lic21 model ~2s sensitive

to resoxazces outsiZe the range of rezsureze~t.

Tk.x it CEG be seer, that there ere 2 n-xber of investicatox :z:orl:-

ing 53 the fieid of systes identificatior: A0 2re develc-,ing techniques

2nd fCTXA2tFO~ i<?liCh auite cfter Overiaa axe at other tizes .are cos$.e-

renterjr.
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1.5 The ScoDe 22d Organis2tioL of this Thesis

In the course of this thesis it is intended to demonstrate the

feasibility and utility of spatial models with rotrticnal as well as

translational coordinates. hn underlying ?hiloso?hy is the desire to

achieve sirplicity. One Eay -visualise  the mdeliing Frocess as the

esta-clis>xent  by neas=u_e-,ent  of the response surface descrizticn of a

vibretinz structure and the5 tke azzlysis  of th2+ smface re=ote  from

resonances so that modal data are revealed -&.ich are not affected 3y

dacping.

Thus in ChaFter 2 t$e basic identification of one curve in the res-

ponse surface is done by the one-step soluticr of a netrix ea_uation. As

lioitations of frec_*2_er_cy range becole apparent ZOCiliC2tiOZlS  are ir-tro-

duced at 10% arid high frecuericies  tc titigate their effects. Correc-

tier-s f or the effects of daqing car, be nade after the mass and stiff-

2ess mz?erties  of tln,e systen  are est2biished. The enter-reletion of

curves iz t‘r,e res-,ome  sutiace  is then used i3 order ts estzbiish =ode

shapes which are expressed in tezf of rotational and translational

sgatiai coordinates which can be located at points of irterest. Sptial

nodellir,g is restricted to the case for wMch the nmber of coordinates

is the saze as the number of nodes nodelled. The _3rccesses  imolved

are desczstrated  in Cha?ter 7 for ideal lLX>ed-?a?aZeteF  z2sS-s>:riZg

systess for lil5Ch the prmertles Of iECO=:iete  models  2re kvestigeted.

Turther ev2lu:aticn  of the theoretical tools is carried out in Chapter 4

for iEea1 beans

cemed i7it;T.  t-e

-continuous systecs.32ese  are tested b:,- LheirSaccuracy

of su-bstr-;ctures.

32rt  of the Lhesis, cozz.e::cing  75th Cka$er 5,is con-

deveio33ect  ~ni a;slication of tke meeswezent tecS;n,ic_l;es,

.
agalr?  with 22 emphasis* or- rotz.tlor,c, by :~?Ach the nobility data of the
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properties could be accurately yedicted, d'erects the development of

exciting blocks for the input and measurement of forces, torques, trans-

lations and rotations. Finally, in Cha$er 7 the theoretical and yac-

tical techniques developed in earlier Chapters are applied to models

based on measured data.being used for predictive purposes.

Ehus tLhe organisation of this thesis nay be summarised:

Fart 1. 3evelo?ment of Theoretical Tools Ch.a$er 2

Tart 2. Evaluation 0f Theoretical ,Tools
h?&ied to Ideal Data Chapters 3, 4

Part 3. Development of Zzperimental Tools Chapter 5

Part 4. hp$ication of Theoretical end

The Figures

Experimental 'Tools to ;_easure-
ments of Vibration of Fhysical
Structures Cha-,ters 6, 7

used in illustration and the Tabies of data are in most

cases grouped at the ends of the appropriate Chapters.
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Figure 1.11 Construction of Nycuist Plots of Frequency Response
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2. ID~TIFICATION  OF MOi)JJ_,  DATA A&D CORSTRUCTIOK  OF TEE SPATIAL MODEL

The objective of the techniques developed in this Chapter is the

extraction of the modal model from a structure's frequency responses

and the subsequent construction of a spetial model of the strilcture.

Since consideration is restricted to lightly damped systems it is

easy to identify the natural frequencies ;_i;ich constitute the

eigenvalue matrix A;
iTJ

from any of the curves tnat make up the res-

ponse surface of section 1.2.2. The mode shape m2trix
[*I

is obtained

from the modal consknts which are formed by consideration of one curve

of the response surface at a time in section 2.1. The inter-relation-

ships of modal constants which enable a reduction in the amount of

measurement and anelysis ere treated in section 2.2 snd the final

2ssembly of the spetial model is the subject of section 2.3.

2.1 !Godel Analysis of One Frecuencv Resnonse Curve

The number of mod21 constEnts th2t can be ccmputed is finite,

although there are theoreticelly 2n infinite number of modes which con-

tribute to one frequency response curve of a continuous system which

has an infinite number of degrees of freedom. Thus in this general

caseYanalysis can provide only incomplete modal representhtion. Iiow-

ever, it is desirable to establish a method of identification of all

the nodal constants of 2 system vith 2 A__*inite number of degrees of

freedom as 2 preliminary.

2.1.1 Connlete IGod Reoresent2tion

Fund2mentals of identifiC2tiOn

This is the case where 2 frequency response curve contains contri-

butions from a finite number of modes, E, EXX?  is to be analysed into 1;

sets of modal constants. If damping is initielly ignored as 2 second-

ary effect,there is the edvantage of 2 very simple conpatstion yield-

ing reel modal constants.



The key relationships are developed from the ec_uation:

(2.1)

This my be recognised ~9 equation (1.20) with loss factor q set
r

tc zero.

Yle can select 1;

or

discrete vaiues of d., (W),
JX

sey zt frequencies

and mite:

l/W, *-11;:2)

1/w**-n,“, ..  . .; l/(q;*-R,*)

.* . . . . . . . . ‘lq;*-R,*)

An alternative fo=_, of this equation arises uhen the rieesured data

are expressed in inertance fozz, convenient because acceleration and

force are the usual rr.easurands when piezoelectric transducers are used.

rjsing the substitution:

xj*w =.
equation (2.2) car, be revzitter,:

(2.3)

L

l/(1-q/q;2

{Ijk(W)) =

Iixl
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The natur21 frequencies W,, W2 . . . . . . ..LJ1. are obtained from the1

resonances of the frequency response curve. It is prudent to check by

examining other curves belonging to the same response surface that no

natural frequency is missed bec2use the point of excitation or response

is a node.

The rel2ted natrices F-J and [R] contain terms which 2re

functions cnly of the neturel frequencies 2nd the selected response

frequencies. The terms are real and of either sign and either matrix

is eesy to invert. Their reletionship may be expressed:

[RI = -NW i2.5)

ljhere LJti2 is a diagonal matrix with elements n 2:{ based

on the selected response frequencies. The matrix I!Cl is slightly

more convenient to calculate since it involves frequency reties uld,

therefore, needs no terms in 2TT when data is obtained in Hertz.

The modal constents  ~2x1 be identified by using either of the equz-

tions:

or

jhjk} = [Inl-’ {4jkca))

(Ajk} = rR] -’ { Ij~(W))
(2.a

(2.7)

The selection of resnonse  data points is considered in some detail

in section 2.1.2 following but it may be said here tkt good results

ere usually obteined if 2s many 2s possible of those points ere anti-

resonances. Certzinly it is wise to zvoid data points near resonance

since they ere liable to error in the receptulce caiue beczuse of the

unaccounted effect of denping 2nd because there would be en exceptionally

lerge elecent in the r2tris fi
Cl

Vhi ch mould tend to m&e it +Jl_A&-

conditioned. Intuitively, also, one would seek to minimise the range

of the numerical value of the matrix elements by having the frequencies

interspersed . . . ..OR. -% 'R+, %=+I' etc*, ‘

As en exa.m?le, consider the identification of 2 point response of

an undamped 5- degree of freedom system (th2t of section 3.2). The

.;*.



data used in the identification of the modal constants by analytical,

digital means are indicated in Figure 2.1 as a clot of logarithmic

modulus of mobility against logarithmic frequency. The segments

between the discontinuities at reson---ce and antirescnance are labelled

+ or - according to the phase angle (+ or -90").

There is a strikin,- parallel i<ith the graphical, analogue method

of analysis developed by Salter in wizich a skeleton of zass-

and spring-lines of slopes + and - 20dB/decade respectively is sketched

onto a measured frequency response plot as shown in Figure 2.2.

Xhile the corresponding values of mass and stiffness are not directly

the modal mass and modal stiffness properties, they are related to them

and one set can be calcdated from the other.

The data used in identification of a transfer response are shown in

Figure 2..3 in which it may be seen that in the absence of antiresonances

betweer,  the resonances at

are set at local minima.

used. The Corresponding

W2 and U4,respome frequencies n3 and fl
4

Thus, in all, three non-zero responses are

Salter skeleton is seen in Figure 2.4 in

which a change of slope from: -20 to -40 dB/decade occurs at W
3

and a

further change to -60 a/decade is seen atu4. The slope relaxes by

t20 G/decade at the last antiresonacce, then $unges again to naxinuz

steepness above the final resonance. It is a satter of sone imor-

tance that the general level of the point skeleton in Figure 2.2 is

roughly constant but that of the transfer skeleton has a very clear and

rapid diminution at high frequencies.

The identified modal constants 1have signs which are the same as

those on the low frequency side of resonance in Figures 2.1 and i.3.

Thus the modal constants of the point resaonse are all positive and_

those of the transfer response are of both signs. Flakly, when all

nodal contributions are summed as in equation (2.1) the effect of nega-

tive terms is to reduce the level of response. Again, transfer res-

ponses are seen to have lower levels than point responses.



Damning

Although damping has been omitte:! from the identificetion process

so far it cannot be ignored altogether. Salter indicates that the

skeleton should have its vertical limbs edjusted  in length according to

the resonant amplitude of the response curve and then be clothed by a

cume whose sherpness  is inversely relEted tc the emo-unt cf damping

which Salter expresses in terms of Q, the inverse of the loss fector r\ .

This process is analogous to the techniques used by Geresimov (76 )

in the modelling of the complete human body starting from the skeleton.

Eis subjects ranged from unidentified murder victims to Ivan the

Terrible. The important advantzge of the identification Trocess of

equation (2.3) is that it est2blishes the oodel constants upon which

the structure'smass and stiffness parameters depend without 2ny error

due to the caprices of damping xhich is 2 limit2tion  of the paler res-

zonse circle fitting routines reviewed in Chapter 1.

It is convenient to include a loss factor as a secondary correction

if necessary. The simplest approach is found by considering equation

(1.18) for the condition & = 0,. In this case the series for qjk(LJr)

is dominated by the rth term and there is a resonance peek whose ampli-

tude has negligible contribution from the other modes. The equation is:

ajk(Ur) =
r A.ik

iYrUr2 (2.8)

from which the loss factor is obtained:

This formulation is given by Twins (77) who develops it further to

obtain the loss factor in terms of measured responses at tie near-

resonance frequencies. The iterative method used by Eemingway ( 06)

already referred to in section 1 is 21~0 relevant but is more complex

than that presented in equation (2.8) and seems to give no rdvrnt2ge

for loss factors less than 0.01.



The Accurecv of Modal Constants

(a> Srrors in Xatrix inversion

The central calculation of identification is the inversion of the

[IIR matrix, a process potenti2lly subject to error. The

of this matrix ma,y be summarised here under three headings.

inversion

(i> Rstimate of Lost Digits

This hzs received attention from several authors. Strang (78 >

defines the condition number, C, of a matrix [I
A which indicetes the

likelihood of error in the calculation of AL-1
-1

.

lor a symmetric positive definite matrix

C = X,/X, = X m2x/Xtir = ratio of eigenv2lues&

one may quote Strang:

"The usual rule of thumb, experimentally verified, is th2t the
computer cul lose log C decimal places to the roundoff errors in
Gaussian elimination."

Pl2nnelly (+B) obtains this result elthough his development

includes a ste? which is inadmissible according to ilbasiny+
( 80 )*

The matrix R
c3

is not symmetric and therefore not positive definite

either. It has complex eigenvalues. Strang deals with this general

case by defining the condition number as the product of the no.rm of the

metrix 2nd the norm of its inverse. Rowever, it uas the.ught to be

siml;ler (2nd equally valid) to calculate the coqlex eigenvalues of

IIIa 2nd then to ccm?are the moduli of the largest 2nd snellest.

!Z-mode identific2tion  cf sever21 sets of data were carried out with

1; = 2, 3, 4, 5. The eigenvalues when -,lotted on an Argznd diagram

were either on the real axis or sy-zzeL_-ical about it with relatively

small imaginary components. ?he retie cf roduli of largest eigenvalue

to smallest indiczted th2t the number of digits lost in the process of

* a2 e r ro r pointed out by I's E. Eillary.

.



inversion tight be 2s high 2s 2 or 3. Since the coaputers used hu?dled

more than 6 significant figures it was thought that at least 4 sicifi-

cant figures would be retained in the inversion and that this source of

error was not inportant.

(ii) The i)etemir,ant 2G 1;om of lktrix [rlL?

These properties of a matrix are defined in Appendix Asin sectior

e5.3 . They were calculated in the course of a lerge nmber of inver-

sions. The calcnleted deteminznts varied between 2 x 10-4 and 1~10~

zrd norms between 1 x 10- 5 2nd 0.95. Eo correlation was obsenred

between errors in inversion and the values of the corresponding deter-

ninant or nom.

(ii+) The Product of Matrix 3 ad its Inverse
[I

k direct check on the accuracy of inversion, of 2 oatrix c2n be

obtained by multiplying the original matrix by its calculeted  inverse

and conprring with the unit mtrix by exatining the off-diagonal term

which ideally should be zero.

This was done for three typical sets of data and gave results

which indicated thet there 172s little error in the inversion of this

type of natrix. The lergest off-diagonal terz in 2ny of the 5 node

czlculations was 1 x IO
-5

.

It should be noted that the metrix iuversior, routine used was

IGTIl11 adapted by Sains*mry (21) froz! the CZG Librery routine for

solving a system of equations by Jord2n's nethod with p2rtiel pivot&g.

Strang (7s ? points out that roundoff error corzes frorz two sources:

first the natural sensitivity of the problem, which is neasured by the

condition number; and then the actual errors comitted in solving it.

These errors ere tininised by

i+e z2y sey in conclusion

c2nt source of error in these

partial pivoting.

thet zitrix inversion is not 2 sigz&fi-_

idectificatioc calculations.



b > Errors in Input Data Levels

The rth modal constant is the product of the rth row of the matrix

-1 and the column of measured inertances I ,(1

'r
= R,,I, + Rr2 I*+ . . . . . . RrE 5

(2.10)

IThere 3 th element of the rthri is the i row of R
[I

-1 and the notation

for inertances and modai constant s issimplifiedby dron,ping  the jk suffix:

Ir E Ij,(nr) ) Ar f r*jk

Generally, the numerical values of the elements of the rows of

Kl
R -' become smeller as i increases. Thus the errors of I

1
are more

significant thm those of Il; in contributing to the error in the value

of A 1' Since it is usual for measured data to be more 2ccurete at

lower frequencies, this feature is likely to be of 2dvant2ge when identi-

"ication is based on such data.L The advantage of using antiresonance

frequencies giving zero values to 211 Ir except one is 21~0 apparent.

Eardenberg (65 > suggested thet the lees.2 squares estimate of
ij

A

vould be given by linear regression:

{A} = ([R]'p])-'~]'{I~ (2.11)

improving the accuracy of the modal constants  by increasing the number

of measured inertances included in the calculation. This pseudoinverse

approach is valid for the complete modal representation of this section

but is not valid for the more usual into--,,lete modal representation to

be discussed in section 2.1.2. Thus the situation remains that the

modal constants' accuracy depends on that of the selected innut data.

If 2 particular deta point selected for inclusion in the identificetion

calculations turns out to be significantly in error it may be detected

by graphical comparison of the original data with the smooth curve

regenerated from the mod21 constants by use of equation (1.20) for a

suitable range of specified values of ti. The regenerated smooth curve

must 32s~ through the selected oezsured data points and should fit to- -

211 the others 21~0. Gross errors can be avoided by making tlhis comparison.
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Comnarison of iiodelled Zesocnse with Original Data

Grachical Presentation

If the frequency response data to be presented cover e wide  reQF of

frequency,it is usual to have the abscissa, the frequency scale, logar-

ithmic. The only exceptions occur when the range is to be extended

d0k-n ts zero frequency or a very narro?:  range in the region of one

resonance, for example, is to be plotted. Cf logarithmic ranges one-,

two- and three-decade ranges are encountered with two decades being the

commonest.

';lnen consideration is given to the scale to be used for the ordi-

nate then more choice is apparent. The vertical scale may be

logarithmic or linear and any 0f the three response quantities, recep-

tance, mobility or inertance may be chosen. &i example of each type

is given,in Figure 2.5(a) to (f) in which a regenerated curve approxi-

mates to original data for the point response at the tip of a beam.

The linear plots (a), (b) and (c) all have most points close to the

freauency axis with only the resonance peaks clearly delineated. The

divergence between the regenerated and original data is most marked in

the case of the inertance curve at high frequency, being virtually

invisible on the high frequency end of the receptance curve. In con-

trast, the inertance values at 10% frequencies are very small and

uninformative. kntiresonances are not clearly indicated in any of

linear plots.

The plots (d), (e) and (f) -Ath logarit‘hmic ordinate expressed

decibels* all show resonances as do the linear plots, but they also

the

in

give

equally clear indication of antiresonances. The three presentations

differ in the general trend of the plot, that for receptance falling

t Decibels here are defined in control engineer's rather than acousti-
cian's terms:

Eumber of decibels (dl3) = 20 log,* (modulus of measured resconse)
( >reference.respons;CrJ8jh1

where the reference response is the appropriate SI unit e.g.
for mobility.
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with increase of frequency, the mobility plot being approximately con-

constant While the inertance plot rises. Thus the mobility plot fits

best inside a rectangular frame. It also has the advantage of symmetry

since the mass lines and stiffness lines have opposite slopes of equal

magnitude, 20dE/decade, as seen in Figure 2.3.

The discrepancy between regenerated and originai data is equally

apparent at the high frequency end of all the logarithmic ordinate plots

since the divergence expressed in dE is the same for receptance, mobility

or inertance. On balance, therefore, the most useful presentation of

frequency response data is of logarithmic mobility v. logarithmic fre-

quency.

Visual Comnarison of Plots

It is desirable to attempt to quantify the tolerance implicit in

the visual comparison of regenerated with original data. Let us assume

that the plot is on an A4 page and has horizcstally  2 decades of fre-

auencv inc ** 24Omn and vertically 100 cS in 150~. Let us also suppose

that a discrepancy of 0.5mm is noticeable but one smaller is not.

The minimum resolution horizontally is thus 2 x O.5/24O = 0.00417

decades, which can be interpreted by considering the following:

1 decade = frequency ratio 10 : 1

0.5 decade = II II d lO:l= 3.16 : 1

0.00417 decade = M I, 1Oo*00417  : 1 = 1 . 0096 : 1

1.0096 : 1 is very close to 1:;

The minimum vertical resolution is 100 x 0.5/150 = .333 dZ which

corresponds to 45.

In the regions of resonance or antiresonance the response curves are

very steep and it may be that amplitude errors much greater than 4;' will

not be noticeable. In such regions, however, the frequencies of
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rescnance or antiresonance are most clear. Thus if data for identifi-

cation were gathered directly from a plot such as r'i,lzre 2.1 it should

be expected that the frequencies would be accurate within 1% and the

measured level,auay from resonance, be accurate within 45. In most of

the work reported in this thesis,the  data selected for identification

verechosen from a digital printout with an accuracy in both frequency

and response of 4 significant figures and mobility graphs were used in

comparison to avoid gross errors of modelling and not as sources of data

in the first place. A final comment: if a pair of curves being com-

pared coincide at antiresonances as well as resonances the discrepancies

in between do not seem significant whereas a failure to match anti-

resonances is very noticeable even though the absoiute value of the

divergence might be very small.

Program IDZXT

This program was written by the authcr in the computer language

DYSWGIC FOCAL appropriate to the Solartron JX 3361 Program Controlled

Frequency Response Analyser incorporating a FDP8e minicomputer. ThiS

equipment is interfaced to peripheral devices, an XY graph plotter, a

highspeed tape punch (HSP) and a highspeed tape reader (BP.).

The flov chart of the main segment of the program is shown as

AppendixA2. 3etails of minor segments are omitted since they are conven-

tional. The central calculation is that of equation (2.7) involving the

inversion of the 3
I:1

matrix and the establ ishment of modal constants

in terms of measured inertances. If desired, the loss factor of a

lightlv damped system may be estimated by usingc ecuation (2.9’).

The program incorporates sections for printout (listing), punching

of tape or plotting of frequency response data obtained either as a

result of identification cr from an external source tape, Such taped

data may be input and output in a variety of formats. The data can be

coded in terms of receptance, mobility or inertance v. frequency for



input or output. The inertance data output in a special

Solartron 1172 Transfer Z'unction Analyser can be directly

IDZXT. Identified modal constants can be stored on tape

can be plotted in any of the forms of r'igure

c_uency axis.

The 'standard' way of using the program

2.5 and with

code by the

input to

also. Graphs

a iinear fre-

iS:fkSt,tC  >iOt the fre-

quency response corresponding to a set of measured data read from paoer

tape; second, to carry out the identificaticn calculation and third,

to regenerate the response and compare it with the original by plotting

it on the same graph - using ink of a different colour. If the com;lari-

son is not sufficiently close another selection of resnonse data may be

made and the second two steps repeated.

This version of iD3ZT has been used 'by members of the Dynamics

Grout in the !,:echanical Engineering jepartrent of Imperial College since

1976 and has proved useful, not least for the graph plotting facilities

incorporated. k similar program with the same name has recently been

develolsed  by FI. Etorides for use with the main-franc  CDC computer and

its associated graphics facility. Once dataharebeen  entered the new

program is much faster in calcul-+aLion and plotting than the laboratory-

based minicomputer version.

2.1.2 Incomnlete I<odal Zenresentation

In the majority of practical cases vibration data are aco_uired by

measurement over limited frequency ranges on structures which, being

continuous, have an infinite number of degrees of freedom and a corres-

pondingly infinite number of resonance modes. Thus it is impossible to

carry out complete modal analysis with contributions from all modes. In

the general case,an N-node representation can be used to approximate to

a greater-than-Z-mode set of data. In this section some consideration

is given to the quite large errors involved in the approxiration. X

graphical approach is used initially in which L-mode regenerated responses

.z._



are compared with the original complete response data. If a discre-

pancy is visible on a mobility plot,it is quite large, as was discussed

in the previous section.

It is imnortant to note that with incornlete modal renresentation

there can be no uniaue solutions for eauations (2.6) or (2.7). Even

-riit*_'n error-free inversion and error-free recentance  or inertance data,

the values of the modal constants depend on the selection of response

data. For this reason a least sc_uares  or pseudo-inverse approach,

using many sets of response data instead of only E will not converge to

give an ideal set of modal constants. Eevertheless, such modal data

as may be obtained can be evaluated and put to good use as will be shown

in the fcllok-ing sections.

i-;uch of the following discussion is based UT)OC graphs of the fre-

quency responses from the matrix of mobilities of the tip of a simple freely-

supported beam - the Long Beam specified in Chapter 4 and expertientally

investigated in CharJters 6 and 7. The matrix involves two coordinates

X and 6 and corresponding stimuli, force F and moment M .

The

obtained

Tables (

response data of this matrix to be treated as 'measured' were

from closed form calculations based on the Bishop and Johnson

5 ). Such error-free data incorporating 211 the modes were

then identified and an E-mode approximate response calculated using

The Zffect of the Kumber of Ilodes i?enresented

This effect is illustrated in Figure 2.6 in which the continuous

system is represented by 2-,3-,4-and F-mode approximations successively.

Since the first mode of the freely supported body is at zero frequency,

it is not $otted. The arrows on the ?'i,gze indicate the response

data used in identifications - not antiresonances but corresponding to



mid-amplitude responses just belob; resonance. The txo sets of curves

coincide at these Points, of course. Consequently, the antiresonances

do not coincide, although the error decreases as the number of modes

increases. Above the last mode represented the regenerated curve

is always asymptotic to a mass line at -20 a/decade. The fit of the

two curves is quite good uz to the last resonance included, but not

beyond.

The P.ccur2c.y  of Kodal Constants

if all the modes could be represented,  then, given an error-free

matrix inversion and error-free inertance data, an accurate set of

modal constants could be obtained by using equation (2.7). This is

impracticable ,for continuous structures in general but in the special

(5)case of .the ideal beam,Bisho-,&Johnson provide tabuiated data from

which the infinite-series modal constants may be calculated. These

data are mode-shapes typified by the vector
01 r'

Modal constants

are obtained by appropriate  use of equaticn (1.19) or, for the modes at

sero frequency, from rigid-body inertia terms. Figure 2.7

shows a comparison between the summation of the first five of these

'infinite-series' modes and the closed form responses which are equiva-

lent to the complete summation. T'ne mismatch of antiresonances

becomes greater as frequency increases. In contrast, the comparison

of the five mode identification based on antiresonances with closed-

form data is shoxn as Figure 2.6. The curve fit here is of better

appearance because the antiresonances, being selected data, catch

accurately. Thus the better curve fit is given by less accurate data.

It is appropriate  here to recall the ultimate objective of this Chapter -

the spatial model. This is to be found using equation (1.12) from

mode shape data kich ere releteci  to the infiz.ite-series  nodal constents.
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We should direct our investigations of curve-fitting with the funda-

mental criterion that the infinite-series constants are correct and we

should adoTt a strategy which allows as close an approach to them as

possible.

m o s t

with

each

It is observed from Figures 2.7 and 2.8 that discrepancies are

marked for the rotationai response (6/j:). These can be explained

reference to ?igure 2.9 which shows the mobility contributions for

rode separately, each one having a characteristic response as

specified in Figure 2.10 xith the curve fitted to.three asym$otes.

In the case of the translatiosel point response (i/F), successive mode3

have nobilities which decline with increasing frequency, following the

-20 B/decade mass line. The intermediate cross responses (i/X) and

(k/F) share the same values since the mobility matrix is symmetrical

and they decline at the lesser slope of -10 B/decade. Finally, the

point rotational response (&/!'I) has mobility contributions which are

constant with frequency, thus maximising the low-frequency effect of

high-frequency modes. Since (6/X)

it is the focus of attention in the

represents the most difficult case,

following sections.

The Contributions of Lox- and Zigh-Frecuencg Kodes

Let us designate the modes that have natural frequencies within the

measured range as 'low' and those of higher freq..ency outside the range

as 'high'. Accordingly, designate the inertance contribution from lou

modes as I L
and that Ircc kigh modes as I,_. Thu3 the 'measured' insr-

3

tance selected for identification calculaticn is given by:

(2.12)



Accordingly, the modal constants have two components; given

by:

where suffix C = Correct and E = Erroneous

and

i:‘e wish to select

minimise , which

(2.13)

p-J -’ {Ii} (2.14)

[z] -' {IS> (2.15)

response frequencies so as to maximise
0%

and

is seen from equations (2.14) and (2.15) to be

equivalent to maximising I,
0lJ with respect

of the r31 -' matrix also has a significant

tion

The Shape of the
Ll
a -1 Xatrix

It is instructive to look at results in

of ideal, error-free  i?eS~OnSe  kt.3 Ii?OE

investigated. The regenerated and original

cases are shown here in Figure 2.11.

The response data of set 31 were chosen

modulus and +90° phase. The identification

is seen to be reasonable, showing divergence

at Lhigher frequencies.

t0

effect.

The 'shape'

which the effect of selec-

identification accuracy is

curves for (k/i.:)  for two

to *have mid-range mobility

curve-fit in ?igure 2.11(a)

from the true curve only

The response  data of set 32 are substantially the same as those

for 31 with the difference that the response at 5C.l 3 is emitted and

that at 1030 Ez added. The regenerated curve based on identified modal

constants does indeed match t'_e selected date zoints in a@itude and

phase but is other-cise  catastrophically wrong. X11 the identified modal

constants have the wrong sign es indicated by the signs in ?ig-ze 2.11(b).



The reason for this dram-tic failure can be found by studying

{IL} , {Lo-) and [R] -‘, which are presented for each set in Table

2.1 . The data for set 31 shows in the +
c 5

column an error which

increases greatly with node nmber. This indicates the ger?eral trend

for the nodal constauts  of higher nodes to be exaggerated because they

are increasicgly  influemed by the high frequency oat-of-rage nodes.

hother ccxparison  o f Figures 2.7 and 2.8 at this juncture cor;fims  the

trend. The response regenerated from some of the izfinite-series  con-

stants is laxer than the true curve at kiigher frequencies.

The reasonably good results for the 31 set were obtained despite

the very large errors in the last tic rows of {3I  ,  a s  seeri  explicitly

in I, .
{ 3

This hapTens  because the right hand columns of C3
3.

-1

h a v e  elerezts which are s-,211  COC~L--ed with those i-2 the left hand colums,

azd this results ir? the -9
.A _v27ues beir;g substantially dependent

03 the more ecc;;rate  lOi< frequer,cg data of i’)I . The  ele-,ents of tte

first row of 3
r1

-1 have a range about lo4 : 1 an6 those of  t h e  l a s t

row about 50 : 1 .

Vhen the 32 data of Table 2.1(b) are ccnsidered,it is seen that

the {A} constants are all of the wrong sign and magnitude. The {I}

&eta on which these constants are based are ve_ry  sitilar  to those of

set 31 but feature a very large error in the last row. The i?Cl -1

matrix, however, is ren2rkaSly  different froa i‘ts 31 ecuivalent in  that

the range of values in any row is reduced and the largest values are

not always in the le ft  har,d calms. The f irst  TOV;  has rauge 1.20 : 1

and the last 1 : 10. Thus A0 has a greater dependence on the lower

elesents  of  I0
corresponding  to the erroneous high frec_uer,cy  data.

The diff erence in ‘shape’ of the D2 matrix  arises prizci;ally because

the frequencies a, . . . . . . WLT + . . . . . . fi 1< are not unifomly

alternated.

_.-
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Set Dl

ri2 -’ =

(8)
I

1.49 -0.48 -.oog -. 0004 - .00004

2.06 -2.18 .123 . ooga .00035

4.91 -4.09 -.97& .I49 .0385

7.63 -6.36 -1.09 -.$6E .125

24.8 -20.1 -3.26 -.899 -.490

x
hC IiI

-.882

-3.92

-11.5

-40.2

-71 l l

-0319

-.801

-6.71

-35.9

-115

,690

5.13

16.3

40.5

165

-.OlO

009

1.9

12.2

119

.7cQ

5.04

14.4

28.3

46.4

-.564

-3.11

-4.82

-4.32

44.1

(b) Set 32
m

.897 .068 .019 .008 ,008

-.635 ,472 ,093 .035 .034

-.131 -.324 .317 .074 .064

-.044 -.076 -.207 .227 .099

-.026 -.043 -.076 -.169 .314
.

=

-i

%

.7oc:

5.04

14.4

28.3

46.4

I I-
L

6.25 -.882 -.564

28.4 -11.5 -4.82

51.4 -40.2 -4.32

70.6 -71.1 L4.1

143 -357 170

-.319

-6.71

-35.9

-715

-526

-5.58

-23.3

-37.0

-42.5

-96.E

Ecuation:* +-) = PC) + {A_) = [RI-' {I) = [ s-j-’ ((IL) + {$))



The most  significant differecce betieec the ‘good’ set 31 and the

‘bad’ set 32 therefore lies in the different ‘sha?es’ of the Clii -1

Eatrices . Thjs i s an extreme exasple  of erroneous identification. The

gross error would be detected in the norm.1 use of the IXZT program at

the stage when regenerated data are compared with origizal  data. The

remedy is to rake another selection of respome Sata ard repeat  the

calculation. Since the process is fas t , such a trial  azd error nethod

is not onerous, especially if a minfrao?e ccquter  and cathode ray tube

graphics  are available. Soae  guidance in the selection of data is

developed in the next section.

Eeducinz the Influence of High Freouencv  Modes

T h e  ‘high’ ET;~ ’ loo’ response contri*outions  are plotted separately

in ?igure 2.12 for the rotaticnal  mobility (g/E). These  can be regar-

ded as suitable suzzations  of the individual aodal  contributions of

Figure 2.9(c). The f igures for  nobi l i t ies  (6/F) sac (5;/?‘)  correspond-

ir?g to ?igure 2.12 are not shok’n. They are sitilar,  but as the Figure

2.5 curves indicate, have a mch smaller contribution  from the high

frequency nodes. In Figure 2.12 t’ne equation

IL
= -I__L! (2.11)

is solved at the zarked points of intersection to the left of the ir,di-

cated  antiresonar,ces o f  I , .ti These points  are the true antiresoEances

of  the coqlete response. ThuS tzt frequencies E little higher than

these true astiresonances the noduli of I-. are zuch greater than thosei;

O f i,L a n d  t h e  error colum k is potectially  l a r g e .  Sowever, if R
I I

-’ i s
5 Cl

‘uell- shaped’ in having its  left  co1um-m such larger  thaz i ts  r ight ,

aud t h e  f i r s t row o f 0
I corresDonds to aT- accurate 1Oti fre-

ouency data point,  such as I,, then the resultant calculation of I)d

reed not be too inaccurate. The experienced vibration engineer whez

coqaring  neasured ar,d zredicted levels of viby-A< nm is disturbed by-CL-v-

discrepancies  of otiers of cagnitude  but often accepts  d ivergences  o f

c



tens of percent or a few d3 as reasonable. Ze re‘quires much closer

agreement between resonance frezuencies, though.

Zetuming to Zigare 2.12, one sees that errors would be reduced by

choosing response frequencies a little lower than the true antiresonances.

ilhen experimental data areused,and I_; andT I- are not se;:erahle,it  isL

choose one non-zero response at 10~ frequency well a>;ay from resonance

and then select (B-l) antiresonances to complete I .
C?

kt anti-

resonances,both IL and is u-e quite small and the error is not greater

than the true velue. This calculation is least subject to rounding or

experimental errors of the selected response data. The effect of

variations of one response deta point in the region of antiresonance

u-,02  the csiculated  _-ode1 constrr,ts is tlie subject o< the next secticr,.

Sensitivitv of Model Constants to Vzriztions of One Besnonse
Antiresonance

Calculations were made using error-free response data consisting

of one low frequency non-zero response, (L-2) antiresonances and one

response  varied around the remaining antiresonance. Graphs of error

in modal constant expressed in decibels plotted egainst lineer frequency

are sh0k-n in r'igure 2.13. The effect of changes cf the response data

point near the third entiresonance of (6/Z) is shokz in Figure 2.13(a).

The trend is for the errors in the fourth and fifth modal constants

hA22 2nd $22

frequency and

increase.

to decrease slightly with the increese in this res?orse

for h3 22' 2h22' ant- ,Az2 (tuck less in error anyway) to

Greater sensitivity is shok,n in _"I,-are 2.13(b) t:here the fourth

response point is perturbed. In this case only sk22 increases with

decrease in this response frequency. X similar pattern is observed
.

for (X/Z) cozstezts ic Figure 2.13(c), 2lthough 211 the errors

are relatively small ;<hen compared with those of the rotational



lilOdd constants. Graphs of this type are given further consideration

in section 2.1.3 in connection with the effect of residuals.

The Identification of an Isolated Xode

The tendency of the modal constants nearest the end of the frequency

range included in identificaticc to have enhamed velues hzs been noted

above . If three zodes are isolated a 3-node identification calculation

based on oae non-zero response and two antiresonances can be carried out.

The rziddle modal constaut will have a value reasonably close to its

infinite-series value while the outside tu;o will have enhanced values.

This situation is sketched in Figure 2.14. it is possible to identify

an IF-rode response by a series of overi&;ping J-Eode 'windoWs',  retaic-

ing all the 'tiddle' constacts and the lowest and highest. The result-

ing er-sezble  of cor?star;ts poduces an acce$ably good regenerated curve-

fit. The ’ wing OY ’ method is incorporated in prograo 13ZT. The author

has n,ot ex>eriecceC a situation,  where the 'window' method had advantages

over the direct method but, since it involves ocly 3 x 3 m-atrices, a

hand-calculator could be used. Interestingly, TiaUlelly (81) has

developed a r;ethcd of checking measured data using resonances, ar.ti-

resozarces and a har?d-calculator. This method is USefUi for on-site

evaluatior?  of results obtained with comlex test ecuipaent, but does

lYO_lLiTP 211 the resclsazces and actiresonances rather than the feii in a

limited range of frequemy.

Identificaticn of Szall Ilodal Constants

SO far, the exax$es discussed have bees tip responses of 2 beaIl: in

VhiOB 2il Eoties are represented. The resonance frequencies are well

spece? and the zodal cocstants a:e sirrilar in magnitude. In a more general

case it is likely that the point of kesponse will be quite close to a node

of or?e of the modes and consequently s;ill have a size11 resDonse at that

4.: 1-wp-r c_C;irr;_ xf32zxe. Ir? such 2 exe, tL2.t ~0521 ccx~srt Ml1 be

szall En:! b2ve 2 reletively  ihrge error. %is error is urilikely to



cause a tismatch of regenerated curve tc original data but say well be

very significant if it is used in the detemining  of a node shape vector.

This relationship of rodal parameters is discussed ir, section 2.2.

Ir, the case of a mall isolated aode,the nodal constant is related

to the ratio of the cod21 rescaame frequency UR to the adjacent anti-

reso=asce frecuezcy 1J,. .A.x To express this in siz$e rathelatics,corsider

that the local response is dosinated  by mo5es of ioi;er frec_uency which

h2ve an effectively const2r.t izertance, AL’ in the range of interest.

Thus the inertaxe is given by:

I = AL +
BR

(l- w,2/w2)

The local resonance occurs when:

G,= cd,

and antiresormke when:

which leads to:

(2.12)

(2.13)

(2.14)

(2.15)

The relationship between nodal constant and R/AR ratio is tabulated

in Table 2.2.

Table 2.2 S-,211 Modal Constant v. R/AR Ratio

1 g:, j 0.95 / 0.98 1 0.99 1 1.01 / 1.02 / 1.05 1

Kodal
ConstaEt -. 1 -.04 -.02 +.02 +.04 + .l
Ratio

It foiiort-s that 2 ~211 aode ~511 ham-e a.n a.utiresonaxe  very close

to its resonance so that its effect will si&y put a ~~11 local kink

in the response cuxxe agd kve nc long range effects.
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2.1.3 Sesiduals

The idea of an isolated zode can usefully be extended to the con-

sideration of an isolated grout of modes. Suppose that the N nodes

represented in equation (1 .20) were such a grcu?, filling the frequency

range of interest but there were also other nodes out of this range at

lower frequencies ens c- - t higher frey;er,cies. At the loiier frequencies

the inequality

wr<< ct, (2.16)

would hold and in the range of interest the L lower nodes would be

approximated by:

L

>
rk;jlr=k

I=1 -02 -W2

Conversely at higher frequencies we have:

or>> w
and the E higher nodes are apvoxizated  by:

H

Ix Pik = iljk

r=E+L o2
r

(2.17)

(233)

(2.19)

The tern S jk /-w2 corresponds to a residual nass which accounts

for out-of-range low frequency terns. S
jk

has dinension l/nass and

unit  l /kg. , This unit tight in future be ‘mom as ’ sam’  .

T’ne tern iij k corresponds to a residual co_,,,alliance  accounting for

the out of range high frequency tezm. iijk has dic;ensicns  l / s t i f fness

and units z&i.

liow equation (1.20) can be rewritten:*
A-. .

\I
r 34 jk (2.20)

Wr2(1 - &12/W 2 +  i
r
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Low Preouencv Residuels

It is possible to teke account of low frequency residuels by

including en arbitrary rescnance  fre=_uency, lower t&n the range of

interest, in identification cslcul2tions. In very many cases,the iightly

damped structures which we are specificslly considering zre co=?orents

rether th2.C assedlies 2nd they 2re small enough to be freely supsorted.

In these cases,thalow  frec_uency response is dominated by the rigid body

mode which resonates at zero frequency and the identificetion calcale-

tions in Trogrzm IXET work without modification wit? LLI
1
= 0. 'n'hen

consideration is given later (in section 2.2) to mode sh27es involving

related points on the response surface the rigid body modes are 2

source of difficulty which ten usually be resolved with seIj2rete  isalysis.

Ei+ Treouencv Residuals*I __

Though in many practical c2ses only one low fres_uency  reson2nce

frequency (zero) need be considered, there is no such sirplific2ticn in

the case of high freo_uency residuals since for a >racticel  continuous

structure there is no bound to the number of modes. Bezresert2tion

of such modes is necesserily  aTproximate. Quation (2.19) Drovides

the key. To identify a high frequency residuzl siqly declare a

extrz mode at en arbitrery high frequency out of the rznge of interest

2nd terry out the celcul2ticn  using i3S:T in the norzel key. The

residual stiffness, for exemple, irould be given by:

x
res = lhjk = wii2/;p jk (i.21)

The choice of w,, the residual 'reson2nce' frequency has some

influence on the accurecy of the mod21 constants iifthin rt',e p-r-&cdge of

interest, as we shell now see.



Sensitivitv of Modal Constants to Residual '?!esonance'
Precuencv

Furt'ner calculations were done for elements of the mobility matrix of

thetip oftheLo,ngBe.am.~OCal constar'.A~S xere calculated in several 6-node

identifications with the same selected respcnse data based on anti-

resonances but with variation in the nominal 6 th resonance frequency.

The correct and target values for the modal constants were taken,as before,

to be the 'infinite-series' values. The deviation from these values

expressed in d3 is plotted against log 06 in Figure 2.15. comparison

with Figure 2.13 shows immediately that the addition of the high fre-

quency residual term has the effect of greatly reducing the error in

the (E/Z) rotational nodal constants
I'>822 l

The graphs in r thFigure 2.15 start at 1146 Ez,the true b natural

freauencv  of the Long &am.L Av It is interesting tc see that there is an

optimum value of #6 i&ich gives least error for each modal constant.

SCh__ respcnse has a limited range of frequencv in which the errorsc are

all small,although no twoerror lines pass through zero at the saze fre-

quency. In practice it would be possible to gauge the best choice of

Ic), by the best curve fit - a trial and error process which zight be

difficult because s-cl1 errors would not be easy to discritinate.

iinother feature of the curves of 3igure 2.15 is iqortant: they al l

become asyngtctic to horizontal lines at the higher frequencies at

velues which, in the case of (f/X), have less error than the true reso-

nance at 1146 Ez. Thus if a high enough value of

definite set of modal constants kc11 be established.

tie is chosen a
0

csing equation

(2.21 ) the high f requency residual can be consistently expressed as a

residual stiffness.

Yet another feeture of the curves of Figure 2.15 is cf interest.

Zc_uivalent curves in (a), (b) and (c) share t3e saze c,rvat.ure (witSin

the iirits of graphical tolerances) although they cross zero at different

points. For example, the L,5_ ,2 cuxe car 55 I22 htc a c e - t o - o r e
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. Tm-once 2n amigtic2l ersres.sion 05 t h i s  slzilerity  h2ve revez.l& t>__et

the reletionshls  is riot excct but 2 good 2>>rcxin2tlon, which does not

seea to have imediate  epnlication.

Other calculations have shown that if the selected response deta

were not based 03 zntiresonazices then there ‘k’2s 30 iz?roveaent  in the

accuracy of nodal constants resultirg fron the inclusion of a high-

frequency residual tern.

liesiduals  of Transfer Responses

Low freauency residuels,  in srticuler rigid body nodes, exist 2nd_

are iiz?ortant. ;i’hen  Figures 2.3 and 2 .4  a-e revie-v;ed  the  f e l l - o f f

of the resp0ns.e  at high frequencies, usz.dly  steeper  than -20 dE?/decade,

icdicate.s thet hi& frec.Jezcv resid-221s are s_eil encu& to be r?e;lected.

-ih sicilar conc lus ion  i s  reached  ::hen it is rezezjered the+ transfer

-_odal  const2nts tezd to alternate in sign 2nd therefore tend to sm to

zero. This is also indiceted in the bird’s_eye view of the res?cnse

surface shown 2s Xgdre 1 .5.

Visuelisation, of EiEh Frequency Residual

Assuning thet the low-frequency residual S
jk

/a can be represented

by a zero-frequency node we ~aay ITrite for the point res?ozse  rece?tance:

x I

L= djj(w) =
>

“j . + APL
jj7 (2.22)- . r=l

J
br’(r- J:Wj2 + ilJ J :j

Eenembericg  equ2tiou (2 .21 ) we ten visuelise  the high frequency

residue1 2s a spriztg:

7
J

K-code systec
X -T

j
h

res 4

r’igure 2.16 Visualis2tion of Ei~h ?recuencv Zesidual
I
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2.2 Wodal .knalysis  of Related ?reauencv  ?.esnonse Curves

The response surface of Figure 1.2 shows a group of related fre-

quency response curves whicih share resonances and are related spatially

( i . e . along the Z axis)

shayes at resonances.

folio~5_ng sections.

by smooth curves w‘hich are recognised as mode

These relationships are further explored in the

2.2.1 Graohical  Representation o f  I<ode S_h.anes

The rth mode is characterised by a mode shape vector which
r

exnresses the mode sha?e in terms of the generalised coordinates. .The

first three bending modes of a siqle beam are sho~,n in Figure 2.17 as

smooth curves, a>;ropriate  to a continuous sys ten. In a practical case

such shapes have to be indicated by a discrete number of coordinates.

In r’iE-ure  1.2 , for example, Wenty-one  disglacement  coordinates define

the mode shape curves. The second bendins_ mode, defined in terms of

ten dis?lacenent  coordinates is shobm as Figure 2.18(d). Part  (5) of

that Xgure  shows the same sha>e  in terms of five displacement and five

rotational coordinates. It rcill be remembered that the coupling of two

beams, et its simplest, requires one coordinate of displacement and one

of rotation at the mating beam tips: the butt connection of two beams

cannot be satisf ac tori1y described in dis$acement  terms alone. 3ach

of the parts of ?igure 2.18 contains ten items of moCe sha?e data -

each could serve as the basis of an interpolated smooth curve which

XOUl? mike E go02 Zpp3?OXiZl&tiOE  to the second curve in Figire 2.17.

The scaling of these grG+--hs deserves a little consideration. Let

us assume a horizontal scale factor along the length of the beam in Z

direction of 1 mmJm* The vertical dis >lacerents  may be scaled as

d mm/unit. Thus when the elements $i of the mode shape vector
( 1’ r

correspond to displacements  we +rite:

ryi = $i d (2.22)
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Eowever,  when It‘i correspond to rotztiors the axles e.ze given by:

rei = UC tan (gi d/l) (2.23)

usually evzl=ted in degrees for $ottiq with edjustable  set scu2re  or

drzxing head.

12 the cese ol Figure Z.lE(S)  arid the rake stie?e ?igLres 05 Chep

2.2.2 3erlvzticn of Node1 Ccmtents

Etch of the coordixtes of an X degree-of-freed03 syster: nay heve

(ir,  k-_-s--rinciple)  251 i.nTc;t  force 252 eech  :iili  hare 2 dls@ecezent  resDonse.

Suc'h 2 sgster?.  vi?_? he-ire  2 coa-,letexeceptznce=zt~Lx Clo( ,_J,,s,i Of iTECh
dj,(W)  es defined i:: equetlor.  (l.lE!> is 2 tpic2.l  elerent. ?or ezch

resczar-ce -,oCe there is 2 ratriz ClL4 conteinir,,- Eli t:3C _,o?al  cor_st2-_ts
of that  -,oCe. Their inter-r6lztiozsk.i~  c2n be Ze7e?_o>eS by exter:din,-

0 cu2 h,-_ *ion (1.17) to include Eli j 2nd k:

-plr@E =
4 1

42

.

4Ii

=

-
r$,s--rt’,2  - - - --rk’iM I

1 .
( 2 . 2 4 )

?hls epztion cm Se used 52 the calcakticc  of no<e skpe &et2

{>6
fro3 the i.deqt;fied  II_ _ rode1 ccnstects  k_ .

r L-J r
It is cot necessezy

to LZ-LOVJ all the elenents of
CJ
A r in order to fired Eli the elements of

{)6 y; one row or column 11511 suffice.



Tar exaz$e, if the j th coluzn of A
[I

r has bee3 established by

identifying the frequency respocse curves obtained at all K coordinates

when force was in@ at coordinate j we can write:

,Xjj = ($j)2 , h e n c e  Tpj = +CrAjj)+
rAjk = gj rPjk , hence $k = rAj,/#j

(2.25)

= /Ljk/ Crhi < ?T (2.25)
a c'

";cuatior,  (2.26) car? be applied for k = 1, (j-l) axi k = (j+l) , li

giving eventually all the data for 6 r.
0

%bsequently, the coIcplete

natrix of nodal constants k
t-l r can be calculated from

r using

equation (2.24).

To  cosider one specific zodal constant:

-4 . =
r 2~ pj +pk = ~~,ii , ~ = ."' 4c'

31 r _,i

(rAii)r (&jr rAii (2.27)

Thus, the -ode1 cmstazlts of the res~or,se at coordinate j arising

fro3 fob e at coordinate k cari be derived fror5 the nodal constants of

responses at i, j and k arising fro-, force inmt at a different coordi-

nate, i.

Amlications of derivation Zelationships

(i) Sir;Fle Point Zxcitation

"he possibility of detemining a complete zode shape vector $
{? r

from neasurenents  of response o‘ctained sith a single coordinate of excita-

tion has been exploited by several Investigators, including Tlm_eQr

et al. ( ?l  9 75 ) , Govder ( ’ 2, and ?otter & ( aa
” 2ichzrdson and nay now be

regarced as a standard techique. The derivation of one ~0%' or colum of

c1A r involves identification of one point response a.~d (5-l) trzsfer

responses. It is to be expected in practice that sone transfer measure-

ments relating to points on a structure  rerote fron each other or cther-

wise poorly coupled (by?roxitityto a node, for example) will give nodal

constants of s-all value vhich have Froportionately large errors.
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Xich2rdson  2nd Zniskern (63) have responded to these difficulties by

>ro?osing a method which allows the inclusion of data fro=: sever21

colums or rows of the code1 constent z2trix, in othe: words by using

more thzn one excitetion point.

1. .\ . .
\ ii, :,:‘,Jltl>o>r_t Lxcitatior_

h n-ethod of ecquiring relieble dete is to cbtek the ooint nodalA

constants corresponding to the nein diagonel of
C l
L

r
Sy identifying

the Taint respomes obteined at eech coordinate is turn. It will be

renexbered  thet point responses always fehture zntiresonaxes 2nd h2ve

levels of res?oose which tend tc be zaint2ined, rether th2n fell off, 2t

higher frequencies. These features ezhsnce the llkelihocd of cbtainir,-

eccurete nodal.coristants. The numerical value of the elenents of the

rcode sh22e Etrix
El

are si3Iiply obkined fro5 the square roots of the

corresponding pod21 constar,ts 2s ir. equeticn (2.25). These square

roots ape indeterminate  in sign and thus it is necesszry to obtein

the signs by other zeem. This is done most reedily by neasuring the

trensfer responses essocieted with force in?dt at one coordinate which

is not a node of any rzode and finding the sizns of the nod21 constants

from the &ase infomation, 2s sham earlier io ?igtxe 2.3.

(iii) Faint ?esr;onse rt Inaccessible Ilocations

Sone points on str;;ct.;_-es  2:e accessible for 2tt2c1ment of eccelero-

meters but not 2ccessible  for force ic~ut which recuires Lot only the_

force trmsducer but ~1s~ elig-uzent of the sh&e: a.&. ?ush rod. The

inside of a ~~211 dianeter beering housing i<ould typify such m inacces-

sible location. The point zobility is required, perheps, 1~ order to

. +prebc * the effect of the su??ort upon the dja2tics of 2 rotatir,,- shaft.



ijesignete the inaccessible location 2s coordinate A and 2 nearby

sible location 2s coordinate 3. The mobility matrix rel2ting h

is:

Tu vl

acces-

and B

The elements of the seconc column,Yk3 ant Yzs, with force inTut 2t

l3 can be measured. The nodal constents, .A,= and rLzB, can be identi-

fied and then rAti found using equation:

r%dG
The response Y

ti can

butions using an equation

= A3 2 PI r-B3 (2.29)

then be reconstituted by summing modal contri-

similer to (1.16).

(iv) Imnrovezent of 3otetion21 ?;ezsured 32t2

in Chapter 5 some Trectical difficulties 2ssociated vith the

me2screnent

for the tir,

of rotation21

of 2 beam ten

FT

11Y

mobilities ere recorded. The mobility netrix

be written:

= (2.30)

The ?2rameter (i/i;;) is difficult to measure accuretely,  not least

because of the difficulty of producing 2.n inT)ut moment, 1,:. As is repor-

ted in 2 published ?a?er (84) ,which is included 2s A>?endix ~6,
.

inaccurzcies of (6/X) were com?ersated for by deriving the modal con-

stants of that par2meter from those of (&') 2nd (k/P) which ere amenable

to reasonebly accurete me2surement. An extension of this -use of modal

modelling to simplify roteticnal  mezsurements is included 2s section

5 .L.c 2.

3esiduals 2nd Derivation

It must now be pointed out that high frequency residuals

do not derive. Zkrivetion is possible beceuse it is an

expression of the srooerties of a mode shape. If 2 mode sh2pe is
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known and a particular amplitude of elerent of that sha?e is k~owh

then the aqlitudes of all elements are deterzired. The high frequency

residual is an approxioation to the combined effects of a number of

nodes which cam be expressed in term of 2 model coost2nt of a fictitious

node at 2x1 2ssmed 'resonmce' frequency. There is no residual rode

sha?E . Consec;ieT-- ^ __tljT, resid;;& terzs for v c2~qot je
-AL --

deril:ed  fro,

YpJ, y33
riezsure3eats. At this juncture it seezs 2s if the use of 2

high frequency residual and derivation, two rost useful devices ic nod21

identification, nullify each other. Fortunately; there is 2 workable

solution to the problen. The representation of a f-'-h frequency resi-116

dual 2s a spring introduced in section 2.1.3 Troves to be 2 reiueble

ccntrivence. It vi11 be discussed ir? sectioc 2.3.

S-jyjl2r coael;ts 2Tyly in gezezal tc  10;; frequency resi-

du2:S ir,.those c2ses where the effects cf serrerrl moties  of Ciffez-ert

frequencies 2re included. The c~--~T-,'o=z~"._.j."i_LL c2se er?comtered in this study

of lightly damped structures is of freely supported coqonents. Their 107

frequency residuals correspond to rigid body zodes at zero frequency, to

be dealt with in the next section.

2.2.3 Eiaid ljodv i,Iodes

h freely-su>?orted body has six rigid body codes. Three of these

are tramIatioa2l 2nd three rotztional. Each h2s 2 _-ode shege v?zich is

orthogcnel  tc all the others. Since they ,211 have the safe rescmzce

frecuency, zero, theji can combine. X general rigid body Lotion is thus

2 coEbin2tioz  of rigid body zodes. Xs ir, the c2se of the bendis,-  sates

shorm  in Figure 2.17 the individual rigid body nodes have definite shapes

xihich relate to specific coordinates  ami -petit derivation. It is veq easy to

excite rigid body noticn featr;ring  nore tka.2 one code. ?E such E case

derivation is not siqle 2nd can only riork PAen the sodec are separated.L

It is a feet-we  cl  t h e identificaticc cilc*uleticrs  based cn equetlcr.  (2.7)

which are used in Frogram IXZT thst 3
Cl

is singular if 430 rescr,zce

freauencies ere the saze. Consequently- I‘JZ'l caz identify or,i:: oT-.e



set of modal constants at zero frequency - most usually corresponding to

a combination of modes - and these must be separated before[$], the mode

s-mane matrixLA , can be evaluated. Xumerical exaqles of the separation

Of
_Irigid body moaes are given in Chapters 4 and 7 in connection with the

noticn of beams in tuc dinensions, a simple case ?:hich CEL be discussed

here .

Seoaration of %.sid Body PIodesA

Consider the tiz response of a beam as shown in Fimre 2.19:

t-e-i8
G c X,F

Inertence i%trix

[I( = k; g;l (2.31)

L!J8 , PI
?igure 2 .I9 %,-id 3octv Ti: ?.es3orxes of e Free-Free Bean

i4e -tiish to find the nodal constants of the rigid body mode
LJ
6.

0

This process is facilitated by use of equation (2.4). ?irstl:y set

w1 = 0 and observe that the first col-umn  of
c1
3 has each element

unity. Then observe tlhat the resaining elements of the first ro-n of .

C l
B tend to zero es fi,, thE first excitation frequency, tends to

zero. Thus we get:

Ijk w = oh& (2.32)

where t h e prefix 0 denotes the first mode (at zero frequency). The

elements of 0 Ac3
can thus be found from consideration cf zero fre-

quency inertances which relate steady accelerations to steady forces.

There are two rigid body nodes excited by the inFat force

does not pass through the centroid G and consequently ;;rcduces

about G as well as translation of G. Thus:

F.e = IG Z

F = ZL
T

(2.33)

(2.34)
. .

i s the translational component of X.



The rotational coz>onent %. is giver by:

?$ = e'6 = e2F/I,

using equation (2.33).

(2.35)

Cocbining (2.34) and (2.75) acd rearranging:

$F = (2, + y?)/F = l/n + e2/iC = ok,, (2.36)

ELC froL (2.33):

g/F = e/IC = oA2, (2.57)

The a&ied moment K excites only the rotational rigid body node:

I4 = I,8 (2.36)

Thas : G/N=l/IG= ok22 (2.39)

and, using (2.35) agair:

@I = e/Q = oA12 (2.40)
-L

The coqlete natrix of nodal constants is:

CJA =
0

The simplest

0% oAl2 (l/n + e2/iG)
=

ok21
*I II

e/iC

oh22 dIG VIG 1 (2.41)

derivation fomla in which (g/I:) is cbtrined in terzs

of (z/S) and (g/Z') does not hold sipoe:

oA22 + ojL21 ‘I 0%
(2.42)

This hapDens because the two rigid body nodes which excited by F

are not separated. Sihen the separation is c2rried 03ut by calcuiating

the Pass of the free body md siz>ly subtrecticg its reciprocal_ we '~2y

write:

o at Tc3
arid 0 A 3[3
where

: L :] = 1($1

$I2 r] = i$}ie
oAT+oAh
Cl c3

0 -I

1
1

(2.43)

(2.4)

(2.45)



XOW that the sets of nodal constants have been separated, useful

derivation relationships & hold:

0*22T = 0*21T

ok222 =
2

oA21F: cAlliI

(2.46)

(2.47)

322  en selected curves fro= tfie rescome surface of a freely suppor-

ted body are identified it is the total natrix
L-1
A

0
?:hich is obtaiced,

and iz the general case it zight be quite difficult to separate the

nodal constants of the several rigid body codes. The relationships

involved in rigid body notion have been developed acd are presented as

Appendix AT.

2.2.4 Consistencv

it is us.~allv zossible to collect Sore date frcz the reqonse SW-Y _

face than is strictly necessary for

Such 'reduzdart'  data

a& will heir, to avoid

ikentifyisg tl;e zodal consta,n,ts of

cm be used to z&e second estinatesthe systen.

of constar_ts

one colum and the leading diagonal

gross errors. Let us assume that

of a nobility matrix have been

measured: the method which is likely to give the best data for identifi- .

cation as discussed in section 2.2.2. There will have been N points of

excitation used. The first step to obtaining a cocsistent node1

check that the resonance frequencies oeasured at different points

is to

do coin-

cide or if not,estimate a best value using simple averaging. It is inpor-

tant that the ider_ tification calculatioas for the different point res-

ponses are all carried out with the same set cf nominal resonance fre-

quemies.

It is to be expected that the Faint zodal constants should be

accurately evaluated. Extra data will be available fro3 a set of

transfer responses which h*:ill give second estkates for the point nodal

constants usicg the derivation relationships developed is section 2.2.2.

In some cases, particularly Mere rotations :Te corcerned,  the derived



values of point modal  constants are nearer their true values than the

directly identified set. The values ultimately adapted for the matrices

of modal constants kII1 r
should certainly be adjusted so that they con-

sistently conform to the derivation relationships of equation (2.27).

The data contained in the 5 matrices designated
CJ

h r can be7reccced and be contained in cae matrix g,.J l
The resonance fre-

c_uencies will be listed (squared) in the diagonal matrix

These two consistent matrices form the basis of the spatial model.

2.3 Construction of the Spatial Model

2 '1.,. The Snatial Kodel without 3esiduals

The construction is simply done by using equations (1.12):

The latter can be modified for the undamped case:

This calculation is carried ol~t using the program 3KAY written by

the author in ?@3TPJ.X for use on 2 nain frame conputer and in FCC.G for

use with the Pi)?8 minicomputer in the laboratory. The central feature

of the program is the standard matrix inversion routine IWI'IIJl, already

mentioned in section 2.l.l(iii). The remainder of the program is con-

cerned with the input, handling, muitizlication  and output of matrix

arrays. The data input consists of it, then lu' resonance frequencies

expressed in Ez, then
El

entered by columns. The printed output

includes [$] (for checking) [IjJ -', [+I-', [x] , ZK, [I;1 and

2X, where 214, for example, is the summation of 211 the elements of

metrix
[II

1"i. .

A significant problem 172s encountered by rlaleci (85) when he first

used identif'led zeesured data in the construction of a spatial model.

The test Fiece was an alticium I girder loaded by point masses and its

point 2nd transfer responses were identified by use of program 13EZT,

L ,
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.which,as remarked earlier,can handle only one zerc frequency resonance.

kccordixgly, Ealeci entered 6 values based on the square roots of

the rigid body nodal constants ic the first CO~~EXI  of
PI

. Frograg

EZAY Droduced r?ass and stiffness matrices which were not rear-fr-gful in

themelves but which would successfully regenerate the response data on

i;kch they trere based ir the frequency region:  52 to 1000 Er. Selo>;

50 Hz the regenerated curve did not fit the criginal data. The. S~EX-

tioc 211 also bore no relation to the ZBSS of the be=.

A second atten,?t was made, this tine with the rigid body nodes

separated by the tecktique based on knowiedge of the total r;ass as dis-

cussed io the previous section. Thus the first two colm~s of
PI

corresponded to rigid body nodes md since that netrix had to be sc_Jare

(because it needed to Se irmerted) the ceesured data of the highest fre-

quency node included in the first calculation was o-itted.

The results this tire were very encouraging  in that the total xass

>I? ~2s now close to the measured mass of the beaz and its added zsses.

Turthemore,  the regenerated frequency response Eatched the original

data in the low frequency region. This experience highlights the neces-

sity of separating the different zero frequency modes.

L demonstration of the feasibility of the proposed method of spatial

modelling using ideal data of several simple 6-degree-of-freedo=  systezs

is reported in Chapter 3 and a similar exercise identifying a~ ideal

conticuous  stl-;cture is the subject of 'v'ha-,ter 4. The separation of

rigid body zodes is denocstrsted in C'ha?ter 4 azd also 3 Ch.a$er 7.

2.3.2 The S3atial It:odel with Residuals

Zesidual Stiffness

>:e sah' ir? section 2.1.3 that the addition of high frequency resi-

ciuzls  cotlld make a significant i_proveEent in the accuracy of identifi-

czticn.  It i s t'r?us desirable tc include +?e+* beneficial effects in"i--L*

the spatial rodeI.. There is 2 zejcr fiifficulty,  indiczted in section



2 .2.2, that residuels do not derive. This meens that they cannot be

incorporeted  in 2 consistent mode shape matrix $ .
Ll

Xovever they

c2n be incorporated in the form of residual s?rirgs 2ttached one to eech

spatiel coordinste. Eack: s>rinS re?reser&ts th.e hi&h-frecsency residu21

of the oo'nt 2t iihich it is 2tt2ked as sketched in Figure 2.10._ Trans-

e?-  res;<-~2ls  Eye m-e-1;  --h-l  c-- i L bd.iE__  “AU, Es ciisc-ased in seciicr. 2.2.2. Z-LS

residuals can be incorporated into the s?2tiel model by a method which

is in concept non-mathematical.

In Figure 2.20(e) the s>etiel model as generated by program F%AY iE

terns of mss 2nd stiffn sse matrices is reTresented as having L 2cces-

sible generalised coordinetes 2nd ccntcining beneeth its surfece the

spring 2n.c- zss elemcr+s distributed_AUlC in 2'1 urs~ecified manner, As .Y;e

vi11 see the s72tiel model of an incomplete system features off-dkgsc21

2nd some negeti ve masses s;hich cernot 3e resresected by a sir$e m~s-

s?rlng chain.

Figure 2.20(b) shops the arr2y of springs >:hich contain the 'n-'-b____E_'

frequency residanl d2ta; each,of course, has I370 terzinels and thus

the array now has 23 generalised coordinates, 2s does the final essenbly

of spztial model 2nd extra springs shovn as Figure 2.20(c). kly the

new coordinates q iJ+,, qiz+2 . . . qzi are now to be reg2rded 2s zcces-

sible although 211 cocrdinates  ~5.11 have to be included in tine revised

matrix f0,rmulatioc.s.

The i;artitianed  mass and stiffness zzztrices for system X can be

written in terms of 2X coordinetes:

. .
1.

S
;;&

0

i:xK



System 3 is a set of s@ngs Witk no intenal conzections and ca2

be written:

1._
1

1 ;

\
-1;

r
I?xI! \

k’.5C?

System C has the saze mass matrix as system A and its stiffness

matrix is the siun of thoke for A u?d 3.

(2.51)

The two matrices i-Xc) and c"c3 constitute the spatial model

with residuals and in most cases the FLadzvpling of nuber of elements

associated with doGSling the size of each matrix will r?ot cause any dif-

f-i cc? tv- --* Should there be aq~ -2roblem it is possible to retain K x 1;

matrices, 2s seen below.

T,esid*dal Flezibilite

The equation of motion for steady-state sinusoidal excitation of sys-

ter Cis:,C32 = PC] {q)

~

,
Xs+Zr ‘-I:,

\
= L\-Kr

\i

\
I$

\

_(J2

-u2

F.:J {PI
_

Ms

0

0

0

(2 .52)
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??e are 1oo'kin.g  for a relationship Setween

nents of the accessible coordinates 0;-L+l ’ G&2

Emand the partitioned matrices:

Adding  (2.53) tc (2.54) w get:

ti-e forces a3d displace-

. . . . . a -.-2zi

(2.54)

(2.55)

(23)

(2.57)

ThUS , rearrangmg:

Since the temir-als 1 to 'ii are iaeccessible there can be 30 external

force ingut OI? then.

'Therefore

The diagonal matrix represects residyzl flexibilitv.



The receptsnce matrix is:

WfiiCh h,es the sane frequencies of resor,ance es the systen without resi-

r?sals . Tke antlresonances  -v:i11 >e sc2e;:hzt  zodified.

The Fesidzel stiI^fness mC resid*2_i Ilexibility 3ethocls ere ccz-

?zre5 ir Chapter 4.



2.4 CONCiJ?SIOIX3:  DFiNTiFICdTION  OF EOl)BL T)kTA AK3 CONSTRlJCTIOh'  OF
SPEL4L r-ODE5

(1) IIIodal  constants which represent one frecuency  response curve can

be found with reasonable accuracy.

(2) The modal identification calculations for each curve should ticor-

porate (ii+1 ) resonance frequencies, the first ii corresponding to

tr;e  resozances and the (;;+, )th being set at a n0mir.a.l  frequency

about a decade or more above the 1; th resonance.

(3) The (X+1 ) it ems of response data should have frequencies inter-

spersed with the resonance frequencies and coincide with anti-

resonances or (in the case of some segments O f transfer response

curves) with local minima.

(4) k. spring element to be used as a representation cf %Lgh-frequency

residual effects should be calculated from the (:;+I ) th modal con-

stant of eacn 3olnt resnonse.

(5) If there is mere than one rigid body mode the modal constants at

zero frequency should be se-,arated into parts c0rresTondi-q  to

each mode.

( 5) The two methods of using modal constants of related frequency res-

ponse curves to evaluate the elements of the mode shape matrix
PI

:

( i ) Identify 1 point and (5-l ) transfe r response curves all

obtained by excitaticn  at one station. The elements of

cul then be found from one column cf the modal constant

EEtFlX.

( i i )  Icier.tify t h e  IJ point response curves obtained by exciteticn

at each station  in turn. The numerical values of each

then can be found by taking the square root

of the main diagonal elements cf
r AL-1

for each r In tzn.

The signs of (
L-0

elements are obtained from the responses

a t  all s+sAi,_d_OT18 arising from excitaticz  at one - as in (5).



97

(IO

The bases of the spatial aode are the 1Jr3i zatrices

[I:J&r2 as established above in 2 and 6.

The high-frequency residuals of ?oizt responses can be incormra-

tee as springs joined to the spatial sodel at its coordicates.

The free ends of the s.Frings  become the new coordinates.

Tke ii,-? Irequexy resl6ual.s cf trz-_sSer  ressxses are ~3211

enough to be neglected.

All the above calculations can be carried oLt using yograns iIEXT

u?d E:ILAY a& a hand calculator.



?igze 2.1 Identificsfio3 of a ioint ?_esr;onse

decreasing
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-

Frequency
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Fi me 2. Identification  of a Transfer -9esponse

Mobility (dB)

Fiwre 2.4 Salter Skeleton of a Transfer Sesaonse

'Mobility (0)

?requezcy
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Fiavze 2. Identification  of a Transfer i9esnonse

Mobility (dB)

Fiwre 2.4 Salter Skeleton of a Transfer Xesaonse

Mobility (d3)

?requezcy



Figure 2.5 ?reg-z.ency Responses
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Figure  2.5 (continued) Frecuency Remonses

(as), (d) Lo ,~arithizic Xecectance  v. Locarithic Frecuenq
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Fi,are 2,7 ~Semonses Czlclzlated fro2 First Five TeF?s bf
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Figure 2.8 Zes3onses Celcukte? fro3 Xodel Constants  bese? 0E
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Figure 2.9 Components of Nobilities at TiD of tieely Supported Beam

slobility  (dB)
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Figure 2.10 The Frequency iiesponse of an Isolated Node
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--I’Pxure  2.11 Showi?f the Zffect  of Selection of 3ete Points ~3011
Identificetion
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Figure 2.13 Sensitivity of Kodal Constants to Variations L,-o-.ind
One Antiresorance
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“$;;A  2.14 The Identification 0.: x1 Isolated Kode

Flobility (dB)
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Figure 2.15 Sensitivity of PiOdd Constants to Resibal 'Resonance1
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Figure 2.17 Bending Modes of a Free-free Beam

1 st Bending Node

-z

2nd Bending Mode

3rd Bending Mode



Figure 2.16 Discretized Representation of a Kode Shape

= . throughout

(a) In Terms of Disnlacement  Coordinates
Y

Scale -lmm/m

t
dmm/unit
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Figure 2.20 Addition of Residual Springs to the Spatial Model

(a) Representation of h' x N Spatial Model
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(b) Representation of High Frequency Residuals

(c) Representation of 2N x 211 Spatial Model with High Frequency Residuals



3. SPATIAL MOD%S OF IDEAL MASS-SPRING SYSTEES

3.1 Introduction to Lumped-Parameter Svstems

The modal identification techniques developed in Chapter 2 are

applied in this Chapter to ideal undamped systems consisting of simple

mass-spring chains , grounded and ungrounded, in order to investigate the

feasibility of the spatial modelling techniques of Chapter 2.

3.1 .I Properties of Simnle !&es-Spring Chains

A typical mass-spring chain is sketched in Figure 3.1. The

inertia of this system is in the form of lumped rigid masses, each

capable of motion in thelhorizontal direction measured by its numbered

generalised coordinate. The kinetic energy of the system can be

expressed in terms of the masses and their velocities.

T = + +j '[X-J {q} (3.1)

In this case the generalised coordinates coincide with the spatial

coordinates with the result that the mass matrix is diagonal.

The elastic properties of the system are represented by massless

springs whose deformation and stored energy are expressed in terms of

the differences of the relevant pairs of coordinates.

V = +{qjT[K] {q} (3.2)

The matrix KIT1 is not diagonal because the potential energy

expressions each involve two coordinates.

The property of the simple mass-spring chain which is of most

importance in this study is that the number of degrees of freedom, X,

is finite and so a complete spatial model is feasible. Indeed, it

exists in the form of the matrices p) and [K] . There are,for

this system, N modes of vibration and N corresponding natural fre-

quencies.



3.1.2 The Generation of Freauencv Sesponse Data

The frequency response data of the system can be generated by

repeated use of equation (1.20) for successive stimulus frequencies.

The program COZ'PLEl (21> has a 'module' ZIXK2 designed for the purpose

of producing response data using this equation for a systen specified

in terms of matrices of mass, stiffness and damping nrouerties. Such- _

data may be regarded as 'error-free' because it is not subject to the

unknown random and systematic disturbances which occur when practical

measurements are made on physical structures.

3.1.3 The Calculation of Kodal 3ata

Kodal data may be obtained directly from

matrices by use of the computer program EiGE3i

the mss and stiffness

written in Fortran. It

calls the Xumerical  Algorithm Group KAG5 eigenvalue subroutine PC2AD

which emnloys Eouseholder's method and the QL algorithm. The input

data reqired by the subroutine are I?, the order of the natrices, and

mitrices [A] and [B] of the followicg equation:

I:
A - x B]-(x) = 0

in which AI:3 is real symmetric and I3Cl is real symmetric

definite.

'7hen the hysteretic damping matrix
113
E is set to zero

(1.2) we get:

c
= 0

(3.3)

positive

in equation

which corresponds to (3.4) when ClI: is substituted for
for Bri and U2 for X.

The subroutine F02AEF produces output data x, to x,, a set of

eigenvalues, and corresponding eigenvectors {$I1 to {$}N which are

normalised according to the equation:

which, conveniently, is equivalent to equation (1.8).

(3.5)
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The mode shape data are thus obtained directly. The natural

frequencies are obtained from the eigenvalues by using the equation:

fr = (Abs(h .>> +/2fi (3.6)

Program EIGXK is used to read N, [K-j and [K] and then print

them and the calculated x r, fr and fi r for r = 1,X.
13

The method of

calculation ensures that the mode shape matrix [$I obeysthe crthogonality

equation (1.8).

3.1.4 The Objectives of the Investigation

Having produced an ensemble of frequency responses it is intended

to demonstrate in this Chapter that such data can firstly be identified

by means of accurate curve fit procedures and then the modal data be

assembled into a structural model which should closely resenblc the

protctype, since the model should be 'complete' in that all N modes are

represented & in that all B coordinates are included.

An 'incomplete' rode1 is then to be constructed starting from the

same B-mode response data, this time with the assumption that only (a-1)

modes lie in the 'measured' range. High frequency residuals are not

considered in this Chapter. In order for ’ ,
Bl

the mode shape matrix,

to be square it is further assumed that one coordinate is inaccessible

and that no data involving that coordinate are available. The appear-

ance and properties of this incomplete model are investigated.

Lastly, the usefulness and accuracy of both complete and incomplete

spatial models in the prediction of the effects of parameter changes is

to be noted.

3.2 Comnlete biodels

3.2.1 Introduction

Three different mass-spring chains are considered. The first as

shown in Figure 3.1 is designated AGS,asymmetrical  grounded system.

The asmetry is apparent in the diagram. The mass at station 2 is



bigger than any other and the stiffness between coordinates 3 and 4 is

similarly enhanced. The matrices p] and [K]

the main diagonal, however.

The second, designated SGS, is a symmetrical

are symmetric about

grounded system.

All five masses and a11 six springs are equal, both outermost springs

being grounded as shown in Figure 3.3.

The third is designated SFS,symmetrical free system, shown.in

Figure 3.4. This is semi-definite since a finite force will produce

an infinite displacement at zero frequency; the properties of a rigid

body mode. In this case the stiffness matrix i:
c1

can be evaluated

but not inverted.

Each of these systems has five modes and all are reTresented in

the follo?zing identification calculations and all five coordinates are

retained in the spatial models which are thus comnlete.

3.2.2 0AGS Asvmmetrical  Grounded System of 5 Degrees of Freedom

The properties of this system are shown in Figure 3.1. There is

a sketch of the basic configuration and the corresponding mass

ness matrices. The modal properties obtained directly by use

gram EIGZN are also shown in the form of natural frequencies

responding mode shapes,

longitudinal vibrations

to the actual motion.

Frequency response

as specified in section

fied in terms of output

and stiff-

of pro-

and cor-

adapting the device usual in representation of

of indicating modal deflections at right angles

datawerethen generated using program COWILl

3.1.2.

velocity

five coordinates in turn. Thus

sweep a 5 x 5 matrix of mobility

sach of the five coordinates was s?eci-

for input force input at each of the

for each frequency of the computed

responses, Y
C]

, was calculated, and

printed out in decibels truncated to 4 figures. Besults were obtained

for about 100 frequencies in the range 25 to 400 5.



Nodal Identification

The data obtained above were regarded as 'measured'. The Doint

responses (i,/F,), (i2/F2), ($/FT), (%4/F4) and (i,/F,) together with

the transfer responses :i,/F,),  (k/F,), (i4/F,) and (i5/F,), corres-

ponding to the leading (

t-lv
.L , were examined in

data were noted for use

ponse at 25 Es was used

diagonal and first column of the mobility matrix

detail and, for each curve, 5 sets of response

in the program 13EXT. In each case,the res-

and the remaining 4 sets of data corresponded

as nearly as possible to antiresonances (AR) in the case of the point

mobilities or, in the cage of the transfer mobilities, were a mixture

of antiresonances or minima (Kin), as appropriate.

Sketches of the 5 responses of the first column and the data selec-

ted are shown in Figures 3.2. The + and - signs adjacent to segments

of the response curves

is + 90' (spring-like)

each resonance pesk of

indicate whether the phase angle of the mobility

or - 90' (mass-like). The sign to the left

the point response is always positive but an

of

25

2.1,

of

irregular sequence of signs is obtained for each transfer response,

already indicated in connection with the Salter skeleton in section

Figure 2.3.

The array of modal constants corresponding to the first column
Fl

LJY is shown as Table 3.1(a). The constants rk,, corresponding to

the point mobility Y,l are all positive while those corresponding to

transfer responses feature some negative values. Table 3.1(b) shovs

the point modal constants derived from the transfer constants by use of

equation (2.26).

Directly identified point modal constants are shown in Table 3.1(c)

and the values agree well with thederivedvalues of Table 3.1(b) except

for the 5th mode where the uncertainty in the very small value of
SL 11

leads to errors in derivation. The direct values are in this case more

accurate.



The mode shape matrix can be found from the array of point modal

constants by the Method (ii) of section 2.4(6)since the signs to be '

given to the square roots of the elements of Table 3.1(c)  ten be obtained

from the array of Table 3.1(a) or the corresponding frequency responses

of Figure 3.2(f).

Table 3.1(d) constitutes the matrix

from measured data. It may be compared

which contains the modeshapes calculated

sign of the second and fifth columns are

calculation, though the 'modal constant'

of node  skai;es, , found

directly with Table 3.1(e)

by EIGEK. The differences in

of no significance in subsequent

signs of Table 3.1(d) are to be

preferred as having meaning while those from EIGEX are arbitrary. The

numerical values being corn-pared in these two Tables are very closely

similar.

At this stage we have found the resonance frequencies needed for

the diagonal matrix (Jr2
II J

and the mode shape matrix
Fl

, accurate to

4 significant figures. Such accuracy might reasonably be attained in a

practical measurement using the best equipment available.

The summation of all the elements of ClM gives 213 = 5.90884 kg

which is a reasonable approximation to the true value of 6 kg. Simi-

larly, TK = 1.00209 x lo6 X/m is very close to the true value

1.00 x 106 K/m.

Construction of the Suatial Kodel

yass and stiffness matrice s were calculated according to equation

(1.12) using program E!~ZXLY  on the FD38 mini-computer. The results are

shown in Table 3.2(a).

It can be seen that these matrices resemble closely the prototype

matrices of Figure 3.1. The largest off-diagonal element of E is
[3

-0.0137 which is 0.6% of the largest element of the leading diagonal.

The largest element of E:Cl corresponding in position to a zero of the
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driginel matrix is 0.184 x IO5 which is 0.065 of the largest element of

the leading diagonal.

In each case the presence of small elements in the modelled matrix

corresponding to zeroes of the original matrix can be attributed to

errors arising from the rounding to 4 significant figures.

A check was carried out by using the 6 significant figures  of the

SIGZX mode shape data output as direct input to EIXAY. In this case,

the largest off-diagonal element of I<
L-1

was 1.67 x 10
-6 which can be

attributed to rounding errors in the Frocesses  of matrix inversion and

multiplication. The
C l

't: matrix was similarly accurate. These

matrices are shown in Table 3.2(b).

Error Sensitivity of Complete Model

Small perturbations were made in one element of each of the 4

digit spatial model matrices of Table 3.2(a). The consequent effects

on the resonance frequencies were evaluated using program ZiGI%. The

results are shown in Table 3.3. The largest effect of 1:: change in

one mass element on resonance frequency is -.15$ whereas a similar

stiffness change caused a 49; shift in resonance frequency.

The calculations are evidently much more sensitive to errors in

stiffness values than for mass values.

Svmmetrical  Grounded System of 5 aeprees of Treedon

The properties of this system are incorporated in Figure 3.3. k

most significant consequence of the symmetry of the system is to be

noted. Coordinate 3 is a node of both the second and the fourth mode

and in the third mode coordinates 2 and 4 are nodes.

Calculations were made using CCUX.Zl and the resulting frequency

response data were selected and identified by methods akin to those of

section 3.2.2. Xs in that case,the spatial model constructed from the

identified mode shape data was similar to the protctype.



3.2.4 @ Symmetrical ?ree Svsteo of 5 3egrees of Freedom

This system has a specification and properties shown in Figure 3.4.

The middle coordinate, 3, is a node of the second and fourth modes,because

of symmetry. The first mode is a rigid body mode at zero fre-

quency.

As before, modal identification based on generated frequency res-

ponses gave data for the spatial model which were similar to the origi-

nal specified by the p] and [K-j matrices of FigJse 3.4.

3.2.5 Discussion of Xodellina with Complete i)ata

The accuracy of the check calculation mentioned in section 3.2.2

using 6-figure data demonstrated that the method of producing mass and

stiffness matrices from a mode shape matrix and the corresponding set

of resonance frequencies is capable of giving accurate results and indi-

cates that the process is numeri ~211s well-conditioned.

In all the cases considered in this section there are only a finite

number (5) of modes and all are represented. In these circumstances

program IDEXT can be expected to yield accurate modal constants and

enable response data to be regenerated k'klich wili coincide with the

original data at all frequencies.

STe have shown that point modal constants can be derived from trans-

fer measurements. This feature is of great velue if point measurements

are difficult - as in the case of the rotationai measurements

in Chapter 6. The redundant data in this case here reported

as a check on consistency.

reported

were used

However, it is likely that point measurements ITill generally be

more accurate than transfer neasurements so that the calculation of

mode shape matrix elements from point modal constants is to be recommen-

ded. The necessary signs are readily obtained by inspection of trans-

fer response plots.

.,.
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3.2.6 Conclusions

(1) Spatial models involving mass and stiffness matrices related

to defined coordinates can be calculated from frequency response data.

(2) One method requires data corresponding to force input at

coordinate and response measured at all coordinates and subsequent

culation of point and transfer modal ccnstants.

one

cal-

(3) A second method, generally to be preferred, requires numeri-

cal data for point responses at each coordinate, together with plots of

transfer responses corresponding to excitation at one coordinate.

(4) The total mass of each system is closely approximated by the

summation of the elements of the mass matrix. Similarly, the total

stiffness is given by the summation of the elements of the stiffness

matrix.

3.3 Incomplete Idodels

3.3.1 Introduction

In measuring continuous structures which 'have an infinite

number of natural frequencies,it is practicable to get data for only

a limited number of low frequency modes. The data obtained are thus

truncated, by exclusion of resonances above a certain limit of.frequency.

An approximation to this situation was made in this investigation

by limiting the range of response data to 250 Ez, thereby excluding the

highest resonance frequency. The truncated data do, of course, still

include the effect of the highes t mode but the modelling process has to

be confined to 4 degrees of freedom. In order to retain simple calcu-

lations with square matrices,the number of coordinates was also reduced

to 4, in this case by the arbitrary omission of the 5th variable coordi-

nate.
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3.3.2 AGS Asymm0 etrical Grounded System of 4 Degrees of Freedom

Identification

The mobility matrix wasnextreduced to size 4 x 4 and accordingly

the data for the point responses (i,/F,),(i2/F2),  (l$/Fj) and (i4/F4)

and the transfers (i2[F',), (x,/F,) and (i4/Z',) were input in turn to

program IDXKT. The data selected corresponded in each case to the first

fcur response frequencies used ?ret-iously in the 'complete' calculations

of section 3.2.2.

The modal constants corresponding to the first column of the

mobility matrix are shobn in Table 3.4(a) and close comparison shows

that they are quite similar to the corresponding values in Table 3.1(a).

Similarly, the derived point modal constants in Table 3.4(b) compare

closely with those of Table 3.1(b). The directly-identified values of

Table 3.4(c) when compared with those of Table 3.1(c) are generally

somewhat larger. The apnroximations  of* this process were discussed in

section 2.1.2.

Generation of Annroximate  iiesDonse data

The modal constants found above were used to regenerate the fre-

quency response curves and a selection of the results is shown as

dashed lines in Figure 3.5. The dashes coincide with the original

response curves except in the high frequency region around the omitted

5th mode,thus indicating a good approximation at the lower frequencies.

Mass and Stiffness Matrices

The identified point modal constants were used as before in the

calculation of numerical values of the mode shape matrix presented as

Table 3.4(d) whose signs are the same array as those of Table 3.4(a).

This mode shape matrix with data of 4 significant figures was used

in program EIXAY to give the mass and stiffness ratrices of Table 3.5.



The mass matrix M
C]

has off-diagonal elements of similar numeri-

cal value to those on the leading diagonal. Some of the off-diagonal

elements have negative values. The matrix is not at all similar to

the original diagonal matrix or to the 5 x 5 approximation in

3.2(a) and it is not easily interpretable in physical terms.

howoverL- +, of interest to note that the sum of all the elerents

is close to the total mass of the system (6.000 kg).
r7

Table

It is,

O f

Similar comments apply to the stiffness matrix KLJ whicil also
has 2 total sum similar to that of the original stiffness matrix

(1 x 106 B/n>. h description of some of the characteristics of these

matrices based on truncated data is given in Appendix A4.

icode ShaDes

The,first test of the validity of these strange matrices w2s made

by using them as input to the program ZIGS!? and thus calculating asso-

ciated mode shapes and frequencies which are presented in comparison

with the original values of Figure '3.6 case ('0). When all 6 figures

of PI], pq data were retained, natural frequencies (eigenvalues)

were obtained coinciding with the original values to 4 figures.

Eowever, a second calculation in which the matrix elements were

rounded to 4 figures before input to ZIG% gave significant errors of

frequency - case (c) of Pigure 3.6 - although the mode shapes were not

markedly different from the 6-ficgure values. As one might expect, if

SIG3 is given data of sufficient accuracy (e.g. 6 figures) it simply

returns the natural frequency and mode .s,,~_*-"De data that were input to

X*XAY in the first place.

It can be seen that the node sha?es of the first two modes are

indistins&shable fron the original except, of course, in the omission

of coordinate 5. The third and fourth codes shov soae divergence

from the original in the region of coordinates 3 anti 4 although coordinates

1 6i 2 are accurately defined,within the limits of the sketch dimensions.
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Zrror Sensitivity of the Incomlete I4cdel

As before, for the complete LGS model,small perturbations were made

in one element of [I14 and of 'rCl for the incomplete spatial model.

The effect of such changes on natural frequencies are shown in Table

3.6. The 155 increment in an element of the mass matrix gave at worst

-.45 shift in one natural frequency, shop:ing slightly more sensitivity

than before. The 1.Z: change in one stiffness element caused at worst

a 23s error in natural frequency.

Thus, as before, a greater sensitivity to errors in stiffness than

in mass is shown,leading  to the observation that once the spatial model

has been established in terms of S-figure ZIGS: output & 6 figures

should be retained even if the original data were only of 3 or 4 figure

accuracy.

3.3.3 SGS0 Symetricel Grounded System of 4 Degrees of Freedom
Identification

The response data used in section 3.2 >:ere truncated and used in a

manner similar to that of the previous section in a series of calcula-

tions using program IDEXT.

The directly-identified modal constants of the first column of the

mobility matrix are shokn in Table =.7(a) and the point values derived

from them are shown in Table 3.?(b). This latter Table can be compared

with Table 3.7(c) of the point oodal constants directly identified.

It is apparent that the consistency of these data is very poor.

Suspicion of numerical error also arises because of the negative values

agpearing in TaSle z.?(c) which should all be positive because they cor-

respond to point modal constants lfhich are squares of mode shape vector

elements. Comparison with the complete data of section 3.2.4 (not pre-

sented here) shows great divergence in values eqected to be coqarable,

especially for the higher modes and for transfers between remote coordi-

nates.



50 further calculations were done with these data, but the reasons

for their poor accuracy are discussed in section 3.3.5, below.

3.3.4 @ Symmetrical  ?ree %-stem of 4 Zlegrees of Freedom

Identification

The coqlete data of section 3.2.3 vere trtL?cated in a similar uay

to that of the incorqlete XGS model of section 3.3.2 and used in 13ZT

calculations, resulting in the soda1 constants shok;n in Tables 3.8.

Point modal consknts derived from the elements of Table 3.8(a) are

shown in Teble 3.8(b) which should be compared with the directly identi-

fied values of Table 3.6(c). The correlaticc is reasonable although

the negative sign of 2k33 is 2nomalou~ 2nd indicates a likelihood ofY ti_*

error.

The comparison of Table 3.6(2) ITith the corresponding data for the

complete 5-degree-of-freedom  model

gences increzsing with mode number

right and downwards in the Tables,

tion 3.3.2.

shoi;s c_uite good agreement with diver-

and range of transfer; i.e. left to

as found for the AGS system of sec-

It can be seen from the mode shapes of 3igure 3.4 that the constants

+z, an6 *k?3 should be zero as a result of the symmetry of the system.
,/ . /

They are correctly found in the set of derived velues  of Table 3.,!?(b)

but are non-zero in the identified data of Table 3.8(c). It is thus

clear from this case thet directly identified 62t2 is not always more

acclurate than derived data. Accordingly, 2 mode shaze matrix was cal-

culated for each case (Tables 3.&(d) and (e) ).

lhass and Stiffness Matrices

The two alternetive mode shage natrices were used in two runs of

progrzn EXLAY to give corresponding mass and stiffness matrices presen-

ted as Table 3.9(a) based on identified data and Table 3.9(b) based on

derived data.
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Bs found for the incomplete BGS model, the mass and stiffness

matrices are not easy to interpret physically.

The summation of mass elements is 5.000 kg and that of stiffness

elements is zero. The values obtained by E?XAY are quite close to these

values. It should be observed that tne stiffness summation of order lo*

is negligible compared with the order of magnitude (107) of some of the

matrix elements (especially when data have been truncated to 4 significant

figures).

Xode ShaDes

The results of EIGZX calculations using K ,r1 -7L-3i_ matrices of

the previous section are shorn in Figure 3.7; being c21cul2ti0ns  to 6

significant figures they agree with the mode shane matrices

3.8(d) and (e). It is apparent that in this case the results

of Tables

based  on

derived d2t2 are slightly more accurate than those based on directly

identified data.

3.395 Disc.ussion of Kodellins  with Incomplete 3eta

The incomplete model can be used to predict frequency responses

which are of good accuracy u:, to the highest resonance frequency inclu-

ded, but, of course, are inaccurate in the region of omitted resonances

at high frequencies.

Tredicted mode shapes are of reasonable accuracy, but distortion

occurs affecting those coordinates nearest to the coordinate omitted.

A study of Figure 3.3 shoCng the mode sha>es of the Symmetrical

Grounded System reveals the reason for the failure indicated by the lack

of consistency of TaSle 3.7. In the seccnd and fourth modes. the centre

coordinate 3 had no motion and for the third rode coordinates 2 and 4

were zero. Such 2 large amount of null data led to identificatiox of

great inaccuracy. In practice, the siting of acceleroneters at nodes

should be avoided. If such a pkcezent were discovered, 2 re-siting



involving movement of the attachment

solve the problem.

The usefulness of derivation as

point by B small distance would

B check on consistency is seen

when the results of section 3.3.4 sre considered. In this csse of the

Symmetricel Free System, coordinete  3 in the centre w2s et 2 node of

the second and fourth modes. This led to e small inaccurecy  of the

directly-identified point model constants which could,to a certain

extent,be corrected by using the derived constants.

3.3.0 Conclusions

(1) The spatial model besed on incomplete dEfz does not readily

provide a direct physical

(2) The model gives

accuracy.

(3) The node1 gives

interpretation of the system's configuretion.

genereted frequency responses  of acce?tsble

good prediction cf eigenvelues (nature1

frequencies) provided 0 figure deta is retained for the mass znd stiff-

ness metrices.

(4) The mode shape data obtained ere slightly distorted st higher

frequencies 2nd zt coordinates near the omitted coordinete(s).

(5) The method of calculetion ensures thrt the mode shape vectors,

however, are orthogonal.

(6) The use of redundsnt datz provides a useful check of consis-

tency - it is possible for derived deta to be more eccurate than directly

identified data.

(7) If response dete 2re measured at e point which is a node for

one or more nodes,then the approximate  model will be inaccurate. Stens

should be taken to check for this condition and, if encountered, to cor-

rect for it by reselection of coordinates.

(8) Once sgain, even though the mass and stiffness metrices kve

no ready Thysicalinteqretation, the overallsumetions[~J2nd  [X]2re close

to the known true values of the corresponding probtype system.
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3.4 Parameter Chanaes in incomplete i:odels

Any change in the mass or stiffness properties of 2 system such as

we are considering will produce corresponding chgliges in natural fre-

cuencies and mode shapes. To be of value, the approximate spetial

model should give reasonably accur2te predictions of frequencies and

mode sh2;e s lchen it undergoes modificetions ccrresnonding to those

affecting the original system. Fredicted frequency responses 32y 21sc

be compared.

Program XG% was used to calculate the natural frequencies and

mode shapes of both the conplete system of 5 degrees of freedom and the

truncated-d2ta  model of 4 degrees of freedcm. Corresponding elements

in the matrices were changed by equal amounts.

Frequency  .resTonses  were corquted 2s before, using program COL!X.Ll

with module 2%X2. The input data were the incomplete 4 x 4 mass and

stiffness matrices. The desired responses were computed in the renge

20 to 500 Ez. Although cnly certain selected responses are reported on,

below s of the 16 elements of the mobility metrix could h2ve been cal-

culated from the s-,atial model. This shows a simificznt advantare of

the snatiel model when ccmpared with modal identification alone Fhich

enables regeneration of only those responses which have been directly

identified.

3.4.1 Chanee of Mass

0AGS Kass Chen,-e in Asymmetrical Grounded Svstem

The change made was the addition of 2 further 3 kg to the 2 kg mass

at coordinete X,, the second varieble coordinete. The mass matrix

became: .
1 0 0 0 0

Jj 0 0 0

1 0 0

1 0

symmetric 0
.

kg (changed element underltied)



A sitilar addition of 3 kg was 32de  to the 13 22 elenent of the 437

r*ass natrix  of Table 3.5.

These  z~ss rmtrices  together with the ap?ro?rizte  unchenged stiff-

ness satrices were input to ZIGSX giving the results shown in Figure 3.8

in ?.hich one sees excellent prediction  of fre?uezcies  which have beeri__*

su~ostanti2lly eltered  rrd ro?e Sh23es  Khict  Z2tCh  2s well as the CD?

~*~roxi~2tions  of the mch2sged systen of Figure 3 . 6 .“_“I_

iiesponse  calculations using COL.LZl 2re presented for conparison in

Figure 3.9 in which it can be seen thet the 07 ap;roxioation diverges

Iron the ‘cor;plete’ resqome  only in the region of the 5th 3od.e.

These results show very setisfactory beh2viour  of the a?proxi=te

s?etial  Eodel.

0SFS Kass Chense o f S-+me tri ccl Free Srs ten

In order to save tine,con?utetions  for this system were restricted

to use of progre~ XGZK, thus no frequency responses were obtained.

T h e  Dass netrix for the col;slete  zlodel 5~2s  sodified  by the additicn

of 4 kg at coordinate 2 2nd it thus becene identical with that of AGS

above . Both ’ identified’ 2Ed ‘derived’ matrices of the 4DF ap>roxim-

tion were modified.

The results of the  ZIG=?,;  calm12  tion +:ith a>ropriate  mcheqed

sti f fness  cet r i c e s  ere s-marised in Pigure 3.10. The identified

o o d e l ,  (b), is rargizelly  better at netur2.l  freo_uencg predict ion,  gir-

-in? 2 saxicur error 0:" 0.~~.  50~ the fourth  3ode for 5:'nicti  the -derived-.--5

code1 (c) , has an error of 1 .55:. It does seen, hoyTever,  thst the

der ived  ncde i  Ceve  r_ode  she?es siightly ce2rer to the correct apes.

It __is a332rer-t that the  eigenv2lue ro.atine  c2lled by XC-Z has dif-

i“iculty with the frequencies of the lowest free node uhich shouid be

zero ir? a l l  c2ses. i n  cese (2) t h e  coqmted  value ws 0 . 0 0 0 0 1 6  Ez

~kAch was rounded to zero in the ?igure.

‘,.



3 n.S.L Change of Stiffness

0AGS Stiffness Chenae of Asymmetric21  Grounded Ssstec

A change of stiffness between coordinetes  3 u;d 4 ~2s r;ade by

reducing the

ments of the

being:

L-1K

corresnond_,edir- spring from 2 IJK/m to 1 HlZ/m. Four ele-

stiffness metrix were thus altered; the revised 522’ xtrix

2-l 0 0

= XX/m (chznged elements underlined)

Lspmetric 1
I J

- ‘f’moclllc2tions  were 32 e ?;od the L I: $ incoqlete stiffness

The results of the tk-0 EIGP: c21cul2tions  using these modified

mEtrices ere shoiz? 2s r'ipre 3.11. The mode shepes seem to be of simi-

lrr accuracy to those for the mass chenge but the predicted frequencies

2re significantly less close, especially for the second mode in which

the error is 4.4$. One nay note that tk;is mode involves the greztest

difference in displacement between coordinates 3 2nd 4.

Corresponding calculations of frequency response involving the

coordinates 3

regios  of the

and 4 2re shown 2s Figure 3.12. The response in the

first and third modes is reasonebly accur2te in both fre-

quency 2nd ievel; the fourth somewhzt less so 2nd the second mode is

the least well predicted. Cne of the -,air of 2ntiresonznces is omitted

in Figure 3,12(b), the trsnsfer response Y?&, just ebove the erroneous

second mode. in this cese the loin-2mnlit;zde response is of poor

zccurscy. An_ examinetion of the signs associated with modai constents

shows tkt the sign of the third mod21 cosstzct is xrong.



Stiffness Change of Symmetricai  ?ree System

For this system, a change of stiffness was made between coordinates

2 and 3 by increasing the co,, _r-esponding string stiffness by 1 IC~:/n. The

revised complete stiffness

r
l-l 0 c

matrix is:

c
0

0 1 :.x/s ( ckn,-ed elements underlined)

-1

1

The EIGG results are

model clearly gives better

shorn 8s Qure 3.13 in which the 'derived'

mode shapes and closer frequencies than does

the 'identified' model. In either case, hoverer, the frec_uency of the

fourth mode is seriously in error.

The reason for the relatively zoor performance of the stiffness

matrix may be discovered by studying the ec_uation (Liz) by -6hich it is

formulated. It involves the squares of the natural frequencies. If

these are erroneous or, as in the incoqlete model, omitted, there are

substantial effects on the stiffness matrix k-hick;,  is thus inherently

more prone than the mass matrix to ill-conditioning.

3.4.3 Discussion of Crediction  usin,- iccomnlete Eodels

In the most favourable circTu.mstances, the incomplete model gives

extremely good prediction. in section 3.3.2 it was established that

the Asymmetrical Grounded System, which had no nodes at measurement

coordinates, led to an accurate model. It was feud in section

5.4.1 that the effects cf a change of mass distribution in this system

were very accurately predicted. I'he same model co_sed adequately, but

less Trecisely, with changes in the stiffness matrix although it nay be

argued that the results are acceptable.

Study of the Symmetrical ?ree System led to tvo incomnlete models

lqhin),_* k-r are a little inaccurate because of the node that appeared  at 2

men su-emwit- & _ -point in the original second and fcurth modes. Thus its

.



prediction of the effects of change of mass are worse than was the case

for the Asymmetrical Grounded System. The change of stiffness predic-

tions are somewhat worse again. Zevertheless, it is felt that even in

this relatively unfavourable case, the spatial model was useful in that

reasonable first estimates of the effects of changes could be made xitk

a m?r~$m~Js cf com&ational effort.

The truncated frequency response data could, of course, have been

used directly, frequency by frequency, in inpedance coupling calculaticns

of the effects of parameter changes. The Tredictlon of frequency res-

ponse Lbl- this rdEti\rel--_,jtIze-consx5ng method will be accurate. Iieso-

nance frequencies would have to be found by interpolation and no mode

sha?e data would be directly available.

3.4.4 Conclusions

(1) Very accurate predictions of the effects of change of mass at

a specified coordinate can be made.

(2) The prediction of stiffness change effects is less accurate

but still useful.

(3) A truncated model based on data involving a node at a measure-

ment point gives less accurate predictions.
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3.5 CO~TCLUSIONS: SPATIAL MCIELS OF !USS-SPRILG SYSTZHS

(1) The method of constructing a spat521  model from frec_uency response

deta is feasible and usually the calculztions  2re weii-conditioned.

(2) Complete qatial  models incorporating all coordinates and all modes

are zccurate  within the rounding errors of the computation.

I-\
\ : I' The spatiel  model c2n  C'J33iv  &ta for 211 coordixtes  Of response

and stimulus.

(4) If the seasurec! frequency range is limited and a mode is excluded

it is feasijle still to construct a spatial  model  using square

matrices Obtained by reducing the number of coordinstes  to match

the num-cer  of modes.

(5) The s?atiel model based on incoz@ete  deta  is not capable of physi-

C2i interpret2tion but the total sums of the matrix  elements are 2

gocd 2pproximation to the tCt21  C2SS 2nd stiffness of the Origin2i

system.

(6) It is necessaqv to retain all the signific2nt  firzes  (usually 6)

in the incoqlete  spatial  model  even thcui;h  it is b2sed Cn d2ta

with 4 or fewer significe~t figwes. Eounding errors leaci to

relatively lerge discrepancies in predicted frequencies.

(7) The loss of inform2tion 2rising from resDonse  coordinates  being  sited

at nodes leads to consider2ble  inaccuracy -even computational failure.

(8) The inco+ete  spatial model gives excellent prediction of the

effects on frequency response of large changes of mass elements.

"lie x-ediction  of the effects of stiffness cheriees  is less accx-zte

but is 2 usef-J_l indicetion  of trends.
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F&are 3.1 AGS  Properties of Asmetricai Gromded  System0

ItIatrices related to ungrounded coordinstes)
.
1

2

I

1

m I Eg ,

1

Cl;c = lo6

2 -1 0

2 -1

3

Symetric

Sti f fness

0

0

- 2

3

P.esozence Sreauencies 2nd iCode SheDes

Cutpt of Progrm ZIG3: with input Eatrices  ebove.

Xocie Trequency

1 :z3 :

,A,5 362.3 L____z__c_\\

These dete are pesented
nmericelly  2s Tzble 3.1(e)



r'imre 3.2 0 AGS Identification
F.esonmces at 43.83, 124.8, 208.4, 247.2, 362.3 Ez

Trecuency Sesyonse Selected Data

Preq.(En) ICod. F&se

25.00 -74.40
50.13 -110.4
147.2 -%.20
216.5 43.73
350.9 -61.93

25.00 -73.17
78.04 -109.3
203.0 a2.30
216.5 -57.26
350 09 -&1.30

(e> (t,/r, 7

25.09 -72.4E
121.3 -89.95
142.5 -70.76
232.9 -57.7e
298.7 -100.9

25.00 -72.26
e5.38 -68.61
156.9 -94.43
230.9 -55.87
329.0 -79.85

25.x
78.04
167.4
230.9

I

\ 329.0

(f) Sign &ray

Xode 1 2 3

+

i

-72.05
-05.9e
-63.84
-57.74
-90.15

90
90
90

-go
-90

9C
go

-go
-go

90

90
-go
-90

;:

90
-go

;:
-90

90
-go

-;:
90



Pimre 3 . 3  (JSGS Properties of Syzmetriczl  Grounded Systen

KItrices (:

1 1 1 1 1 1

=

Lt3s in Fg

St i f fness  lo kZ/x

relhted  to ungrounded coordixtes)

1

1

1

1

m 1i Q ,

1

[Iii = 18

5 -1 0

2 -1

2

Syx.ze  tric

0

0

-1

2

c
0

0

-1

2

K/r

Xesonence  Frecuencies  z?d Xode  Shsaes

\-*‘- /

1 82.36

2 159.2

3 225.1

4 275.7

5 307.5

*
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Fiaure 3.4 (SFS) Properties of Symetricel  Free System

1 1 1 1

44 44j
Iktrices

1

ifesoxnce Frecuexies  end ICode Sh.z3es

Xode Frequency
@z)

1 0

2 96.36

7.
/ 187.1

4 257.5

5 302.7

I Symiie  1 -1 2 tric  -1 0 2 -1 0 0 2 -1 0 0 0 1 I

. ,



FiRure 3 . 5  (KS) Frepuencr -3esDonses  o f  l:odels

- Complete response
Kobility
(d

(2) yzl - 4DF apyroxination

_“;c_

-4o-

-5O-

-6O_

-7o-

\‘i
30 200 300

Frequency

500

(Hz)

Xobility
w

(b) Y3,

-3o-

-40.

-50,

-60.

-70.

-80

-90

-100

500
?requemy (Ec)



&wre 3.5 6JGS Frepuencr -3esmnses of llodels

Kobility
cd@

2 Y
21

~ Complete response

- 4llF 2p;roxination

-“;c_

-4o-

-5o-

-co_

-7o-

-8O-

-go_

-100,

_

30

Eobility
MO

50

Frequency (Hz)

b, y31

-70

-80

-90

-100 I
+-

30
?repency (Ec)
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Pimre 7.5 0ASS Freauencv  ResDonses of Xodels (cont'd)

Xobility
(dB)

-30

-40

Coqlete response

4DF approximation

-50

-60

-70

-80

30 50 200 500

Brequency  (Hz)

-70 -

-80 -

-90 -

-100 _

Kobility
(a)

-30 _

-40 _

(d) Y44

-60 _

I I I I I I I J f

30
I

50
I

100 200 50

Frequency (Ez)

-_



Tiff-me  3.0 0AGS Predicted Nodal Properties

Itode 1

(sj 4z.s; 22.

(b) 43.8’3 ‘Hz

(c) 42.32 Ez

Itode 2

(a) 124.8 zz

(b) 124.8 Iiz

(c) 124.8 Ez

Kode 2.

(2) 2 0 8 . 4  Ez

(b)  208.4 i5z

( c )  207 .8  Ez

I’Iode 4

(t) 247.2 Ez

(k) 247.2 5

( c) 247.1 Ez

(2) - Corplete liodel of 5 3F

b) - Incoqlete  Xodel  o f  4  Dr’ ( 6  figire calcuktions)

(c) ,I 11 !I II (4 11 II )



Ficure 3 . 7  ns?s Predicted io:odal FroDerties

t t t t f

x1 x2 s x4 x5

I’sode 1

(a) 0 Ez

(II) 0 . 1 8  Ez

(c) 0 . 1 2  a2

i,Lode  2

(a) S8.30 Ez

(‘c) 9 8 . 3 6  2::

(c) 98.36 H z

2Xod e

(e )  187.1  FZ

(5) 137.1  Ez

( c )  187.1  Ez

icode  A

(E) 257.5 Es

(b)  257.5 ?-:z

( c )  257 .5  2.z

(4 - Coqlete  Xodel of 5 39

(t) - Inconpleteilodel  of C 3? - i d e n t i f i e d  Ata
(c) -- - ” ” ‘I ‘I - Derived &ta

.



Figure 3.8 Change  o f  Eass - Predicted  Godal ProDerties

liass at x2 changed fro3 2 to 5 k,7

_.ir
1

x2 x3 x4 x5

i

(4 Coqlete  Xodel o f  5 3F

(5) Incomplete Xodel of 4 >F

(c> Original System (FiEgure 3.6)

140de 1

(a) 37.28 Sz

(b) 37.26  2::

cc> 43.83 Zz

(4 100.3 Ez

(b)  100.3 Ez

( c )  124 .8  Sz

Xode  ,z

(a)  206.1 Ez

(b)  206.1 En

( c )  207 .8  Ez

(a)  232.1 Er

(b)  232.0 Ez

(c) 247 .2  Ez



Figure 3.9 0AGS Change of Xass - Frecuencv ResDonse

-Complete response

Nobility 4DF approximation

Point iiesponse 3, 3

-60

-80

-100

‘20 30 50 100 2do 560

Frequency (Ez)

“og;“”

-20

-40

Fkure 3.12 GS
0

Chs.we of Stiffness - FreGuency BesDonse

430

-100

- Complete response

_4DF approxiztion

(4 Point Response 3, 3

1

1:_,
i I I I I1111 I I I 1
20 30 50 100 200 500

Frequency (Ee)



Chmge 01* Stiffness  - Freouercr Zes7onses

Kobility
;

-.._-Coylete Zes?onse

-bill' ep?roxtition

‘“_i,- (b) Trmsfer Xesponse 3, 4

-60

-Coiqlete response

,_@? epproximtion

-60

-8C

-1oc

cc> Faint Reqonse 4, 4

)-

I

i I I

5;
I ’ 1’1 I I I 1

20 30 100 2oc 502

Freqaecc:: (5~)



FiEure 3.10 ST.50 Change  of class - Predicted !s:odal Properties

i,lass at X2 changed from 1 to 5 kg

f f 1 A 1
xl

x2 s x-4 “ 5

ICode  1

(a) 0 Ez

(b) 0 . 1 3  Ez

(c) 0 . 0 9  Ez

(d) 0 Hz

Xode 2

(a) 84.09 Ez

(b) 84.16 3.

( c ) 84.25 Zz

(d) 91.36 Ez

\

\

\

(4 - Conclete Code1 o f  5  II?

(a)  173.2 Ez

(b )  1 7 2 . 7  :z

( c )  1 7 1 . 1  zz

( d )  l&7.1 5z

( i )  2 0 5 . 3  Zz

( b )  2C4.6  Ez

( c )  2 0 2 . 3  Ez

(d) 2 5 7 . 5  Ez

(-4 - Incorqlete  iiodel of 4 35’ - Ident i f i ed  Data
(c) -- _ ‘1 0 ,I I! - Derived 3ata

(d) Or ig ina l  System  (Pigme  3.7



Figure 3.11 0A,sS Change of Stiffness - Fredicted  Kodal Froperties

Stiffness between X
3
and X4 changed from

2 x lo6 to 1 x lo6 K/m

(4 - Co@ete Jiodel of 5 D?

(5) - Incomplete ilode of 4 3F

(c) Griginal System (r'igare 3.6)

Lode 1

(a) 42.95 Ez

(b) 43.31 Ii2

ic) 43.83 Ez

:,Iode 2

(a) 113.8 Ez

(5) 118.0 Ez

(c) 124.8 Zz

!q:ode 3

(2) 205.9 Ez

(b) 207.4 Sz

(c) 208.4 Ez

(a) 246.5 Es

(5) 247.1 Zz

(c) 247.2 Ez



Fi,.mre  .1 Change of Stiffness - Predicted Xodal  Properties

(a>
b)
cc>
(d

Stiffness betxeen  X2 and X
3

changed from 1 x lo6 to

2  z lo6 x/m

If
3 x2 x3 x4 x5

i
/

Lode 1

(a) 0 92

(b) 0.22 Ez

( c ) 0.5 Ez

(d) 0 Ez

idode 2

(a) 107.3 sz

( b )  1 1 1 . 0  Ez

( c )  1 0 9 . 8  Ez

( d )  98.36 i3z

( a )  19c.l Ez

(5) 195.7 Ez

(c)  194.7  3z

(d) lE7.1  %z

( c )  2&7.6  Zz

(d) 2 5 7 . 5  Ez

Complete  iiodel of 5 3?

Inco=lplete :,:odel o f 4 31 - Idecti _ fied 3ata
11 11 ,I 9,_ _-_ - Derived 3 ata

Original System  (Xgue 3.7)



Table 3.1 0XGS Develomert  of L'ode  Sha3e llatrix

(a) Point and Transfer Kodal Comtants

r;oce 1 2 3 4

*+ 1 +0.031&

I

+0.1290 +0.1543 +0.&825

A21 +0.0&08 +O.l7?Y +0.0443 -0.2801

"3, ~0.0808 +o.cms -0.2202 +0.1125

x41 +G. 0877 -0.C7YO -C.l&37 -kc. 1739

"51 +0.0948 -0.2055 +0.225& -0.1226

5

+0.00057

-0.0021

+0.0177

-0.C186

+O.OO@

(b) Point I,Iodal Constants (derived fron (a) >

(4

A,, 0.0310

,[ C.2437

0.1290 0.1549 O.&e25

L 0.1171 !^22d 0.2453 O.Cl30 0.1150
I“33d 0.2069 0.0006 0.313c O.c.185

A44d C. 04E4 0.1730 0.0443
h“55s 0.254ti 0.3274 0.3403 0.0220

Using X.. = t“ i l 24 1
for  i =11 2,5

?oint 1roda.l  Constants  ( d i r e c t l y  idectified)

L, , 0.0316

- 0.2849

0.1295 3.1549 0.6825

h22 0.1166 0.2466 0.0129 0.1162

A33 0.2063 0.0006 0.3096 0.01 s5

k. 44 C.2432 0.04S6 0.1720 0.0443

“55 0.3277 0.3370 0.0217

I-lode ShaDe >:a tr ix  ( from (c) >

0.0005i
0.0072

0.5516

0.4921

0.0281
m

?requency
w

43.83 124.8 208.4 247.2

T0.177E +0.3592 +o. 3936 +0.&2&1

+0.3419 +0.49&O +0.113& -C. 3409

+O. 4542 10.0245 -0.5564 +O. 1360

+O. 4932 -0.2205 -0.4147 +c. 2104

+o. 533E -0.5725 10.5805 -c.1473

362.3

iO.0239

-0.0849

+o. 6812

-0.7oi5

+0.1&76

(e) !Cocie Shase !*:atrix (XiGZ calculation from data of Figure 3.1)

To.1777 -0.358y +0.3952 +0.82&3 -0.0266

+0.3$19 -0.4y7c +0.1130 -0.3408 cO.OES7
+0.4543 -0.0236 -0.5566 +C.l3&3 -O.&E17

10.4333 +0.2204 -0.4144 +0.2104 +0.7015

+C .53 7 +0.5727 +0.5SOj -c.1490 -0.1677



Table 3.2 0SCS SDatial  Xodel

(a) Matrices Based on 4-Xait 3ata

cutput  o f ?rograr; EXX~ 95th input of Table 3.1 (d)

r -11,’ =

[II
r

x = IOk

1 .00145 -.003422 .000524

2 . 0 0 0 8 6 . oc303g

1 .OClO?

Syme  tric

2: = 5 . 9 0 8 8 4  k g

r2 . 0 0 2 8 0 -1 .00186 .000417

2.00409 -1.0043~

3.03256

LSlme tric

ZE: = 1 CE( 1.002og) x/n

Eatrices 3as ed on 6-X&t &ta

I-1 .ooooo 0

1.99999

Spe  tric

-2 I&C = 6.00000 kg

~.OOOCl -1 .ooooo

0

0

l 999996

.03ooc2

2:;; = l&l .00~00)

(Zumbers  < 10-6 recorded as 0)

-.0’2274

,0304L  5

-.003?17

.999892

.00079E!

.018381

-1 .99101

3.01923

0

.000002

-.co3541-

-.4136El

-.OOwT&

-.oo9858

.979498

-.001560-

-.015569

-.307289

-1.occ2s

.979275



Table 3.3

+I C -. 1 0 -.15 -.Ol -.22

0 +l +i 0 + .; i.0; t .'i

based 07 -- L-di-it *S mEtrices 0 f Table 3.2(z)

Fable 3 . 4  LG.50 Jeveloosent  of IncoxTlete  Kode Shz-3e :.ktrix

(-’G/ Taint e.nti Tremfer  kodal Constants

?:ode 1 2 ?,

x, , 10.0316

[

+C.1290 ic.155c

*;21 +o. C6GE r0.1778 io. c;49

k
31

+c .080& +o. 008$ -0.21&2

% +O, 0876 -0.0792 -0.16”7/

( b )  ?oint :,10&l Constmts  (der ived  from (a) )

% 1

[

C.0316 c.1290 0.1550

‘22d 0.1170 0.2451 0.0130

'336
0.2066 0.0005 0.3072

A44d 0.2428 0.0486 0.1771

(c) T oi7?t  Yodal Zonstents  (direct ly  itientified)

4

+0.%27

-c. 2606

i0.1158

+0.1703
I

G. 6827

0.1153

0.0196

0.0425
I

hll

k22
i
+i1

J J

0.0316 0.1230 C'el5jC C.6627

0.1169 C.24?0 O.Cl29 0.1174

C. 2073 0. CC!07 0.3907 G.C704

0.2446 C.0521 0.2LlL o&45 I

Fresuency
;)

f-k22

\$-
.-.

33

f-
:‘,
:4

43.83 124.8 255.4

50.1778 -to.  3592 10.3337

+0.3419 +c. 4970 10.1136

+0.4553 +0.0265 - 0 .6251

iO.4946 -0.2263 -O.L913

247.2

+C.&263

-0.3126

+o.3~71

iO.2653

.,.-..



15' iz!I!,

F'e-ble  3.5
0
'LGS Incomlete Sxatial Kodel

16.5135 -16.4969

LSymmetric lE.1315

5 14 = 6.01533 kg

I- 2 . OOBCO  , -.317324 -.19E74E .1 10257
2.42306 -3.71277 L.L/>,l c .-.-c=7

16.C797 -12.E267

LSyimetric lC.629 1
Table 3.6

0
&&+GS Incomplete  :,IoSel - Sensitivity to Error

>- Change ic ITatural r're;.Aenci-c

1 2 3 L _

+I G -. 2 -. 4 -.02 - .2 j

c +1.2 +2":, +.4 i2.3 'z?+./,
i



Tamz;e 3.7 0SGS incoxolete !:odel

(a) Point and 'i'ransfer Modal Constants

L, ,

:*
21

L
31

x41

co. 2525 +0.3466 iO.2&

+0.1896 -0.0726 +0.0465

+o.o05e -0.2942 -0.0061

-C.3236 -0.039E +0.5371

(-5) “c’nt_- Ilodal Constants (derived fro5 (a) >

.A 11 0.0835 0.2526

A,,LLL? 0.2228 0.1423

kz,' 0.3502 0.0901
//=
54d 0.2231 0.4146

0.3466* 0.2E59

0.0152 0.0276

0.2497 O.OSCl

0.0046 1.009 I
(4 ?oint 30621 Constants (directly identified)

A1 , 0.0835 0.2526 0.9466 0.2s59

x2P 0.2667 G. 3905 0.0322 -0 . 2510

J-33 0.4747 _S_!J$c: 7 -C.EjLE 0 . OiTK /J

$4 0.2667 C.3005 .A o.cf'22 -3.2310 1



T a b l e  3.e (S'S) Develoment of Incomalete  j;ode Shape Katrix
w

( a )  Po int and Transfer Modal Constants

Kode 1 2 3

*11 +0.1999 +0.3596 +O. 2606

*22 +C.l?99 +C. 2204 -0.1029
:--x1

: +o. 2002

+0.1996 -0. OOCT -9.3063,,
A44 -0.2228 -0.lC24

(b) Point Kodal Constants  (derived froc (a) )

%l 0.1999

: 0.1999

0.3596 0.2606

‘22d 0.1351 0. C4OE

“33d 0.1943 0 C.3600

k44d c.2co5 0 . : 3k c ,s. c:s2

( c) Foist ilodal pvorstEnts  (2iy.ectL~-  ide-;ifi-ic)

(2) I3ode  Shags Iktrix ( f  rot (b) )

Frequency
(z.2) 0 9S.36

d-*1 1

\i--k22d
*
c-"?jd

( e )  Xode  Sham Zatrix (from ( c )  )

v-A1 ‘r t-0.59:7

4-
P-22 ic.372G

_c.c332*

-C.,‘720

0 . 2 5 0 6 C.1513

c, . ciog G.5125

G.4532 c.0115

0*0$09 -0.5125 1
1r7.1

+0.5105

-0.2075

-O.ECCC

-0.2005

257.5

+0.3890

-0.7502 1
+ 0

+C.4~SC 1
+C .51c:

-0.2G22

_G*E732

-0.2022

+o l 35gc

4.7153

+c?.lC72

+"v.7159
I

4

+0.1513

-0.2918

+0.0036

-to.1805
I

0.1513

0.5628

0

0.2153
I

+ C.0332  = (O.CSl 1 )T ; the negative sign of 2A33 being iqored
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Table 3.9

(a) Jktrices bzsed on 1der;tified Dzte

Ci.lt-,ut of Program EKUY with input data of Table 3.7(e)

-1.92@3 2.50795

-r[I 5.59552 -6.15616 5.83441
_‘_
I

=
9.14045

-2.43895 1-7.62927

7.E54L6zi$ = 4.99465 kg

-2.42406 2.19513 -1.32886

5.42721 -6.15406 3.13632

= lo6

9.28160 -5.30353

3.484321pIi = lo6(.oooo39) " 0

Cl“5 =
r1.2e540 -.16418& 1 .C6454 -1.26469 1

1 Syzzetric 3.EO94E -4.75C75  8.66676 -6.76359 4.21094 7.17739

2'5 = 4.98757 kg

-I.&3595 1 .44463

Cl
z> = IO6 5.0930e -6.04E28 2.77733

9.95815

1&.0cc%-&)  = 0

-.8lSOE2 .I-5.34054

3.36367r:, =
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4. SPATIAL KOXLS OF IDEAL UXIFO3X BEANS

4.1 Introduction to Continuous Svs tems

The development of the modelling techniques of Cha>ters 2 and 3 is

here taken a step nearer to application to real physical systems. 'tie

consider in this Cha_ster the identification of spatial models of con-

tinuous systems which have unlimited numbers of degrees of freedom and

resonances. Thus the spatial models must be incomplete btit the

compensation afforded by the use of high frequency residuals can be

investigated. The response data upon which the model is basedars again

to be error-free, being generated for an ideal structure.

4.1.1 Properties of Beams

A beam is a simple structure

has dynamic properties capable of

which has physical existence and also

being computed accurately. It is

continuous and has an unlimited number of modes which are fairly evenly

distributed in frequency. A suitable test of a method of modelling

would be the prediction of the vibration properties of a beam construc-

ted by the joining of two smaller beams. This is a process which

could be checked since the properties of the coupled beam could be pre-

dicted with as much accuracy as those of the constituent beams which

differ from it and each other only in length. The simplest coupling

would be a butt joint of two beams of equal section. Such a joint

would transmit force and torque and thus at least would require two

coordinates, one translational and one rotational, to describe it. It

must be that in many practical structures vibrations are transmitted by

torque coupling at joints, but it is not a phenomenon ~:hick has had

extensive study.

it,” ,
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4.1.2 Objectives of the Investipation

Accepting the desirability of using both linear and angular coordi-

nates at a junction,it is a natural extension to use a mixture of such

coordinates as the generalised coordinates with reference to which a

spatial model could be constructed. As was demonstrated in section

2.2.1,a mode shape can equally -+?ell Se represented by E/2 translational

and K/2 rotational coordinates as by the more conventional 1; transla-

tional coordinates. It would be interesting to see if a spatial EOdel

based on such mixed coordinates would be meaningful.

A modelling exercise based on error-free response data from ideal

beams could reveal systematic errors and numerical ill-conditioning and

also indicate if the addition of high frequency residuals by the methods

developed in section 2.3 improves the results.

4.1.3 The Short and ionE Beams

These were specified first in terms of their natural frequencies.

It was decided that the range of f requencies used in the theoretical

investigation should correspond to what would be reasonably measurable

in practice. This was taken to be the two decades from 20 Ez to 2 kHe.

The vibration properties of standard steel rectangular bar are plotted in

Figure 4.1 as length versus frequency for depth of section and mode number

as parameters. Stock of section 31.75 m x 25.4 mm (13' x 1") was

chosen. A ‘Long’ beam of 1.4 m vibra ting free-free would have reso-

nances at 0, 86, 237, 464, 767, 1150, 1600 and 2130 Et and thus cocve-

niently have six modes in the range and six coordinates, three transla-

tional and three rotational, to describe its mode shapes and to act as

its spatial model coordinates. Similarly a 'Short' beam of 0.65 m

would have resonances at 0, 395, 1100 and 2150 Ee and thus have four

modes dominating the response  in the range of interest. The two beams

connected at a butt joint would be constituent >arts of a 'Coupled' beam



of length 2.05 m and which would have resonances at 0, 40, 110, 217,

358, 535, 746, 994, etc. Hz.

Plainly, since the Long Beam was to be cou;sled to the Short Beam,

each needed two cf its coordinates at one end. It was then reasonable

to site two further coordinates et the other end of each beam. Four

coordinates sufficed for the Short 3ee.n; the Long Eeam had two stili to

allocate. A location 0.4 m from one end was chosen, which would be as

far as possible from any node of the modes whose frequencies ley in the

chosen range.

The specification o,f the Long Beam and its nobility matrix is

shown as Figure 4.2(a) and the corresponding data for the short beam are

in Zgure 4.2(b).

4.1.4 Generation of Preciuency ?.esoonse  32ta

Response data were calculated using program CG-iipLZl  with module Z?iAXl

appropriate to an undamped Bernoulli-Zuler  beam. For each of the three beams

a 1:xX matrix of mobility terms vas calculated for 101 frequencies spaced

logarithmically between 20 and 2CO0 Es. These vere,uithin  rounding limits,

error-free and were to be treated as 'measured' data in the following

modelling process. These original datawere designated T for 'Theoretical'.

4.2 ST0 Kodelling Wit?out rJigh Freouency Residuals

All the data in this sectionare designated ST for 'Spatial

Theoretical'. In later sections STR for 'Spatial Theoretical riith

Residual', SK for 'Spatial Xeasured' and SIX for 'STatis Measured ki,th

Residual' will be encountered. It is hoTed that the code will help to

clarify com?erisons and avoid confusion of similar, but different, data.

t.
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4.2.1
0
ST Identification of Xodal Constants for Short and Long

i3eam

The modal constants needed for establishment of the moduli of ele-

ments of mode shape matrix
PI

were to be found from the point res-

Tenses on the main diagonal of the mobility matrix. The mode shape

sqns were to be obtained from the transfer responses of one column of

that matrix and in each case this column was chosen to be the first cor-

responding to translational excitation of each beam tip. The tip of a

free-free beam, of course, can never be a node and so tip excitation

must stinulate all possible modes.

The identification of the Short Bean is illustrated by Fi,-ure 4.3.

The goint response Y
11

is sketched as Pigure 4.3(a) and all the data

used in .&node IXXT calculations are listed. The resultant modal con-

stants,
r'l,'

of the first three nodes are presented in Table 4.1, to-

gether with the rk22 series -&hose calculation is not shohn. The sign

array for the Short 3eam is presented at ?‘igme 4.3(e) and it was

obtained by inspection of the transfer responses sketched in Figures

4.3(a) to (d). The data at 20 Ez are dominated by the rigid body mode

and thus the signs of those data indicates the signs of the zero fre-

quency modal constants.

Similar information for the Long beam S-node IXE calculations is

presented as r'igure 4.4. It is to be noted that all the identifications

of Point responses for both Long and Short Beams were done using anti-

resonances and the response at 20 %z. Recause of the symmetry at the

tips of the Long Beam it is to Se noted that A
r 55’

2nd X
r 66 are identical

with rhll and r'22 arid thus are not recorded in Table 4.4., which con-

t2inq data for the f;r=tA-L AU five modes.
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4.2.2 ST0 Separation of E&d bode diodes

The rigid body motion of the beam is confined to one place and is des-

cribed by two rather than three coordinates. This is the simple case exem-

plified in section 2.2.3.Cne  rigid body mode, the translational, is com-

pletely specified in ter-s of the

for this node cre giveln siqly 32

IkiiT = l/m for

I'iiT = 0 for

2125s of the be2m. The modal constats

tiie ec;.Ztion:

i odd

i even (4.1)

remembering that even numbered coordinates are rotational.

The nodal constants; for the rotationa1 mode are obtained from the

tot21 zero-frequency constants ES obtained bp use of wogre-, I3ZF by

subtracting tke tra~l~tional corrponent:

“’
iile first t-.:0 co1u.m~ of the sc_uere retrlx of r\oint nodal constats

ccrres3onc now iko the t60 zero freq-dencg  5oDes. This ~trix I^or the

Short 3ear: is sho‘v.~i ir, Table 4.1(c) and tkt for the Long Beam in ?aSle

4.4(c)

4.2.3 ST0 SDatial Kodels of Short and Long Seams

The mode sha>e matrix has elements \:hich have numerical

vzlues equal tc tke sq.iere roots of tke ccrreswcding ele-ents in the

matrix of 3oirt ~od.el constants. The sips of the elements are

those four;-d fro5 the transfer $ots sketched in Pi,-ures 4.3 an< 4.4 for

the bending modes and from the thwb-r;ei.l slretc?ies of the rigi body

modes which a?perr at the botto= of Tables 4.1 and 4.4.
r7 91

The elements of the diagonal Pattix ‘G: LL J are based on the rattl-
r

ral freq-Jezcies,  k-hick of cause were esteblished for the IijZIT calcu-

lations.



hp$ication of equation (1.12) by nrogran  E:‘LAY with the input

data of Table 4.1(d) produced the s?etial model for the Short Beam in

the form of the zass and stiffness matrices of Table 4.2. Similarly,

for the Long Beec,the  zodei  deta of TEble b.$(d)#ere  trrr,sfor;red  i2tO

the spatial model of Table 4.5. The matrices are all f-_Aly >o?ulated.

remembered that odd numbered coordinates have translations or a??glied

forces  2nd even numbered coordinates are associated with rotaticns  and

applied torques. Thus the elements of the PI
U

T-,1 .and L__, matrices -v-i th

exclusively odd numbered suffixes may be designzted 1".
TIX.liS

2.k KtraS,

respectively. Their summations are meaningful as can be seen, for

ex2m e-1 , inTable  4.5 which shows ~I:trsns clcse tc the true vaiue in ?a*Dle

4.4(b), whereas the total sumnations over all coordinates gives meaning-

less results. it is teqting to think that 1,;
rot

ad 2;
rot'

being the

elements of [!,!-j and [X-j b;"nich are exclusively even-nazbered,  thus

relating rotational quantities, Will have summations CEp2bie  of inter-

2retation. Unfortunately, this is not so, because the inertia terms

are not simple scalars as masses are but they are dependent on the

Dosition of the rotation coor6ixete Fith respect to the applied toque

coordinate.

The values of >K
trans

end 2Xtrans serve as a check on the qatial

model. Another check can be made by using the qatial rode1 ztrices

es inputs to yogram  ZIG3 in order to find the mode shapes and fre-

cuexies, The results of such a calculation Icr tine Short Beam _a-e

shown in Table 4.3. The mode shapes are very veil determined but the
Lz

two rigid body modes have indicated frequencies of 3.50 x AC-' and

0.625 Ez rather than the correct fresuenc;; of C Es. This tendency to

indicate small ftiite frequencies rather than zero frequency k'2s Fre-

viously commented on in section 3.4.1 in ccnnectios -i;ith the eigenralues

of an exactly defined Symmetrical Free System and may be regarded as a



feature of the FG2ZF subroutine used in ZIG-3;. It has also been

observed t"_Iat these errors in deter&nation of would-be zero values are

a function of the Tarticular computer used for the calculatioo and the

size of fioeting point nmbers which are handled. The DECIO zainfrzze

computer at Zlddlesex  Folytecbziic  gives less accurate prediction of zero

eigeri values thari does t'le"DC66 P* " CL coquter at Iserial College, using

ideotical program. +50The XC10 has a litit abcut lo- for a floating

point number whereas the CDC6600 has 102250.

4.2.4 ST0 Spatiel Yodel of the CouDled 3ezr!

The two beme constituting the Coupled Beam are joined at twc coor-

dinates, one translational a3d one rotational. Thus the sTati& model

of the Coupled Sean is formed by joining together the spatial models of

the Long and Short kacs using the natrix nethod of coupling of substruc-

tures which i;as introduced in section 1.4. T':he last two cocrdinates of

the LOEg EeeE ztrices coincide with the first tm of the Short Sez=.

This joining is preset--ted  in sketch fora in Table 4.6(a) and the mass

and stiffness matrices of the Coupled Beam are shob% in Tables 4.6(b) asd

(c) in which the overlap is seen to be confined to a 2 x 2 submtrix

associated with the joint cocrdinetes.

0ST Katurel Frecuencies

These data were first assessed by using thee with >rogran EIrJ3 to

predict the natural frequencies of the Coupled Dem. The results are

shown in Table 4.6(d) in which it nag be seen that there are t&o codes

at low frequencies which cat per'na;3s  be interpreted as

renecbering  that the EIGZI? routines are not capable of

frequency exactly. The other frequencies are between

error, this being always positive.

rigid body r.odes,

indicating zero

2.4$ Ed 13.7; iri



0ST Zrror Sensitivity of Spatial I'odel

The sensitivity of this spatial node1 to error was indicated by t'ne

effect of a szall change of nain diagonal element of the stiffness

matrix upon the predicted natural frequencies as listed in Table 4.6(e).

The shift of frequency was negligible for the eighth node but increased

.cith decrease-r-= zode number to +521 for the first bending code. The

shift of the second 'rigid body' code is enormous and clearly znomelous.

This result indicetes extreme sensitivity of the netur21 frequencies

(eigenvalues) to Terturbetions of the stiffness matrix and confirms the

idee thrt 211 significan;t figures 0,f the s,atiel model matrices should

be retained, even though dat2 of fewer significent figures were used in

their czlculstion. This csnceFt is cortrery to the advice,given  to

students using celculetors  IThen teckling more elementery  problems, to

retain only 2s seny significant figures in solutions 2s were in the pro-

blem input deta. Eowever, since spatial model celculations are inprac-

ticable without computers whith can handle deta wit-n many or few signi-

ficant figures with equ21 facility, there is no need to round offthe

elements of s3ati21 model matrix elements in order to m&e manual czlcu-

lations easier to record. The spatial model oatrices should be regar-

ded 2s an intermediete stage and fin21 results, s-uch as predicted fre-

quency responses, should be rounded.

0SV* Couzling at One Coordinate

It w2s esserted in section 4.1.1 thet the coupling of beans et 2

joint required txo coordin2tes  tt the joint. This assertion'is veri-

fied by the results Tresented in Table 4.6(f) which shows the nine netu-

ral frequescies predicted for the Coupled 3eam constructed by joining

the Long and Short 3eans at 038 coordinate (the trensletionel)  only.

The frequencies listed bear no relationship i<ith the true values.

164



0ST Eode Shapes

Program ZIGEI; produces mode shape data as a column
ia0

r for each

value of r, the mode number. The odd-numbered elements of
($1 are

r

presented es points corresponding to translations and the even-numbered

elements as sloping lines corresponding to rotations in Pigure 4.5 and

sncsec_uent 305e shape diagrarrs. The c ontirucus lines on these diegrans

show the ideal shapes of the modes, based o_n 3ishoo and Johnson'-s Tables.

The ST data in PQ-ure 4.5(a) and (b) clearly relate to rigid body

modes since they are collinear. The mode at 0.478 Ez should ideally

have zero slope. The other rigid body mode which has a negative eigen-

VhlW (hence the indication of imaginary frequency 0.23&j Es) is quite

close to the ideal rotational rigid body mode.

The first three bending modes are quite accurately indicated by the

ST data, the worst error being for the third bending mode at the tips,

the translations being too large although the rotations are accurate.

The next three bending modes shox rather more divergence from the ideal

with inaccuracy increasing with frequency. This trend was explained in

Chapter 2 as the increasin g influence of modes whose resonances are out-

side the freq?Jencprange  of the simple spatial model.

0ST Precuencv Responses

The frequency responses of 64 responses could be generated for the

spatial model of the Coupled Beam re presented by 8 x 8 matrices. i,

selection, corresponding to response and excitation at the tip and at

the pcint of junction of Long and Short Peams, is sho;,n in r'igure 4.6,

in >:hich the thinner con&-;blnuous curves correspond to the true 'T' fre-

quency response cf an ideal 2.05 13 beam. In each of the diagrams six

modelled resonances corresponding to the bending modes may be observed.

Each shows a simple asymptotic approach to a mass-line at frequencies

above 800 Es. Discrepancies of resonances and antiresonance frequency

are clear but the general level of all the responses is correct. The
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junction cross response of Figure 4.6(d) has a correct alternation, of

antiresonsces and non-zero ninim betweec resonances. Figure 4.6(f)

for the rotational response Y66 has the second bending node s&zing a

negligible contribution to the model response although it puts a sza.11

kink into th.e ideal curve. The reverse is true for the fifth bending

sode.

4.2.5 @ Conclusions: Modellinz Vitnout Zigh Trecuency
aesiduals

The ST s?etial node1 of the Coupled Bear: has been coqrehensively

matched a--+ i
8GI.nst  the ideal in (a) natural frequencies,(b) Lode shapes arid

(c) _ * c -frecwncs reszonse
l it CES be given an over211 rating ES 'fhir'.

In smi_--a~jr:

(1) Tke construction of an incon>lete

system is feasible.

(2) The spatial Eodel caa be based on

and rotational coordinates.

s?ztiei  model  of 2 cor,tinucus

a tixture of tra-,slational

(3) The total sumation of the elements of the spatial r;odel

matrices is not neaningful but stations of elements exclusivelv tram-Y

lational in uature do correspond to

ness of the structure.

(5) _ 1Zach s3atlal node1 r;atrix

by the coupling process. The fair

the total mass and the tot21 stiff-

is in effect substantially perturbed

apprcxiz!ation to ideal behaviour

given by the spatial node1 of the Cou$ed Bem indicates that the pro-

cess is v&id.

gives valid yedictions ?iss ..t=,an u-,?er bo*md ccrres>ondiog  to the ii zode.

(7) ?he spa tie1 model vithout high frequency residuals shorn

increasing error in node shape as the modal frecuencv rises.A 1

(S) The high frecuercy trend of the predicted frequercy respccse

beyor?d the range of validity is zass-like.



4.3 0ST?L
In Chapter 2

Kodelline -iiith  Eiah Trecuency Zesiduals

we saw that the incorporation of 2 high frequency resi-

dual term could m2ke a significant improvement in the cume fitting of

one response 2nd that such a residual could be reyesented 2s 2 spring.

k'hen several related curves were identified 2nd the spatial model con-

residuals of rcint responses could re2dily

be accoxodated as springs and those of transfer responses  could be

neglected. in this yesent Chepter we seek to identify the res?ocse

curves once mre,  this time m&in,- provision for c2lcul2tion  of the high

frequency residuzls. i

4.3.1 0ST?, Calcul2tion of Eigh i"re0uenc.v  Zesiduel Terms

The identific2tion c2lcul2tions  xere cerried cut using the s2ze

response dete as were used formerly in section 4.2.1. The highest fre-

quencies, ho>:ever, were altered to 10000 5.c in the case of the Short

3eam 2nd 5000 E::: for the Long, these being convenient round fi,gures

ebout 2 riecade  above the highest true resonance in each case. The

residusl stiffnesses were calculsted from the IJ th modal constant and

I;th 'resonance' frequency according to equation (2.21) and are presen-

ted 2s p2rt (b) of Tables 4.7 and 4.9 for Short and Long Seam respec-

t i ve ly .

4 .3 .2 0STR

The renainder

,Datial IIodels  of Short and Lona SeamC

of Tables 4.7 am? 4.9 is devoted to the develo>=ect
77 c- e-l

of the data for the respective LU end L _A‘lJq ratrices  by the sze

net3ods as were used for the ST node1 in Tables 4.1 and 4.4. The mode

sh2ne mitrices fo-J. the ST2 model 'can be seen to differ from those cf the

ST models in that the numerical velues of the r elements of ST,?

becone staller  than those of ST as r increases . This is the effect of

the high frequency residuals irrhich rezove the need for cods-1 cczstazts

to be exaggerated in order to s>;roxizate  the out-of-range zodes.



The spatial models of the Short and Long 3eam were calculated

using progrm DRAY and are listed in Tables 4.8 and 4.10, together

with

dual

the diagonal matrices of residual stiffnesses.

0ST?. Residual Stiffness Kodel

The 21; x 2i; matrices whit!; constitute the spatial models smith resi-

stiffness v:ere discussed ir? sectior! 2.3.2 azd are specified  ir,

equation (2.5) an? are conposed of subna.,+-ices which can be fomd fron

the data of Tables 4.S and 4.10. Since the nass matrices have zeroes

on the nain diagonal they have zero deteminants and are therefore

singuler. Thus they arp not positive definite and consequently cayJot

be used modified to calculate eigenvalues and -ode shapes using ;rograz

ZI"c"'r--.. The sumat ions of zXt_ms and zi:trazs for the ex;janded  matrices

give the salz;e  results as before, however.

0ST3 Zesidml Tlenibilitg Kodel

The alternative approach for inclusion of high frequency residuals

that was discussed in section 2.3.2 invclves several steps which entail

coquter file nanimlation.

(i) Use program COKPUI with nodule Z:%K2

C lE to generate a matrix of linear rece?tmces
the sweep and store that data on file.

with input data 1 K 1 ,
L J

for each frequerzcg of

(ii) Use a special short prograrr. ADF'LZX with input data
L'res.

and add that data, frequency by frequency, to that of (i) above md

store on file.

(iii) Use pogras CCTX.31 rqith nodule ZFIm to process ttie recep-

tance d2ta into the desired final cutput fom2t, usually nobility iz

logarithzic  fem.

T'his node1 :\'2s tested by going through step (i) and (ii) using

d2t2 for the Short 33em. Ultimtely,2 4 x 4 rece$_ance matrix was

obtained for eech 05 101 frequencies. The method. involves considerable

file mani;uletion, done by control cards in tlr,ie 32rticukr  case, Ed the



procedures were tedious. The res*alts k'ere ccqared with those prepared

by the residual stiffness Eethod using E? x 8 matrices. The two sets

were not ider?tical but were nearly so, the largest discrepancy being

0.1::. The residual flexibility node1 was seen to work but offered no

advantage and was

4.3.3 0ST,;;

therefore not further used.

Spatial Kodel of the Couoled 3ean
Zesiduel Stiffness Ilodel)

The Long Bern with residual stiffness has a repesentation  with 12

coordinates, nmbers 7 to 12 being available for external comections.

II> the case of the Coupled beaz coordinate 11 is used for translational

coupling and coordinate 12 for roteticnal co-upling. Continuing sith

syster coordinates those for the Short bea= are numbers 11 to le.

Coordinates 11 tc 14 are available for external comectiocs,  nmbers 15

to 18 are inaccessible.

The spatial model of the Coupled 3eaa is soecified in Table 4.11

firstly as a sketch k-ith labelled coordinates in 4.11(a) and ther, in

terns of the tie subsystems, the Long bear! i9 4.11(b) and the Short bean

in 4.11(c).

The complete le x 18 matrix of the Coupled Bean does not have to be

specified, sime the frequer,cy  response of the systen can be generated

by use of program CCY?iZl and nodule 25'&~2 with ti?o subsystem using the

conputer to do the necessary coupling calculations. It will be rexen-

bered that the coqlete 8 x 8 matrix for the ST Coqled Bean

fied although the frequency response calculations could equally well

have been dcne usicg popa- CCZXl to zssezble the system matrices.

Ir_ that case, hor;ever, the systea mtrices could be used with -,rograz

EIGz: for the direct calculation of natural frequencies and xtode sha?es,

2s option not available for the STR matrices above because of the singu-

lerity of the cass r-atrices.

. .



0sy;i Iiatural Preouencies

.The spatial rzodel  with residual springs can be zodified  so that tke

170

natural frequencies can be calculated using ZIGC;. ‘Ihe Lodification

involves renovirg all the coordinates which do cot desimate  mss poicts.

In this exansle the sayings attached at coordinates 7, E, 3, 10, 13 and

j L shOyk~&  ip_  “at;le &_.I 1 ere oz5tted a l t o g e t h e r , ar.c each 3air o f s zr1zlg-s

comet  ted at jumtioc  coord inates  11 z32 12 is re>leced by an eVczuirslent

single s?riq re>resentizg the series connection of the two residual

sprlcgs  . T h e  resultart spterr. ha:: ‘I C cccr?.i:-:etes,  eech 25 a zass ?cict,

tke o u t s e t  or,ly E extesr,al  coordirztes  arid E vaiid rodes. The zc?e

shape  v e c t o r s  ov;t?:ct  by ;IGL d.0 r,ct corres3sr.z  to tke external  cccrdi-

The frequency responses  of selected ;arazeters, Et Chev*- tic ETT~ 2%

the junction, w e r e  genereted  arxi slotted ir! Figure

T
zoael has eight external

. .coorcmates  and has eight

t~:o of which aYe rigid body codes. There are six

4 . 7 .  T h e  sy”+ial:L-c

tr-ue resoname rodes,

bend& ziodes, there-

?he model 22kes no valid prediction a t  higker fregueccies.

T‘he modelling o f  the  tr:c t ip  resTor.see is excelient. Slight dis-

crezancies_. are cbsel-c-ed  for Y
77

at the antiresczazces ajout 150 5 er.2

?OC Ez. ITor?e z-e El;perezt f3r y-ES’ ~isl!i;atck  of antiresonaLces i s

a3Sare:t  for the ti=:  cross resys;lse  Y, - 7E
b.zt they are cct serious errcre.

Siightlv  core su_stantial  errors areL to *De seen for t?ie j-u.ricticr,  ressor-ses.

The junction cross respome V, , , 2 his the nodal constant fcr the fifth
,

, although it hasbezding -ode 2t 535.2 Es a little too large, evidentig

the correct si,T. T h e  30int trazslatioEal  response II

tiori _.s.rI--s i t s antirescnazces  siichtlJ7 estrq, z feature

, , , j , at tlie j-xx-

of no g-e&t



significance. Lastlv Y,2,,2 shows  good  agreezect  k'ith the exce~tior, of"

a contribution of the fifth bending zode shoi;ing  its Tesonances,  whereas

the true res?ome has a negligible resormce  for that zode as can be

<educe<  fror

?igure  L.E.

.:r;,otker

tkie  near horizontal

there aye t-9:0 indicated resonances,  at l&C and 1456 3, of vhich zo?e

will be said belox. %Iso,  the final trend of all the curves at high

frequency is uyards to:.;ards  a swing-line. This is, as expected,  an

effect of the residual spring.

113
0

a*_& Lode She3ee

At first sight t h e  czlc.d_2tloz  cf  sode shz?es seem t o  ?reser-,t  h :;ro-

bles, again  because ZiGE,I:  is ipazolicable  to the external  coordinates._ _

!.odei identification, usir-g program.  I3Z;T  is the sciution. kccordioglg,

res3onse  date vere selected for the eight  resmnses  at external cocrdLzates

(7 tc 14) to eiCitEtiOr! et coordinate 7, the bean ti?. Zight  runs of

13x{% were sade ,givin~  data fr cz ~-hick  the zode shar;e natrix could be cal-

culated. !;o tabular data are presented; the results aYe $otted  as

translational points and rotational slopes  ia Figure  f+.&.

One  nay cozent  first cn the rigid body -odes; their yedlcted  shaoes

are acc;L-ate  witLhi.7+A the tolerezces  cf tSe grac-h. Their indicatec frey;encles

are veyc lov, well belou t‘re rar-,ge  of interest. The first ti;ree be:dicz

xodes exhibit slight discrepancies iz bode  sha?e, slight errors  of disslace-

nezt 3erka5s  bein,-  -ore noticea-ale. Fke _+- o';r+":n* bendir,g  rode at 361.2 5

ki3.S a perceptible slc?e  error at coordinate 12. The fifth bending 3ode  at

5 3 5 . 2  i?!z sho;;s sigkficant  errors at scze ir,board  CGOFdiLlateS; 5 La.?-ir.g OS?;

cc$:  of its true value 2r.d 11 aSout 125.. "‘nit fact  help to eqlair  tieA.A._k

relatively -,oor fit of the frequency res3omes  Y
11,12  and

Y
12,12

in the

vicinity of that Irode, r;hich  has already received  corent. The sixth ber,d-

irg zode, h-hose frequeccg rarks the u?ger-liEit  of t?ie raz,-e of validity cf

this spatial nodel, shows Ilarked  angular discre3azcies  at coordinates 1G

a3d 12 a.r;.d an error iz the tin dis$acezent,  coordkate  1C.



The modal ciete for the indic2ted  resonences  et 1040 2nd 1456 Ez

comered with the tme 3od.e shepes is F\ig;Lpe f$.E(g) mt (h j. Their

2nozalous nature is very cle2r since the nodal d2ti eppears to be

incoherent. The ioboerd slopes 2zd dis@acezents tight conceivably

fitted to ?k.zible curves b-it t?_c slopes fcr the be-_= ti;s sust be

2re

be

..vnY-,- c-imce ‘.
,I _ i-*5  .._-__

;yze tress  ;C k_+:-_er sic-,es 2: t :h. e tic 2.p- the r3221 fre2,er.c;r

r i s e s  is iEexor2ble. 22s 2articulzr spetial model h2s, fron the

outset, eight coordinates and eight zodes and c2n give vzlid d2ta only

u? to the eighth resonance frequency. Thus such 2nonalous nodes could

be detected and excluded in the generel cese when true frequexy res-

-,onse data are not eveilable for ccnparisoc.

Th_e r~jcr results fcr both ST 2nd ST3 r;odellip< 2re s~2rised

iri ?ig-zre L;.$.

4.3.4
0
ST2 Gozcl-dsions: IIodellir,g r<ith Eich ?recuencv  zesiduals

The iwLov2ticr. ___ Of reoreser6t2tios of >oi_t residu2ls b;,- s~rinz ele-

;ents is siz:Dle, eesy to visu2lise , 232 prodcces e rezrk2-ole ir?roverezt

in the fin21 p-edictions fro", 'feir'  to 'excellent'.

(1) The ST3 frequency responses in ccr>;arison to the ST rescooses

2re 'focussed' since the timetch between Eodel 2nd protoQTe is very

smll.

(2) xatura1 frequencies, found by using EIGE;; with a zodified

suzti21 z?odel, 2re accurete

(3: irode sh27es, foznd

the exceptions 3ei25 Et inbo2rd coordin2tes neer rotetionel zodes, ;:iich

EFC cli-htly in erTor.b_-__b_'

(4) The residue1 stiff>ess Eodel i~-~ol;-ing ,7_1 >: 2; ~2trices to

incoroo-ete residue1-_ - springs is mch easier to nmipl2te  th2.n the eq*._Ava-

lezt residn21 fleXibiiity -ode1 i.molvirE: zrogr2z li)TLl~i;  asd z;ch file

ranixlation.



(51 The high frequency trend of the predicted frequer.cy  res?mse

beyond the rage of velidity is springlYle.

(0) 2here ere  two EEOZZ~OLS high freqiiemy  xodes eesily d e t e c t e d

lie beyond the valid rage of freTxncy  bounded  ky the I! Ilk rote.

I ,
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(1)

(2)

(5)

(4)

(5)

(6)

(7)

(8)

(9)

4 .I; cc:~cLvsIol:s : S?ATIAL ICOJELS OF IXAL uI;:IFOilIIi EGA!ZS

The construction of 2 useful s?,atial model of 2 continuous system

is feasible.

The s?2tisl model czr, be b-tilt with respect to 2 rtirture of trzis-

lationai 2?Ad rOt2tiOn2i  coordinates.

o_uer,titles  neve ze29,,Er~_inrc 1 Sm2tiosS.

The s c2ti2i model accuretely predicts the effect of the substentiel

perturb2tioL involved in coupiing t>io substructures,

3eaxs connected et 2 butt jcint muSt h2ve tiiC coordin2tes of coup

link_.

The OT.er2ii  process of r;odelling 2-d cosrDlin,-_ is nuzericeliy  well-

conditioned.

The frepency respoase oredicted k::; ar, X-node szztial model is

velid *L> to byJt not beyond the Ii
th

rcode.

The innovatory  addition CY? s+_ngs tc the Spti21 model to repre-

sent high frequency reSidu2iS  of Taint responses z2kes 2 most

siaificant improvement in the 2cc7.zecy  of the model.

This addition of sping elenents is zest e2Sily achieved by increzs-

ing the size of tke ret:ices tc Z II X, th:e 'residzzi stiffness'

model.

(10) The m2ss m2triceS resulting fro= (5) ere Siz@er,  2zd the Sr,ztiel

mo?ei has to be reduced so thet ZIG3 c2,n be used to celculete the

natural frequencies. Close frequency sweeps using program COLYLEl

with the full model will give responses, program IDE2 will then

give 5ode sha?es,

(11) The residual-spring  -_,etho& Trotil;ces t;7c 'r,i& frequency 2r;oxaLous

modes xhich affect the response in the region beyond the renge of

validity.
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The CCSCL'U'SIWS  of Chapters 2, 5 and 4 takez together constitute a

summary of theoretical tools which can Se ased in the latter part

of the thesis, Chapters 5, 6 end 7 which are concerned with

exDerimenta1 neasuresents 21x5 the s.-,3licaticn of the techniques of

idey_tif;cetior_ of sptiE1 rodels of li$..tly <zzT?ed  S:.-PtCZS._



1

10 m

a? Lendh

~iwre  A.1 Nztural FrSauenciSS  O f  Bp_aS 2S ih.XtiOnS OL

235 ikdh

From  B i s h o p  ir Johnso;  Tables p. 17 : -

x ,
= (Wr2if/EZi)  G :. wz =  Xr’(s*/y$

3ut for rectgridila  b e a m  : - . ,

I = d.h3/12 , A = d.h :. (EI/Ap>s  =  h(+F’)’

B h J p. 36 i* (+)* = 22,373

:. fl
= q/BL 22.373  h (E/12p)3/2n12

For steel :- E = 0.206 X lo’* K/n . , p = 0.7740 X lo4 b/a3

:. fl = 5303 h/l* Ez

:
rfF---;-__.-

1
iB “: ;.,36 j :- ,.__-__-_

Il.0 12.76  1 5.40 j 8.931
-
i-

h(=)

lb EZ

.032(i)

.03*(3)

.032(*)

032(J)
0241)



Firure L.2 SDecif icet ion o f  Coodinates  a-d Kobilities

i-lY =
L

(i, /x2)

(b2/L2)

(i,/: 12)

(6JK2)

(i5/4.12)

(i6/X2j

(i, /P,)

(62/q)
(z3/?;)
iy3 >
(i5jF3)

(‘6/‘3)

(643)

(i3/kE)

(6 &/X6 )

( i5/X6,)

(3,/k6)_ L

. I



Fiae 4.2 (continued) SDecification  of Coordinates and Mobilities

(b) Short Beam

t-
0 . 6 5 -

x1.
@21’ =.

x3
.

e4 s

y12 y13 y14
F

1

'22 '23 'Y24 1I42

'32 '33 '34 F3

'42 '43 '44
I

'I4

c or
-9

s;;
S  =cyl,W,

ClY
( 64F, ) ( b2h2) ( b4F3) ( g4M4)

=
S 1(%/F,) (3/M,) (i;7/F3) (jLj/Mq)

( b4/F, ) (64/"2) (64/F3)
1

(~4/~s141
S

--v---

‘.%.



i"ime 4.3 Identification  of Short aem

Sesonznces at 0, 398.5, 1099, 2154

Frecuencv ZesTonse Selected Date

(4

v-eq-dency(  35)-a. Ix P&se Type

20.00 .ge2g 0

274.0 0 0 L?&

E89.3 0 0 A? L

1857 0 0 LA?

20.00 -2.25 0

23.co -.$951 0

2o.Oc -2.290 0

(e) Sip Array

Kode 1 2 3 4

Prequency(E2) 0 398.5 1099 2154



1so !!!!!I

?kure . L: Identification of Long Beaz

Resonances zt 0, E5.91, 236.8, 464.2, 767.4, 1146

E?requency(  Iiz) II‘S P h a s e  Ty?e

20.00 .$267 0

20.00 -.3694 0

20.00 -.02654 0

5 0 . 0 0 -.5489  0

(e) (i,h, >
\

20.00 -.2524 0

29.00 -.5636 0

(g) Sign Xrrag



FiPure 4 . 5  0ST P r e d i c t e d  ;locX! Zeta fcr Cougled Best,

( b ) 03

ie) 3% \\

Freouency (Tr-de hecwency) ( Hz )

(2) j 0.23 (0) (b)

(c) 42.47 (sc.07) (6)

0.48 (c)

127.1 (11c.r (e) 221.7 (215.5)



I?imre 4.5 ()ST P r e d i c t e d  !:odal Ikte for Srox3,led  3een (cont’d)

(h) OB 11,

P-ouencyv-b-1 b-tie  h-eozencv ) (Ii-)

( 3) 370.6 (357.93 (g) 606.0 (534.7) (h) 601.2 (7SLE:i

i& (4 Zigid 3ody Trensletioo CT

b) Zigid 3ody Zotrtion OR

( c )  1 s t  3ecding I’ode 13

(d) 2 n d  3ending Kode 22

etc .



Figure  4.6 ST Freauencv Resuonses  of Cowled S e a n0

(a) T i p Response 1, 1
:, I

-----0-0- Spatial Kodel

Ideal

9 (b) Tip Response 2, 2
.5. i 1

4



Piare 4.6 ST
0

Freouencv  3es9cxes  o f  Couzled  3eez  (cont’d)

Ed /
cc> 752 Cross ZesPonse  1, 2

1

9 (d) Junction  Cross 3esponse 5, 6



Figure 4.6 Freouency Zesponses of Coupled Bea (cont’d)

( e )  J u n c t i o n  aesponse 5, 5

-.-.-. - ._ Spatial Rode1

Ideal

( f ) Junction Response 6, 6

S.C



Fiare 4.x 0STR Frecuencv ResDonses  of Coupled Bearll

Cd Ti:, 3esponse 7, 7
c

. ,



Fizure 4.7 ()STR Freauencr Responses of CouDled Beaz (cont'd)

(c) Tip Cross Response 7, 8

_.-.-. -._ Spatial Ia:odel

Ideal

D (d) Junction Cross iiesponse  11, 12

“) !

I
/\

/.’
,,.I \

I,_



Fizure . Freauencv Besgonses  of Coupled Bee= (cont’d

(e) Junction Response 11, 11

-.-.-. -_- S-,etiel  l.:oSel

Ideal

( f )  Junct ion Response 12, 12
1



Figure 4.8
0
STR Predicted Kodal ikta  for Coupled Bean

8 0

(a> _OT

b) 03

(d) 23

Frequency  (True  Freouenw)  (lb)

(8) 30.239 CC> ( b )  0 . 4 6 5  (C)

( c )  4 0 . 2 0  ( 4 0 . 0 7 ) ( d )  110.23 ( 1 1 0 . 4 ) (e)  215.1 (216.5)

Y



Fi,mre 4.e
0
ST2 Predicted Lode1  &ta for Co2cled Beu (cont’d)

(h) 63

Frecuencv T r u e  ?reouency EC

( f) 361 .l (357.9) (SC) 5-35.2  ( 5 3 4 . 7 ) (h) 740.4 (746.6)

( i )  1 0 4 0 . 2  (994.1) ( j) 1455.6 (1277) - both z~o~elou



Figure 4.9 @ @ Spatial Models of COUDled Beam
Coordinates and Matural Frequencies

(-4

b)

(b)

A A A A
Ideal Beam 1.0 I 0.4 ti 0.65

I, 11\ I 3 5 7c 1
Y

Long Beam Short Beax

Iqatural Frequencies (Hz)

0 0 40.07 110.4 216.5 357.9 534.7 746.8 etc.

Spatial Model - Theoretical Data

I I

I I

5 6 7 E:

Tip Coordinates 1,2 Junction Coordinates 5,6

Natural Frecuencies (Hz) - Error (c//o)_

2.23 048 42.47 123.1 221.7 370.6 60e.o 801.2

(+6.0) (-1-n) (+2.4) (+3.5) (+13.7) (+7.3)

() 0
C S!I!R S-,atial Node1 with Residuals - Theoretical Data

Tip Coordinates 7,s Junction Coordinates 11,12

Fatural Frequencies (Hz) - Error (:I)

j.329 .465 40.20 110.2 215.1

(+.3> (+.I  > C-.7)

plus 1040, 1456 (anomalous)

361.1 535.2 740.4

(+.9) (+.I  1 (-4



(a) I+:odal zonstents

Output  0: progrez! IX!??.
.

Ilode 1 2 3

?recuencp (52) c 392 5
l , lC9C

k ii .9&59 .99iL? j*C3$

A22 7.coo 51.5; 173.1

C-d s e92ration of Z.si< 3ody Y,iOCies

T - Trensletional ii - Zotstionzl

i!J = 4.057 b_g t

,

la,,‘1 = .246j ,Bl,R = .gsjg - .246j = .73gL

,X22T = O ,522 = 7.032

k-here ;AiiT = l/n for i o&Z

li;ii’;  = 0 for i eve=

,Ai..~ = ,Aii - l~ii~ -?0T 211 i

(c) !s:atrix of Toiat :Codal Zocstants

Because 05 spetry A,, = Al,, hJ4 = k2*
//

Frec_uency (Ez) O(F)
L
7 1 .2465

A
22

c

k,, .2$65
,/

a$4 G

(6) i:ode Sh29e J:2trix

3reydency  (5.2) c -I’( -; QW 39e.5

i-., 1 1.4965

i--.A22 + 0

lr--t
A*_

23
+.4955

f--641 + c

icg5
_

+.E599 i.9955 +I .C!l.C/

-2,646 -7.177 -73. 15

-.Ejgg i 0CXE.,-',A -l.CICi

-2.646 +7.'177 -15.16

c(3) 398.5 10gg

.7394 .9910 :.03CJ

7.020 51.51 173.1

.7394 .gg1c i.03e

7.000 jl .j'1 173.1

The sii?;s in t'r;.e 16st tXcZ calms 3;ere fo,&d. fyo~ the $o;tec ZcZ
itientifie& short bea transfer resDonses Q-me 4 .3. The C-'WC . theL "__F_W XL
first tuc coluzns vere found fro2 the rigid bOC?g 2oCe s:hz~es belo;;:

i +o +3 +o

Translation

+ti___

?.ctation

L ,



Tzble 4.2 0ST S~2tisl  :Codel of Short tiean

Out@ of yogren EIGTAY  with input detz from_ .Table 4 .2 .1 .

7’122s l:etrix

Cl
‘;s =

3ut

Stiffness i;ztrix

[I
E

7’

I..
S

= ‘r-’I L’

Z1r = 4.08052 kg

>I4trazls =  4.0565&e  k g

i
1' 1.2320 3.65028 -11 .23x 3.65C2C

1.49352 -3,65&C .8&1s-C9

1.2:23 -3.65C20
i.G:52

c

L/r.

1.62039 .I93443 .4G79C4 -.0&7E?5?

.O303$68 .CE7&957 -.Cl E3C39

<I .C2G:C -.l?TLL?

L Syrzzetric 1,-,7-T, ‘$2. “,“;icY

Table 4.3 0ST Kodal ProDerties of the Short Eem Predicted fron its

Smtial ?<odel

of TEble 4 .2 .

3atural
Preqzencies  (Hz)

Diode Shape

j&trix

3.503-5 .62K J 398.5 1 Cg&

.49?

: 1.23:-8

.860 -. 9 35 -1.02

-2.65 7.1s

.497 .860 .995 '1.C.z

1.22-E -2.65 -7.18
13.16 1'=( I/. 16

Con-,zre  with Teble 4.1(d)

,



I--

I.To?e 1 2 3 4 5

r”Fez_-dency (I?) 0 85.91 276.6 $64.2 767.4

k 11 .4577 .$5&l .4636 .4736 .5082

822 .7coc 5.96  1 14.83 31.77 68.5&!

“ 3 3 .1?74 .0233 .195g .I 081 .0043

k44 .7003 2.619 .2827 7.629 35.52

n = 8.74 kg , l/r. = .1144  kg -'

r

I.Jsing equations of Tsble 4.1 (b).



Table 4.4 continlled
0
ST

(c) Ihtrix of ?oint Eodal Cozs tants

Secause  o f

Freqxencp (23)

Eyanetry k,, = h11' %6

O(T)

.I144

.1144

~

0

0

.1144

0
:

i/

oh0

.3433

.7000

.0630

.7003

.x33

.7ooc

85.91

.$581 .4636

5.061 14.83

.0233 .1959

2.619 .2827

.45Sl .4636

5.061 14.83

( d) i,Zode Shape iktrix

Frec_uencp  (51). O(T)

+.3382

+ 0

+. 3382I+ 0

+.3382

+ 0

o(z) 85.91

+.5859 +.676E

-.8367 -2.250

-.2510 -.1526

-.8367 +1.618

-05859 +.676&

-.6367 12.250

= h22

236.8

236.E

+ .68og

-3 .E51

1.4426

-.5317

-.6809

-3.651

464.2 767.4

.4736 .5SC2

31.77 .6E.5S

.1081 .0043

7.629 35.58

.4736 .5C82

31.77 66.58

464.2

+. 6862

-5.636

-.3288

-2.762

+.6%2

+5.636

767.4

c.7129-

a.281

-.0656

+5*965

-.7t 29

-8.281
d

‘iYne sims in the last four columns were found from the @otted  long

beam transfer responses, ?igdre 4.4.

VT-
i_tE si,-=ls  in the A“irst IIWO columns were found from the rigid body

mode shapes sketched below.

ZIotaticn



‘i’sble  4.5 S T
0

Szatial I.lociel of LonE  3em

Oiltput  o f  progrm  EZ&Y w i t h  input  dat2 fron Tzble  4.2.4(6)

Xess Letrix

2.42399 .43l632 -5.60223 -1 16326. 6.22342 -! .54614

-.350506, 1.86052 -.461354

10.0147 -50.8450 12.5811

2.36038 -11 .e349 2.9172C

61.1720 -14.8%942

3.658C2

Stiffness Ik.trix

PiI = 105

lE.lClr, 5.1C643 -2q.3065 :.C5890

2.49452 1.32806 -4.06322 . E98019

920.808 161.986 -938.909

30.3421 -167.092

229.436 J

40.3183

960.216 -234.495

57.77035

a =  105(174.104) N/n

But zxtrds = 105( .oooe5) = c N/n



T a b l e  4.6 S T0 Spatial Model of Coupled Beam

(a) Coordinates

1 2 3 4 5 6

Tip Coordinates 1, 2 Junction Coordinates  5, 6

(b) Mass Matrix

-2.42099 .431632

.100957

ClMC =

Symmetric

5 6 7 8

-5.60223 -1 .16026 6.22342 -1 .54614 0 0

-1.66083 -.350506 1.86032 -. 461354 0 0

45.5975 10.0147 -50.8450 12.5811 0 0

2.36030 -11.8349 2.91720 0 0

62.7924 -14.6965 .407904 -.087896

3.68837 .087896 -.0183839

I.62039 -0 193443

.0303468
_



l.1
0
C

II



Ta3le  4.7
0
ST3 3eveloment cf l:ode SCeze Katri:: for Short gem

(4

(b)

cc>

w

(e>

Kodal Coxtants

O u t p u t  of progran IXXT

2 3 I/ 4(residual)  1

Frequency (2~) 0 396.5 1099 10000
t

-=l 1 .9s59 .95E7 .7?72 89.23

b22 7.000 49.83 129.6 2 6 2 3 5

Besidual Stiffness

ic
rsi = LQ4Aii = (277. x 1oooo)2 / pii

Krs, = 442.4$& x 105 , E
rs2 = 1.50489 x 105

Se2aration of %,-id Eod?r Lodes

lB,,T --T .2465 1 s 1 113; = .9859 - .2465 = .7394

+22T = o 1 A22?, = 7.003

Using ea_uations  of Table 4.1(b)

biatrix  of 33oint >!odal Corstants

Secause of synnetxy "33 = Ai,,
A22

Frequency (tz) C(T)

A11 .2465

A22 0

A
33 .2465

%4 0

A44 =

c(3)

.7394

7.coc'

.739$

7.000

398.5

.9587

49.83

.95e7

49.83

Eode Sha3e Katrix

C,(“\
“/

I +.4965 1.8599 +.9791

i 0 -2.645 -7.059

i.4965 -.8595 i.9791

L+ 0 -2.646 +7.ojg

1 egg

.7772-

129.6

.7772

129.6

Sips as for Ta3le 4.7(d)

1cgg

i.&ZiE

-i:.jr

-.8El6

-11.3s

. .



200 !!?!!!I

LSymmetric

-.0?527Cl

-.@1?7016

-.I96059

.0313537
i

x 13: = 4.056554 kg
i

tram

22
trexls =

0

. .Fieslcual Stiffness Xltrix

from Zzble 4 .7 (b )

3ecause  o f

uK =
TS

ic5

T’= _.
ES2



Table 4.9 (ST?&) IIeveloment of KocIe Sh27~ Xatrix for Lore 3eam

(a) Eo2al Constants

output of program IDZXT

+
:<oee 1 2 3 4 5 E(residual)

Yrequency (3) 0 85.91 236.8 464.2 767.4 5G?G

.4558 .445G .3995 .2872 54.88

5.000 14.24 26.82 36.79 8590

.0232 .I881 .G918 .OG12 13.75

.7GO5 / 2.603 .25G5 6.123 IS.&5 2G36

b) Residual Stiffnesses

y
‘rli

= Q62/6hii = (Z-IT x 5G?")2/&i

'rll = 179.824 x 105 K/D kr12 = I.14903 x 105 x/r!

KY,? -/ 5= 717.875 x 10 5 r;/n XT14 = 4.91884 x 10 ),;/a

(c) Seaeration  oZ ?&rid  Body Kodes

.
i h 11T = .1144 ,i-,lT, = ,457s - .1144 = .3$34

jx22T = G l&22",
= .7OG8

,A33T = .1144 lA33a = .1775 - .!I84 = .0631

,'44T = ' 1 -k443
= .7GG5

Using equations of Table 4.1(b)



Table 4.9 car-timed

(d) xatr i x o f  Taint XoZal Constants

Seceuse o f  syzzetry -4, =
2:

f_ 1 1 ’  %6

?rec_uency

5 1

( _-. ..-
-L

n’
L (T

.I144

0

.11$4

oi

.1144

c

( e )  I~Zode Sha3e hSatrix

Trequency (5) O(T)

h4S
d-“55
T-%6

+.3382

+ 0

+.3362

i 0

+.33e2

+ G

,e’,’“{IL)

.3434

.7008

.C631

.7005

.343L

.700%

0)

+.5860

-.8371

-.2512

-.8370

-.5%0

-.E371

E5.91

.455E

5.040

.G232

2.603

.455E

5.040

i36.&

.445c

14.24

.1881

.2535

.445c

14.24

85.91 236.e 464.2 767.4

+.6751 t.6671

-2.245 -3.773

-.1523 1.4337

+1.6i3 -.5oc5

i.6751 -.6671

is.245 -3.773

= .A _ _
LL

.3995 .2872

26.82 38.79

.0918 .0312

6.123 lE.S5

.3995 .2E?2

26.82 3E.79

+.6321 +.5359

-5.179 -6.228

-.303C -.0X6

-2.474 +4.342

+.6321 -.535s>

15.179 -6.iZE



Table 4.10 0ST?& S:.atial  ItLode  o f  Long  Zeam

Outpit of program Z:IX.Y  sritk input dz_tz from: %ble 4.9(e)

!,Zass !bIatrix

.423694 -5.27879 -1.10783 5.88821 -1.45fs3

.cge5572 -1.53284 -.326770 1.72166 -*i2561& 1
=

1Spetric

45.1140

9.94157 -50.1846 12.37&O

2.37033 -11.7661 2.88&45

60.3773 -14.6433

3.5&592
J

pi
t raCs = (8.74284 kg

Sti f fness Katrix

I-3.$8&5 1.94368 31.0199

72279

1271.70

7.60471 -34.988E 6.41565

2.53812 -10.6665 2.517C7

220.634 -1302.72 322.719

40.5604 -228.239 55.7966

1337.71 -331.134

82.5475

2.I:
trans =

IO5( .00103,)  ‘y

ResicZuzl Stiffness Ihtrix

from Table 4.9(b)

Eecsuse of syzmetrv  I< i’
1 r15 = -‘rll ’

0

K
r16 =  %12

1 .I4903

717.875

4.91884
\

179.E24
\

1.1494:



1 2 3 4 5 6

75m E 9 10 11 ! 12: 13 14

y!J---!l---

15 16 17 18

Tir, Coordinates 7, 8

=

A_.I’ 6X6  Pi_, 0 6x6 0 06x6 6x6 I
submtrices  fror ?‘sUe 4 . 1 0

( c )  Subsvsten  2

subna

r
I

Short  3ee.a

0
1

O 1

,=Ly-y
trices  fro2 Table 4.8

Junction Coordinates 11, 12

, ClK, =

? E: =L-12

\
K I’

r3
4x4 \

i-

\ -rtL
ES

L4x4 \

(6) Predicted 32i7~21 Treouencies  (9~) (Zr-or :I),

50.239 0.465 40.20 110.2 215.1 351.1 535.

(+.3) (+A) 6.7) (+.Y> (+.l

2 740.4

1 L.3)

plus 1040 , 1456 (anomalous) , output by prosan ZIG?%

(e)  Reduced Smtial  P’iodel for ZIGS::: Celculation

7 8 9 10



5. Jb~XS~~it~jT  CjF 14C3ILIT'y pJJx.'";TzRS

The theoretical tools necessery for the identification of spatial

models were developed in

sumerise the teci-zAques

Chepters 2, 3 znd 4, the conclusions of which

zvailzble for use. This Chepter is concerned

with the development of experiEenta1 tools for use in the nodelling of

There 1s En _,enrhasis 0: t>e r?ezsurezert of rota-

tio2al cobFlities including the use of the

Che@er 2 to reduce the effects of errors.

derivaticn relationship of

The errors of neesurement

arising from certain Froperties of scceleroneters  Ere also discussed,

ad renedies prescribed./

5.1 Estzbiished Xobility Xeaszrezect Tec>aicues

5.1.1 Bvzilrble Test Ecuiwent

The available teckiopes for eccuiriq measured aobility data ha?e&

been briefly discussed in Chapter 1. In the subsequent Chesters it

wzs st--own t3et successful identific2tioc of spatial =lodels ~2s forded

on accurete velues of frequencies, particularly  zntirescnmces, znd of

response levels, especially of rigid body zodes. R-Ale it is possible

to get good mezsurenents using trsnsient tec‘r-r?iques  there is always dif-

ficultg in esteblishing within close tolerances the res>cnsk Et low

levels such Es 2ntiresonmces and Ike low frequency rigid body nodes.

The tine taken for tests to be cerried out is not the most izportmt

criterion 2s it zight be in cozzercial vibration, icvestigztiozs, SC for

both these reasons stezdp-state Sir.UsOidei  testing

The digitzi transfer functicn enslyser (XI?L>

is to be rkoseezded.

equi?zents for steed7

state sinusoidal testing hzve the advar?teges of ;>erfoming well zt ioW

levels azd of quickly ;~"o?ucmg dots tkt is eesy to visi.L!.ise er,? eesy

to check, thus facilikting  the developent process during Aich

wf.mi1iz.r results have to be assessed. Two system bEsee on LFb

pricciI;les vere zvsile>le in the 3----J,_G,ics Sectioc of Icperisl College



Kech2nical Zngineering De?artznent. These were both cenufzctured by

Solartron Ltd.

The larger epcaratus,  the JX 33El Frogrmeble r'recuency  Zes?onse

Analyser, consists of a 3.1 1600 Transfer Function rnalyser with high

frequency extemion unit JX 1639 interfaced with a ?3?8e minicomuter

n,2nlf2ctured -o;- ‘. Tme Agitai ;Io_uir,_,,,’ .r\-‘3n-L  .~,p--_y---Jc-  ‘3 . Tk:e systen is coctrolled

by programin,- the tinicozquter via 2 teletypewriter, using the.high

level conversation21 language D?%Z:iC ?CCXL. The izinico-puter  is also

icterf2ced -v:ith peripherel equi?gent, 2 high speed t22e rerder, high

speed tape punch and 20 KY gra$ plotter. Electronic sig22als origina-

ting in the TP6 oscillator are azqlified in a ?ower a3$ifier and a?Aied

to an electro3ech2zic21 sh2ker >:hich e@ies force to the test stmicture.

Sigaals frox piezoelectric force geuges and accelerometers  oouzted OE

the structure 2re trken thmugh ch2rge amplifiers before being in?Lt

sequentielly  tc the TFA Correlator which has ten input ch2mels evail-

able. X block diagram of the whole systen is shoim 2s Figure  5.1.

The ssaller a??:eretus is tr2nsportable 2nd consists vainly of the

microprocessor-controlled 1172 TFk which is nore coq2ct than the

JIi 1600 + JX 1639. It has only tkTo input channels, sufficient for one

input A'orce 2nd one input acceleretion. Lineer or logarithzic frequency

sweeps ten be progk----ed by touch buttons. The output level of tke

oscilletor h2s to be preset 2nd there is no provision for the setting of

linits on osciilator voltlge, force level or response level which is a

feeture of the zore vers2tile  JX 3381. The neas-ured data csti be outpl;t

ir, *t'he fo?-_U of the level of either input channel with respect to the

icitiel oscilletor sign21 or the retie of inputs. These det2 c2~ be

expressed in Czrteskn or Folar forz azd ir, the 12tter c2se the zod;;lus

z2p be lir-ear O'P log2rithmic. They are dis$eyed digitelly, together

with the freouescy, 2nd they zay be stored OP t2pe or printed by use of

the ettzched srripheral devices. 3ata stored on t2pe can, if necessqy,

be processed 2,r,f*er the test by using the FD?S coquter and its Teri3herels.



The shaker can be floor- or table-mounted or supported on pivots by

a crane so that it can be alimed to apply force io any direction to the

structure under test. This structure will h.2ve accelerorzeters zomted

et specified coordinates for detection of response and will heve one

force gauge to which a push-rod is connected. The push-rod, YJpicelly

2 steel vire 1 r3z diameter, 25 m long, allows trensiLssicz of ij-is1. -_

force l;ithout iqosition of simificat rotetion2.l restraist. 'In LaEQ

cases the test structue  is to be freely supported. Such 2 free sup-

port is obtained to e good approximation by use of soft rubber cords.

?'lobility testing iqgenerel has beet comprehersively  described by

&ins (4) who has also written a handbook (86 > for the L?? 3311 titi-

computer ccntrolled facility. Silva ( ' ' ha s 2:rovided 2 description

of both sets of Solartroc equipDent  availaXe in the I--_,erial College

3-yrienics Section, together with 2 discussion of ze2sureaent and calibre-

tion procedures. ki earlier work by Seir,sbur-- (31) gives detziis of

aultidirectional  nobility ze2surenen-t ziethods. These ere besed 0~ the

use of 2 single shaker together with an 'exciting block' OL to h.hich

acceleroneters could be comected and through whici forces and torques

could be aglied to the test structure. This Chapter is principeily

concerned with the deveio?xent of excitir,g  block techui~ues  for xtc1ti_

direction21 messurenents on szz2ller stmctures tha: G2Lnsbuzy tested.

5.1.2 Foint a.nd Trensfer Trensistional ileasurezents

Tlhe ster,dzrd FCCL grogren 11052 (86 > is used for -*'-in- $oiut 23dA..Lc.L__.~

trensfer trensl2tional neesurenelts using the -ini-consate= csrtrolled

system introduced in the previous section. It feetures z2ss-c2zceLla-

tion for point zeasureze_l.PCS. The besic cor-,fi~ir2ticz 2nd =2t~_e~2tic21

relationships 2re outlined in Figure 5.2. iis z2r?y response tramducers

can be used as are desired up to the channel selector li-4' (1C).--__L

L. ,



Siriler inertaace  data cali be cbtained by using the 1172 3TFA  but

in that case zass caocellation has tc be done by processing ta?ed data

after the test rilll is ccqlete. Frograz IDZZ has a faciiity for read-

ing a 1172  coded tepe, de-codkg  it 2nd cerqing out -,2ss-c2ncelktioc.

if desires  the d.et.2 SG trmsforzd  ~25 be out?zt  o n  te;e,  prir,ted cr

-_i r&i& -..
_“‘” c I1--. l,.*‘lf?_  eit>:er e~_.~iyzer.t,  it i: 3nt >ossi’zle  t o  c2Ecel  coyletely

the effects of the added mss of the transfer acceleroEeter(s)  so it

is elways desirable to choose as stall a tramd.Jcer as possible to ful-

fil such a r$le.

The roict zobilit;: f?2trix In-~ol;~ir.-r transleticc  a~.:! rctatioc cm be

. .fomd by rttzc-r-lng CT. excitirg b l o c k  equizsed  ~5th tm zccelercreters  t o

the test stmct~~e 2rdL i. tk;el? cazyizg  oust tr:!o identFc2l  freq-Gency  s?:eeas

.for  excitetloc  2t ti;o d i f f e rent  points on the bloc’+r. The t e s t s  zre coz1-

trolled by the J’:;; 3381 system  Fini-computer ?;ith the standard FiChL ?ro-

gra3 ?K2/1 . The test configurations arid nathexatical

presented io Pigure 5.3. The in,ertial  effects of the

and its attackeats are cancelled ir; the Izocessing of

reiationshi?s arew-5

exciting block

the data, the

equation having a sirrilar fom to the si@er one-dinecsional mass-can-

CeliatiOn  of program LC32.

5.2 Zeveloznent of Zotetioaal  I:obilit-7 Ileesurenent

The desi,r-- of exciting blocks is here considered, progressive  zodi-

ficatioos being zade ir, the light of experience obtained in the seasure-

meats or: beazs reported  ir? Ch2pter 6 . ‘I’he deriv2tion  reletimshics  o f

t h e  T?,odEl EiOdei reported in ,“l;22teT  2 are 2ppiied to sir;lify the Frocess

so that the four elercents  of the point -,obility  matrix can be deterzined

frorz zeesurezents  of only two.



5.2.1 I)esi+7 of Zxcitim Elects

The bases of the exciting block nethod were laid by Sainsbury (31)

who developed four relatively large blocks and used thers for tests or

engme foundations and other L=assive structures, including the 135 -kg

asserbly later used by the author ir? the cantilever t e s t s  o n  a turtiae

blade reoorted in sectior! 7.2. Ow?_ng to a lack Of Co’m?lnlcation,  t”e

zutaor  began his series with 3lock I,Zark 4 which noi< has the extLra ide3ti-

fication 'G' to distinguish it fro3 Sainsbury's block of the s=e =rk

number.

The blocks described are all desiaed for use with srograr F112i/l

asd therefore to provide >oixts of attactient for tWo accele-creters of

standard 'general-purpose' size typified by the %devco 23x ec_tidistazt

from: the da-km point. There also has to be provision for two rouZticg

EoSiti OES for the force gauge, the 4ruel and Zjaer &200 ty?e.

Block I,Iark SG

This block was designed with the

light as uossible cor,sister?t with the_

material used was dural and as can be

ducers are separated by 25 rm between

inter_tion of being as mall a_?d as

outlizle specification abcve. The

seen fron Figure  5.4, the tram-

centres, es close as is Fracticable

without interference of their projecting electrical con,nections. In

the first position of the force gauge the input excitation easses through

the datum Doint F, i3 the secozld uoait-on there ii 's m offset of 50 -c.

and a corresponding  ir,Fut torque.s T>e keight of the block ~:as chcsen

to perrrit the nounting of tramd:Jcers  for the inF;t of horizontal force

ar?d the neasurenect of horizontal acceleration, features which have -ot

bee> used. The width of the bloc-4 was set at 25 m to natch (aearly)

the width of the first test structures, the Long and Short BepT,c of

Chapter 6. The block was intended to be attached to the test structure

by Gieans of adhesive - usually 'Flastic Padding', sonetizes  strain gauge

adhesive.



Elock Itk.rk 4G is eqxivzlent  to z 5ez.z 96 mz long md 32 m Gee? an;!

es CET: be deduced froE the data of Figure 5.1 will hrve its first beDding

node of vibrat ion at about 16 'Xc, tfell above the naxizm intended to be

used. It ry:as,  therefcre, expected to be adequately stiff des$te the

reduction in netural frequency eqected xhen the block idas loeded by the

,ess cf tte icceie~o-etemrA A ALI.

Fro,-rar F;E’2/ 1 calls for the inertiel srocerties  of the blo& +

accelerometers includicg the location of the centroid, G, 2nd t‘Le rass

noment of inertia about it, IG' as lie11 Es the tot21 Tess, I. These

questities  coulc' be est+ted theoreticeily but they were Cso checked

ex3erirertai~~-i A-,‘ . The loc2tLon af the certrcid was fcuzd for eech block

systes by balzcizg about txo axes. Subsequer_tl:,- , t:r,e jlccl_r 7::~ Q_L sip-

Fcrted by a bifil2r sas~ezsioz:  so that the period cf ~211 oscill2tior,s

co.~ld be --cc-=.~-ed  2& the result rel2ted to the le&F of the cords byiUILU_

the fomula:

where

k’ (5.1)

= rediue of gyration

= period of oscillation

= length of support cords

= 9.81 D/S~

= distance of seperetion of cords = length of block

':
The 'best' vclue uas obtained fro- the sloDe of the gr2zh of F L

egeinst L.

This block TES used for the tests at a point or? the Long be2n repor-

ted in sectior? 6.2.1. These results xere ?oo~, especielly  fez the rote-

tiocel c_-z.ztity ( k/i.; ) . %e rotational insut 2nd out:-dt sigxls ::'e,pe

estimted in secticn 5.3.1 2zd found tc be veq szeli ia cc~zpa~isc~_ ::ith

their tr2mletiozrl  equivalents. ,Accordingly, 2 nex cesigg 1~2s sozgbt

uhich vould increase rotztion2.l  simals.



211 z!

This block is specified in Figure 5.5. The accelerometer offset,

S, is doubled to 50 m aud the twc force gauge locations set to be

+
-50 m also, this arrangement being ;;ossible  because the transducers

could be ;=ou.ated  back to back and share a comon rromting  stud. r;,’&ne

’ S’Lirts’  of the bicck were set at 6 ;;1~1  in oyder to give it adequate

s t i f fness . The block at 30 mz was slightly k-ider than the test bean.

alock Ear’r:  5 was used extensively in neesuring the four nobility pera-

Deters of the be2:n.s. hs before , the rotstional quantities were obtained

less accurately than the tr=sietloXEl  :<ith (P/i’:) generally being poor,
i

especielly  at  iOW frequencies. Two factors were significant:

(2)  The trzmveme  sensit ivity  of the acceleron-eters  gave rise to

sigr,als CO=;prrabie  to the Saail di f ference Signals asSociated  with e

3easureDeot shorn ir the tests cf section 6.2.2 and 5.3.2; 2nd

(b) There iqas direct interference bet-,.:een  the force gauge aC(! the

2cceleroneter whet the transducers shared a comon rzomting stud.

The first factor could be kcitised by selecticg  accelercneters

with a transverse  sensitivity about 1s. The second factor was to be

corrected by producing  a new design of block.

Block Kark  6

The chief feature of this design is the offset bekeen  the lines of

action of
i

the input force et - 50 m and axes of the accelerometers  at

2 44 IX. The ’ skirts’ have been%  otitted  as Z’isre 5.6 shows, but ade-

quate stiffness is zaintzined by the top-section harir,g increased depth.

This block ~2s used in the tests OR Long a\r,d Short Beam reported ti

section 6.3.1 2ud summarised  in the paper by Exins & Gleesor? (&4)*

:,:odal  modelling and derivetim developed for t h i s  Fzpose  in secticr,

5 .2.2 vere used as one method of reducing the effects of (+/_‘,I) errors.

The ;rinci@ source of these emors  t:as ider,tified as base strair,  sen-

s i t i v i t y in acceleromters. The ex?erizeDtal  evidence for this COZCiX-

sion is tabulated in section 5.3.3. Thus ultinetely  Zlocil: I*Iark 6 with



2propr1c  Lr‘.-A~ trans?-Lcers  is 2 s2t~sf2ctoq:  Perice  for use i_ rctzt;ios2l

zobilitv ne2surezezt. The kteL P designs of exciting block ‘have the

saze basic feetures  bat they were desiged f o r  specific  ap$ic2tLom.

3lock Ivlerk 7

The tests on the turbine blade resorted ir- section 7.2 xeze rrSe

.: 4 i T, - +“‘ede“.LIdC _ Ati-..;  3 ,..rt -chock<  gy.c::r_  57. FL,-;rc_  5.7. “ert 3 ‘ceir_,-  2 c.;>e of

s ide  30 m x2.5 r2chined tc fit closely over tke fir tree root c5 the

blede. Fart X ~2s 2 bezs xith locations provided  f o r  txo 2ccelero-

meters and me force gsuge 2s usual . There ~2s 2 slot  30 x by 2 lr,

deep nilled in pert A sc/ that i t  could be atteched  tc ljart 3 ir-. a xariety

of configuretions for the stixA2tico  of d,ifferect  responses.

The i6e2 of $3~ tii0 part SLOG: x2S extemiec!

sever21 kterchaqeable  coqonests  coulo. be use6

of the _test oiece. The Sasic ke22,  Tsrt A, kc

2s s een  iz Pigure 5.e. A second part of the bear:  - 2 'fact' shepeti  to

the test strut  ture , could then be inserted 2nd secured by 2dhesive. Cze

zi3or defect of 31ock ICar 6 xhen used with beem is that the zewure-

-,ent point ? c2rxIot be sited 2t the end of 2 Sear but hes to be 2 few

z;illiEetres  inboard. V’i ne 'e~c foot' for use ;:ith 3lock I,k~k E does

2lloii F to be $2ce< exactly  2t the ed of the test beer;.
yeye is

21s~ a ‘zid f oo t ’  f o r  use  02 a flet surfece.

T h e r e  xould be no dlfffculty 233 little ex>er?se  in desigzizg  s>eci~l

feet for prtic*Lar  test stxc tures. Three xoc+-s o f  the :.:a?>  E -,atters

vere used 13 the tests cf sect ion 7 .1  xhich i72rk  the culzinatlcz  of t’?iis

phase of the work.



2pzrocri2te traosducers  is a satisfactory device for use i- rct2tioz2l

zobilitv cieesurezezt. The l2te. . r designs of ezcitin,- block have the

s2ze basic feetures  but they Were desiged for specific  ap$lc2tLom.

"rlock zv:2r>:

The tests on the turbine blade resorted iz section 7.2 xeze reSe

. : 4 i Ti - +"'ede".LI_*c _ t-;; 3 -.z.rt -Llo(..< g!-c::r_ IT_ FL,-;rc_ 5.7. :ert 3 'ceir_,- 2 C,?E cf

side 30 zx x2.5 r2chined tc fit closely over the fir tree root cf the

b&de. Fart X was 2 bezs vith locatiom  provided  for txo 2ccelero-

meters  and me force gauge 2s usu2.l. There ~2s a slot  30 x by 2 lr,

dee? nilled in _Dert A sclth2t  it could be att2ched  to ?art  3 ir-. 2 ~;2riety

of con$ig-&r2tions  for the stixil2ticn  of d i f f e r e n t  responses.

31ocz p2.r:: &

The ide2 of the trio part bloc>:  x2c extended  Fr-, this desL,r.  sc y _c:-
Lhrf

sever21 iEtercha=geable cor?,-,onests cculd be used according to the sn2.re

Of the test piece. The basic be22,  Tart  A, has 2 shalloK  cectr2l  50tCh,

2s s e e n  in Pigure 5.e. A second Frt of the bear  - 2 'fact' sheped  to

the test structure, could! then be inserted 2nd secured by rdheslve.  Cne

tiDor defect of 31ock Xark 6 -&en used with beem is that the zewure-

-,ezt Taint  F c2mot be sited 2t the & of 2 bear but hes to be a few

z5llimetres inboard. r;r'i ae 'e=d foot' for use ;:ith 31ock I,Iark E does

2110~:  F to be $aced exactly  at the er?d of the test beea. There  is

21s~  2 'zid foot' for use 02 a flet surfece.

There xould be no dlff<culty ecd little eqexe in desigL_g  s>eci21

feet for p5rticBLar test structures. Three Xocks  of the >:a?> & I;atteF_

vere used 13 the tests cf section 7.1 xhich mrk the culminatlc~  of this

phase of the work.
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5.2 .2 Vse o f  I~;odel IGodellic,-

The xobility  zetrix involving trmslation  2nd rot2tiOn et a point

cm be zeesjred  by use of an exciting block with IXO rccelerozzeters  2nd

carrying out tit-c tests 36th different inpat force considerations as lc2s

noted in sectioc  5.1.3. I f  the I;2rzeters  of the 2 x 2 mtrix 2re

eqressed  ir, ~Od21  ter-_s t>&eir  i_ter_rel2tic~shi~  Offer0 t:_ie  >Ossibility

of  siqlifyirg the necessaq  zeasurerects. The concept ~2s nenticzed

br ie f ly  ir? section 2.2.2(iv) 2116 5s here treated nore fu l ly .

The derivatioc  relationship of equeticr, (2 .24 )  lezd to the obsesctra-

tioo that all the eleaenps  cf 2 so_aere  ~2trix o f  releted  oocial constants

CUT,  be found frOo kno1:ledge of one roF or one col:!“t. In the psrticu-

lar c2se -6e are cmsidering here it is ~~~cticeble tc zeesure 2nd iden-_- -

i’C+iiy response d2t2 for  the f irst  To+:  o r- f i r s t  CO~XX  of the point  robi-

1ity  .=atriz If two eccelerozeters  2re used it is possible to Ee2sure

2 2nd G and  thus  one  T;n with fcrce icpt alcng the 2; coordin2te  vi11

give the d2ta corresponding tc the first cclum of the mtrix. Ccn-
. .

versely, it is also possible  to measure  X with one accelercseter but to

provide two excitstion  patterns  involving force md cocent and thus give

the data of the first row of the xz2trix. Either nethod  has the advan-

tage that the exclusively rc t2tFon21 auantitv (k/i,:)  does r,Ot’ have to bec

nezsured direct ly .

The Two-_&ccelerozeter Kethcd of iIeasuz+ng+  the Point llcbilitv i,:etrix

This  r;ethod is sumerised  in, Zigure 5.9. The inzut from; the shaker

is a@ied tk?ro?lgh  the force  geuge tc the ziddle of the exciting block,

2nd the resultant  2.r.sular  and tr2nslaticnal Ad-ntlor, ten be deduced from;

the indications of  the spzetriczlly  _u-izced 2cceieroneters. If the

EkZLi.-CO~91~t&~-CO~t~Olied system is used or-ig one test ruz needs to be

n2de using -,rograr !X?32, three inpzt chamels being required.

The Solartron 11’72 equipent  ten 21~0  be used effectively, but two

I”JI?S  2re necessary  because  culy i3:o i3;l;t  chnnzels ere 2v2ilable. Since

this  equimer,t  is sost c03veZSeztly used to search fey Pie resonerces

. ‘,.



and antiresonances which are different for each accelerometer/force

gauge combination there is no significant resulting handicap because of

the change in electrical connection. No change in the mechanical con-

figuration of the system is needed throughout.

The symmetrical mounting of the accelerometers and the central

position of the force input result in a minimal base strain effect

(discussed below in section 5.3.3).

inputs (discussed in section 5.3.2)

in the Single-Accelerometer method,

nificant if accelerometers with low

The errors due to transverse

are likely to have more effect than

although this is unlikely to be sig-

transverse sensitivity are chosen.

It should be noted that this method of testing will give no rota-

tional information if the test piece is symmetrical about the X axis

through the centre of the exciting block. This situation is not often

encountered although it is possible that the rotational signals for cer-

tain test pieces might be rather small.

The Single-Accelerometer Method of Measuring the Point'Mebilitv
Katrix

The arrangements for each of the two test runs necessary are indi-

cated in Figure 5.10. The measurements can be made using program X032

with the JX 3381 system but it is particularly suited to the 1172 equip-

ment since only two channels are required. The use of only one

accelerometer simplifies the precautions needed to minimise accelero-

meter transverse response (section 5.3.2) but increases the risk of

inaccurate measurement of antiresonances since these are frequencies at

which the force input is a maximum. They are thus also frequencies of

maximm strain in the exciting block which can give rise to errors i3

the accelerometer output if it has significant base strain sensitivity

(section 5.3.3). In many applications, it might be possible to avoid

base strain effects altogether by mountin-6 the accelerometer on the test

piece itself rather than on the exciting block, as shor:?1 in Figure

5.10(c).



A feature of the single-acceleromete:  method of

gation to change the mechanical configuration of the

1 and ;pUn 2 by moving the force gauge and realigning

Frocessicg the ?<easured 32 ta

The equations:

test is the obli-

system between Run

the shaker.

and

Y
xx = (YA + Y3)/2

!
(i) of Sgure 5.9

Y
8X

=  (YA - YB)/2S

Y = (Y, + Y2)/2
( iv> of Figure 5.10

Y =
X6

(y, - Y2)/2e I

(5.2)

are very similar. The first pair (5.2) will suit both methods provided

that e is interpreted 2s the offset of the force gauge from the line

through the test point P in the 'single-accelerometer' method and as t?e

offset of both accelerometers in the 'two-accelerometer' method.

Identification

The measured data for Yxx and Ye= (or Yx,) rust be converted to

modal form before that for Yee can be derived. The identification pro-

cess is most accurate when the response data used in the calculation are

based on antiresonances (section 2.1.2). Eowever, since Y=, Y2e or

YBx are not measured directlp their antiresonances are not known. It

is, therefore, sensible to carry out the identification calculations

directly on the measured quantities Y,, Y2 of ec_uation  (5.2) whose anti-

resonances can be observed experimentally.

The following development shows that equation (5.2) and the deriva-

tion of Yee can be carried out mode by mode:

Br = (1 - wr’/w2) (5.3)

where or is the resonance frequency for which the modal constant for

Y, is ,d,.

* but see section 7.1 where direct indication was contrived by
modification of program IGOB2.



Thus, at a particular frequency :

It

quentlj:

so

Y

must be remembered that the resonance frecuencies U and conse-
r

the values of Rr are the same for Y1' Y2' Yxx, Yxe'

for the point translational mobility:

Axx
= +(P, + Y2) = +{,A$, + 2A,/'2 + p,/% + . . . . .

++
W
,A R, + 2A2/R2 + $2/$ + . . . .

=1
2 cc ,A1 + ,A2)/~,  + (#, + &/R2 +

= $, rAJRr

Y, = 2
r-1

rA,/Rr ; Y2 = f rA2/R
r-1 r (5.4)

1:here A
r xx = $A, + p2>/2

F-i
Similarly Y =

X8 t A. /a
rxe r

where A
r x8 = Ti-, - A2)/2e

n
and derived Y =

88 r A /R
r-1 ree r

where A =
r 88 (rAxe)2/ Ar xx

. .

. .

. .

. . I

. . . >
. . . 1

(5.5)

(5.6)

(5.7)

(5.N

(5.9)

(5.10)

In the case of rigid-body motion (cc', = 0) the derivation equation

for l'ee requires special development, as indicated in section 2.2.3.

Inertia Cancellation

The mobility parameters

are properties of a com$ete

Yxx' Yx,, Yex and Yee as determined above

system, C, which consists of the test piece,

A, to which is coupled the exciting block, 3. The system C will have

resonance frequencies different to those of the test $ece alone. The

effects of the block must be removed by inertia cancellation.



The basic relationships can be expressed in terms of impedance4-lZ :

Therefore ~A] = PC] - F3] = CyC] -' - [ZE] (5.12)

Then FA] = FA_] -' (5.13)

At the end of the_identification/deriv ation process the mobility

parameters from which the elements of v
C l'C can be calculated at any

frequency will be available. The appropriete impedance matrix for the

exciting block, i:lZg , may be found from measurement or calculation of

its inertial properties. It is not necessary to-assume that the block

is infinitely stiff, although such an assumption will normally be justi-

fied. Compensation for the effects of block flexibility is possible by

using, frequency by frequency, the dynamic properties of the block con-

sidered 2s 2 beam in program CCX'LEl, but the calculations are cumber-

s one and,best avoided,

Program l3CA.X

This program for use with the PDPE/e minicomputer system has been

developed to carry outfullinertia cancellation and other calculations

outlined above. It will accept as input data the inertia parameters

of the exciting block, together with the data for
Ll
YC in modal form

or in the form of 2 series of values constitutin-6 a frequency response.

The output data for YA CEP be plotted on a graph, listed or punched on
Cl

to paper tape. Where the data for Y,ri is in modal form,the program
L “-I

enables searches for resonances and antiresonances

alone to be made.

of the test piece

Program EC&~ shares several 'groups' or subroutines with program

IDH;T f particularly those concerned with input, output and transformaticn

of date. It calculates the 2(L x 2 point mobility matrix and alsc the

determinant and norm* of that matrix at ezch frequency. The norm is a

* I:orms are classified in Appendix A5.

. ,



well-conditioned indicator of the singularity of the matrix of a freely-

supported body which occurs when the frequency is a cantilever frequencp.

A flow chart of the main segment of IKC.AX is presented in Appendix X2.

5.3 Zrrors in the Xeasuremect of 30taticr& I'obilitv

Conventional accelerozters  ere ser,sitive t o  trazsletimal  zccelera-

tions and so measurements of rotation can only be made by determining

the difference between the outputs of two accelerometers. The follow-

ing sections are concerned with the overall low level of rotational, as

compared to translational, acceleration components; with the errors due

to transverse sensitivity, and ?:ith the errors arising from base strain

effects.

The nature of the problem can be illustrated by reference to

Figure 5,ll which shows the measured nobilities at a Taint 0.4 m along

the 1.4 m Long beam, one of the test pieces featured in Chapter 6.

point translational response (i/F) is shown compared with the ideal

Figure 5.1 l(a). The agreement is quite close. Cn the other hand,

Figure 5.11(b) illustrating the rotational mobility (i/K) shows good

zgreement only near resonances, and poor agreenent elsewhere, the

The

in

measured data shoving systematic rather than random error. The cross

responses ($I:!) ’and (e/P) which are not shopm were of intermediate

accuracy.

5.2.1 LOX Excitation and 3esnonse

AXI estimate of the relative sizes of rotational and translational

quantities can be made by considering the geometry of the test configura-

tion fcr measureaent  of the point mobility matrix S~OYZI as Figme 5.3.

+ The pediction of Cantilever frequencies is summarised in section 7.2



The magnitude of the input torque F.e zpplied by the sh2ker is

restricted by the relatively short iever 2m of effective length e.

The rotational zcceleretion resDo2se is controlled in its turn by the

distaxe s from each acceleroneter  tc the referexe point, P.

xhere2s the trarslaticsal  2cceleration  res>orse is given 33:

(5.15)

The ratio of rotaticnel to trmslationel  quantities can be written:

Z/T = (ax - $) = s.e (g/K)

("k + LB) (E/=1 ) c5.1a

The responses (g/i:) a& (X/F) have resonances et the s2ze frequexies

but othexise have different freqxewy response characteristics. The

r a t i o  Z/Ttends to ipfir?ity  in the vicinity of 2ntiresoxxes of ('i/?)

2nd to zero st antiresonances of (G/Z,:). k.X2y fror these singul2rities

the retio is generally quite SZEli. Worst-case values are found

for low frequency vibrations dozineted by rig-id body odes. In such

2 frequency renge the E T/ r2tio is feirly constmt 2s frequency  veries

and is deterci>ed by the effective (~2~s =ozezt of ir-ertia)/(cass)  ratio.

Exzmle 1 TiI: of Short (0.65 2) be= at 25 Ez:

E/T = 17.1 x 10 -3 Y 1:60

Ykemle 2 Poir?t 0.4 L 210~~ Long (!.A E) 3eaz

R/T = 7.07 x 10-3 = 1:lSO

The lower ratio indicated fcr the second example tax be explained

in terns of the lerger zas8 -,om,ezt  of inertia of the longer beat 2nd the

sm2ller rot2tionel res-,onse  which results wher, the excitation is towerds

the cez.troid  r2ther than et the tig of the been. This e-,e .of test

piece then c2y be considered tc give rise to a rot~ticnal signal about

15 of the trmslztionel  sigx21. s; y-1it_LLIS CI* the order of 1 to Cl of the

translztional signal c2n erise froze tramverse sensitiritJ  of accelero-

meters, a source of err07 discussed_ _ ir, section.  5.3.2.



5.3.2 Transverse Sexit ivitv of Xcceleroneters

The 'trezmiierse  or 'cross' ser_sitiTJity of piezoelectric accelero-

zeter crises beceuse of unzvoideble  &seli6ment ix mmSacture which

hss the effect thsb* the asis of na-rizuz  sensitivity of the sensiag ele-

nent has a ~~11 conDon&t,  Tli, in % directior? peqendicular to the geo-

netric  exis of the trmsducer. The situation is sketc*hed in Sigure

5X(2) ir? KhiCh the engle/3 is greatly exaggerated for clarity. TIq

u.s~~lly lies betwee= 1% and 65, the correqonding velues of/3 being in

the renge 0.6' to 3.4'.

As the accelerometer  is rotated thrcugh mgle 8 about its srin axis,

the vector of maxizmz sensitivity describes 2 cone shoi\T in plan and in

eleoztion as Sigures 5.12(3) ard (c). If Ihere is constmt trmsverse

excitetim elong the Exis XXlthe apparent trensverse sensitivity, TA,

of the aoceleroreter veries in regnit-ude  2s E is varied:

TA = ~~T.. cos 8 (5.17)

where m
'N = t2l-l

P
(5.18)

This gives rise to the double-circle polar response sho-m as

.Figure 5.12(d). ?ror this it is clear that if the acceleroneter can

be alig&d so the.t its direction of zxzizuz cross-sensitivity is ortho-

gone1 to tine direction of excitetion then there will be no error signrl

caused by this ezcitatior.

In order to 2ssess the possibility of rotatioml measurereot

act-uracy being ispaired by the tx_zsverse sensitivity lixitations  of the

trulsducers,soze evaluations of (f/Ire) ‘,r-ere slade using the established

nethod with progrzn 3<2/1 of section 5.1.5. The only oumtity veried

in these tests was acceleroneter orientetion. The results showed

mrked differences i3 systenatic error 2nd thus established transverse

sensibility of accelerometers as z najor source of this type of error.

The subsequent investigation reported here ws en atten?t to &.nitise

errors mused by trzmsrerse sensitivity.



.ProDosed Method for Peduction of Transverse-Sensitivitv  Errors

The two acceleroroeters  nomted on the exciting block should be

arr2nged with their directions of zxinur? positive transverse sensitivity

parallel to each other so that my transverse excitation Froduces 2n

error sign21 in or,e acceleromrtip+er which is in $zse with that in the

other, thus producix the nir,izmn error in the difference quantity

(aA - “B). ._~3011 which rotational neasurezents depend. The sum quantitjr

(ak +%I
will be subjec t to an increased error which -<ill, however, be

negligible in proportion since (aA + %) is typically two orders of

magnitude greater th2n (aA - +), 2s she-m in section 5.3.1.

If transverse excitation occurs in only one directioc which CII~ be

identified then the parallel directions of z2ximin transverse sensitivity

should be at right angles to this. The proposed arrageI=ent is shown in

Figure 5.13.

The directions of naximlrz tre3sverse sensitivity with respect to

thk ecceleroneter body, where not specified by the manufacturer, can be

found by oeasurenent of transverse response.

Kezsurenent  of Polar Remonse of Acceleros!eters  subject to Trzns-
verse Excitztion

Uaborate apparatus has been developed by mntiacturers for the

rzeaz3u.renent  of accelerometer trensverse sensitivity
(87 j( 88 >( 89 >(YO >

In order to obtain data quickly,2  single nodificatioo ~2s zade to the

stz-rdard  laboratory c2libFation syster besed on 2 cylindrical steel

10 kg E2SS. ,The erracgements are sketched ir? Figure 5.14 in which it

can be seen thzt the acceleroneter rmunted on a subsidizy block could

be excited at right angles to its zain axis of sensitivity and could be

secured at any ulgle about the-t axis. Zero angle corresponded to

aligment of the accelerometer electrical connector with the axis of

excitation. The angle C? was incremented by $5' between measurements;

a complete polar plot thus beir,g obteined with eight readtigs.



P012r ?,es>onses of Acceleroneters

Zxaqles of the polzr response of 2 3irch211 accelerometer of

noninel tr2zsverse  ser,sitivity  6::;

2nd 5.17. The first t-;:o ?i,~res

-,2&t&e wit> 2 -,Lr_i=i;= Tesyoy_se

are shown 2s Zeures 5.15, 5.16

c’I,o;.? cleerl:;  t>:c lobes of SltilZr

directlon orienteted et 13' to the

d2V.c . The third, resulting fro-_ a re-test, is not cle2r, hiaving

only cne do-inant lobe.

Then an Zndevco Ecceleroneter cf noziir,al tr2nsverse  sensitivity

z: w2s sizil2.rly tested the reslJ.lt-_nt paler res-,onse  sho+x as Figure

5.le is single-lobed with no clear orient2tion. The indicated trans-

verse response is about Y/i, larger than anticipated. There is no

clear indication of a direction of minimum sensitivity.

Discussion of Paler Zes:onse liesszeze3t

The enocelous results obteined  for the Zndevco Ecceleroseter

the re-tested Birchall acceleroneter  ir,dicete thet the excitation

and

received by the transducers v2s riot entirely trensverse,  the simple

rig of Figure 5.14 perhap alloying soI=e rotetior,el  inpt in 'rocking-'

of the 10 kg Bass. This effect ::ould be frecuemy dependent 2s

Figure 5.15, shosing Zirckzll ral< dete, indic2tes. 3e differesces

bet;qeez ,Pieqres 5.15 2nd 5.17 for the s2ze 2ccelerozeter  ir;_ different

tests indic2te that 2 sipificer,t v2rirbI.e  fector ~2s not controlled

wherl the 2 '-_ A s-,-retus ~2s set u-,. Thus further 2:2lysis :;ES carried

out.



The Effect of i<isaliqment upon Transverse Sensitivity

The conceljts of Figure 5.11 are modified in Figure 5.13 to bclude

the misalignment of the geometric axis of the accelerometer with respect

to the normal to the XX' direction of excitation. Thus the cone swept

out by the vector of maximum sensitivity itself has an angle dmeasured

frcm the 2 axis. The crojecticn  cf the circle of ?igure 5.11(b) upon

the XY plane becomes an ellipse as sho>m in 'i-y-,-e 5.19(a). Point 2

traverses this ellipse as the angle e is varied and the projection of C'.J

1
01: the XX’ axis has a greater negative maximum than ;iositive giving a

polar diagram with unequal lobes as in Figure 5.19(c). The apparent

transverse sensitivity is given by:

T-I (5.13)c = (TIC cos 6 - tand) cosd

k-hich degenerates into equation (5.17) when 4 is set to zero. It can

be seen that if o( > 0 the polar response Hill be asymmetrical and if

o! > /3 this res,Tense fill shorq no phase reversal. It is evident that

the angle 4 cas not effectively kept constant in the foregoing tests.

Since polar plots which indicate the d,;rection of minimum transverse sen-

sitivity are only to be obtained when o'<<f andp for an accelerometer

k‘ith 2$ transverse sensitivity is only 1.15' it is evident that care

must be taken to keep * very srall. In practice the angle o( depends

on the ali,.gent  of the exciting block with the test structure and in

turn on the alignment of t'ne accelerometer to the exciting block. Far-

titular care must therefore 3e taken if a hcle is tapped for stud mount-

ing of the accelerometer.

Analogue ComDuter Simulation of Tolar 3esDonse Ilode

Sc_uation (5.13) can be rewritten:

T =
e

T_cos% case -!; sin o( (5.20)

TiI andd are to be specified and 6 is to run through all values \3 to

2-rr. It is convenient to make e = wt, a ccntinuouslg increasing angle,

so that sin Wt a-d cos w t can be generated b:; a simple osciilator cir-

c;;it.



writing Tii cos d = X 2116 sin o( = 3 we get

x = A cos* w t -3 cos wt

( 5.22)
v* = ii C3S wt Sir* tit - II, SLY_ w $ >

An ar,alome comuter WES ?rcgreze C? 2s Sko-~  ir, ?ipre  j. 20 to six-

late eauaticns (5.22) 2nd theoreticai plcts of polar response for various

values of o( aye shorn as 3igure 5.21 for xhich T,. = e;I, correspcr$izg
-S

to the nosinal trmsverse sensitivity of the 3irchall accelerometer  ad

Since the polar response of T; versus e is reouired, write:r-i *

x = TA cos e = (q; cos o< > ~0~33  - (2~ O< j co9 e

Y =‘iA sin e = (Tr; cos o( > cos 8 sin 8 - (sin d ) sin 6 3
(5.21 j

?igure  5.22 fcr which TiT = 2;: 2s fcr t h e  ~~~ecco  trzsducer. ClearlrL

these zlots have the sarre esser.t:al rat-ze as the p-;zsling ?lots of

Zigures j.17 a775 j.lE ar_d thus i-+cate t&t -!echar_Fcal ~-salizder_t  cf

.o -0even I on L.- Of the .axs of sersltivitg fro- the nor?--al to the ercite-

tier. direction, is sufficient to produce 2 gross 2nOL2lj7. ?aradoxicaily,

the better transducer is core sensitive to disturbance, although it is

less sensitive to transverse excitation.

Evaluation of Frooosed :;ethod of Zeducir;r Transverse Sezsitivitv
Zrrors

The polar neasureEents zade on the two Sir&all accelerometers

yielde:  clerr  indications cf their zes of ziziz-x sersifivity.

dingly they xere Lounted on the tar) of 3lock :,:ark j and oriented

these axes were coizlcident ;:ith the long axis of the block. ‘Ihe result

of a zeasurenent of (6/;C) is shcx as Zgure 5.23. There is still evi_

dexe of systematic error, especially ir, the region below t'ne first

Xccor-

so tkEt

reson2xe. There is 2 slight iz3rcrezect in the fit to the theoretical

ret-nnQeLy'__L betwee the first resorzxe and the second ztiresone::ce  ixe-

dietely following but the overall accuracy is r?ot satisfactory,
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Mobility Measurements  ucLn+- kcelerozeters  of Low Transverse
Sensitivitv

The ~irch.211 2cceleroaeters used in the test reported above were

removed 2nd replaced by ixc of ?;ndevco namfacture. Since their axes

of naxinuz transverse sensitivity were vnhom for reesons  which have

been explained above they were comected tc the exciting block with ran-

(10x1 orientation. The result for the C;,fficult (e/X) neasurenent is

sho-m as Figure 5.24 which is scarcely nore accurate than those seen

before but tne inaccuracy is of a randor? rather tha3 systematic Dature.

Such errors my cotentially be reduced by at-era&g the results of

several tests.

Comlusion: Trensverse Sensitivitv of Accelerometers

The response of acceleroneters to trensverse excitetion is 2 source

of error i= rot2tional zeasurezents t:kich car1 best be reduced by using

acceleFoneters of the lowest transverse sensitivity  2veilable, taking

c2re over their 2ligmen_t a3d reducing transverse inymts if possible.

5.3.3 Base Strein Zffects in icceleroneters

Introduction

A.3 2 result of the investigation reported i3 section 5.3.2 accelero-

Deters of very lo;: trecsverse sensitivity (< 2:) Ir;ere suecified for ar,y

further measurezezts of rotational nobilities using exciting blocks.

Early experience of applying the 'single-accelerometer' r?ethod  of

section 5.2.2 ~2s exouraging, the first tests beiq c2rried out on a

0.65 IE bears of rectangular section - the Short bean. This showed a gen-

erally good conparison  between theoretical az.d measured data although

with 0.43 d3 (5::) discrepancy in the rigid body low frequeccy response

which w2S treated as insignificant. B later test on 2 1.4 13 beaL -

'the Long Beam -of the s2oe section to thet used earlier gave similar

results but with 2 lrrger discrepancy of 2 E (259) at low frequemies.

The next test $.ece used ~2s a rectengular franc foned by weldiq

l :
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together two 0.65 m and two 1.4 z bezxzs,  and when this was the subject

of a 'single-accelerometer' measurement, the error at low frequencies

was 4 dB (66). In each case, the measured reqonse ~2s higher ttvl

that predicted theoretically. The trend to larger errors for bigger

test pieces w2s disquieting since it was intuitively thought that errors

should reduce as the exciting block became smaller in comparison with

the test item.

Test Configuration

in order to obtain more data about the discrepancies described

above, the exciting block (Hark 6) was attached to the Long Beam with

accelerometers and force gauge located as sho?,n in Figure 5.25. !i%iS

was a standard 'single-acceleroneter' se t-un with the addition of a

second accelerometer (3) attached to the beam by means of a mounting

stud, itself stuck to the beam with '?lastic Padding' adhesive. %.iS

ehesive 1~2s also used to secure the exciting block to the beam.

Accelerometer (A) was attached to the top of the block so that the

accelerometers shared a comon axis. The method of attachment  of

accelerometer A was changed during the course of the tests reported

below.

Tests OE Endevco Accelerometers

Accelerometer A Screwed to Block

Accelerometer A was attached to the top of the block by means of a

grub screw, its base being directly in contact with the block surface.

Accelerometer 3 was connected to the test beam as indicated in r'igure

5.25. 30th transducers were Zndevco Type 2332.

Xobility tests were carried out using program FOB2 with the beax

supported 'free-free' on rubbers and excited by a sh&er via a JUS!: rod

for a range of frequencies betireen 10 and 1000 Es. The data obtained

were processed and it w2s found that the mobility measurements made with

the accelerometer mounted directly on the beam (2) were quite accurate

._, ,
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whereas those

noticeably at

Subsequently,

for t'ne accelerometer on the block (A) were In error, most

low frequencies where the rigid-body motion dominated.

attention was paid to the ratic of the outputs of the two

accelerometers, which quantity was available as a 'transmissibility' from

the standard version of X032. The transmissibility (zA&) xas recor-

ded for a number of different excitaticn configurations indicated in

Figure 5.25.
., . .

Complete frequency responses of (X*/X3) are presented  in Figure

5.26. The res-;ionse of the system at 31.62 %z is dominated by the rigid

body mode, and it was t*en as a ty'jical point of the 107; frequency

region. Varying tests were carried out at this frequency.

Figure 5.27 is based on data obtained in these tests

and it shows tine dependence of the oat?ut ratic (r<riick is essentially a

measure Of error in the reading of ecceleroseter S> _u30n the distance e,

the offset of the force gauge frcm the accelerometer axis.

Xgze 5.25(a) is typical of several frequency responses showing the

error of accelercneter h. It has the feature that the error is zero at

84, 230, 440 and 770 Ez which are resonance frequencies of the block/

beam combinaticn. The largest errors occur in the regions around 60,

190, 400 and 660 Ez, which are regions of antiresorance of the inertance

(Z/T) of the combination, i3etween a resonance and the next highest

antiresonance the ratio is approximately  constant, and has its largest

value below the first antiresonance, in the region dominated by the

rigid body mode. The a;?Darent  mass, (9/z), fcr the ti.? of tde test

beam is shown ES ?igure 5.28. Its si-ileritv to" ?igure 5.26(a) is very

close, and leads tc the sun~osition  that t'r;e error is directly related-_

to the aT;sarent mass of the test object.

The error Plotted in Figure 5.26(e) is positive except In regions

of antiresonance. This means that it is the accelerometer mounted on

the block which generally has 2 higher reading.



ZigAre 5.27 shows the dependence of the error upon the offset of

the force g2uge, 2nd it indicates an ep>rozimztel-y  linezr dependence,

the error being greater than witg (0 dE) for both positive and negetive

offset. It wes not Tossible tc czrry out 2 test with zero offset but

it is reeson2ble to infer fro= this 3'igure t&t in th2t cese the error

L-n.71 GII rLA-- Ce very  srzil. The errar is Lqlil:ely  fc: -3, zss.>“,iated  ~iit;“-

tramverse sensitivity of the 2cceleroneters. Ix the test corifigura-

tions used transverse inputs were likely tc be szall 2nd the accelero-

-meters were specielly chosen jeceuse they had 2 trmsverse ser-sitivity

O f less than 1.5;:. The,error is veq unlikely to arise because of

(91)flexibility in the 'Flestic Faddiag' edhesive. J.I.1.1'1. Silv2 reports

th2-t the 2dhesive is core rigid t~hs.n a bolt.

kccelc~omter i, Komted OP iso12tixc Stud_"A.

The grub screw used for the tests of the 7,revious  sectior! was

removed 2riC re$eced by aT: isolating stud attached to the top of the

block with lhilips strzin gzuge cement. L, full frequencf sweep test

gave the results shorn in Xguze 5.26(b). This shoxs substar,tial

reduction in error when conpared with Figure 5.26(e). The 12rge errors

at 190 Zz 2nd 660 Ez 2re not significant since these are frequencies of

antiresozance fcr ehich the acceler2tion levels 2Te very ~211. Ex2n;na-

tFOIl Of the ECtUEi nobilities (2s distinct fror their retie) shops thet

the freouercies  of 2Ctiresonmce 2re found accuretely using either

acceieroneter.

Lcceleroneter  _k Screlzed to :,Lodified Block

In order to isolate the bese of 2ccelerometer  6 fro5 surfxe str2k

the block T;~S Eodified by cutting 2 circukr groove of icside dizeter

14 Ix? &?.C cutside dieneter 16 =r: 2t the certre of the tar, surfece cf the

block. The accelerometer  YES secured at the cer,tre of the 'm2t' by

using the sze grub screw 2s bed previously been used ic the first sec-

c-'kiOC. The groove wes ir,itially cut to 2 death of 2 ix? ant the results



of 2 full freclrencj-  sweep  326e xitki the block in this condition 2re

s'rown  in _"ip.ze  5.26(c). These results mke it clear tdt the 2 ra

groove re?uces  the errcr in 2cceleroceteY A ix-dic~tion  considerably.

The results shorm In Tipare 5.26(c) zre got as goo;Y, however, 2s those

OL* r'igare  5,25(b). The tie?th  of poove 122s incresSed  to $ m 2nd the

pFq.:i  fc, 0:_ _._.._A_ .Jc 2 si;;sesupvnt freqy_en,cy s;:eec .2x sh?c)~:~ j.2 ?Lg:;re  5.20(<.)

b-hi& is cozq2r2ble to Figure 5. 26(5) 2n6 -qr be reg2.rdek 2S S2tisc2c-

tory.

Tests or, Zzxel  6:. i'L.jeer  Xcceie-ozeters

The series cf tests/zing  block :,:2rk 6 2tt2cied  tG the 1.4 ZI jeem

w e r e  re?este< xhen 3 3: X 'ceita  shez:' zccelercreterc of ty?e $366

bec2ze  2vsil2bie.

L full fresuer-cy  svee?  shoJ;e5  th2t tke error fc~ the 3 & I: trms-

ci*xers  -,;a.  very ruch seller  th:r: th2t for t;",e irr~evcos,  ?zvirg  ;;zxir2

m
OI about -t 1 23 2t zctizesonences (--.~ximz  values of 2>22rent  z2sS) 226

tydcrl  valuer_ L 2roxd + 0.2 63. %ie result iS ;resellteti  2s ?igure

5.29(e). Another wee> k72s mde 15th the TiOU?ting Gf 2CCeierGTieteT

chaged fron 2 gzwb scre‘v;  to 2x1 isolating SC& etteched to the to? of

the block 2t ?oir,t  A riith  strein  gsuge cenent. The result of this

test is Skom in ?i,-zre 5.29(b)  v:hick  is not signific2ntl~,7  different to

F'ig-dre  5.29(e).

7,* urtie n sxeer t e s t s -qere cc--i et o-Jt  tiifr_ uile jloc]:  -o&ifie< b:z  t”e4. ‘L-_ _ &_-” .

cutting of tke ‘rG2t’. Xor?e o f  the  resu l t s  -6es zF;reci2bly differer-t

to those of I"icue  5.29( 2). I t  s a y  _e ccncluCe6  that the z.sC o f  2=?,

isolstir~ styk  or rodific~tion of the block bg cxttiq  2 groove r2ke no

<ifference to the 3erz"crxxe  of S .Z 21 zccelercceters of t3.S tpe.

The fore,-o?r,~ cbsermtions  lee6 to the sus3icion t&t L‘P_e ermrs

2SSociated with tke rcceleroxeter zoxted  cz. tke exciting block are

ettrib~~tzble  to the effects of strais  in the tG> s*r;rface cf the block.

The folio-dcg tievelopaect  co3verts  S.~spic?lozi  lctc cczvictio~_.



cf 2 full freclrencg  sweep  326e xitki the block in this cocdition  2re

s‘rown  in _"imre 5.26(c). These results z&e it cle2.r  tbt the 2 m

groove  re6uces  the errcr in 2cceleroceteY A ix-dicztion  considerably.

The results shorm In Tipare ,.q 26(c) 2re not 2s ~005,  however, 2s those

01* TiEare 5,25(b). The Cegth of groove  1~2s increaed to $ m 2nd the

pFq.:i  fC, 0:__._.._A_+c 2 si;:,seqent  freq-_ien,cy  s;:eec cre sho~:n iz ?_gre 5.20(2.)

h-ihicL is cozq2r2Sle to Qure  5. 26(5) an6 siy be rec2Fdek  2s s2tisc2c-

tory.

Tests or, Zm.el  i: E.jeer Xcceiexzieters

The series cf tests/xing  Slack :,:2yk 6 2tt2cied  t= the 1.4 3 bee=

were re?eate< xhen 3 5: 6 'Ceita  she2.n' zccelercreterc of ty?e $366

bec2ze  avsllebie.

L full fre;uercy svee?  shoJ;eS  tkt tke exor fc: the 3 & II trms-

ci-xers  ;izs very ruch sz2ller  ther, th2t for the irrcIevcos,  ?zvir,-  ;;zxir2

S.
OI about i_ 1 23 2t 2ctireson2nces (=.s;;i=~z  values Of 2>?2rent  -2ss) ad

ty-,icrl  valuer^ L 2rom? + 0.2 33. %is result is ;resellteC es ?igdre

5.29(e). Another wee> k72s mcie 15th the r;cx.ztin,-  of eccelermeter

chzr,ged fron 2 gruk scre‘v;  to ar: isolating six&  etteched to the tar, of

the block 2t 2oir,t  A riith  strein  gsu,-e  cenent. The result of tbi.5

test is skom ir, ?i,-z_re 5.29(S) v:hick  is not si@ficatl::  different to

F'imre  5.29(e).

7,* urther sxeer tests -:rere ce--ie<  c-dt xitk the I~lock  zodifie? 5:,- tke&_-"

cntting  of tke 'rozt'. Xor?e of the results -6~s sF;recie>ly differer-t

to those of ?icx-e 5.29(~). It say ?e ccncluCed. tkt the -36 of 2z

isolstir,~  styk or rodific~tion of the block bg cxttir.~  2 groove r2ke no

Cfference  to the 3erz"crxxe  of S .Z 21 zccelercceters of t3.s tpe.

The fore,-o?r,~ c$sermtions  lee6 to the sus3icim  t&t L‘P_e errcrs

2ssociated with tke rcceleroxeter zoated  cn tke exciting bloc>:  are

2ttribSatzble  to the effects ol strais  in the t33 sixface  cf the block.

The foliob:izg  6evelopaect converts  s.~piciozi lctc ccrvictio~_.
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%,-id Eodv i,;otion

Consider the rigid body motion of the block/beEm compilation

si:etc-h.efi  i n  ?i,--xe 5.32. T h e  ec_:;etioz3  of ~ctior- for the test Diece

ere :
. .

Fp = “,:x ( 5.27j

ant 3 = I2 6 (,.2L)

vhere  Ck
is t h e  eperezt  r2ss o f  tke t e s t  piece  es rezs*zet E t  ?oizt  2.

and

The ec_uetioE  of zotion  for the exciting Slack ere:

3- i,Y
- F, = ml X.z-

(usiq 5.23)

(5.251

e? =c bk,( 1 + i,/12)

X3xrer.t ikss at !i’lD  of Eeam

For measurements  et the tip of % slecder  beer  o f  le~gtk 2L:

I, = m, L2/3
Ii

1 /y_-

Therefore

L

= l/m2 + L2/I, = l/m2 + 3/ri2 = d+/ri,

0, = m 4
L. 2/

(5.26)

(5.27)

(5.2E)

(5.29)

( 5 . x )

( >5.31

(5.32)

( 5.33)

The berLcLng moment E>;Jlied to the block is e?;rosimzted  b:,r e?‘,.
d

Since tke biock &S E cos>ie>:  skpe i t  is not eesy to oreclct essctig

hOi' --Trh strzir is ce.aseS  5:; this zOne2t...- I -_a”*. 3xmis  cex b e  s e t ,  houever,

b y  consitiering czntilever  beems  o f  rectangpler sectior whose de?tks  cor-

reszond tc t i e  szzller  e.zC lerger dimensic-,s of the b l o c k . See ?igue

F 11,., l

c



T+*v is reasonat,le to su>>ose that the strein

?.7_- and eF
-' rj at point -4 on the exciti.n,-  block xi11

-.

values of strain ceused by the zo-,ent e? iz et the

CZUS~~ by ihe noce3ts

lie beCip:een  the ixo

corresponding  Toizts

,L, GE the cantilever beazs of different  ti-Ac?zess.

I;or tke cactilever:

z*ress at ;_ = T = e?', y/z
-_

V:hore y is the distance of tke ?oir,t L frorr: the 3e~.tral axis.

The coxespoking strair, is give2 by:

Ea = T-/E = eFa T/E I (5.35)

xhere 5 is Young's zoduiy4s of elasticity.I

Substit-Ltin-6 for Fp using ec_xation (1):

E,/j:' z e y%r,/; i = Ceak (5.36)

%tirxtes.of Strair? z.t Lcceleromter Xo-z3tin,-  Positicn

For test piece consisting  of 1.4 a bear! of fass E.7; kg, L
A = 2.175 kg.

Siock is aleniu so ta:<e 5 = 7 0  x  109 l:/il2, e  = 0 . 0 5  ~3 fo: wcrst c a s e .

Tar bloc4 of depth, d = 0.02 o

I = seccnd zozer?t of 2rea

= b d3/l 2 =  1.6 x lo* 2 4

b = 0.024  m

y = c.01 9

E,/x y 0 . 0 5  v 0 . 0 1  x  2 . 1 8 5

70 x 109 z 1.6 x lo*

= o.gr strain/(-,/s*)

= 9.6 strain/'g'

3ase Strain Sezsitiritv

For block of depth, d = 0.046 ci

I = 1.35 x 1

b = 0.024 o

y  =  0 . 0 2 3  E l

o-7 n4

f,/f e 0.05 2: 0.023 x 2.185* 07 0  x 1 0 ’  5; 1.95 z 10 - 7

=  C.18 stnzln_ I /(FJS2)

= 1.E strair, /k7

The base strair- sezsitlvity of the 5ndeuco acceleroreters is qzotec

2s 25 eativaler,t'g'at  250 /1A strain (Type 2332 cospession  t y p e ) .  T h e

Endevco company do warn (29) that this sensitivity is not a linear

fLLrlctioz of strain. Sowever, iz order to z&e an icitial estimate of

error tie rtay take tke base strain sexitivitp tc be C. 1 eci_xivslest

‘g,y fhstrein.



Su_spose  tL2t 2n input force produces ax 2cceler2tion of 1 g et

point h, the2 the resultant strain at A V:ill lie between 1.8 ar;d 9.6

/I"
strain. Zuch strain vi11 give rise to error signels  bebeen  O.le ami

.’
0.96 equiveler?t g i.e. betxeen lE$ and 96;'- or 1.4 d3 arid 5.8 t-E. Since

ttis is the otier  of zzgnitude of the errors observed when Sndevco

a~cele~o~~+mn~  .r-eTe .;sed ;;it>_ bloc-: 1;2n>: 6 it is reaszy__-ole to 2ss-ze-"I-L

that the effects cf base skein -,iere  the doA.xent source cf error.

The quoted bese strein sensitivity of tie 'delte shear' 3 Et Z

2cceleroEeters of Type 4356 is O.OCO6  (g’/
P

strriz  rihich  is about

1 6 0 t h  o f  t h e  Zr?Sevco  fiqre. ,Tbe error calculeted  ess~i~ing use of

5 & 2; delta sneer zcceleroneters Kill thus lie betxeen 0.01 d3 End

C.05 d5, when tke 2~-,2rext mss is ebcut 2 kg.

Conclusicns: 32se str2in zffects iE Acceleroseters

Fran the cbservetions  ebove xe ray coaclude t&t the error for

Endevco accelerometers is essoci2ted with the xcelerozeter which is

zomted on the block end, moreover, is a fmctior! of the offset of the

force gauge (or the zozent trzr,stitted  through the block) and of the

apparent mass of the test object.

It has bee-, shown th2t there is a rekticnshi> between the skein/

acceleretion ratio 2t Doict  A En< the cffset  cf the force g2uge a.35 the

emarent SESS of the__ test ojject:

4.-i

Tk_.-qUr t for accelerometers  75th 12rge

-.
scceleretion X rslll Se associated ~it'r.  2

gives  rise to z si;lzel cut?Ct  x%.ch is 2

&se sty--iri  sep_eitirity,  u_

bese strain Which ir its turn

sigzificmt fr2ctior: of tie

correct out~-dt aksiq directly fror 2ccelereticn. The errors observed

lie between the estizates I=ede, it is to be noted particularly that

the effect of bese strain is kdependent of force ievel azd of freqnezlcp

2s f2r 2s the block itself is concerned. The i~ttitive idee th2t a

block is rigid at fre?-Lencies ;;ell belor; its first anti:escsaxe is not



re l evmt ; b a s e  strein errcrs xoul6 be present  zt zerc freauercy.

The effects of base strain can ?e -_itigeteti  iz the cese o f  t h e

2nSevco  type 235’:  accelerometers  b;y use of an isolating stud or by redx-

ing the streir,  et the nouxting Foist b;; cut+; _- i 4 zz groove FE the topL J__+

surface of t3.e excitix bloc’k.

“‘ro ec*ects F3 i?C CD___U __ CI I_..._ stT-+s cE2 b e  ;-;ci,ec  “v:; --.-r -SE cf 3 2 ::.,__i

xcelexzxeters  CT eny others  s~it3 z lcx bese strzL_ sexsltivity.

Such eccelercneters should be selecte< for ar.:; tests icvolvin,g

excit ing blocks 07 for tiirect z.ttEcLtier.t  to a test- object 5’or ;:l;ich sur-

f&ice  streir, at t’re i.zou.ztir--g  point is likely.



5.4 2(~Y;,~L’;YTr’.-c. ; - * 3---. -,.‘T, r,T--La”. . _L_a  ‘2i.L _2 _ c_ ::33IpYJ.T pzzi XTZ?_j.S

Sever21 develoyents Vere reported in this Ch2pter. They fe2-

tured exciting block de&q, siqlific2tior  of testing 5:; use of nodal

zodellfn,- c2nd consider2tion  of sources OL errer.

(7) The ~~211 excitir,g blocks, !lark 6, 7 EnC E irere sztisfsctoq. %e

i=. _'-t+"e- t-.:c ere r..z5e r,zre TTers:rtlle fcr -xlr.~y c~xzose~ of two sec-

LZkio~c, one tc mte ?:ith the test object, the ot?_er to p'ovide 2

rigid bezm for input of torn,ue 2nd ne2sureriest of ?otetional res-

Tome.

(2) The use of the zodal modelling 2nd derivrtisr.  relstionship of

Cheljter  2 enebles rotetionel  zeaurecect tc be sis?iified suffi-

cientl:r  fo- use witk; 2 -ezsurini_-  syste- restrictedi A L to twc res3orise

ckar,riels,.s*L%  2s the Soiertron 1172 eqti;zerit. LzhEse  relrtion-

shizs else.L ezi3le the pure rotatiorzl qusztit~ ( $/y j to be deter-

c?ir;ed riitk iizpoved 2cc-~z2c57,  es3ecielly >;here tie ti:o-zccelero-

meter nethod is eqlojred. This avcids to 2 certzin extent the

effects of errors due to eccelerozzeter defects.

(3) It is unfortuzete th2t soI-;le acce lerozeters wkich are excellent k

hevine very low tr2nsverse sensitivit;- trove tc be very susceptible

tc base strain, especially  _&en the 'six~gle rcceleroneter' Lethod

is used. There ETe 110% EvEikble scceleFor2tera  which h2Ve got

10s; trar-,sver se sersitlvit?  2zd lo-6 I-,2se strein sensitivity  23d

thp~~ use xould tinizise the errors 2ttri_Z_Lt2tie  to the tr2m-__/A

ducers.

(4) Yhere nodal nodeliirg is used it is conveniEr,t to -,o$el the excit-

ing bloc_k/test  strtlctwe cosbin2tio~  2s 2 >:_Lcle md to deterzine

the proDerties  of tke test struc5.ze 2iO3e b;: cince11Lrq  tk_e ZEsS

cf the block 21?d its etteched zcceleroseters at the final stage of

dete processin6.

(5) Pro,-rzz Il;Cjz; f2cilit2tes  t3e idestific2tio_ c2lcul2tiozn  neces-

s.zq~ to chrry out t;;ie stezs 0I" secticr, (4), 2Co-k_t.

c
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Zbure 5.2 Lewurenent  o f  Faint and Trmsf er ;1obilities

Frogrm 33 2

F
1

?-*- = e n d  x7iass of force  gauge :1 struckire
+ nass of ecceleroneter

,
x, = Y,, F,

=  @,/F,)Y. . II

F-..iss Cmcellation

I a
1

k2 =

y21 =

I”
1

rlI +Fn*ii/ [I’
;; t
A, ‘?;‘, is

* _.
The force which  a f f e c t s  t h e  strxture  is F = 3’ - x* X

Thus
. *
X =y

1 11 5
= Y,,  ( F ,  -In+ /:)

1

aa $/F, ) = Y,, (1 - m* (%1/F, ) )

giving Y
11 = (i/F,)  ( 1  - E* (li,/?,)  )-’

I t  i s  ;1o t ‘mom ho>: nuch f exe inpt zt coorSnete 1 is needed t o

accelerate the transducer zt coordimte 2. Consecuertly it is not

possible tc czxel t h e  e f f e c t i v e  inertia  of t&t xcelerozeter.

In geceral, Eass  CZXdktiOn  cm b e  Carrie6 o u t  ody f o r  pokt

cpentities. It i s  sens ib l e ,  ti;erefDre,  ts me zccele7oroter.s  o f  low

?zEss.



r'irme 5.3 I,leas-uenent of Point FLot2tional  2nd Tr2nslzticnel Kobilities

Frogram E2/1

F1 L-4
It- 1 Is-c)-! s-Li

I
L

r-e-P2

2 n d

r

a Elm 1

F
1

e?
1 /r
y

6, = (aA-a-.)/jW2s

Eun 2

_:- , = (aA+%)/jW2

2rd
* .

correcting for exciting block inertia:



Figure 5.4 Excitir,g  Block Lzrk 4G

I
iZ2 , /

/
!

i
I

‘Pl-l ,i Id ;1
17 25 _, 25 -1'

6 x 24 wide P

2, li, 1, B zrc rloles
<l:,i! led 3lid L?I‘.‘t?d lo/32

1 2nd 2 for 3 Lc ii 8200
Force Gage

2 $3.1 holes

Figure 5.6 Exciting Block Pbrk 6

Scale 3:4 All dimensions in mm



Figure 5.7 &citing Block Nark 1

Scale 3:4 All dimensions in IXD

Yaterial DLT?L

I Eotch 21x-r! deeF 30 c? wide
to fit over Elock 73

I

Zoles 6, 9, C, D, E
all drilled and tapped
lo/32 UKT,depth 14 mm

Block 73

Material DLXG

I 1

I; j
Il-7! ’

1 :
i :

Eole X 9.53 m diameter

Eole B brilled and t.zp;zed
lo/32 IGF,depth 9 irk



Figure 5.6 Exciting Block Nark E

Scale 3:4 All dimensions in ~li?i

Katerial DL?L

Block &X

Boles 6, ?3, C, D, E
all drilled and tapped
IO/32 -iv, dapth lb ix

Block 8B

2nd Foot
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t

Block 8C

Kid Foot

1
L.-

t

Kate: 310~:; P;ark Ek is ider,tical with Block b'~rk 7X

i
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Figure 5.9 The Two-Accelerometer l~;etil:d oi‘ Eeasurin.g t!~ Point
I.?obility  IQtrix - Measurement of yxx , Yex

8
q-

I
FSl

i

F

a
A

yxx = (i/F1 = {(aA/F)  + (aR/F)}/jw2  = (yn + yij)/2

Y
@X = (6/F) = {(aA/F) - (aR/F))/jW2s = (1A - yR)/L?s

Data Required

s = Offset of each accelerometer from measurement point, F

ISF(A), ISF(B) = Inertance Scale Factors for two accelerometers,
one force gauge

where (a/F) = ISF x (Va/VF)

and V = voltage output from the charge amplifier connected
to an accelerometer or to the force gauge

Procedure (a) Usinr: Solartron 1172

1. Pieasure (VA/VF) v.W . Compute YA = (aA/F)/jW using ISF(h)

2. Change electrical input to other accelerometer channel.

3. Keasure (Vp/'JF) v.13. Comp te YR = (a,,/F)/jW using ISF(!~,)
1

(b) Using Program LO32

1. YA' YR v.W can be obtained directly in one run



Figure 5.10 The Sir&e-kcceierometer Method of Eeasuring the Point
Nobility Nltrix - Neasurement of Yxx, Y

X0

( a )  Run 1
*
X1 = (i/F) F, + (i/N)eF,,

Y, = (X1/F,) = Yxr, + e Yxe (ii

= (a,/F,)/W

Combining (ii) and (iii) gives :

b)Run 2 I

2 = ($F)F~ - (;j,/P:)eF2

2 = (i2/F2) = Yxx - e Yxe

= (a2/F2)/U

(iii)

Y
xx = 0, + q/2

Y
xe = 0, - Y2)/2e

Data Required

e = Offset of force gauge from measurement point, P

ISF = Inertance Scale Factor

Procedure

1. Set up Run 1 configuration. IJeasure ("aVF) v.W. Com_mte Y, v. W

2. Kove force gauge. Re-align shaker for Run 2 configtzration.

_3. 1:ieasuTe (Va/VF) v.W. Compute Y2 v.W.

(c) Alternative Position
For Accelerometer

Eote : Equations (iv) have similar form to squations (i) of Fizz?e 5.9

SC the same Frogrz~ will serve fcr either set cf czlculeticns.



F'igxre 5.11 Measured Nobilities at 2 F)oin_t cn the LOW? Beam
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Figure 5.12 Illustreticn cf 33x3~rerse  Sezsiticity

(4

T-Y-’

Ii!
2 z.&inm

Sensitivity

Trasverse

Transverse Sensitivity

(d

of iksinw2
Sensitivity

(4 2olar i),es?onse

I 2

P’L I ErP

x1

+ denotes in-phase
(1 anti@se

- t
L-27,  = 2’7, c 0 s

ix_ = 2% = CP t&n p

?A = OF tanP cos 8

Th
FL.=z= tanp cos 8

= “i; cos 8,



Figure 5.13 ProDosed Lrrengezent  tc I,linizise Transverse
SensitiTrit zrro rs

/

Directiozs  o f /
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I traESVerSe

?igare 5.14 __Lr-m.ze3en.t  of Test I;;ctipnent  fcr Tramverse
Sensitivity i.:eesureaent
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Figure 5.15 Illustration of Transverse Ser,sitivitv  with
Hisalinned Geometric Axis
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tanp cos~cos~- OP sin4

cosP((tanpCOSe- tanoC)
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= cosd(TN cos.O- tar&
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Figure 5.21 Anal&e Commuter Simulation of Birchall Polazc Response

Figure 5.22 Analogue Computer ShiLation of Endevco Polar ResDonse

.135O 9o"



Figure 5.23 Measured Rotational Mobility of a Point on the Long Bear;

Sir&all Accelerometers with Selected Orientation
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Figure 5.24 Measured Rotational Mobility of a Point on the Long Beam

Endevco Accelerometers with Random Orientation
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Fig-are 5.25 Xkse Strain Test Confiwrations

A,3 - Accelerowters

e - Offset of F'orce Gauge from axis of Accelerometers
X e

I

Beam

+ ’
f-S+l-_---

-+- A

&yJl
I

, I

I I ,
0.02 I_ 0.044 $ 'I

Force Gauge

Zxci tine
qock

Dimensions in metres  -

Configuration 1 - Force applied to top surface (yf' blucl:

!I 2 _ 1! 1, ixderneath bloc!;
!! 3- $+ II !,o beam



Fi,gure  5 . 2 6
(& Ratio of Outputs of Endevco Acceierometers

Accelerometer A screwed directly to Block
i I I I I I IIll I I. II IIll/
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Figure 5.26 cont’d

(4 Ratio of Outputs of Endevco Accelerometers
Block Modified by Groove of Depth 2 mm
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Pimre 5.27 Xatio of Acceleroneter Gutmts es E Function, of
Force Gauze Cffset

3vievcc  Acceierometer  A screwed directiy  to Block
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Figure 5.25

(a> Rat io  o f  Outguts  of Bruel  & Kjaer Acceierometers
Accelerometer A screwed directiy to Block

/ I I I I I I”’ I i I I III1
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Figure 5.30 Free Body Diagram of Excitinp: Block and Bean

Excitinz Block
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Centroidal Konent
of Inertia

I1

Test Piece
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n2

Centroidal Koment
of Inertia

I2

Figure 5.31 Strain in the Sxcitina Block
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The neasurezents reTorted in this Chapter were made on uriifom

steel beam of rectangular section, test pieces for which precise pre-

dicticns of nobility properties could be sade using, for exaqle, >,ro-

gram C~OLNEl and nodule ZFUXl. The specification of the beam is dis-

c-.Sse~- ic sectior! 6.1. ,T;m:e seasurements  reported ir, sectior 6.2

generally rejTea1 discrepancies bekeen the Frazeter (k/k:) obtained

frorz 3easurenezts  md calculated theoretically. As sources of error

were ide-tifieAii -,t::e inforzatior; was used tc evoive biock desim fros

ilark 4G and I;ar'(L  5-which have serious defects-to lark 6 ukch uitiizately

is shown to be satisfactory. Section 6.3 is r=ainlg concerned xith the

ap-plication of the -,odal modelling and derivatici? teckiques of section

5.2.2 to zeasweneats nade usin,: the final exciting block, Hark 6.

6.1 Ssecification of rest germs

The zaterial used for the test bep_s

avsila~+litr and also becauqe"^ c -,, beir,g very

a vide dynanic range of response and thus

~75s steel, chosen for its

li~~ti~~ da-Ted, it Vouid offer

tax the xeasurexert process

Several factors xere considered in deciding u~or, t'_e dimensions of tvo

beazs. The beam were to have their dyxarzic go?erties as subskuctcres

-Yea=u-e':_ c-u ar;d ther? the wooerties of a couzled besrr: structure car-sistizg_ _

of the t-z0 beass joined end to er,d -i:ere to be predicted end conpared

with the actual properties.

Therevere frequency constraints to be izzosed iz order to Ikesp

vit 1h'n the rarL,-e iz vhic h accuratemeasurenects could be reliably exzec-

ted. T-his racge had a loi<er bound of 50 Z';; (-_-ins frequency) ark EL

umer one of about 1000 Ez ajove xhich transducers em? drive rods car-_-

begin to cause problem. Thus the decade 83 ts 800 Ez was selected 2s

C’de 'central' freTLexy range.



The b&as Tp?ere to be tested in a free-free ccnfiguration; -hiS

having boundazy conditions i?hich cex be cost closely achieved ix .e.x

experinent. __."he longer of the tiso beam XES chosen xit'r, a section of

25.4 r.z x 31.75 3= (v 1: 1,q Elld 6 length cf 1.4 z . ?igLLre  4.1 shoxs

"3e.s.z bending in its stiffer "lane has IO'JZ r~aturel frequencies  in the

'central' range, at 85.91, 235.E,  464.2 ECC 767.4 Es. The Short Be.23

~2s chosen to have the saze cross-section and 2 ler,gth of C.65 E. This

3e22 hes its first tic0 natural frequencies  at 39E.5 23d 1099 Es, deli-

beretely chosen so as rxt tc coimide ~5th those of the Long bees.

tigate the dLnerA_onzl tolerances cf the ‘~2~s Eecessary for this order

of accuracy to be achieved. A special Fortran conpter program ws writ-

ten to investigate the l&its i:k-iCh :;ere frec_uencg-dependent  arid Eat

easy to analyse and it ~2s fcunC that a 0.02;::  chenge iE length, 1,

caused a saxinm mobility error of 0.11 d3 z?d 2 0.0%: change of thickness

an error of 0.1 dB. Thus the beazs were specified:

w = 25.4 2 0.13E

>

within notinal tolerances

h = 31.75 + 0.01z2zI of bar stock

lL = 1400 2 0.2 xx? TOT t h e  Long B e e r

1
s

= 650 + 0.1 ZE f OF the S h o r t  B e e n

The natural frequency is independent of the width, I\', of the bea-,.



6.2 Zevelon-GFt of 3xcitinz Ziock ;jesigz via Tests on 3ee.mY-r-‘

6.2.1 Use 0f S:xcitinE i3loc'r: !xark SG

This stall exciting block, whose dinersioas are give? in ?igure

5.4, V,ES attached by adhesive to a poist cr. the Lcng Beon 0.4 n fror

oue end. This point ViES ckosen  '3eceuse  it b7ses net 2 r-05e of any r?oZe

12 the frec_;er,cy rEzfe  *d"y tc lC!X  Ez. If 7~2s fEL:ly close t,2 2 rota-

tion a.r_tizode and a displacement n06e of the fo-zth node at 767.4 Es.

Eeferer?ce tc the theoretical data Tresexted as ccntinuous  lines on

?‘igure 6.1 shows that the ($3) response has a relatively szall (but

far fron zero) rescr-ence _E?d the (c/I*:) response a relativeiy large reso-

lance at this frequer_cy. The pint LcbiiiQ =;E~T~x  kte yesented  as

dots or: tkis Xgire  iiere obtained b>- usir,g the staxkrd ret506  irrOlV-

in g yogrez %,2/l  . The fcrce :-as in-ut cer,traily fcr 3x1 1 azd offsetL-

0.05 m_ fpr F&m 2.

These data have isteresting characteristics. The fit of point

trarzlaticnal data (i/F) is exceilent  sho-&ng very little scatter through-

out the rage 10 to 1OCO Ez. The cross-nobilities ($3') md ($1,;) are

reasonably accurate aromd the first resoname at 86 Hz znd above the

second at 237 Ez. The vaILaes at low frequencies are seriously in error,

showing a resoname at about 17 Es which could be attributed to the sus-

pensioo rubbers. The deviation Iron the rigid body zass line below

50 Ez averages 6 d3 - an error of 102;. The fit of the neasured  rota-

tional cumtity (&/I<) is ever, wcrse, showing error throughout the fre-

quency racge ar,d everegir?g 120 d.3 (lOO?ii) in the region dotinated  by

rigid body rr?otion.

The ~ooraess of this zeasurezent lias considered is secticn 5.3.1 and

attributed to the 10~: rotatloEal signal levels. Xccordingly it Pas

decided to increase the tcrque inHut by usiP;g tl?o shakers in a psh-null

coz$i_~ration. 3lock Xark 4G was zodified by the additicr,  of ar, xxi-

liary block uld the aF>aratus set up as S~OYX in Figure 6.2. The txin-



shaker equipcent was th2t used by Sainsbury
( 31 >

act ~2s a-xilzble in

the IaboretorJ. The results obtsined using this ecuiment she>: a- _

slight inprovenent in the pareseter ($/:I) but rether worse accuracy

f o r  (@.I).As cemented upon ir, section 5.2.1 Elock Lark SG evidently

has too snail 2 lever am to give sufficient rotationai signal.

6.2.2 Use of Excitina 31ock I*:2r4 5

The selient feature of 3loc?_ "-+ 5 (Fi7Z-e 5.5) is that both__ I'IC___

icput force ar;d outcut 2cceleretioE  have velues of 2 0.05 ~1, the force

trensducer  sharing .a coEoZ exis er,d ccc"?05 zountiag  stud uith one cr

other accelerometer*_ _ . Experinents ?Yith this bloCk showed that the

orientation of the accele-oxeters  zbout their cotir,ai  axes of sensi-

t ivi t;r _*.;2 s a verieble affecting eccarecy. Acceierozeters  15th iO>T

tramverse sensitivity vere specified subsec_,ertiy.

Two different nethods of arrmging that acceierozeter 2nd force

gauge shsring E cox202 axis are sketched in Xgure 6.3. Experience

obtained in measureaents  02 the Long been indiceted thet such comonelity

WES  2 so'urce of systeztic error whose n.a@tude was altered if the sys-

ten of block and trzcsducers iT2s dis=ntled md they? re2sseLbled.

k series of tests 0I: the Short 3eaT gsre useful infor=?ation.

.
52k2sis MES laid or: the rotational resczr,se  (e/I:) +;hich could be

measured r::i+h the exciting bloc% att2ched at the end but et right et,-les

to the Sea?-, so that excitation parallel to the long axis WC&~ ind_Jce
transverse
vibraticns. Pour configuraticrs  of trer?sducer Tcsitioriq aYe sho5T ir.u _

Figure 6.4. The Eobility zere-eters -measured  using ScFZlguratioZ  (a)

.
are snoim in Figure 5.5. The trecslEticEs1  res?snse  (xl?) i:hich ShCUld

be a simple class line 27Fears to h2ve a ?escrmlce 2Sc*~t gOC Xz a& IS

otherwise shout +5 dE in error. The ideal cross response is zero

. . :



P‘2.L. - w/on  the d9 scaie),  t h e r e  beiq zc interac tier! between,  appl ied

torque and longitudinal  disgAacezent  for this syszetrical  cozz.bination

of bear.? and block. As can be seen the neasured cross res-oonse is

mainly in the rar,ge -60 to -52 a. The rotational nobility (b/i:) is

also grossly ic error by about 20 dZ in the low freq.uency  region.

T h e  f~;lictior  of ?,rograr-  ?112/1 5s t o  ;ccui-e  r;o’b<lit;-  data fcr eat>__ -

accelerometer  ;<ith respect to the force gauge ar.d the- to mocess these

data to give the rotational and translational zarazeters  based oc the

sms azd differences  as  she-m io ?iF;1-e 5 . 2 . X calculation bi%S done

to ‘imert’ the procedure, starting with ideal nobility  data for the

3ea2 a n d  theri  calculatiq  the nobilities that mould be observed at

acceleroneter  locations or: a~, added exciting block. The resultant

f r e c u e n c y  resp,nse c--es are shorn as Figure 6.6, L.t 10% frequencies

the txc acceleroseters indicate 2 mall difference which vanishes at

100 5, the f i r s t  actiresozarce frecuency o f  i&J, the frecuency at

‘v;h3ch the accelerometer

an atiresonauce  Kith a

accelerometers indicate

is mall and finite ar,d

mss l ine .

Xrec  t zeasurezent

SiaZiS are ecua’A.

change of chase at

a resoname at 400

in this ideal case

?ae accelerometer  experiences

330 Ez so that although both

Ez the sm of their signals

does not deviate from the

at t h e romtic,- ;ciI?ts o f the accelermeters using Cozfigurrtion (a) . The

results shorn as Xpre 6.7 show sps tezatic  errors although the generC!

shale o f each curve is correct. it is sost signFficant  that  the accel-

ero2eter  i*+ th the.* *A greater  error is munted on the saze side of the block

as the force gauge. Zhese data a n d  ctrlers sirilar led to t6e cocclu-

sior, reached in section 5.3. j that base straiz sensitivity  of accelero-

Deters was a major  source of systematic error. it can b e seen fron

r’ipre 6.4(a) that ic Cocfiguratic~  (a) one accelerometer is inboard cf

the  f o r ce  gauge  and it is r;ounted  o,r?_  a s~rfa.c e which will be strained



whell -Force is a?$ied. ::ith this consideration in mind it can be seen

in Figure 6.4(c) that the strain in the block has least effect on the

accelerometer in Configuration (C). The results of mobility measure-

ment using Configuration (C) are showr, in Zigure 6.6 and they are seen

to be significantly better than those presented in ?igze 6.5. .The

‘TBSS lioe of ($7) is mostly accurate; thz cross resncnses  are abo-_zt

2C 63 lcwer than before (noting the change of d3 scale) and

nobility is now abo*Lt -3 % in error at the 10-z fre.>?EXieS

by rigid boc?y behaviour.

the (i/::>

dominated

. . LtL t>As jw_ct-me it seexe.3 tkat (k/I,:) h-07uid  neveyd _ b e  satlsfactcrCly

measureA,. directly and stimulus xas given to the development  of the molai

model derivation method of section 5.2.2 as a potential way of Izoviding
.

adequate (E/1:) data indirectly.

ments cn -varioTds  L-silaoed assenblies of Lonr D-3c __&_ Sort Beans zoined

orthogonally at their tins. There sjere four different methods of COL-

nection. Two involved continucus contact at t‘ne joint, one using

'Flastic Padding' as adhesive and the other a welded joint. The other

tp:o methods had bolt fixings, in one case incorporating  four 2% cap-head

bolts and the other a single $' 537 ca>-head bolt. In the tdo cases of

continuous contact the co33ariscn of measured data 75th ccqzuted ideal

data xas quite CiOSe. In the case of bolt fixing, CTI the other k;~2,

the measured results vere very erratic and quite unreneeteble. The

nat*3e of ;oints and their effects u>on coupling calc=Aatlocs 17ere sub-

sequentiy investigated by Silva ( 52)
.

This block was _partially successful in that increased rctaticnal

moz  nouxtir.~ axis fcr force cauge and accelerometer led tc istetierence

between the transducers. In ali configureticns tkere ;:a5 some effect



Of C2se strain sensitivitg  and in soI3e tlie essociated  errors r,:ere e x c e s -

s ive . i t  PiES fomd the+ t h e” ’ ci-i -ts ’L----L inter;ded  to stiffez the block

made connection  and alignment of the accelercceters  uhen they were noun-

ted under the block  very awkward. Eo7:ever,  in tk-_e  l i ght  o f  eqerience

g a i n e d  r:ith 3locL: :Iar’/ 5,its satislactoxy  successor  -Ilark 6 -7as deslgzied.

pz ter-control ied sys tezi. l;odz1 modeilil;,g  usirg the ideztification  azd

&-i\ra’;ic-
L_ teckic_iles  CC Chaster  2 xeze used tc. sx~oth the data a.2d to

cos~e~s~te  for errors i- the teas-ure_ent o f  rotaticzal  quantities.

iiersured Ilobilities  cf  Lox ar_d  Sh_ort  +S”sw -_^I

17__ order to zeasure  the ;;obillties  o f  t h e  Lo-g 3eaz  t h e  lkr‘L_ 6

excitkg block ~?a.% attached by adhesive to the beer, such that the test

point, P, Was as CiOSE  %S possibie (0.16 3j tc the tip. L, 3 s; x 8200

fcme tramducer was used, together  mth t w o  &demo  2332  accelerometers.  .

Xeasurenents vere zade at 76 discrete frecuexies  in the range 31.6 3s

to 1 OOC %, this beins t h e  upsr three-quarters of a logaritkic  sweer,

of 101 frequencies A-“or the two decades fro2 50 12 to 1000 Es.

The resultant measured data aTe sho-i;n as dots or, ?i,-ure 6.9 in

~:hFch  the continuous lines shcx the  theoretlcel  rcs7mse for the bee-_

response  is inaccurate below the first reszonse  arid shows an aztireso-

rxt.zce zt about 57 Ee xherees the theoretical antirescnsnce  is well below

gc 3. A b o v e  t h e  f i r s t  resoGarxe  at EG Es, hol;ever,  the -measured  (k/:3:>

response is reassna-zig accurate. 3ie results of other tests 33 this



-0e.m heve rer; sizilar feetures.

A ntioer cf corres3cndiw_ tests were csrried out on the Short Beaz

2nd the results ere shorn in Figure 6.10. These she>; very good corre-

1atL o"* A_ *oetweer?  the nees-_zz-ed  date and the theoretic21 tia resocnse for

the (i/3), (e/T) and (k/1*:) mobilities. The *oig,-est discre3cncies  2re_ cI--

-_. ,_,e;- A-,. loc,ati,o-  of t'*r 2~_ti=~cc~_7~_ccs"_.L _" - C) -cTJt t‘ris is ,-r,S2';1:,- 2 res;;1t of

the xezsurenent  point 3ot being quite at the tia of the Lean, Sut C;.OlGz

inboerd. (A theoretic21 caiculatio3 Was _izce for 2 7oiot 0.016. 2 along

2 0.65 beaz. This sho?:ed eztireson2cces  eX2Ctiy.coiZcideZt  Yith those

of the reesured date. The rescn2nces, cjf course, vere ukh2rged and

reneired in CiCSe ccinciderce  ~5th the ceesured deta >oiEts. ) The ( $1~:)

reqonse is recsor;,e*Lly 2ccurate Eove 202 Ez bc:t hes .TE ccnsicerable error

of a?zout +& d3,Selow thet frecueacy.

1~ general, it can be seen th2t the two rctatior?al  res?osses (6/?)

2nd (&!/I<)  are the rare difficult to ceasure accur2tely 531d (Q:), ;;hich

involves two rot2tiocai quantities, is uKkikeiy to be accurate at fre-

. .
o_ueccies  below: the first resonezce. The +E? deta deaends, 2s has Been

discussed, on the difference 3etveen the sigzels of the tvo accelero-

meters, which have therefore to be accur2tely Eatched 2r.d carefully celi-

. .
-orated. Any sgmious response which has orrly 2 slight effect on the X

date (which deoezds 02 the sum of the accelerorreter signals) will ‘have

.*
a z2jor effect on the e value. IE rr;ost c2ses it is 21~0 trJe tc say

thzt the expected values of acceleration due to roktior! ere ruch sr2iler

then those due to translation.

It is apperent that the loi; frequency discre>a3cies in the (k/i:)

response, which 2re lerger for the Long Be= than the Short, .2rose

beczuse of the effects of base strain or, the 2cceleroneter xearer the

force gauge. At the tize of these tests alternetive acceleroneters

with lower 3ase strain semitivity which 2lso bed trazsverse  semitivity

as iOW 2s 15: vere not ecaila'ole. The tecki?ues cf rods1 -;iodellAg ar,d

derivation were used to by>2ss the proSle-_.



hn2lVses of the Couoled 3eam

The mathematics of coupling substruckres were noted in section 1.3-3

2nd were seen to involve the addition of inned2nce quentities. In the

particulgr c2se here considered the 2 s 2 point mobility netrix for the

junction point I.4 m along the 2.05 m Coupled ijeam, C, is to be found by

use of the equation:

PCj = [FL] -' + CyS] -l-j-l (6.1)

where
FL] 2nd FS]

are t’ae 2 x 2 point mobility n2trices for the

tips of the Long and Short Beams respectively.

The calculation has to be carried at each frequency d2ta point.

Coupled-3eam hzlvsis 'Ilsina ?.2w Leta

The measured data used for Figures 6.9 2nd 6.10 were combined, fre-

quency by frequency, in a calculation of the mobility responses at the

point of connection between the Long beam (1.4 m) 2nd the Short beam

(0.65 3).

The result of this direct calculation is shovn 2s Fi,we 6.11,

together with the theoretical values cf the mobility 2t a point 0.65 m

along a 2.05 m beam. The predicted results are extremely poor for 211

four nobility parameters except in the range 180 Hz to 400 Ez. Examina-

tion of the input data shows that this is the only frequency range for

which the (&/PI) response of the Short Be22 is acctt-ate. The other

seven mobility parameters have wider ranges of reasonable accuracy.

Thus it is concluded that if ar?g of the eight input mobility parameters

is in2ccur2te at a particular frequency, then all the calculated sobili-

ties of the combined structure will probably be wrong at that frequency.



knalVses of the Couoled ?Ieam

The mathematics of coupling substruckres were noted in section l-3.3

and were seen to involve the addition of innedance cuantities. In the

particular case here considered the 2 s 2 point mobility matrix for the

junction point I.4 m along the 2.05 m Cou@ed ijeam, C, is to be found by

use of

where

the equation:

PcJ = [FL]

FL] and FS] are

-1

the

+

2 x

Cl 1
Ys -’ -’
2 ?oi..nt mobility matrices for the

(6.1)

tips of the Long and Short Beams respectively,

The calculation has to be carried at each frequency data point.

Coupled-3eam &~alvsis Csina ?.a~ Lata

The measured data used for Figures 6.9 and 6.10 were combined, fre-

quency by frequency, in a calculation of the mobility responses at the

point of connection between the Long beam (1.4 m) and the Short beam

(0.65 n).

The result of this direct calculation is shovn as Fi,we 6.11,

together with the theoretical values cf the mobi.lity at a point 0.65 m

along a 2.05 m beam. The predicted results are extremely poor for $.IJ

four nobility parameters except in the range 180 Ez to 400 Ez. Examina--

tion of the input data shows that this is the only frequency range for

which the (&/PI) response of the Short Beam is acc?urate. The other

seven mobility parameters have wider ranges of reasonable accuracy.

Thus it is concluded that if ar?g of the eight input mobility parameters

is inaccurete at a particular frequency, then all the calculated mobili-

ties of the combined structure will probably be wrong at that frequency.
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The (i/K) responses vere  confirmed 2s the chieC sources of error

by mother  calcuktion in which the r2~ (e/i,:)  detz of Sot? s u b s y s t e m

were replsced  by theoretic21 (i/i:)  dzte. Tke result  of this exercise

is ~~0~;~  -jr, F<,gure 6.12 which illzstretes  2 cccside--‘_Lole inorovezerAt i n

accuraq~ t;hea coinpered  -faith Xgdre 6 . 1 1  especielly  bsiolr 8C Ez. The

c-;ew”  -! ’_ i--i ~cc~~~c:~~,  pAoi:.eve~,  Is St;::  cot ~cce-,$~Y~l~  sir_ce  *her5 2~5

reqes  IThere  t h e  scetter i s  cocsiders*zle,  (IC - I CS 2; 120 - 140 Es;

400 - 500  9z, for exzqle).

Iqrovenent in the resultmt  coupled date cc~.Ad evider,tlF  be zz2d.e

finst, bl; moothing,  2r.d second, by improving tke 2cc*s_ac;  of the rota--i . .

tioral zo‘:ilities (k/F’) 2nd (k/1,1) for the tsc coz?one2t subs:,-stecs.

Couzled 3eaz !_ml:ysis  Zsin;r Smoothed  32te

k m2 j 0 r edrztage o f  t h e  ider!tifiwtion  process develoze?  ir: Chz?-

t e r  2  is.thet t?ie frequeccy respome FegenerezeC f r o s  aoC21  d&t2 is

smooth, heving n o n e  0Z the snzll  irregulerities  cf cZ_irectly-zeeszed

datz. Accordingly, the neasured  dets.  for the e~bstrzctis-e Seas were

exzrined  2nd deta s e l e c t e d  f o r  me in 2~ i?entificrtion  c-Lrve f i t .

The r2v date for the Long  BeeF were exe-iced 2nd f i v e resow-2zt  f re-

querzies (0, e6, 274 ,  457  23.d 75s Zz) esticated. Dzta neasured  et the

N off-resomnt  frequencies of 31.6, 63.2 , 120, 3C2 u?d 724 Ez were  t&en

2nd used tc  czlculate zoC21 cons tants  frcz ~h?ck the smoothed  curves cf

Figwe 6.13 were ChlCUi2ted. Bese sre seen to be +te si~il2r to the

T%X dat2 0;_ Scare 6.1 C exce$ 2bove 752 Ze, the highest  resozrnt  fre-

cuemv med . A’sove thet f reper_cy.  9 t:?e  cuzzvec  2~~rceck the 20 c,/

d e c a d e  ncbility line of 2 ~BSS, beceusc  t>e do*r_er.t cog?tri->utior&  r;s

from the highest rriode included in the ideztificztion  whict is -ass-like

2bore its resonant frec_yJe3cy.

In the cese of the Short Eel”, theresonence frequencies Ii&n2  esti-

neted fro= the r2w d2t2 to be G, 394 2nd 11OC Ez ECC!  datr r?e2sured  at

71 .6, 209 ad 603 EZ liere u s e d  i n  tke z0Zel C2iCGlEtiCnS  givic,- tke



results sho-dn  in r’igure 6.14 -6hick is recogizably a. snoothed version

of Figure 6.10. There is no high frea*zezcg  discregmcy on this $ot

Seceuse the highest node u s e ?  is et e freGuer?cg  higher then the rz.zge

lizit o f  IOGG Zz. Ir, gezerE1, ssootkin,-  by nod& iCeztificztion  g i v e s

.- .zcce>tao_e  zcc’.zec:-  g,rovldea  t h a t'1 the nx>DT on zozesI_ - identified  is one

The snoothed date of Figure 6.13 znd 6.14 were coupled using

exectly the sarre process  2s  Sefore to ;roEnce z predicted  s e t  o f res-

>onses  for i 2 .05 z bee-. %e r e s u l t s  ire -,reser,ted  ir, ?i.gGre 6.16 Sut

zltho.&  heving less scetter,  they  zre not 0ti:err:ise  zn-7- ,’ iqrovezezt  Lr,

tke ‘cLQooA1’n; results ir_ ‘ip!re E. 11.Y __.A

%:;e7eT,  tSerc  72s me 29vat2ge  ir, .us1r,g S--00"'&  -b__"L c2te Et I,.-'L**,S

Str,-e, 1 tkt 772s k - i  Se2.rr .corr,Ab2;ron *i-C.  i:k_LCk_  ;;2S cop_Si~e-9T~l--Y-Y., -uv 3

re?TLceci s;rceA_ cmk lfss &et.2 neetie5  tr be hendle2. 53xe\-er, it ci--,.l~u-_vui

be sa id  that inconsistencies my Se built into the celculetions  if the

c,



. .
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forz rece$za.nce  fc_-u-ce  1s _ &_

.r..s.l.-  . F-acl-  bette-  ‘-
.A Z-“,EI-_ eitl?er o f  the 3revio7.3

exaq2les shorn ir FigaFes 6.15 and 6.11. In ?aTticular,  these results

based on consistent data for both subsystem predict the lov frequency

resmance  at 45 Ez which is absent fros: the earlier Coupled Eeam

-..cq..i +q . -..LtiLUA”I. The ‘.other 5 rescria.r;ces are also indicated with reason-

E .- 1,“&f z”,c-:rcc:.-  .  c_CC_ t;-.e  ,c:,-il<tL-  If:.p;,  c,< $>_L-S reSfCxSe ‘F r c__LL t p_  e -G T; :L --_-

ger.erel  ska-ne  225 l e v e l  a;; tc 600 I?;. Ihe (g/?>, (&‘:rj  res?ozses  z.zin-

taiz good shape u> to 4CC Ez, althc~gh the resonance at 1 2 0  Ez is o~llp

$ust noticeable. The 120  Ez rescmnce is tisses  zltocetker fro= t h e

(S/1:) respome ‘cut it should be r-oted tkt the cor~es~onding  theoret ical

ressner?ce  i s  very szell.

The ids_tificat’  nr,AL__ and der’ vz iio__ LI Trocess is thus ~c=e accurate  for

10~ fregzezcies  the,n. for h_igh_ y:_ic_ y,a:;  ‘oe eX7lp+ncJG  -zv t5-e iy_?_erer_-l-l-yL__^_A_U  ”

grezter Scc2zzc7 o f  lo:; freouenc:.:  zobl co~stzntS. Tie 7eSuZ_tS  w e r e

f e l t  t o be  si,gLificai-Lt  =iainly because i t  :“_zd  r;ot beer,  possible, at that

t&e,  to measure (6/X) at all accurate1_J at frequencies below the first

rescname  by azy other zethcd.

Conclusions

The extension of comentional  mltidirectional  rseasu-erect  teckiques

by modal modelling azd derivation  has proved valuable in the smoothing of

the data iz, the reduction of tizze  of cczyutrtior  a&, -,ost  ic?ortantlyF

in the cc2zensetio~  of rotational errors rost si,r--ificartly  arising fror

bESP s traiz e f f e c t s  ir accslerazeters. The results cm12 be further

izzroved if the zeasurerect 2oirt could be sited exactly at the bea ti-,

rather thar,  at sorze snall distzce  inboard. The s;ccesc  of the deriva-

tier cethod used  >rczpted  the develo>zr,t  of siqlified seas-..erezt

tecLh.zisues  of section 5.2.2  which are ei7aluated i_ sectlo~  6. T. 3 follci~-

in 7?.

b



Ghen  the relat ively  high bese streir  sersitivitt_ of kdevco  233E

eccelerometers  WES revealed ic section, 5.3.3, replzce-

rents -dere s o u g h t  which woulti  h2ve the saze cverall charecteristics

i>ClXdiRg lOi< b.__irL~~-~~~e~~e  sezsitivitp  but 21s~ kzr-e low bese  strei-_ sez-

s i tivi zy . ‘Ihe 3F;el 0; i:jzer t>eltz  SbAeip’  t:;?es <T;lfilleE this s?eci-

ficatior,  2nd Ehen the:{ beceze aveilekie iz tke ~JTL&CS  kbcratorg a

test ;TSS csrried out using the=: with Block !k.rk 6

the szze errengezents as used before 2nd rezorted

on the Lo~lg  bea with

dove ir, section_  6.3.1.

The  resu l t s  obtzineri zre she-m as Figure 6.19. The cost re-,erBeble

feEtme tc  be  seeE is t’=ie  generel  Eccurzcy o f  the  10~ frec_uencg  (k/K)

nobilities,  not ~revicuslg  cbtair,ed  t:ith3-it  zoS5.e?  2zdellir.g  er,Z  derive-

tieri. There zre izecc.Escies  still, es7eclelly  iI;, the region of  the

(k/F), (jL/&,)  zztireasznce  a t  40 5z. It is to be exgecte5 tkzt f u r t h e r

iqrovezent  wozl~ b e  obteinek  by srrer,girE  5het t:?e fcrce trsr.sd-Leer 172s

rounted icboerd of the eccelerometers  so thet the szfece on ;;hick t h e y

me nomted experiences less strair,. The cut  tir,,- of 2 ‘met’ eromd

z c c e l e r o n e t e r  ICES shovn  in secticn 5.3.3  tc ~cduce such m isoleting

e f f e c t .

2n

6 7.,.3 ‘;se o f sicplifie<  J<lcbLiLtYiI+:ezs*;rezent  Techdo-ues

The two siqlifieti nobility reasurezent tecknicues  >:hich h’ere deve-

loze2  theoreticdly  in sectim  5.2 .2  were e-,Plied  tc the Long 2z-d Short

5ears.

(7 .dlnzle-Xcceleroze  ter I%Es*Jrerents

Short Zezr

:,Zeesuresects  w e r e  n a d e  usisg  t-Vi0  n.zxF  of crograz  I*:CBl  .dsis,- one iz;r,devco

233’1 s c ce l e rone te r  e t  the  centre of Elock :,krk  6zttache5  zt tke tin of the

Shzr t Eem. T h e  Zete obteine2 :;ere processed  by TX~X ?rcgres CTC!Z

;:l-zse c*>tr;>;t i s  zlotte5 2s Figme 6,ZC. ?>Aese  resdts me i s  ccc5 i s
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cant error in the value o f  6 estizzted  Et thEt frecuency. The r;eesure-

3e2t k-es reDeated  usicg t-e sze eccelerczeter  trzzsferre5 tc t h e  Se8r:

i t se l f  (locetioz 3 of r’igure 5 . 2 5 ) . We r e s u l t s  siioi;r. ix PIgme 6.23

ere setisfectcry.

CeTltrEily-

In -PiguFe

setis-

factorily rodeiled  end there is no evidence of Sese streir,  efr^ects. The

d e r i v e d  (k/i.:) dete tire e l i t t le  Ir, e r r o r , LCOZS ezteF_t si~2-~_. 1 -- to t&t

seeri 3~enoi;sly  x2 I” igures 6.16  zr_?  6.21.

L. _,.



Concl~xions

Either cf the r?ethoLs  oztlir,eC ir! s e c t i on  5 .2 .2  f o r  obtair,ir?g  tke

p i n t  zobility  zetriz  from r.eesure2 Zate ctz give sztisfectoq;  r e s u l t s

7:heE co->z.rel ~5th the e s t a b l i s h e d  zeth< int~olviq t7.70  accelerometers



The tests re_sorted in this Charjter  were Carrie6  cut on red, @pi-

Chl styxt-zes  2s L5istizict frcz  coqater  sisul2tions. ?,h.e stmctures  -

In the course of t h e ze2sxrexezzs  02 3~2~s the error-?roc-xi-g

w i t h  t h e  esteblished  multldlrection21  nobility  zeasureaect  tecki;ues

briefly  ic section  6.2.2,  provi2eE t>e lcforzetioc  t&t e s  lar zs s0jilit.y





Pime 6.1 Kobilitr ProDerties at O.Sn Totit of Lonn 3ea
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Figure 6.2 Arrangement of Plodified Slack Yzk 4G in Twin-Shaker Test

force gauge

/

accelerometers

-auxiliaq
block

- push rod

,/
Twin shakers in harness

Figrare 6.7 Zlock >:ark 5 - Ilternative Arrarzemer?ts for Common Kounting
Point

(a) Single Screw Fixing (0) St-ad znd Two 1iuts

Both sketches show a section t*hro@ t'_e middle of the Block



Fimre 0.4 Alternative Config-urations of Transducers for Tests on
Short i3ea.m
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Fi=nre 6.5 >Iobilitv  Properties at Tie of Short Bern. Cotiimmtion~a)
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Fim.re 6.7 Keaswed Transfer Mobilities for Transducers in
Conffiwration(a)
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Fisre 6.e Xobilitv  Progerties  a t  TiD of  Short 3ezn,Cod?kuration  <C.c>
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Pizuze  6.9 t?OSILITY PROPERTIES OF TKE LCNG BEAK: I

- Theore'ical* L . . . Direct Measurenents



Fi.gxe 6.10 MOBILIT’f Pi?O?EF.TIES  OF TI-E SHORT SEX-I:  i

Theoretics1 . . . Direct Keasurer*ntS
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FiT_re 6.11 ;\,OB~LITY pRO?ERTIE;S  OF TEi:E COU?;ED B3.Y:  1

- Tneoretical . . . predicted frc?. direct  measurements
on component Seams
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Fi;rui”e 6.12 -MOQILITY  PFlOPZRTISS OF Tii CUJPLED BEAN: II- -

Theoretical _.. Predicted frog direct measurements
olus tfie3retical (6/M) d3ta
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??imre 6.13 ___ _.___ _.__E’nQTiITY  PP.OPEX’IfS  OF T:E LCSS  EEAY: 7-rIv--d _---_LZ

Theoretical . . . Srcx~thed aeas,Xensnts
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Fi+&k6.14  gpBITxTf  PROPERTIES CF T+ SYORT  BEtil:  II__L

Theoretical . . . Smookned  measurements
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Fi,vr~~6.~4  pIL1TY  PROPERTIES CF THE S!iORT B3.N:  1:_-__c-...

otned measurements
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Tneoretical .._ Predicted from smoothed  measurements
0~ comp3nent  beams.
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Fimre 6.16 M33I~ri  PF~OPERTIES  OF WE LCNG xm:I I I
. .

Tneoretical . ..Smoothed measurements for (X/F)(X/M). .
Derived measurements for (0/7)(9/M)
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_

Figure  6.17 EEILITY  ~205~~~1~s  o? THE SHDRT EEA!!: III
I .

Theoretical ._. Smoz&nzd  Measurements for (X/F)(X/M). .
Derived measurements for (e/F)(B/M)
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r'i&e 6.16 MOBILITY PROPERTIES'OF THE COL?'?LED  ESN-!:  IV

_ Theoretical . . . Predicted from Smoothed/derived
measurements on componerrt beams.
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Firure 6.19 Eobilitv  Properties et Tin of Long 3ez.n

Two 9. B %. kccelercneters

j ( f.? x-e 1 rad/s;:
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Fime 6.20 Eobilitv Pro3erties et Tir, of Short Berr,
Sinple Endevco Acceleroneter

(k/Z), (k/b) derived

(63  re 1 z/&I:)

(W x-e.1 x-ad/s!<)

(63 re 1 rad/sh)

zcitation Reqxencg
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Fig-u-e 6.21 Mobilitv Procerties  at TiD of Long  Beerr.
Sinale  Endevco Lxceleroze ter

(c/F),  (b/K>  de r ived



Fimre 0.22 Xobilit-: ProDertie.5 et '?i~  of LOW %%3I!!

Sing le  5. & E. Acceleroaeter  on Block
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Figure 6.24 Mob111’ ‘tV ProDerties at Tip of Lona Bea
Two Ehdevco Accelerometers: Sinale ?.un
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7.

tion

The ir,ve  s t i_gations r e s o r t e d  in this chaoter in-solve the ay?lica-

of the measurement techniques  developed  in Cha-,ters  5  end 6  to

?hys ical strxct*;res  - a ;air of uniform s t e e l

The data acc_Jired were used for making models

me thoSs estajlished  in Chasters  2) 3 z;le L,

beams and  a turbine blade.

using the theoretical

Ir_ e a c 2 case the model

;:a~ used is ar, at tempt  to  ;redlct  vibration  properties WhiCk CCUl?  b e

checked by other means.

7.1 S p a t i a l  i,Iodels  of a CouDled 3eam

7.1.1 Introduction

“he sbjec t<ves of this se c t i on  involT_e a?Flicaticn of the tech-

n 1'.>.ues  of 2ce-*ificstio- tC fre:_-jezcz:  res?C-se :s',z y_eesce? CT_ -,>_;rsj.-

CL?.1 st_,ctl;res 2~6 t?:e s-2.': s ~3-2_ er_t ccnstructicr  2~5 evelxetior. of spatial

making a Coupled Beam by connecting the Long  and Short 3eas models as

i f  a t a butt joint and then predicting the vibration beizviour  of the

combination. A check could be made against ideal prcperties  compted

for  the  Counled 3eam,  as in Char;ter  4. 9-x coordinate sys terns  of

?igze 4.2 cctlld be used again. The fre;uenc;- range 5:as tc be PO to

2OCO xs, thus includir_g six -oer_ding  m o d e s  cf t?_e Long- 3eam a n d  four cf

2-7blie Short Seam.

T 1~~  e r e ‘i; e r e alterr?,ati-,re  met>:ods  fcr r.easur<r.; t;?e required d a t a .

-.’_ne methods erc suxarised, for the Long 3eam,  In ?igure 7.1. ?ke

first zetho5 s;o-d~ ec?loy me excitizz block, Coxecrte? ir. turn tc the

three ?Cicts ces$pzte% by tF2nslstio::ai  cCCrCi:A~A+u~~. Icy etc?; block

location txo z--as, -2 h nme _"_ eeCE of t;:o free gzuge ?ositior,s,  KC-~< be

nace. The progriz FZ/'I r:ikk two eccelercretez-s OS the block or the

e,c_uivelent are,-rams  __L:‘I?32  an5 Z;CK;  and E single accelerometer on the

. / .,.
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the block  (2 ;rethoC Cevelo?ed ic Zhe>ter 5) coulti S e  used t c  g i v e  ulti-

r?2tely t h e  nass-cmcelle5  7oir.t res;or_ses  a t  211 s i x  coorc?inates.  ?ror.

exmcle,  3, i n  ?i>gxe 7.!(e)  j i _
z2.c  Fzcr’lcx,;  szec~21 -Y-P+--37“_V_-__-“- -oCific2_

tions tc! record i ts  out?Jt dur ing  each of the si;: test =-c;s. It :iou:ti

cliagocel  of the -_obi?ity  rzstrix, L-OLAC  1eeC to a ~a2521 Lotie1 o f  t h e

bean xith blocks. I n e r t i a  cancelletion co~~ld re3ove *‘ru.;,e elfects  of

the blocks 2t this junct=e.

Of the elterc2tives  >rfsezte.C,  t?_e  l e s t  iscc:pzrzteC  33st o f  tt_e

t e s t lnvolvir.V;  identificetioz  o f  sGsti2l  3oCels f o r  7;1br2rior, 25elysis  -

chosen.
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i&I  .L Keasurements  on Long and Short Beams

A sketch of the test configurations of the icng Sean is shokz in

Figure 7.2 (a) and of the Short Beam in Pigure 7.2 ('b). The test on

the Long Beam required the use of three I-lark 8 exciting blocks, two

with 'end feet' and one with a 'mid foot'. One force gauge was used

together with six accelerometers, all connected via charge amplifiers

to the Solartron JX3381 equipment.

The operational  coquter program ZCB2 was modified as indicated in

section7.1.1 2nd used first in the control of test on the Short Bezm.

The mobility parameter Y2, was monitored during the test and is

shoim as ?igure 7.3. Coarse sweets Jqere nade frcm 20 tc 2CC3 Es and

then close sT:eecs  in limited bands around, resonances and antiresonances.

At each frequency, the four nobilities Y
11 ' Y2, , ‘1 >, and

Y
41 in modulus (dB)/ hp ase form were punched on to paper tape and

printed. Only one run was made on the Short Beam which, having identi-

cal blocks and accelerometers at each end, was symmetrical.

The tests on the Long Beam were similar but since the beam with

its blocks was asymmetrical a run had to be made pith the force applied

through the force gauge in each of the positions A, B and C successively.

In each case, the point rotational parameter ~2s zor-;itored and six

mobilities punched on ta?e at each frec_uency. The results were not

-,rinte,d  at this stage, in order to save time. To:;ards the end of tl;e

test& a slight malfunction of the 3;33Sl system became apparent. It

can be seen in Pirae 7.4 that there 2re some anomaious noints about

26 dB above the first antirescnance of Y
65

between 40 and 5C %.

X printout revealed that the fault ~2s associated Hit!: arbitrary changes

the plhase angle of responses A
.

of sign of
5

z?ld ee,. “he smooth response
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below the first antiresonance was about 10 dB higher than that of

Y
21'

which should be very similar. An adjustment cf deta to correct

this anomaly is noted in Table 7.4(2).

The raw rotational deta obtained in these measurements

some scatter at the higher frequencies but the lou-frequency

do show

iriforma-

tip
L1 is smocth. Thus the innov2tion cf the direct caicul2tion of

rotztionel data during the frecuency sween 22;~ be judged to be success-

ful.

Inertial Brcnerties of Excitinp Blocks

The inertisl properties  of the exciting blocks loeded by accelero-

meters are developed  in ?igure 7.5. Assuming th2t they are rigid,

the three blocks attached to the Long Bees have 2 C2goriel  inertis

metric releted to the beer coordin2tes at the neutrel axis . This is

LJ
IL' specified in Teble 7.5(b).

The corresponding matrix for the twc blocks connected to the Shcrt

specified in Table 7.2(b).

Flexibilitv of Exciting Blocks

The Ilark 8 Exciting Block is 2 beam which h.2~ 2 first bending mode

at about 8 kBz, considerably above the 2 kEz upper limit of the tests.

Eosever , since the eccelerometers atteched ceuse 2 reduction in reson2nce

frequency the response of 2 block loeded r;ith tin m2sses ~2s celculeted

2nd the results shown 2s Figure 7.6 2s 2 graph  of inertence azsinst

frequency. The first vltiresonance occurs ebout 3 Iz?Zz 2nd its effects

begin to be visible 2t about 808 P_z. The highest response frequency

used in the identification of the ion,- beam was 762 9s and that fcr the

short beam was 1050 Ez (section 7.1.3). Since there ~2s some sc2tter

of the data obtained at these frequencies it was not thought necess2ry

to meke the small corrections for block flexibility but it is aosrent

that the blocks were only just stiff enough for the pur-oses of these
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tests. S2insb~ury ( 3’ ) encountered  similer difficulties and concluded

that the local stiffness at the joint between the exciting block end

the test structure was a significant but unpredicteble fzctor. A use-

ful rule of thumb might be to design a block lrith 2 first bending mode

2t 2 frequency about ten times greater then the highest measurement

fre,yLency to be used.

In ceses where the block flexibility could not be neglected it

might be thought possible to construct a s-tial model of the block

with 2 stiffness metrix as xell as 2 mass matrix. This vould require

the addition of coordinefes tc the block and to the system as 2 whole

end -could  thus necessitate tests at higher frequencies to include 2s

many more modes 2s 2dditionel coordin2tes for sp2tial rrodelling to be

done. It is herd to see the 2dventege  in such % FroceCure. Better

to have the block sufficiently rigid so that it needs oniy the coorCi-

netes of rotetion 2nd translation 2t its centre 2nd the associzted txo

elenent inertia metrix
r J
mI.

7.1.3 Xodellinz Vithout 5,-h Freauency Residuals

The results of this section 2re design&ted, for ease of reference,

ES SF”_, signifying - Qatial, Jieasured.

0s:.:

The

h'ith th'0

aad 1150

Identificetion  of Sesnonses

frequency responses obtained in the tests on the Short Beam

atteched exciting blocks reveeled sharp resonances  at 333, 760

Ez and since the tests were made on 2 freely supported struc-

ture a zero-frea_uency resonance 7,472~ assuned. Each response w2s ciotted

2nd then response deta points selected for use in program IDEKT. 32-p

ing was assumed to be negligible. The data seiectd for celculation

of the Feint modal constants of the Short Eeam 2re shoitn in Figure 7.7

together Il;iti sketches of all the responses arising from force input at

coordin2te 1. The signs which charc-2cterise the mode shapes 2re shown



reiate; fo t;?ey a _, responses Cell Glso presented in an array. The sign of

the rigid aody modal constant is determined from the phase angle of the

quoted 10-z frequency response (about 20 5). The signs for other modes

then follow in sequence.

Similar treatment 1~as given to the data meesu-red  for the Long i3ean

loade- 75th three excitirrr 'ol OCkS, i;hOSC? resonances-c - 7;ere estimated as

0, e0, 219, 420, 655 and 8OC 2s. The responses arising from input

force at coordinate 1 are sho-vn in Figure ?.E! which includes the asso-

ciated array cf mode shape signs. The data selected for calculation

of the point modal constants areEls S~OKZ. Further identificat+or-.
I

calculations were done for the responses Y ?, Y,,, Y3, ,, 55 and Y65, the

last of >;hich ca.dsed a little difficulty because of the ancmalcus loh-

frequency response already mentioned in section 7.1.2. iiesponse data

wereregenerated from the modal constants determined in each calclllation

and plotted in comnarison vit'l the ra'r;. _ measured Cata. In some cases

several selections of data were made before a sufficiently good curve

fit ;ias obtained.

0SK Xode Shape Xatrices

Pro-ram IDDT can provide only one modal constant for each resonance6

frequency. There are several potential rigid body modes at 0 52, of

which two are significant in this instance, one trarsiztionzl zr,d the

other rotational. The modal constant identified for the mode at 0 Ez

is the simple sum of the constant fcr translation and that for rotation.

Since the transiational modal constant is the reciprocal of the mass of

the tested system it is easy to calc>Jiate  it and, by subtraction

IiKZT OU+-ut, the rotational constant also.k, " Part (b) of Tables

7.4 show this calculation for short and long beams respectively.

from the

7 .’ and

The derivation of the point rotational constants is shokn in part

(a) of these Tables and subsequently the matrix of point modal constants

and the dependent matrix of mode shapes are shokn in parts (c) and (d).



The array of signs for the bending modes uere shovel in Figures 7.7 and

7.8 and the signs for the rigid body modes were established in the

thumb nail sketches at the bottom of the relevant Tebles. The data of

Fables 7.1 2nd 7.L (d) are those needed for c2lculetion of the spati

model, namely

0S:: L3r;atia.l IIodels of Short and Long Seams

The matrices esteblished  in the Trevious  section were used as input

to program Z!Z4Y and the corresponding output is sho>,n in Table 7.2(a)

and 7.5(a). The SUE of tpe translational elements m,,, m,3, grand 33

of the  QESS rztrix of the Short Seam ;;ith Elocks is equ21 to the

mass of the bean with the blocks, 2nd the corresnonding  stiffness sum is

zero as to be expected for 2 freely-supported system. Similar 0bsex’va-

tions 2pply to the matrices KU 2nd iCD for the Long Beam with Zlccks.

The diagonal matrices of exciting block inertis. terms ES develoned

in Figure 7.5 are shown as part (b) of the Tables and simple subtrac-

tion provides the deta of part (c) which constitutes the s?atiel models

of the bezms witbout blocks.

The first check made of these spatial models was to celculate mode

Sh2De il?if'OXE.tiOn  liith yOgrm sIs”s”;. Table 7.3 (a) shows to three

significant figures the modal ?ro>erties  of the Short Beam with Blocks.

Ide2lly, these r!ould exactly n2tch those of T2ble 7.1(d), originzlly

input to program ZZ;kY. The discrep2ncies  are most marked for the two

rigid body modes -&ose frequencies are low but not zero. The numeric21

values of mode sh2pes and frequencies for the two bending modes are

accurately obtained. All the signs of the lest two columns heve been

eltered, 2 netter of no significence. Evidently the calculations in

program EIGZZ; are ill-conditioned for modes of zero frequency. Similar

comments ep?ly to the data for the Long Bezm with Blocks as presented

in Table 7.6(i),
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Progra ZIG%:  uas used zgain, this time for >reCiction -6ith s72tial

model matrices of the beams without blocks 2s input data. This celcu-

letion, whose results are in part (b), ten be checked 2gainst the det2

for ideal beems in pert (c). Once 2g2in, there is inzccurecy in the

rigid body mode s:hz~es, being, at worst, 5.5;': for the Short Ee2n txns-

lction21 mode 2nd 7.6;: for the Long Eeer rot2ticr.21  =cCe. The iridic2_

ted frequencies ere very low but not zero.

The first bending mode of the Short 'aearn has 2 predicted frequency

which is 0.47: high. The trznsletional mode sha?e deta ere 3-;: k&h and

those for rotetion 33;: high. Grezter ineccuracg is shown, 2s expected,

in the highest frequency mode, the estimated frequency being Il.& higher

than the true velue of 1099 Ez.

The bending node resonwces found for the Long Ee2m 2re 85.67

(error + O.$>, 243.2 (+ 2.73, 475.1 (+ 2.39 2rlc 12ct1y 995.6 (+ 3%:).

The node sham  bt2 are more 2ccurate t332n those of the Short 52m.

These s?atiel models based on me2sured data were t&en as reason-

able re?r esentations of the Long 21-d Short Beans 2nd used in further

calculations, specified below.

0s:r! Spetial Fodel of Coupled Seem

The Coupled Beem consists of the Long Beam joined to the Short Beam

at two coordinetes, shown as 5 end 6 in ?'igue 7.13 (e) for the ideai

bePm. The corresponding spetial model vithout residusls is shoxn 2s

?igure 7.13 (5), in which the short bear coordinetes 2re 5, 6,'7 and S.

The corresponding  pertitioned metrices 2re found

and they are sh.own in Table 7.7.

[IKS

-.-c 1hS

eddition:



Three sets of Tredicted data were obtained in calculations -6ith

this spatial model*.

1. Natural frequencies

2. I,:ode shapes

zJ. Zrequency responses

7or eLc:y of these sets coqerison -6%~ made t:ith corresponding data

calculated for an ideal beam.

The frequencies are shown in Table 7.7 with the error of -565:

in the first bending mode most aznarect. The sixth bending mode b2s

ar, indicated frequency 215;. high and the second is 14;‘: low. The third,

foiirt5 ai? fifth bending modes have errors less than 5;:.

I,Icde sha;e data calculated using ~rograr ZIGS are presented in

&i6LcAe 7.3>.',.v in.comparison with those for an ideal continuous beam.

r'igLres (a) and (b) clearly show rigid body modes, 2ithough  there is a

slight error of sione. The bending modes in Figure s (c) to (h) show

small deviations of slope or of location and the general trend is to

greater inaccuracy at higher frequencies, particularly in the rotations.

The mode shapes are, however, clearly distinguished from each ether.

The last and most stringent comparisons are to be seen in ?igure

7.10 The frequency response of the beam, predicted using program

COUPLEi with module 2:3X2 to handle the spatial model matrices, is

plotted as thick dotted lives-.A &.. The thin lines in the background are

the corres>ondinr  ideal responses. The inaccuracies of frequency,

alreed:.: co-ented unon, are evident in every graph. All $06 are

most accurate in the frequency range from 150 to 500 Ez and most have

levels of response in this region which are satisfactory. The most

obvious exception is the rotational junction resnonse of Figure (e),

which is 10 to 15 dB high, even in the favourable range of frecuency.

The junction cross resncnse (f) shoWs a minicm rather than an anti-

resonance jusbc below the fifth non-zero resonar,ce at 534 Ez. The limit

of prediction  is the sixth non-zero resonance, sad beyond this saint the



predicted reqonse simply falls away as a mass line.

The forecasts made using this spatial model may be judged overall

2s ‘ f a i r ’ ; reasonably accurate in the middle range of frequencies and

levels but quite poor at the extremes.

7.1.4 :~:odellin~  ;iith Ei;h ? . -recuenc- Tlesiduals

The results in this section are designated S!b% - Spatial, Keasured,

with Residuals.

0SID Identification of 3esnonses
I

The IIET calculations includin-E residuals were done using the

same response data as had been used in section 7.1.3 but the highest

resonance frequency was taken as 10 l-35~  for the Long Zeam and 20 Ez

for the Short Beam, arbitrarily chosen. Comparison plots Kere made

using regenerated data and, as expected, they shah-ed better fit at the

higher frequencies.

0SXE Kode Shane Kitrices

The development of the mode shape matrices is shoirm in Tables 7.8

and 7.11 which follow the same pattern as the corresponding SX Tables

7.1 and 7.4. The one significant difference to be seen in the SE?

Tables is the inclusion of calculations of point translational stiffness

residuals from the modal constants of the fictitious high frequency

modes. 'There is a limitation in this development i+hich is that resi-

dual stiffnesses for the point rotational terms cannot be derived

and thus the spatial model ultimately constructed has only half the

number of residual springs that vere used in the theoretical tieveio?-

ment of the STi? model of Cha?ter 4.

. . ,.



Pro,-r2n ZXAY ~2s used 2s before to produce the natrices consti-

tuting the ssatiel models of the beam with blocks. Inertia czocel-

lation renoved the effects of the blocks. These

in Tables 7.9 and 7.12 the reeidu21 stiffnesses

stage.

natrices 2re listed

being oritted at this

Sitilar check calcuktions  usicg prog:rm BIG3 t;eye rz2d.e givic,-

the results in Tables 7.10 and 7.13. The nmerical ill-conditioning

nentioned previously affects the rigid body aodes which should have

zero fret_uency but do not.
!

Kost signifimnt  for the Short Bern is the igroved ace-lacy cf

+i,._,e natur2.l frequencies Fredicted

The first bending node has a freo_uercy

such node has only ace-sixth the error

For the Long Bean the bending zode frequencies ere S6.66 (+ O.$>,

242.6 (+ 2.4$), 465.1 (+ 1.6) 2nd 767.6 (+ 0.0s). These 2re all ED

improvement whes coqared with the SX series, especially in the last

freo_uency, now ahost exact, fomerly 305 in error. The rode sha>e

deta in the SIZ list for the long bee-, is also scnel,+ha.t ic>roved.

0SE?, sr,at121 Kodel of Coualed Bea.z

h sketch of the SK3 Coupled Beers zociel is sho-,m as ?a-ole ?.-ii(a;

in which residual strings are atteched to the tr2~sietion~l  co:rdiLates.

The coordinates for the Long Eeam are Il?u;bered 1 to 9 in se?Jesce, but

those for the Short Ee2n have to be teken in the order 9, 10, 11, 6, 12,

13. Spatial Eodel catrices including residuals 2re presented ir, Table

7.14, which c2y be sgstezleticzlly related to the flgce ir. FZ: (2). :;o

attenpt was oade to write the full netris for the CoupleC  Eez because



it involve5 13 coordicetes  2nd di f f iculty with the Short Sem because it

would  heve to have

.usec ctirectly, t h e

its elezezts  re-ordered. Since PIGZL co-uld not be

“12~s z2trix beix sirigul2r,  2nd since CCELEl +

be used to assemble  the sp2ti21  node1 fro-, the ix0

convenier?t  sub-systezs for Tescome  celcula tions the full 1 3  coor&inrte

CEZ-i:: i:OLilC  5E wx-iC:cesser~:,  2Zp2;T.

T h e  saze criteri2 involvin< frey;escies,  r o d e  she>es a.r,C res?czse

plots xa,9 used as before to evalu2te  the success of this s32ti21 rzodel.

Ijifferezt  c2lculations had tc be used, hovever,  sixe quick 2zsxers for

netursl  frequencies usir_QA. 3iGZL required 2 reduced s3tiel zodel  ~-i-k co

unettached  sxiqs,  ES shorn irL Table 7.14(e).

T”1e nat-ur2.l  cI recuexies  f oum 2~e 97 -ifice;_ cU - t_L* +is clcser to t?_e idea l

values than ?or the spetial  node1 without reslduels.- i The worst error

( f o r the first bendicg node) is 2:;; xther then 3&j-. The other bezd.ir,c

Lsnodes  h2.ve frecuencies  xithin 5;- o f  t h e  ide21 veiues, The fregcexies

indiceted  f o r the rigid body aodes  2Te very low. The SIG3; spatial

model hes nine aodes  corresponding to its tine coordinstes,  but only

eight of those nodes are valid. The extra,2noz2lous,  node is at 21’71 3.

The mode shape data  outTut bjr ZIG3 2re not directly useful beceuse thep

do not refer to the external  tr2xkticnal coordinates ,  2t the rexte

ends o f  r,esid-u2; s>r(r.,:s, The rigid body  zodes , :T,o-::s-;ez,  >:ill ‘$e ir,di-

ceted adecuetely  by Z:IGZ:  since 2t very lox frequencies  the def lect ions

of  these  residurl springs will be negligble.

CCUBL31 ~2s used tc  generste frequer,cy resDonse ar?d the s>eer W2S

czrried to a frec;~.ency sufficiently high that the rising slope associated

with a high frequency residual wes established.

-3.111” reslzonse  d2t2 produced for the tip 2nd junction,  coordin2tes

fre ;uency s\ eeps  , These results are assembled  as Fi,xre

ti? res?ocse Y
77

is typical in heving 2s 2 salient feature

2greecent between 100 Ez 2nd 600 Zz - significantly wider



than the range 150 to 500 Zz of the St! series and including all but the

lowest of the beking nodes.

kt the high er,C of the frequexy spectmz above the sixth bendir,g

node and, incidentally, beyond the range of the prediction of this

spatial  model,  the presence of the anomalous  aode at 2171 Ez cm be

irferre,d C-n- t>_e  a~_tirescr,:_ce  ccc,;rri_r cet;:c_e_:-  : L:i-Iz  a:;2. _ _&.. 2 e: s iv_

soze o f  :Tze -;lo;s - CT~ ezce>ticz  bein,- Y
96

;;hicri has h 3isiizii3, ‘ a l so  aE

i-dicator  of the out-of -range resonance.

The f i t  c f  Predicted  res?mse  to the ideal is rezwkibly good fcr

all the tin res303ses and for the traxlaticcal j-mctioE  response Toa.
24

The Qunctior: cross response is reasonably good but shor:s  the safle

e rrorie ox sinin-xz arc-uzc C-..’’ 5CO Bz xhich Was 3oted i- ttie ecuivalent “1.

3:3lot.  L d-E__g,ll- t h e  ~-imctiori  rotetior,al  response -Tc6 is Lazed  ccl:._  b y;

havicg  ruch t c o large a resonaxe at 105.4 a& otkers a little too large

at 522.6 a-d 74C.E 3.

Xode  sha-,e data were zot generally available, as has bee:! said, frcz

T’TPT--‘-,rogran Y~a_.t. Acccrdingly,  codal cor;lstar,ts  were calculated *isir-g  pro-

gram IDZCT on the frequency response data xhich have just been discussed.

;doduli of node shape matrix eleneats  were obtained as the square rccts of

these nodal corstar.ts  add the signs needed established as us.;al frcz

szecially  plotted transfer res?omes. The results are zlotted  as

Ti,-;re  7.12 , ,Fie rig-i.2  body xodes  are ch0-m clearly shoiz altkc;1gh

there  aTe szall errors of slope.

“he six kenZir,g rodes  a r e  delineated  by tke soir.ts ar,d slcses COT-

resco3Zi.x  to tra::slatior;al  Ed rotational coordinates. Sese:ali::, the

trar_s?a;’ ora‘_ . . - data are ‘better fitteJk thar,  t h e  rotaticnal  data azd the

good,ness  cf fit is greater f o r  l o w e r  freT.ler,cy  -odes tta!:  fc: ki,r’Ter.

Overail, tr,e  %:I;,  sode sha?es a re  a  l i t t l e  be t t e r  than those  of the SI:

ser ies . r’ically,  0r.e na;;  s e e  ir, r’ipre 7.12(i) that tke node at 2171 Ez

has a shape  ::ich Sears 20 relatios  tc t:qe severitk (or any 0tLer)  kending

mode.



r:,.;.5 Xscussion 2nd Conclusions

The objectives set out at the beginning of this section in '7.1.1

have been met to a substantial degree. The chosen meesurenent str2te,y

proved to be successful, yielding smooth deta, particularly for the

rotetional  response of the form (S/?>. Such measurement difficulties

2s 17ere n**n-T*fened  :iere c222-ole of beir_~ overccme 12rsely bv use cl-_~tiYcl_--"-*- c

redundant or rzther duclicated  deta. Ti:e mjor results 2re sui---~~;  ____L&Ses

ir! Figure 7.13 w?hich may be compzced with Figure 4.5.

The ccncept of the test +ece consisting of beam @us exciting

blocks (including ecceleroreters) proved to be simple and the cancel-

ling of inertia effects 0;* the bloc'ks after the construction of the

s?,atial model turned o-at to be simple 2nd sufficiently Eccurate, >zrti-

culerly in the case of the Long Se2x in the more favourable case +;ken

residual terms were included. It is, however, evident that the Short

3ea.m h-as less eccur~tely modelled than the Long 2nd this chiefly because

its model could only include t-do bending modes, the other ho being

needed for rigid body representetion. Iiatching the number of modes to

the number of coordinztes is 2 restriction, not e2sily to be dismissed.

In this case it is apparent that the upper frequency limit of rigidity

of exciting blocks ~2s reached 2nd inclusion of higher frequency modes

for the Short Beam would have necessitated redesign of the blocks to be

stiffer, possibly more massive 2nd probably more intrusive as the trans-

ducer system began to match the test piece in size.

The identification cdrve fits using program IDEICT required scxe

judgement in the selection of data and of the goodness of fit. Ee

curve fits were successfully achieved, even for cross terms feEturing

minima rather than 2ntireson2nces. Since, at this st2ge in the tkesis,

curve fitting is regarded as an established process it ~2s not tho*zht

necessary to include examples.



The processing of the modal cons tents in the various steps to the

construction of the final spatial model have been carefully laid out in

Tables 7.1 to 7.14. Each step is simple but there are a number of pit-

falls to snare the unwary. Chief among these is the need to remember

that the rigid body mode at zero frequency has a special derivation

0'1uation,uy us>;zlly ernressed in terms of the ~2~s of the test piece. Z_A-

treme care is necessary also in the allocation of signs tc the transfer

response graphs. It is easy to make an error in the phase angle of the

rotational data in particular. In the final stage of the model inclu-

ding residuals,care must be
i

taken to incl>ude the residual stiffnesses

in the main diagonal of the fully populated segment of the matrix as

5iell as in the extended matrix consisting only of terz on the diagonal.

Residual  springs in this study could only be added to translational

an< not to rotational coordinates (whose ;~lodal  constants t;ere derived),

thus reducing the potential icprcvement. IJevertheless,the  addition of s._&

residuals as :iere possii;le proved very effective in reducing error in the

terget frequency range enccmpassed by the six bending modes. It uould be

possible to -make measurements using program Pi;i2/l which would yield the

rotational responses of(@) form directly and for these identification

usingafictitious high frequency mode would yield the desired residual

terms, Such an experiment would involve more mechanical adjustment in the

addition snd removal of exciting blocks than in t‘he experiment >;hich

was actually carried out. There :;ouli be some difficulty in the allo-

cation of signs to the mode shape matrix, too.

The& ._ fol1oi;in.g points may be made:

1. *The ?-eas urement technique involving simultaneous recording of

vibration data on several channels was satisfactory.

2. The calculation steps required in the construction of the

spatial model are easy to carry out systematically.

.,._



3. The SX model without residuals gives reasonably good ?redic-

tions in the central range of frequencies but is Door at the

extremes.

4. The addition of residuals to make the S!G model has the

effect of adding an anomalous high frequency mode k-hich is

5. The SXPL model,despite  including only half the potential num-

ber of residual terms.give s very good prediction of the rigid

b&y m o d e s and I cf the six bending modes of the coupled beam,

KhiCh) in practice, I:ould be most important to 1mo:r.

Finally, the results of section 7.1 constitute a demonstration of

measurements using teclhniques  developed in Chapters 5 and 6, on real,

albeit simple, physical structures. These measured data, identi-

fied by the theoretical te&niques evaluated in Chapters 2, 3 and 4,

give a spatial model which in a very compact way contains Information

which can be used in representations of the vibration behaviour of the

substructures and of the complete assembly. The node1 matches u:, to

very stringent criteria in prediction not only of resonance frequencies,

a point at which many methods stop, but also of mode sha?es and fre-

$uency responses.

-



Fimre 7.1 Alterr,stive  I<etko2s of ::eesurinE Xobilities of Long 3ezm

(a) Using Program, E:2/1 or equivE.lent 'Single kcelerometer' Eethod

3lock at Coordinate  1 A B

Force insuts

i-v

i,L_ Ll

A, B

Faint “--nccer&_C..ALl

'ilock at Coor6inete 7 C
i i

3

v

Obtain: '33

I
Y
43

C, D
i---i

I I

v
-34 i

1
V
A!44J

~0in-t&

310& at CoorG.xte 5

70rce icputs E, P

i-b v 7

b) Using ‘Two J..ccelerometer'  ?iethod

Force input A

?orce inTat 3

Obtain: Y,,, Y2,, Y , Y, , Y , Y
r

O’
3

3erive: p,2, Y221j  31 +’ 51

9btein:
FT:' Y44

3erive: pTL’ YL]
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Fimre 7.4 Tests  on Loor 3eer2  - i&w Dete

Xobility (8)
(a

(E6/P5j  - F o r c e  Inpt C

O-

-40

-60.

-8Q

-100

: :
.**

.’
: * *a

.* -.
.‘ :

’ ‘-.. ,* _

. . a: .
: _ :. .

53 100 200 500 1000 2000

Frequency (Ez)

(b) (k? P
2/ )

- F o r c e  Inpt k - -
1

points -’
1

< .\:,. ..I.‘I. ,. / ,
-._A* .

‘...

1 . -.
1 I ..-

0
. :.

20 50 100 200 500 1000 2000

Frequency (Ez)



Firmre 7.5 hertial zffects  o f  ticitin+- 310~2 2.d Acceleroreters

(2)  Bcceieroneters - kssu3ed  shape - cylider

I' = &2/4 + h2/12)

’ hl
IG

!?me 4366 : r1
= 7.75m, h, = 2ct.x n, = 29 F

IGl = 1.4c2 x 10-6 kg r2

>TD>e 4367 : r
2
= 6.75=, h* = 16 c, L=2 = 15.5 cgl

F c
$2 = o.441e I: zc-" kg zL

(b) Zxcitin,r  alock - Assmec!  shepe - rectezqylar  Derelleli?i?ed

IG = LE.&2 + b2)/12

'G3
-2= 1.33& x 1c-4 kg n

(4 I n e r t i e  o f  5xcitinz  Zlock 2d kccelermeters  ii .r.t. ;;e;itr;1  i&s
cf :ez

d = 52 T

A
.: G3 Yr

x = 50 25
f L

+1 ? = 27 m
1 t 4

I p 91 s2 = 20 my. (4366)

or = 18 x ($367)
/
T

Inerti of Slocl:  2bo:;t  ? = I 2+ZLyc-3 31

Inerti2 of O n e  $366  kcelerozeter

= 1.38 x

Inerti of One 4367 BcceleroLeter

= 5.75 ;:

Sxciting 3locl: plus .Two  Xccelero3eters

4366 : I<CSS = 0.182 Inerti 2 23out E: =5.cc x 10'4 kg z2

4367 : :kss = C.151 I>ertie ~3out 2 ~3.32 x lo-' & ~2
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Fimre 7.7 Identification of Short Bezm with Blocks

Resonances at 0, 333, 780, 1150 He

(e) (ii/F,)
Freouency Bemonse Selected Data

Frequency
(Hz)

20 -44.05 -82
2sc -85 -90 AR
693 -84 -56 .&Ii

1100 -75 -71 AR

20 -37 77
140 -85 28 AR
530 -76 AR

1050 -39 it Fkin

20

Mob(B)  P h a s e  (“1 Tse

-51 105

20 -37 78

( e ) Sim Arrav 14ode 1 2 3 4

Frequency 0 333 780 1150

+

_-. ___“_L._._  -. __ - __.____  -.-
-.F.
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Ftxure 7 . 8 Identificetios  of kn~g ‘3eE.z  rsith ElOCkS

Resonances at 0, 80, 219, 420, 655, 800 %

Freauencv  Res?onse Selected 3ata

F

209 526

(8) Sim Array

Xode 1 2

Frequency 0 80+ ++1 !+-I-

20.00 -48.89
57.68 an.57
182.4 -96.27
3El.l &i.3l
6C3.9& 22.86
760.37 -66.89

20.00 -52.12
34.76 -90.17
135.00 -82.53
295.00 -75.69
502.37 -66.93
760.37 -55.81

20.00

"!L%. 05

21.93

21.93

-53.72 -91.02

-52.66 102.97

-54.56

-43.42

3

219

+

4

420

+

+

+

+

Phase(‘)  Type

-90.27
83.72 Lii
62.22 La
77.83 .A..R

-26.81 L..z
-88.78 AFL

85.55
25.16

-55.72
-39.62
61.50
49.70

84.76

-117.92

5

655

+’

+I+

._ _J



Fimre  7.2 0s:i Predic ted  Modal  Iota for Cowled  Beaa

L

(a> OT

(d) 2B

Freauencg  ( T r u e  Freauencv)  ( EZ )

(a )  0 . 1 2 2  (0) (b) 30.1% (0)

Cc>  2 9 . 4 8  ( 4 0 . 0 7 ) (d) 96 .46 (110.4) ( e )  2 1 0 . 6  (216.5)

.



Fimxre 7.9. ()SE Pred i c t ed  Xodal 3ata for Cowled  aear-  (cont ’d)

w 4B

53

Freouencv (‘True  Freauewx (Ez)

(f) 341.7 (357.9)

(a)

b)

(4

(d)

(g) 523.4 (534.7)

Rigid Eody Translation

Rigid 5ody Eotatior:

1st Bending Mode

2nd Bending Mode

etc .

CT

OR

1B

2B

(h) 9 0 3 . 3  (746.e)
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Fipure ‘ 7 . 1 0  ST!0 Frecuencv ResDonses  o f  Couded  Bean

(a) Tip Besponse 1 , 1

-.-.-.-._ Spetizl Kodel

I d e a l

( b )  T i p  ILesponse  2, 2
0

-I I 1
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Fime 7.10 0SK Precuencv  ResDonses  of Cowled  Bem (cont’d)

(c) Tip Cross Response 1, 2
0

-.-.-.-. Sz2.tiE.l Eodeli

Ideel

(d) Junction Cross Response 5, 6

z ‘J.
-=i--_=
C=.

g:



Fiu SIl
0

Freauencv BesDonses  of Cowled i3ez.z  (cont ’d)

( e )  J u n c t i o n  Aesponse  5, 5

_.Aa-._ Spatle 1 :,:odel

I d e a l

( f )  Junct ion  ilesponse  6, 6

:.c
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Fi,mre 7 . 1 1 ’  SZ?
0

Freauenco Xesmnses 02 Couded Beas

cd Ti? Ees>onse  7 ,  7

i

-.-.-.- Spetlsl Xodei

Ideel

(3) ,Tip i?esgonse 2, 2



Figure 7_.11 SE
0

I”recuer.c_v  Eesoonses of Comled Eean (cont'd)

(c) Tip Cross ?.es>onse 7, 2

-.---. -._ Spatial  I,:odel

Ided

(d) Jumtion Cross Fxs?onse 9, 6
_.S
i



Firure  7 . 1 1  0sm Fret-relic-7 Ttes2o3ses o f Couplet! 3ee.x (cont'd)

c (e) Junction Response 9, 9
07

-.-.-.__ Sptizl  liodel

IdeEl

(f) Junction ?.es?onse  6, 6



?re:uer,c:;  (Tr-ie ?recuency)  (Ez)

(a) jO.82 (0) (b) 0.06 (0)
cc> 32.56  (4C.07) Cd? 105.42 (110.4) (e) 2: C.E’T (216.5)



PiPure 7.12 05X3, Predicted J,:odal ht.2 for Comlei! Sezz (coct’2)

(h)

(i)

63

b

73
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2 4’ 6 6

(a) i d e a l  Bea n r?
0.4 1 . o u 0.65

1 1 1 3 ’ 5 t

LongTZeam ShorTBeen

:;atura1* Zkeouencies Es

0 0 40.07 110.4 216.5 357.9 534.7 746.8 e t c .

(b)@ S_sztiel  Eodel - Tieasured  Data

1 2 3’ 4’ 5 6

I
I I

5 6 7 8

7

XT Coordizates  1, 2 Jmction Coordinates 5, 6

Natural Precuencies ( F;,s -> Error $1

.121 -.138 29.M 96.46 210.6 341.7 523.4 903.3

( - 3 6 )  ( - 1 4 )  ( - 2 . 8 )  ( - 4 . 8 )  ( - 2 . 2 )  (+-21)

( )Oc sm S;xtial  Xodel with Residuals  - Iieasured 3ata

1 2 “I 3 4’ 5 6

7 & I

I ‘Owvy

11 6 12 13

Ti? Coordinates 7, 2 Junction Coordizlates 9, 6

Eatural ?reouencies Es - zrror ;i

j0 .82 0.06 32.5E 1 0 5 . 4 2 210.87 35C.32 522.59 740.77

( - 2 3 )  ( - 4 . 7 )  ( - 2 . 7 ) ( - 2 . 2 )  ( - 2 . 3 )  ( - 0 . 8 )

-plus 2171.57 (u?onalous)



334

T'able 7.1@ Develoszent of I,:ode Shaze Iktrix for Short Bezc with Blocks

(e) 3erivEtion of Rotationel Xodel Constants

(b)

.

Xode 1 2 3

Frequency (Hz) 0 333 780

A11 .790815 .616797 .338670

A2l -1.80585 -6.22252 -15.4156

A22 = A2$A1, 5.77415+ 62.7755 701.688
,

*A, jj = ,Aij 2/( A1 ii - l/n) for i odd md j = i + 1

n = 4.06 (bem) + 2(.182) (blocks) = 4.424 kg

l/n = .226040 kg-'

Se3aretioz  of Rizid Sody i,Iodes - T=Trmslationsl, iX=Zotztional

I

1AllT = l/3 = .226040  ; lA,ll:  =
i +i,, - lA1lT =  .564775

lA22T =’ 0 ; lA22R = lA22 - lL22T = 5.77415
b

(c)

(d)

Iktrix of Faint Ilodzl Constants

Because of symmetry of short bem Fith blocks A
33 = A,1, Ad4 = A22

Frequer?cy (Ez) 0 (T) 0 W 333 780

A1l .226040 .564775 .616797 .338670

A22

"33

[ 0

.226040 .564775 .616797 .338670

A44 0
5.77415 62.7755 701.688 I
5.77415 62.7755 701.688

14ode SheDe Gtrix

Frequency (Hz) 0 (T) 0 (R) 333 780

JG +.475437 +.751515 +a785364 +.581954

6 + 0

[ +O

-2.40295 -7.92310 -26.4894

G +.4?5437

-2.40295 +7.92310  -26.4894 1-.751515 +.785364 -.581954

6

The signs in the lest two colua.ns weTe found from, th,e plotted azd

identified short bears transfer responses,  Figure 7.1. The signs in

the first two columns were found from the rigid body node shapes below.
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I 1.62228 .I22198 .58971$

LSymetric
.0155037 .0970625

1.6222E

c1,:
trans

= 4.424 kg

r1.01210 .316530 -1.01210

L-1%3 = 105

LSyaxetric

.2733:4 -.316530

1.01210

.3'16530  -

-.0753462

-.316530

9273334
.

(b) !:etrix cf Bxitinq Slack Inertia (from- Figure 7.5)

f.1&2 1

113I S
= 5.00

.182
5.00

(c) Yatrices for Short 3em without 3locks

r1.4LO28 .122198 .5S9714 -.09706251

ps]= i .0150087 .0973625 -.0141900

1.44028 -.122198 I

LSymmetric .01500&7
J

cTV’

"trans = 4.06 &

in (2) above



T&de 7.3 @ Kodal  Properties of the Short Sea?

Fredicted from Spatial Kodels

(a) Short Beam with Blocks

Program EIGEE with input k&] J ksd

vE*Tcir&l Frequencies .S163 .I63

0764

Node Shape -2.40

Natrix -.739

-2.40

of Table 7.2(a)

-.7e5

7.92

-.785

7.92

(compare  with Table

(b) Short Zean without Elocks

?ro,~am SIGZK with input

iTztura1 Frequencies

Eode Shape

YEtrix

.025 .I@

.861

-2.70

-.831

-2.70

(c) Ideal Short Beam

Eatural Frequencies

Kode Shape

P'ztrix

785

-.522

26.51.582

26.5

7.&i) )

of Table 7.2(c)

406.1 232$

-1.03 -2.37-
a K2/*, 61.1

-1.03 2.37

-9.2 '2 81.1

(compare with (c) below)

398.5 10%

L ,



(4 3erivaticn of iiotationel  ICode Constants

Eode 1 2 3 4 5
I

Srequency (Hz) 0 80 219 420 655

h 11 ‘432627 .391466 .371123 .298655

A21 -.441017 -1.3153& -2.37549 -4.26S77

*-22 = A21 .599229* 4.41963 15.2051 61.0149

"33 -169413 .0306106 .I96428 .071770
*43 -.199691 .251313 .0981312 -.651109

kq4 = "43 2iA33 .649846* 2.06328 .049726 5.90697

B.55 .454949 .413042 l 413775 .391063

A65 1.07100 1.93318 3.14928 5.67542

A66 = '6~ J2/k55 3.30656" 9.04795 23.9695 82.3662

.262382

-10.1784

394.843

.067831t

.6372OO

5.98574

.472566

15.0795

481.184

*Using  : ,kjj  = lkij 2/( h1 i i  - l/c) for i odd and j = i + 1

where l/a = .10&050 kg-'

E = e.74 (bean) + 2(.182)  + .151 (blocks)  = 9 .255 kg

l/n = .108050  kg-’

lx66 = 3.30656 is an order of magnit*;de  greater than A
1 22 ’  1*4-v

whereas, ideally, all three term have the same value. The plot of Y65

shows anomlous  low frequency response about 10 d.B high. It follows

that ,A65 is too big. In (b) below ,A22=,A44=,A6,6=(.599229+.649846)/2.

(b) Separation  o f  Rigid  Bode Eodes

lA1lT = .108050 ,AllB = .432627 - .108050 = .324577

1*22T = ’ 1 A22R = .624538

lA33T = .l OS050 lA33ii = .169:13 - .108050 = .061363

1*44T  = ’ lA44R = .624538

lA55T = .108050 l”55s( = .454949 - .108050 = .346899

1666T = O lA66R = .624538

Using , AiiT = 1 /o! for i odd

= 0 for i even

and 1’iiR = l*ii - lAiiT for  al l  i

Y
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Table 7.4 continued

(c) Matrix of Point Modal Constants

Frequency(%)

%l

%2

h33

"44

%5

A66

0 (T) 0 (R) 60 219 420 655

: 108050 .324577 .39l466 .371123 .296655 .262382-

0 .62453& 4.41963 15.2051 61.0149 394.~43
.qOSO50 .sc /-163 1, l Sg36:  26 JP/ <PI,-. !FbGLO .=71/7c .06783?6

0 .62$538 2.06328 .049726 5.90697 5.98574

.108050 .346899 .$l3042 .413775 .391063 .472566

0 .62453S 9.04795 23.9695 82.3662 461.184
. m

(d) Kode Shape Natrix

Frequency(%)

Kl

J--x22

0 (T) 0 (R) EC 2; ‘3/ 420 OFFJ/

;.j2&710 +.569717 +.6256:8 +.6!9199 +.546493 +.51223i

+ 0 -.?90277 -2.10229 -3.89937 -7.61120 -19.8707

+.32E710 +.247716 -.174959 -.443202 -.267899 +.260445

+ 0 -.790277 A-I.4,l,41 -6 -.222993 +2.43043 +2.44658

+.328710 -.588981 +.6426&3 -.643253 +.625350 -.687434

+ 0 -.7:0277 +3.00796 -4.e95e7 +9.07556 -21.9359
. _

The signs in the last four colums ;lere found from the plotted

and identified long bean transfer responses, Figure 7.8.

The sigm in the first two coluzm were fcund fron the rigid body

node shapes sketched belcw.

+t ,+o +f Ir+o
u

+ h_+o
w

1‘.
Translation

+? - + -sCI

Rotation_ -

w
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Table 7.5 SIC0 Spatial Models of Lo,ng aear, - based on Eeasured Data

Output of program DRAY with input data fron Table 7.4

(a) 11atrices for Long 3ea.z with 310&s

.05474s -1.27187 7.704&g 1 .&S5iO

.098Lj84 -.24212e .255j1; F?/^_/,. L;c;“+

_L111i,, =

AAD ISyme tri c

cKbans = 3.255 k&

IISIL =

.iE2
5.00 5-b

.182
5.b" ,?P 2-c

.I57
z zc -_iis,, -.

c1.’
'trans = E.74 ktz
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Table 7.6 SFI0 ICoda fioDerties  of t?ie LOW 3eam

"edicted from Spatial Kodels

(4 Lscg Sear- with 3locks

FTOgT2!3 ZiG?Y with irqvt of Table 7. 5(a)

.356 0237

-.024 -.7s;o

.3lC -. 995
-.024 -.790

-2.lG 3.90 7.e1 19.9

-.I75 -.4i3 .268 -.260

-1.44 .223 -2.43 -2.45

.643 ,643 -.625 .6&7

3.01 4.90 -3.08 21.9

(compare with Table 7.4(d) >

Cd Long 3erm without Blocks

i+OgT2Ei ZG3!; with in-;ilt of Tkble 7.5 (c)

Iktmrl JFrequencies

Mocie S-ape

YBtrix

.137 .274 ~6.67 243.2 475.1 995.6

0354 .607 .695 -.732 -.796 -1.14

-.022 -.844 -2.21 3.75 9.60 31.5

0345 .263 -.163 0476 0336 -.312

-.022 -.844 -1.57 .49; -2.46 -3.36

.322 -.631 l 715 .761 -.831 1.49

-.022 -.844 3.20 4.84 -10.5 35.7

-(cor;.ire  wit5 (c) below)

(c) Ideal Long Bean!

lTatu_ral  Frequencies

14ode Shape

Katrix

0 0

0338 .586

0 -.e37

.338 .251

0 -.E37

0338 -.586

0 -0837

85.91 236.8 464.2 767.4
_

-677 .681 .68S .?13

-2.25 -3.85 -5.64 -5.. 2E

-0153 -.443 -.329 .0656

-1.62 -.532 2.76 5.97

,677 -.681 .689 -.713

2.25 -3.85 5.64 -8.28 I



Table 7.7 031 Spatial Hodel of Coupled Beam

(a) Coordinates 1 1

*tiI I

I I
I

I i

En
5 6 7 8

(b) Mass Matrix

11MC =

4.83913

Symmetric.

.654748 -1.27187 1.70485 1.88910 -.348830 0

.097938 -.242128 l 259411 .296964 -.054722 0

2.83510 -. 584487 -1.03067 .182848 0

.771827 .687852 -.I34620 0

3.33286 -. 103356 0589714

.050712 .097063

1.44028



w-
l 0,

0 4N’ I

w-
Tte
. 7



Table 7.8 development  of t<ode  Shaze fktrix  for Short Bezc w i t h

(b)

(4

w

(e>

Derivation of Eotational Xodal Constants + iiesidual Stiffness

1

Frec_uency (HZ 0 I 333 I 780 20000

51

A2l

h22 = *21 2/Al,

4 (residual

l'i9.715

*1*22 = 1A212/( 1*11 -
l/m) where l/n = .226040

Iiescdual Stiffness

'rsl
= (2~ x 20000)2/179.71  5 = 850.650 x 105 N/m

SeDaration of Eisid 3odv Kodes

lA1 1.T =
.22604C lAllB =  lAll - ,A, ,T = .564839

lA22T = O lA22.E =
j.ECl53

Matrix of Point Kodal Constzllts

Because of sy-mmetqy: A,, = A,, , kc4 = A22, I.:,_ = Kr,
//

Frequency (Hz) 0 (T)

*I1 .226040

*22 0

*33 .226040

*44 0

Xode Shape Natrix

333

.602?77

6C.C742

.602337

6C.C742

Frequency (Hz) 0 (T)

%

6

G
64

Sims as in Table 7.1.

780

.2626421

4g3.172

.282642

J
$53.172

780

+.531-:41

-22.2675

-. 53144'1

-22.2G75

. ” 5



344

Table 7.3

Output of program E!ZAY h<th input data from: Table 7.8 (e)

(a) 15atrices for Short Beam with Slacks

1.63133 .I25082  .SEOCSS -.S364lC7

[I
& =

i

.ClilL31 .99FyLlC7 -.ZlijSEE

1 K_=$TT'.',',/ -.125%E2

Syrme tric n{cl ,:A.ti,-,+,1I

= %al.s
= 4.423 k&

r1.4tm5 .457757 -1 . &JOF l 45775? -

r 1Ksss = IO5
A

LSyimetric .325Oi2

z Xtrans = 0

(b) Eatrices for Short Beaz without Elocks

.rri%3 = pS3A - [‘SJ (see Table 7.2(b) )
I- J

1.44533

L J

.lZjC82

.Cl E6S31,

Symmetric
.-

sr!tram

r-1LsB

4.063kg

c 1‘cs3s in (a) above

(c) Residual Stiffness Matrix

Fror Table 7. 8 (b).



TEble 7.10 03i.2 Xodel Progerties of the Short Beam

Predicted from Snatial Kodels

(2) Short 3ez.r; with Blocks

Frogrem EIGE3 with input

Nzturzl Frequencies

Mode Sh2pe

&trix

c-3I& ,

1.4%5

r i%z of Table 7. g(a)
L -I

,125 333 7 8 0

.752 -.776 -. 532

h-Z.L: "1 7.75 22.2

-.752 -.776 .532

-2.4; - 7 . 7 5 22.2
M

(compere  with Teble 7.1 (d) )

(b) Short Seam without Blocks

Program EIGZX h-ith input ,

Natural Frequencies 2 5.05-

Kode Shape

Natrix

-_r1Lb.,LX of Table 7.9 (b)

.1 35 3 9 7 . 7

.E46 -1.ClO

-2.71 9.26

-. E/L fC -1,010

-2.71 -9.26

1;I1

-1.212

TE.36

1 .212

3E.36
.

(compsre with ideal, Table 7.3(c) )
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f.&le 7.11 SiaZ3 3eveloonent of i+:ode Shah Xatrix for Lens 3eaz with Rlocks0(a) ;>erivation  of Rotational Kodal Constant + Residual Stiffness

Wade 1 2 3 4 5

Frequency (Es) 0 80 219 420 655

%

k21

x22 = A21 2/"l1

A33

A43

*44 = A43 2iA33

*55
8,

‘66 = 65*t5 2/k5:

*-using : 1’j.j  =

.432683 .390762 0365629 .284437 .229058

-.441252 -1.30459 -2.22375 -3.34418 -4.38631

.5gg764* 4.3554-E 13.5248 39.3182 83.9950

.I69495 .0303925 .184489 .0507017 .0320674

-.199718 .251227 .0994088 -.641178 .683884

.649154* 2.07666 .0535648 8.10839 14.5848

.455071 .412029  .406801  .364028  .387669

1.07255 1.92052 2.97085 4.34011 8.83560

3.314976  8.95179 21.6960 51.7448 201.378

,hij2/(,Aii - l/m) for i odd and j = i + 1

l

6(resi-
dual)
10000

62.3506

76.4577

101.485

where, l/c = .l OS050 kg-1

,3 b

"lA66 = 3.31497 is in error because of the anoszalous low frequency

response of Y,, already cemented upoo in Table 7.4(a).

In (b) below lk22 = 1A44 = lk66 = (.5gg764 + .649154)/Z = .624459

(b) Residual Stiffnesses

K
ri = W62/6Aii  = (2TT x loooo)2/6"ii

K
rll

= 633.168 x 105 ; Xr13 = 516.543 x IO5 ; Kr15 = 389.007 x 105

cc> seDaration of Rizid Bodv Kodes

l*llT
=.108050

1*22T = '

1%3T
=. 108050

1844T  = ’

lA55T =. 108050

lA66T  = O

1A1,R = .432683 - .108050 = .324633
lA22R = .624459

l~3R = .169495 - .108050 = .461445

1 A44R = .624459

,A55R = .455071 - .108050 = .347021

lA66R = .624459

&zing: ,diiT = l/m for i odd

= 0 for i even

and : pii2 =i. 1'i.i - ,AiiT for all i



Table 7.11 continued

(d) Iktrix of Foiot Kodal Constants

Frequency (Hz)

51

d22

833

B
44

k55

L66

0 (T) 0 w
. TO8050 .324633

80 219 420 655

.350762 .365629 .284437 .22?05E

0 .624459 4.35548 13.5248 39.3182 83.9950

.I08050  .061445 .0303925 .I84489 .0507017  .03206?4

0 .624459

.108050  .34?021

0 .614459
.

( e )  Kode Shace  !+ktrix

Frequency (Ez) 0 CT) 0 w 80 219 420 655

d--%

d-A22
A

d-“77,/J

$_A44

$_"55

$_
e66

+.328710 +.569766  +.625110 +.6046?j +.533326 +.478600

+ 0 -.790227 -2.06696 -3.67761 -6.27042 -9.16488

+.328710 +.247881  -.I74334  -.429522  -.2251?0  +.I?9074

+ 0 -.?9022?  -1 .44106 -.231441  +2.84752 13.81901

+.328?1C -.589%5  +.641895 -.637810 +.60334? -.622631

-t 0 -.?go227 +2.99195 -4.65790 +7.19339 -14.1908
N .

2.07666 .0535&E  8.10639 14.5848

.412029  .406801 .364028 .38?669

8.95179 21.6960 51.7448 201.376

Signs as in Table 7:4(t)



Table 7.12 S:,L.Fi0 STatial I1odeI.s of Long Beer:

Output of program EKUY with input data from Table 7.11(e)

(a) Zatrices for Long Beam with Blocks

r17.4567 3.53401 -10.8825
r 1Km2 =

I .744403 -2.35505

9.91375

LSpnetric
x 11:

trans = 9.2549 ti

186.627 38.8150 -178.343

8.41497 -37.1813

172.253

4.72573

l.OO33C

-3.15513

1.40910

45.5929

g.og-710

-42.2925

12.4297

5 R
trsns =

105(-1.05 x 10'3) " 0

b) Katrices for LOW 3eam- without Blocks

ClFb =

I3‘.;Ls =

'17.2747 3.53401 -10.8525

.743903 -2.35505

9.73175

(4 Residual Stiffness Katrix

r'roE Table 7.11 (b)

c3Iirl = 105

3.25114

.693001

-2.45306

.839911

2.05329

-8.28462

-1.63368

6.08957

-3.30040

2.19505

( see Table

4.72573 3.25114

1.00330 .693001

-3.15513 -2.45306

1.40860 l 839911

-. 649997

-.139267

.489490

-.17$690

-.236663

.0388722

.386041 -

.02Ee314

.379347

.540303

-.765368

.396?71 m

7.5 b) >

-. 649997

-.139267

.#9490

-. 174690

1.90229 -.236663

.038533i

above

68

0

516. 343

0

389.007

0



Table 7.13 0SKR EIcdsl ProDerties o f the Lxx 3ean Predicted from

Szetial  Hodels

(a )  Len,-  Zeam wi th  Elocks

Program XGZX with input pDJ , pizRl  of Table 7.12(  a>

Iu’atural Frequencies .18& .881  80 219 420 655

Xode  Shape

Piatrix

L

-.104

.498

0099

.498

.626

.498
-

.650 .625 -.605 -. 533 -.479

-.614 - 2 . 0 9 3.68 6.27 9.16

.400 -.174 .430 .225 -.17g

-.614 - 1 . 4 4 .231 -2.85 -3.82

-.250 .642 .63& -.603 .623

-.613 2.9? 4.66 -7.19 1.42

(compare with Table  7. i ‘I (C> )

b) Low 3eem  without 3locks

Progrm XXX with input of Table 7.12(b)

Natural Frequencies .191 .936 86 .66  242 .6  465 .1  767 .6

Idode  Shape

Fatrix

.
-.1oe .694 .694 -.732 -.761 -.775

.515 -.669 -2.21 3.92 7.62 11.43

. 122 .422 -.163 .457 .275 -.168

.515 -.669 -1.57 .520 -2.93 -4.18

,648 -.286 .714 ,759 -.779 1.03

.518 -.669 3.20 4.88 -8.13 18.2
-

(compare with Table 7.6(c)  )

I’



Table 7.14 Si330
(a) Coordinates

1 2

Spatial Igodel cf Coupled Beam

3' 4' 5 6

11 6 12 13

Tip Coordinates 7,2 Juxtion Coordinates 9,6

(b) Subsystem 1 Low Beam

submatrices from Table 7.12

(c) Subsystem 2 Short Beam

I
=

\
K
rs

222 \_____
\

F-AL

rs
4x2 '

_

1
\ -

-Krs
2x4 \_-P

%R+'rs
4x4

submatrices from Table 7.9

coordinate sequence 9, 10, 11, 6, 12, 13

(d) Fredicted Resonwicc Freouencies Ez (E )rror $

;jC).O? 0. oi; jT.59 1 kJ5 13 210.': ;i5i?. i y!T‘?.!x .y 13.::

($3) (-4.7) (-2.7) (-2.;') (-2.;) (.-LG)

plus  2172 (Lrlomnl.ous) , output by progrnw  :iIGFX;

(e) ijeduced Scatizl j;cdcl for ZII;EI: Calculation
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7.2 llodial  I,lodels  of 2 T u r b i n e  2lade

7.2.1 Introduction

?ollonicg  or. the s u c c e s s f u l  zodelliri,- of L+b_*e sLqle structures of

section 7.1 it was decided to apply the neasuring and modelling techniques

developed  ir? the ear l i e r  chaqters  to a cuch zore coz>licated  t e s t  p i e c e ..-

of bladed d i s c s  wkich are tte d0riner.t siSrator;;r comcner.ts  of tur‘zines.

I-’ tz’cine  ‘clede is  a challenging t e s t  coz.l;onent  sirice it is very lightly

dacped (ty?icel  less f a c t o ?  C.CCCl  j and has a ccz$e;:  asJ-CetrLcal  i -beS.IC

whlc'r, Lazes ar,alyticel pkediction  cf viSreticn behas-io2r  -:ez-  d i f f i c u l t .

Tke cbjectF-.ies o f  t h e  t e s t s  reTorted  here r:eze t:i;e  zeas.Lre2ep.t  cf irrr~i_C_.L-

latio-a’&_ _ a2.d ro$aticnal TTo:Jer t ies  o f a freelv succorted  blade, and su‘z--

sequer,t ccnstruction  of a partial co&l mdel s;hicti  cculd Se used to pe-

diet the e f f e c t of coupling the blade root tc ground, tke first Ste? k ;n-be-,,

ttie estlc2tior. 05 catiiever freq*aencies. Z-j.e blade used for testing iS

ssecified in Tipre 7.14. IIeaszrecezts and predictions were cade wit’_

rescect tc the ‘fix--tree’  mot and tBe cocrdinate SjrSteZ end zrtrices

used are suecified  in ?igure 7.15.

It is realised that the axes in Tigure  7.15 are not 3rinci3al axes

of the blade, since that 52s eSo*;t CjC
0

0:* tk’ist. Xcccrdingly,  a restric-
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7.2.2 ?reSi ction o f  CeEtLlever lrecuencies  fro- r’ree-?ree
IIezsurese5ts

Corsider t h e  I;& rxtrir of sobiiity  tens relaticg  tc the coordixtes

of i free-free  body which zre to be gromded.

The relationshi;  aey be expressed:

I IY = 0 (7.3

reiatirig to .Its tiF coordiriztes  X, e cm be expressed  I n  tke fox o f  a

CJY = L Y
11

v
‘21

32

Y
- 2 2 1 = (7.4)

Theoretical date, generated by using p-ogre-,  ~SOEEl,  wes use& to

celculate  the deterzinent  1 Y 1 for 8 range of  frequencies:

frequency. Zhe f i r s t  zero of tkis fknctic~  is clearly locate9 z.t

. iCoinciZence, cz.using  very l i t t l e  deforzrtior,  of the g-enerz.l  korizor_tzl

trend of the curve. L frecuenc;:  svees i s  thus  very  likel:.;  to ziss ZEy

oole o r  z e r o  0t’r.e: then  t h e  f i r s t  u31ess tke ixrerrezts 8re vem s-5511.



search prposes. X related functio-,  which Lhas the sme zeroes as the

deteminant  is the Kom of the deterzizlant as defined in the X?Tendix

A 5. 12 this exan$e:

Y
l;OrC I IY 11 y22

_y -
12 I21

=

(ads)

(7.6)

I ,

where -1 ,< !;or=:  YII < +I i7.7;

The norA so ?efipeti  is 2 faction h+tf: E mixin~.22  nag?Zitude  Of IL?itT.I

It is plotted in Figure 7.16(b)  for the Long  Sea- acd it can be seen

to vary snoothiy  h’itklout discortinuity  and in addition to indlcatiq  t?

i t s zeroes the

aztiresozances

I
canttlever

of various

and yescnance frequencies of t‘re bee=, reveals

elezects o f the rzobility matrix at those fre-

$7;encies  when it attains the value -1 . Cieerl:; it is a fuzctioz  zore

sdted  to fre:.Lencv  s e a r c h e s  thar,  is the -iLP,3oSifieZ  dete,*Ear.t  Y .. I I

7.2.3 Free-Free i<eesurezents

3eterzinetion of the complete mobility Eatrix feature 13 ?I,-ure

7.15 can be dcne by using the techniques of Chapter 5 in several stages,

measuring  at each state translation  along one axis and rotation  a*Dout

aother. Slack !.Iark 7 was desi,-ed  fcr the ~~rzose and -63s =E.de in

tk’o parts, as choir 1~ Figure 5.7 and described in section.  5.2 .I . 31 c ck

75 could be attached to the blade root bp using adhesive a% sVubseq*aertl:

Block 79 could be fixed to 3lock 75 i:! the a?proTriate  att i tude. The

rar,ge of  possible  co~figu~eticns is shok3 in FQ-Jre 7.17. It ca-, be

seen that the lost si&Fificant ziobility te?zs can be found by using

co+‘imrations  32 and Al.-A c



Tests were Eade using the two accelerometer nethod of obtain-

ing rotational rrobilities specified in section 5.2.2. The

Sola.rtron  117'0 equipnent wacu used and the physical arrangerents

are sho?m ir? ?igure 7.16(a). Since the 1170 h2s OIllj-  two incuts, one

of which is reserved in this asglication for the force gauge, two runs

had to be made, one with the accelerometer in location 1 (+0.025 13)

comected electricelly, and the other with the lower accelerometer in

location 2 (-0.025 C) corinected.
/

There vas no nechmical adjustment

Eade between the two runs. The first two runs tjere mde with Blocks

in cors'igJr2tion  32. IE this configuration the system centroid was

foymd by siqle balaxizg to be 0.01 E fro;! the ori@ at the centre of

the 'r'ir-tree' root. The Elocks were then rezoved from the blade and

reassez;Sled in config:nstion  Al, in xhich ?jloc% 72 had to be displaced

fror the central axis of the blade in order for Block 7k to be attached

without touching the blade.

Zesults - Cotiicuretion  32

The z?easured data plo"'bLed as dots in Figure 7.16were obtained in a

logarithtic lOl-goint sweep frozi 20C to 2OCO Es. Subsecuectly, close

linear sveeps were made in order to establish accurately the frecuenciesL

cf resonance and antiresonance which were used 2s input data for curve-

fitting using prog-ras IXZT. The szzooth curves of ?'igure 7.i&show the

results of 2 direct idevjL'C'A.L~~icaticn  of five nodes including the rigid

body zode 2nd the corresponding modal constants are listed in Table 7.16.

Curves arising froa identification by the 'window nethod are shown in

Figure 7.19zr-d E high frequency residual node KES added in a direct

calculation tc get the cu17-es  of I?igure 7.20. In each case, the

resDonse data used ic idmtification is zarked by 2rroxs. It should be

noted that the trarisfer characteristic, zarticzlarly  noticeable in the



.response  of the lower eccelerometer between 377 and 792 Ez and between

949 2nd 1486 Bz, is successfully modelled.

The three curve fits differ in minor ways. The five-mode curve

01* ?i,gure7.19lies  just below the data points between resonances but

fits closely in the frequency range 2round 14OC 2.~. In contrast, the

,.' -k iCC 0% ' curve of ?igure 7.20fits signific2ntly less well in this range

but is a little more accurete in off-resonrnce regions below 8c)c.?iz.

As might be expected the six-mode curve including a residu21 (Figure7.21)

has&superior  fit at high frequency. I%owever,since  the low frequency res-

ponse is of the gre2ter interest 2nd since the residu21 terms cannot be
1

useo Is deriv2tion the det2 selected for further ___~~~~cessirg using pro-

A-; -.

u-ie cirect five-node celcule.tion  of Figure 7.19.

two-fold purpose, first tc provide, frequency

by frequency, the matrix of point and cross mobility terms fcr the

designated point on the blade root, the inertia of the blocks and

2cceleroneters having been cancelled; and second, the norm,of the deter-

minant of this matrix. The norm has a velue of zero et 2 Fredicted

cantilever frequency. IXCiG converts a p2rtial nod21 model into an

approximate mobility model.

The $ot 01* the different mobility parameters 2s a function of

frequency is shown 2s Figure "LZ2in which resonances occur 2t 357, 731

and E7 Zz. The ;2rameter (i/Z,) is predcninantly  a 22s~ line s!;or:ing

rigid body behzviour  cost 8 trongly where2s the rot2tLoral 70~oilitg

i iJ?$ 32s E tren: k-hi& rises with frequency indiceting large

influence of high frequency modes.

The @ot of the norm as a function of frequency is shown as Figure

7.23which revezls no violent discontinuities. The curve crosses the

zero line from belOW at 357, 731 2nd 887 Ez which hzve been established

as resonance frequencies. The zero line is crossed from above 2t 111 .O

and 487.5 Ez and these may be taken as predicted centilever frequencies.

b



Ftesulta - Confinrration Xl

The test procedure in this case was very similar to that for B2,

above. The experimental connections are shown in Figure 7.18(b). A

logarithmic frequency sweep was used as before to Trovide the plotted

data points and then resonances and antiresonances determined by close

linear sweeps. The measured detaare nresented as dots in Fi,lrres 7.24,

7.25 and 7.26 in wkLch it can be seen that the rigid body modes.are

dominant. This observ-C'abion is consistent ?:ith the expectation that

the blade vould be stiffer about the Y axis than it is about the X axis,

since it has a larger section in X than in Y direction.
!

The results of a five mode IX!:T cume fit are shown as smooth

lines in Figure '7.20 2nd the corresponding modal constants are in Table

7.15. The response dat2 points used for identification 2re marked by

arrows and, save for the first coint at 200 Xz, 211 coincide with anti-*

resoncnces. Kisnatch between the raw deta and the regenerated curves

is azpzrent in off-resonence regions. The overall levels of these

curves depend on the response data points which are not antiresonances.

Thus the responses at 200 Ez are evidently not typical, since they do

not lie on smooth curves which pass through most data points.

The 'window identification curves shown in ?igure 7.25 do not

suffer fron the off-resonance discrepancy. Xeither do the six mode

identifications including a residual mode which are presented as Figure

7.26. However, since both of these identifications give problems of

consistency, further calculations h-ere done, as befcre, using the mod21

constznts obtzined in the direct five mode identification.

The frec?Jency* response of the nobility matrix of the blade Kitbout

exciting blocks is shown 28 ?igure 7.27 in which 2 tioizaz rather than

an antiresonance occurs between the resonances at 396 an2 778 Ez for
.

the cross resT;onses (E
s/

Fx) and (j;/?Iy). The norm of this matrix is

>lotted over the same frequency range in Pigure 7.2E. The scatter of

Taints around 800 Hz arose from singularity of the xobility matrix.



d2.ta

Zeview of 81 ZeSults

The doxinezce of the rigid body mdez is Shourr ir, the newwed

of Figiie 7.2-L 2z.d in the corresponding nod21 constents of T2ble

7.16. The nod21 constants of the nobility Eatrix of the blede/block

conbination 2re fo.ad by use of equations (5.2).

rAZz = ( A + p2)/2
ir 1

rAes
=  (p, - pJ2.53

L
r-‘ee

=
rAez2'r"xn

End for the rigid 'rob? node:

pee = =- *1 *J
ix

,iex A

b>

,";e = _
2or I& - l/d (ii)

The rot2tionE.l rod21 constmts, being dependent on the difference

between the nodal constants of runs 1 and 2, ere very sensitive to

~~~211 errors in those colzste:;ts. It i\'i?S seec in the previous section

that the level of rhe fitted curve depended on the nor-2ntiresonznce

low frequency respzse poil;t selected. k check oz this sensitivity

~2s mde by celcuktizg  the csztilever frequencies predicted by Ii;CG

for the sets of dete cmtributing to ?i,ures 7.24 7.25 and 7.26. The

effect of substituting ,ALe derived z.ccording to equztion (ii) 1~2s

also found.

The results 2re smmrised in Tzble 7.17. The cantilever fre-

quezxies predicted h2ra e very vide range md thus indicate tkt the

celculations . -. _I2re i;A-csnditioned. The c2lculztions of row 5 2nd 5

1~2y be compared. There 2re differences of -0.16$ in ,dl 2nd 0.5%: in

,A2 which lead ultLsE.tely to 31s shift in estiizted cantilever frequency.



The discrepancy

different methods is

case of rows 1 and 2

data, a frequency of

between the values of ,Age and ,A:* calcalatedby

also marked. This discrepancy is least  in the j

and accordingly, giving greatest weight to these

about 113 Hz remains the best estinete of the

first cantilever frequency.

Conclusions - Tests on Freelv Sunnorted Elade

1. Measurements using the two-accelerometer method were 8ucces-

ful in that they gave snooth data and consistent resonance fre-

quencies.

2. Identification curve-fitting by direct and window me'thods was

successful as was the inclusion of a residual high frequency ncde.

3. The output of program IITCAK indicated in the nobility res-

ponses of Figures 7.22and 7.27 was plausible in that it showed the potit

translational terms dominated by rigid body (10~ frequency)_nodes  and

the point rotational terms, in contrast, dominated by high frequency

modes. There were no data available for direct checking.

4. The plots of the norms of the mobility matrices were in each

case smooth c-es capabie of interpretation.

5. The important difference between the signals outF& by

accelerometers 1 and 2 was not sufficiently clearly established. Zome

part of the difficulty should be attributed to the necessity, xhen using

the 1170 equipment, of gathering data in separate runs.

6. The best estimate of &'bne first cantilever frequency is 11'; Es

7. The innovation of 2 two-part exciting block proved to be con-

venient and the data obtained gave no indication of lack of rigidity of

the junction.



7.2.4 Cantilever Xeasurenents

Direct measurements of the blade clamped to ground at its root vere

required as a check on the predictions of section 7.2.3. The connec-

tion to ground was simulated by mounting the blade in a suitable holder

and then clamping that holder within a massive block xh.ich itself rested

on the laboratory floor. In all cases the vibration of t'he blade was

detected by means of a very small accelerometer (3 & K Type 8303 -

mass 3.5 gm)'fixed to the/blade tip. A variety of methods of clamping

and excitation were investigated.

Tests with Tin Excitation

Conventional mobility tests were carried out, using a small shzker

mounted on a retort stand. The output of the suer was coupled via

force gauge and push rod to the blade tip near the accelerometer. The

experimental set-up is sketched in -Figure 7.29(a),

(i> Root Held in ??achined Block

The first tests were carried OL*t using a steel block rfachiced to

accommodate the fir tree root. Data were acquired using the 1170

equipment and Figure 7.30 shops the variation of ti;, nobility, after

mass cancellation,with frequency. The first three indicated cantilever

frequencies are 128.9, 315.5 and 363.5 Ez. There aPTears to be a donor

resonance around 230 Hz, and a scatter of points between 600 and 1K?O Ez.
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( i i j 2oot Eeld In Zest Lead Block

It ::as surmised that the effective length of the free blade F;;st

have been shorter tia.n that in the test >ust reported because
, .Y;k.ec

assembled on to a disc, the blade r:-ould contact its neighbours at the

teered shoulder rather than at the root. Accordingly, a test -was

devised in which this shoulder was clamped. k tapered lead block was

cast and the blade tias assembled into the massive block >jith its shoul-

ders effectively claqedi The results of/ a mobility neasurement are

shown as Figure 7.31 which ha cent-bilever frequencies indicated as 131,

310 end 360.5 iiz. The res;lonse between 200 and 50C Ez is quite dif-

ferent from that of ?igure 7.30 and there is ccasiderable scatter above

700 Ez.

(iii) Root IIeld in Slack 73

If cornpar+-son Kith o_uoted data >:as not possible it XES sensible to

make measurements with the blade in a condition as near similar to that

of the free-free tests. Block 73 was reconnected to the root in a

central Tosition and this 30 mm cube clamped within the large block.

Test results are shown as Figure 7.32. The dominant first resonance

is at 123.8 EG and the next

(iv) Summary

The measurements made

clamping has a considerable

in particular its behaviour

t+io occur at 259 and 306 HZ.

Hth tip excitation show that the method of

influence on the mobility of the blade and

at high frequencies, The first cantilever

frequency is consistently obtained

which is above the predicted value

tests.

in the range between 122 and 132 52

of about 113 Es of the free-free



Tests with ?oot Sxcitation

The use of a short ?ush rod in the tip excitation tests above

tight have been a constraint which affected response. Transfer

neasureLents in which the blade was excited at the root and response

measured at the tip would rezove this source of error. The blade held

1". 3icck 73 ;ias clarz-,ed at the cestre of the lay,-_e block which itself

was supported on rubber pads. A shaker was suspended above the large

block and connected so that vertical notion was induced. The tramfer

nobility thus found is presented as 3'igure  7.33. A dm?ed resonance

is indicated at 25.8 Ez rhich, of course, is that of the rigid large

block on its rubber r;ounts. The East sigaificart  infomation is that

the next resoname , which is the first caritilever freouency of the

blade, is Et 170.7 Fz. Subsequent cantilever frequencies are indicated

as 310.1 and 56&.5  Hz.

Cosclusions - Tests on Slade as Cantilever

The method of clmping does have a~ effect OE the measured res-

ponses especially at frequencies above the first resonance. The

results are smmarised  in Table 7.16. The first cantilever frequency

was found to lie between 123 and 131 Ez, somewhat above the value pre-

dicted frorz free-free data.

7.2.5 Discussion and Conclusions

The turbine blade Froved to be a difficult test piece and.the objec-

tives of this investigation have only been partially net. The data

treasured iz tests on the freely supported blade showed little scatter

and the first stage of the mthezatical modelling using prograrz iG93

gave reasonable accuracy of fit to the measured data of the curve gen-

erated from nodal cocstacts. The fitting proved accurate even for the

transfer characteristics. At this stage there I,-as a partial r,odal model

including five resonances related to two responses of the block/blade

combination.
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Fro,rras=  ISCAX used the pertizi zodal code1 as inTut to produce a.3

ap>roxinate nobility aodel of the blede without the exciticg block.

The remits were obtair?ed as smooth curves of nobilities and of the

nor3 of the nobi!.itp rratrix. These were capable of inter?retatiox in

revealing predicted resonzzces  2nd crr,tilever  frequencies. The con-

sisteEcr of the I!LC_U predictions," hcwever, YES shorn to be de>ezdect

on the differences between the zero frequency rode1 constants detemined

in separate runs.

Thus, in conclusion, it can be said that program IDEX is effective

in prod*Jcicg accepteble ,curve fits fror nodal constmts but, for the

turbine blade, further predictions based OT? the ideotified date are sub-

ject to r,merical ill-conditioning.
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Fime 7.16(a)  Alternetive Methods  of Prediction  of Cz,?tiiever
Freaue3cies
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Ficure 7.17 Test Confimnations

If Fy is input

either Al, X2, S3

O--* 31, 32, B3 will give all data for second calms of Y

Codiguration 32 with Y excitation will give (+/?,),  (bx/Ty)

i.e. 1:E' YIO

Co&'igLratior Al 15th S excite tioc will give (f/T,), (biFx)

i.e. Y
1' y 5
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Figure 7.18(e) Two Accelerometer Test - CoxSimration  32

cord
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Fimre 7.1E(S Two-_A_ccelero9eter T e s t  - Confimretion  hl



Fizure 7.15 Xrect Identificaticn of B2 Data - 5 Triodes
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Fignre  7 . 2 0 'Window' IZentificEtim of 32 3ata - 5 Lodes
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Fisure 7.21 Xrect  Idestificstion  of 32 3atz - 5 1:odes + i?esiduel
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Fimme 7.24 Ijirect Idestificztion  of kl ikte - 5 Xodes
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Firne 7.25 "ilindow' Identification of Al 3ata - 5 I<odes
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Xrure 7.26 Direct Identificatio> of Al Gata - 5 Xodes + Besidml
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FiPure 7.27 P,l P r e d i c t e d  heouencv  3es3omes a t  B lade  Foot
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Firare 7.29 General krranzeaent for Xeasure3ent of Czntilever
FYecuencies

Ti? Zxcitation
Small shaker on
retort stand

?

h

i 1 Lead Slacks

/////////////////////

(b) Root Excitation

Large shaker hung on chain

c
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Table 7.15 Pio~.al Corlstents - Cotiimretion  B2

iCode

GO.

1

Frequency

(Ed

0

I,:ocel  ConstEnts

1 Qper 2 Lower

1.73535 1.52352

2 377.0 0.460547 -0.0882276

3 792.1 0.257250 -0.(X28592

4 924.8 0.141726 -0.0697775

5 1505 -0.0774792 0.0241265

Table 7.16 Kodel Constants - Cotii.gzztion  Al

Node Frequency

X0. (Ed

1 0

2 399.5

3 786.4

4 987.4

5 1460

r ICoda C onstents

1 Upper 2 Lower

1.97652 1.51447

0.0828177 0.0166235

0.0152411 O.OS358095

0.0255&5 0.00582885

0.302733 -0.269407

1



Table 7.17 Predicted Cantilever Frequencies Related to RiRid Body Modal Constants - Confimration Al

Row
No.

Corresponding
Fiwre

7.24

7.25

7.26

lAl

1.97652
I1

1.76208
I,

1.75315
II

lA2

1.51447
II

1.45521
II

1.46368
II

1%

1.7455 9.2410
II I(

1.60265 6.13741
11 II

1.61142 5.90941
11 II

l*ex lAe*

97.2737(i)

98.3939Cii)

64.6043(i)

51 .Tj256(  ii)

62.2043(i)

47.5881(S)

(i) Derived from equation A
1 98

= ,A,dE;X

(ii) Derived from equation A
1 ee = 1Aex2/(,Axx - l/m)

Table 7.18 Measured Cantilever Frequencies Related to Nethod of Clamping

Cantilever
Frequency

1 1 2 . 5

113.8

300.6

270.5

229.0

107.7

I IIethod of Clamping I Cantilever Frequencies (Hz)

Tip TSxcitntion

I Root Excitation

Root Held in Machined Block 128.9 315.5 363.5

Root Held in Lend Wedge 131.0 310.0 380.5

Root Reid in Block 7B 123.8 259.0 306.0

II II 11 )1 I! 130.7 316.1 568.5



6. CO!dCiJGIc;S

6.1 Smam of Conclusions cf ,Frecedir,,-  Cheaters

The concept of the res;ocse surface h2s been introduced in Ch.a?ter

1 in order to help t h e  visa1 interpretetiox of vibrtition dsta ;;kich

C2r, be extracted fmc ne2surerents on e stz-ucture  or fron corres?zndiLg

tkeoreticai xedictions. De resaonse s,rr”~ce  i19c illi~tr~tes  reso-

mace , antiresoxnce 2nd Eode shrue 2cC ycves tc be of v2l*Le I;hez dif-

ferent methods of vibration a_aeiysis  2Te ccqared.

The cetrix models :c1hic1&̂A ten be for---u&ted fror -7ibr;tion d2t2 have

been classified as nobility, model or sx3.21 2nd their inter-relstioa-

ships 2ad utilit? h2ve been discussed. Ti_ c hes

th2: deta selected fro- the resccme szf2ce of

xith cleerl;y-defined ~esoaar,Ces wd -ode sta;3es

Z!Cl?Ei te_ms. The resulting :cta.l Zo5ei LL:; 3,

2te vibxtion date, ?A-Lx2 _ __ _ ecFj_-i,7i  q,g+ considezx*cie  reductior cl ren,nired  d;tz

storage.

:;‘lodai sodeis of related coordimte resg Irrses hzve been subseq2eztly

trm.sforzed  into  tke spstial  m o d e l  exyessed ir_ tepAs  of scecj_zied  ;;hysi-

cal coordinetes. Xfficulties arise wher, the strxturel reqonse ir, the

frequescy rarge of interest is effected 3g rezote nodes of unknot fre-

yaencies and oode shz?es. It hzas beer? dezonstreted that high- and lox-

frec-;ezcy  residue1 teris izqrove the rodal nodel, D2rtiCui2rl~  for the

case of continuous q+mTctures r;hich h2ve ;.zllnited  numbers of zodes.rV-4

Low-frecuenq- residu2ls are often essocieted ;:itIq free-free struct;;res

b:hose iow-frequency behaviour is dczirated by rigid-body ziodes of zero

fre;;lexy, a n d  t h e s e  2re co-,?letely  s?ecifieti ir: A??enciix  X3 iR terzs of

mde s?E-es-_” . 25s nove l  fornuletion is vzlzzble  ?:ken t tese  zo2es heve

to be seozratez  before e sa2cessf1.2 smpL+ 0;_*-‘ l,-CL.^  zoc‘el c2:1l be T.E.E~ “2 ’I. -igC-

f Llrep’Le3cy  resid~.zls  cemot  b e  izcorzoreted  directl;.-  i c t c  sptki  ro?els

since tkey Co rrct have r,ecrnin.gful  node snz.ses. k good zproxir~tloc
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can be mde, however, by representicg B point high-frezuezcy reSidu4

2s 2 s?ricg 2nd by neglecting transfer resi?221s. 3i.S Troves to be

2 sic$e 2nd pcwerful ir-novation.

The theoretiml  tools of sp2ti2l ziodel identification hrve beer?

eveiuzted ir Ch29ter 3 by buLl&i~g s?2ti21 nodels of lurx>ed-pzeneter

S:,:Ste=LS -,:?ick &;-e 2 firite _y-=er of xo,eS, -- j-7_ :. Y _-r-z ueez sk.0-a tk&t

the codellizg p-0cesS giT:es accurate results taker, 2.L: noi Set2 rre

inch-ded, but if t-ile highest frecl;er.cg node is omitted, the resyzltznt

trunc2ted dete give only 2>yoximte  resreseztetim :ikiCk is Fore ser.si-

tive to chsnges of Stiffness than of 32s~. ;:odeJ?ir-T is ~articulerly-----t:

kaccxrate if *he 3oiccYS cf Fnterest - the coc?ELzztes of the sr;2tlei



iL3iZ-l~ snell two-;;2rt exciting blocks in pertic.~ler. Certain:  defects

of 2ccelerozeters - tremverse Sc,"SL'tivLt:.-  2r.d  bese streir  sensitivity -

have been encountered 2nd circuzvezted  ES reported  1~ Cheste? 6 by ac@i-

cetior  of tke nodeliing techniz:;es of Ck.pter  2. %ese are exerples  of

the successfai eppiicetioc of derivetioc  of 0r;e resccnse  frcxz se?er&.te

.o,;t relatec
7

resJor,ses 22.2 Sf J-1"__5 2dv2__1qye  of 2y_ i_ti-ate corzec+i^:Y cI_

be t;;een ex>erizer?t 2r,d  2nelysis. i. co7ci~~qio* Ii. UG __ OI C'r Gr--L: section  is t‘ll2t

2cceleroneters with low tramverse  2nd bese  strti=  se?ci+;vLties  sko:ldALA"_

be -Lsed, eSpPC!lSliy  If TOtZtiOIlEl ZOSiiitleS  ere t0 ‘De zersuzed.

?ir,eily,  ic ChaTter  7, the L,eckz-A;.Jes  z.d h2rdrsere CeVeiOpeC  e2rlier

heve bee2 2T$ied  tc experinezt2l  structures. I:;, the c2se  cf tke Iczg

m e t e r  yocess use2 toes net 2110:~:  for the iric1-.Xion of resid322is of rote-

tiozei c;;2r_titie= 2nd this cnissior?  reZuces  tke 2ccLZ2cy  of the eveEtL2i_

EOCei of t'_e Cou$ed  3e25,  althou,-S tk5.s result  c~-T:  still be prono-mced

'good'. Ag2in,  the comparison k-it3 ideal results hes beer, z2de not

only for nstX21 fre?Jemies,  tlie litit  of sag predictive  Dethods,  bzt

also for rode sh2.pes 2nd frea_uencp responses. A valuzble feature of

this aoSelling process is the 2biiity to cer?cei  conpletelg  the inert52

effects of t'r-e transducers  2nd exciting  blocks 2fter the s?atiel  node1

h2s bee- corstmcted.

The t*,xbine  biede  is 2 coqlex, 2sgTzetricel,  vli*t*ri2~lly_u~qd2--1;e<

test piece. It is recognised t‘r,2t  the 2ttecTt  to model  its beC27io*z

usill<:  ellel)m3  iz two , r2ther  th2n t'r.ree f diEenc-ol;s is 2~: fjver-eir;li-&-LA

fic2tigr, *>ut  it Is ccsside?ed  tk2.t there is vel.Le  in e>~lgir,g the rcdel

nodeiling teckaiqes  of this tkesis  to 2 structizel  csqoner?t  cf SX)_

._T .i-co-pex:tij. 3es>ite the obvious  iikt2tions, tF;e ?^irct  c2r_t;iie-<er fre-_ L

c_-:ericy 2s >red.ictei using 2 Esve;  seerc'r;  tec>izi.;;;e  kzsed s: t'_e :;c?z ::f

c



the free-free r;obility crtzix  is between z- 2r.d 17';: of the catilever

freq-Gene?  3eescred  directly. Ir. t,",is exercise it has been shorn  th2t

the mobility zzodel  Droduces  a successfnl  ~2tch  of regenersted  rescozse

data to the original r2w measured data 2zC that tke parti2.l  nodal model

besed or, the oobilitji oodel gives useful natnral  frec*Jenc;:  Fredictiozs

a:i'""',"‘.?k_&GU$__ it Coes r,ot h2ve  t?;e poxe:  of the s>2;i~l  zosel 2lso to give

estimates of nose shepe 295 freq-iiency  response.

E.2 A3zlicsbility of Tecknioues and TUture  Xork

The identificetion of s?2tiel  models  has been successfully  de-on-

strete;u for lightly-daqed  struct_Jres 2nd the lititations  ex>:loreC.  The

teckzique  is cocenZe_bly econor?cel  of cozr;utey  tize er?d ‘~0th 21101;s  2zti

~ec_~til-es the i3.4~,,uU,emeat of A*Te ezelyst dz;rir,g  Fts r~_.icetion.i_. 1- _ iI" ?.2q-

ing i s  tpo  large f o r  tkis method  of ide2tificrtioc  to 5e stificieztly

eccurrte tker,  other zoze elaborete  2nd ti=e-cocs.aip_g zetk;oss  ETe zyz.il-

eble, althOUgh several years . - . _I . . .of rzaustr12~. Use of the z.eTnoa  have smk;I1

its versatility ir? treeting  Eany >rectic~l  Troblezs.

It =12y be conclt?ded thet there is 2 wide range of test pieces,  per-

ticuierly stzwcturel  coqonents,  for which the identification 2nd spatiei

modelling of this thesis can be effected zccuretel;- and q~Ac%ly. The

spatizl  nodels of S*UbStrUCtU??eS  ca easily  be lirked  together  ;;skg

stariderd c o m p u t e r  routices  EnE tke res2itar.t  206ei  of the coqlete stxc-

txre viii have good esti-iates  of tke frezcencies  of rescn23ce  2~d 2zti-

ressner,ce of the ~ssezbly, 2lthoUgh the Essexbled  struct-ze  zsy intro-

duce sufficient additional dzqing at the comectioz  ,-oints  to ztie t&e

prediction of _resDoz.se  level in near-resocance regime sorei;.kt  iraccT;-_2te.

T;zere  are sose espects  of %is vorZ ;:kich  deserve farther etLler.tioz.

The conceat of tk;e response  surface CCUi~ be 2T;lied  ~5th sone r?odific2-

tion to styuctzes  ~itk Lore than  the c3e sir;r,iflcazt  sp2tlel  dize_sizr,

of tSe slender  bean -dsed here as 2.3 e>----le...G-Lu- It is evitient  t+l, tke

L,



b i r d ’ s  e y e  viev of ‘;he respocse sGrfece  ;;‘3ic:?  is essectiell:;  Wo-

r a t h e r  thz three-dkensiczel  offers E ccterezt Zict*ze  0Z atiresonznce

lizes  which could be rzeni~~lsted ir;_ the Ceei$g process of ;odifying

s trcct-ares to -meet

thEt atiresonmce

e7-k ti-_ere  ze:; yi;ell

md residual terrs

this thesis.

with an 2??rohc2:

2r-d anhlpsis.

* .,.
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Appenc?ix  A2. Flow Chrrt of prog-ram IIEXT
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I
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constants by direct method

4 constants by window method

G
r .
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(b) Flow Chart of Prograr~ IRCAl<
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Rigid Eods It:otion

AT. 1 SESiC Confimraticn

The basic configclration  of a rigid body is shorn in Figure L.3.1.

The point G is the centroid of the body which

are principal axes and the corresponding ~fss

IX' IY and IZ.

has mass c. X, Y aEd z

nonents of i2ertla are

The equation, of motior of the body in terns of cer,troidal  forces

is:-
_.
X

. .
Y

. .
z

r;;
@
6 i

G

u Displacenent  Transfozzation from G to ,P

The point 3 has position coordinates (L, Y , Z ) with respect to
3 F

the centroid as origin.

The disFlacenents at G end P are related by the ec_uation:-

1 0 c

0 1 G

0 0 1

0 0 0

0 0 0

0 0 0

4

0 zp ‘Y,
&

-.Z?  G XE

Y
‘?

_z
? 0

10 0

c 10

0 0 1

(k3.2)



2"igure A3.1 Princi-pel Axes and Komer,ts  of inert& of Zieid Body

IQve x3.2 Zotetiorl ibout the& - x kIiS

Idz

i

GF = L

0

- LQ siny

Ldoc cosy

0

0

= - zp &

= Yp sol

= 1 dd



k3.3 ?orce *Transformation from G to ?

There is also a transformation relating the forces at P and G:-

-c)B
G = FGi) -@h (A j. j)

The system may be allowed small displacements ( bX, SY, . . . . . )G

and (SX, &Y, SZ, . . . . . > P en? application of the principle of virtual

work gives:-

(FXSX + Fy by + F,SZ + ...)G = (?XSX + FySY + "JP

'But (SX}, = FT&l (d XIG from (43.2)

Therefore

Substitute (A3.3) and (S3.5) in (63.4) to get:-

from which it follows that

Similarly for another i;oint, Q:-

p2GI] +}G

FQG]' p)G

(a3.4)

(h3.5)

(63.7)

(a3.s)

A7,4 ZesDonses at T Lrisina from Tortes Anclied at Z_

The motions at ? caused by forces at C4 can be obtained by substi-

tuting epaticns (4-3.2) and (-3.8) in ec_uetion

Q}? = pFJ {Z}G = k?J p/mJp,....

t IIP2 is a matrix of rigid body inertence terzs ;:>A& is :.:ritten

in full in the folloT:iing esustion:-

h ,



0

zF_-
IX

yP

5

1m+ zFzC:
I_

+xpxc
x IZ

%I o_-
Iy I

yPzC;

IX
-

zG
_d

IX

1

TX

0

0 I

1
0

.XQ_-
It. i

0
1

-

L
IZ

0 0

(x3.10)

,The first three terns cn the leading diagonal of this aatrix each

have three components. The inertance (?!TIX,), for example, has coa-
*

ponents corresponding to three rigid body nodes; one ten irmolrin,-

translation in the X direction, one involving rotation about the Y axis

and the third involving rotation about the 2 axis.

Tortes at 2 in Terns of 3eszonses at T-43.5

This reciprocal relatiocship  is of soze interest.

Quaticn (x3.1)

-0r’ G = pJ {:}G

0’ Q

where
LJ
IT3 is a mtrix of inertia term.

c a3.1 1)

c J-3.12)
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m

i

m

m

0

I

-

0 -2
? yP

zp 0 -xp

-Yp xp 0

I

0 -&P

tip O
-mY &P

myP

-mxp

0

I

IY

m

m

m

0

i

(A3.15)

(x3.16)

0 -mzp ziYp

mzp 0 -dp

-5Yp mxp  0

Ix

IY

= [I33

( A3.17)

-

m Ol O 0 -&P m-r-ip
.

/

0 mj 0 7-z
P

0 _<i
P

c,:
P I 0

-+.2 zP I -sY, 7
9 “p iZ+m(YGYp+i:,,~)

Y -

(ii3.16)

c 1I
-1=

?$.
see (A3.10)

: i



i-3.6 L?ieid Zody i?ode Shages

The contribution to receptance arising from rigid body motion nay

be expressed by modifying equation (1.18) , setting
'r

equal to zero

and substituting s for r:-

w h e r e  s corremoxds to each cf six nossible rigid body modes in turn,

denoted by X, 'I, %, 0(,/3, 8.

Sach term of the form
s'j is an element of a mode shape t-ector

-M The ’.
S

suffix j denotes in the general case a ccordinate  which

is one of the six possible coordinates of one of the noints of interest.

Initially, ye k-ill consider only one point, suck ES F in ?ig~e S5.1,

and express the 'mode sha?e' of elements at P :-

-c)6 =
F (x3.20)

In the rigid body mode involving translation along the X,axis all

displacements  are zero except the first. "he mode shape vector related

to 3oint ? is thus :

x fi03
&

= (.'$21)

vhere  C
I is a sczlin,- factor.



squation (A3.3) can be transposed:

.T
x ’ P =62 cx(l 0 0 0 0 O?

Similar equations apply to translations along the other axes:

-@I T
Y ,D= cy (0 1 0 0 0 07

z-@); = cz{o 0 1 0 0 01

(X3.22)

(~3.23)

(k3.24)

The rotational rigid body modes are a little more complicated.

Consider, for example; a small rotation ti

in Figure h3.2.

It can be seen that/in addition to b( t the coordinates Y and 2 are

affected by the rotation whose mode shape is given by:

about the X axis as sketched

Similar geometric considerations lead to the equations:

(J.3.26)

(A5.27)

k’ ‘I-,.  I sorm&isation

Normalisation may be carried out by rewriting equation (7,8):-

Lzlz L-4 Pl3lP = PJ (628)
in which [‘IP is the ensemble of the rigid-body mode shape vectors

above and 1'1;3 p
Ll

is the matrix of inertia terms of equation (~3.18)

with Q = P, for the case of point excitation.

The multiplication of the LES of equation (k3.28) gives a

diagonal m,atri_x with elements of the form mCx* .

It follows that:- cx=c =c/l/fi (k3.29)
'J'

and c, = (A3.30)



related to point ? are:The sir node shapes

YLode x

0

1

1 0= -I!$
CLI
0

0

i

i 1
?P
Y
“F
0

0

G

1 ;

); s,=l0
d-L

YQ>I; ,

i

-W 1
8 I=‘=-

1$5

f7.2 il:odal Constants

The 6 x 6 matrices of modal constants relating

can be written using equation (2.24) ES fOllOh'S:

two poirits ? . n
2.2”  \

0

c
0

III!! 1
x ** p; = -

c

C

Similarly, r0

0

0 !0
0

0 ~0
0

and

1 (i.3.  3~)



For the rotational nodes:

0-%
Cl

1
k Ija

=-
o( iI-yP (0 -z, Y$

Ix 1 Y

cil0
arid z?

0

. [I ,

1 -.3

--IL-

-5.  ..h
=-

P rii I,*

i

Y

0

1

C’ ,

ET? d

0 0

0 i; z,
B ir.

1co) =- ’ -  0 -Y-Z,,

lil 0 _i,”
.

1 0

8 [IIGC=7  o
II:01

0 0

c 0

0

-z,i ,~
y-Y%

2- 2.
Y
-r.

0%

0

-,- -I
l&.&r  ^
r .;
0

-2 \

0”.

c c
-Z_ 0

r

y c‘L-3
_

i 0

0 0

G c,

(li3.35)

c 1 0

0 G C
-

The tote1 array of nod21  constants is given by:

It car, Se seen t h a t :

It should be TezezSerec thet Eli the ele?,ezts of tkiese  ztrices  express

transfer reiztionships  between points F md G.

L .



The beaz hes DESS 13 = 6.74 kg ; 1 /\/F; = 0 . 3 3 8 2  kg-+

The centroidel riass rooEent of inertie is:

Iz = 8.7G (1.4)2/l?  = 1.428 kgz2 ; 1 /\fi = 0.6370 kp 5-l

The transletiox21. - rigid bo<y ?IiOcie referred  to %, 6 coorckxites  it pints

;

1

c
1

0

1

C

=

end for the rotationel rigid body m,ode:

= 0.8370 =

-. 5e59

. E370

.2511I; I.8370

05859

.E370

T h e s e  vectc-s corresDoqd  clos=l~r  vith thoce +n. A
_ - - . /. _ ” & *?zble 4.9(e).

, .<...



Appendix 81: fr'otes on Truncated-Data FLatrices

It was pointed out in section 3.3.2 that the truncated

matrix had elements close in value to the corresponding part

full [$J matrix. The following development, arising from a

in reference (79), .1s based on a partitioned matrix and
r7

mode shape

of the

formulation

shows how

the truncated Lgl matrix leads to mass and stifr^ness matrices with no

zero elements and with negative off-diagonal mass values.

hss Flatrices

We have already established:-

~J'[l*JjGJ = FIJ

and PJ = [q-T [$J -'

Suppose that of the total number of modes

(1.8)
(1.12)

n a number r were Leas-

urable , giving a mode shape matrix
cp 1rr

of size r x r.

h mass matrix [II.” could be calculated:-

p-j = BrJ-T @J' (44.1)

The matrix
B Jrr

is the left upper partition of the complete

IZZkiX
El

. The truncated-data mode shape matrices calculated in

section 3.3.2 iire similar to, but not identical with, the left upper por-

tions of the corresponding complete matrices. Eowever, the similarity

is near enough for the analysis belohr to be relevant.

Equation (1.6) can be written:-

Evaluating the submatrix in the first row, first column:-



e-uation“A (h4 .1 )  xe get:-

slg2. It is thus to Se ex?ecteZ t;hat  tj-z satri:: 1.1% arisicg Oat O fL J

trmceted d a t a  calc,.Aations  will 5e fully ?o;uieteC a~ld have soze r.egz-

Tar an undamped system we my write equation (1.12) : -

BJ’ c;g [g =  IT~:.IJ (L4.9)

(2.48)

I



Equation (A4.9 ) may be written ir? >srtitioned  for=:-

As before, ~reoultl$y by

efter

equation (A4.10) :

we can obtain, using

This e?uetior: is rzt'ner aore con?liceteti t&r. (.X.5),

(kS.13)

kmt it hzs

Three celculations using pro&ran iXL&Y were zde using as input,

first the co-dete rode shepe ztrix an? then

natrices p4i 2nd [$3d.

Bl
corres~oncZ_ng trunce.ted

We iiet~, of 6 figme ecczracy, vere that of

the exsct zode shape ztrix of tke .LJii_q--7etric21  Gro-aded  Syste-,  2 s  ;re-

sented in Table 3.1(e). Fhe results are shorn ir, Feble AS.1.

r 5 4 3
1

1 ZM 1 5.9$?% 1 5.33567 ( 27.52w  I

1 SK 1 0.999997  1 1 l 00092 I 9.41451 x lo6 I
where $‘m is the sumzeticn of all eleizents  of the mss netrix

is the sumction of all elements of the stiffness natrix



T h e  c l o s e n e s s  of the  f i g u r e s  cf the sees-2  co1122  tc those of t h e

first is reler~2ble) lezc2in~  ore to s u s p e c t  -l&t  the  e;ui-czlence couk

be p-ove6. Txtensive Qe’crE, not shovn here, fzils  to Traduce  s u c k

proof  end t'he fi,-ures cf the ihi& colum hiicete very forcibly that

s-xk proof  is ixossible. There zzzy be, hocever, E criterion: of goes-
^ _,---‘r?

T-less 0: 2 . _; .,*r_--o2el -iy_ te-r of t:_e vier--nnqc  c<zx $0 ;ke s>rs.‘,e~._ _^.__UL

tcte, LESS.1



as.1 The Kom of a Yector

?his is a single, real, not-negative 3mber h-ritten x .II II It is

a 3easure of the 'length' or size of a vector x .(3

According to Mbasiny (80’ it has the fcllo-Ln,- aro>erties:-

II IIx >c if I: f 0 ’ II I0 j = 0, e"lc.

II 4 = I 44 where c is a SC&~

/IX + 3-11 s II4 + 11 YII

(A5.1)

(52)

from which it -ay be deduced that:

II
The general case is expressed by the E6lder T?OE:

rshere x i
which has 1; elenents.

The three xost comon rector norm follow by substituting k = 1,

2, cf2 in (i-5.3).

IM, = I’,1 + 1x21 +..., I5;I

II II (lx,12 -I- lx212 + 2 <
x2 = l”il )Ti

II II,X = naxirm xI Ii 1

(Z.4)

i = 1, 2, . . . X

The second of these is the Suclidean nor3 which could be v:ritteL:

[Ix& = 11x/l, = (x12 + x22 + < )+ = (+p{x@ (L5.5)

This definition (X5.j)is compatible with those of Strang (W),

Eishor, et al. (5 > and Conte (97).



65.2 The 140x31 of a Fktrix

Again this is a number

According to Xlbasiny (60 )
,

intended to express the 'size' of a

the nom of p] is 11~4 11 which nay

matrix.

be sub-

stituted for I
/I I!

in equations (Z.5.1) and (X5.2). Additionally,

Isatrix noms satisfy the inequality:

(X5.6)

Vector and matrix 2orm are related by the con>atibility condition:

Sach vector nom has an associated natrix nom:

I/ II.A =
1

II IIk* =

I! III, =

where 6C3 E
is the

nent of A
L-3

which

J i=l.

(~exiam eigenvalue of [k]T_k] ji

1<

EFC  j’ij]

j=l

(x5.7)

(A5.8)

Xerritiar? conjugate of i;III ad aii is the (i,j) ele-
L

has X2 elenects.

II IIA  2 is the 'spectral nom' of X and is difficult to cozpte.
[I1

The 9uclidea1 ncrL: is gives by:

el;.i is easy to coapute. Althou,-h it can be u> to IiT tises bigger than

),-~~hicb could be vritten:II ’ IL_= L
it does obey ecuetion (AS.7

1142 c ii-+ II xll2
(L=:.lO)

Strang (781 uses a related equation in his definition of the ncr'3

Of a matrix:

(-45.11 >

Ee defiries 8 ‘cmditicn n;;I3ber’  : (45.12)

which indicates the amount of zcu~d-off errsrs iz t‘~,e izversloa of



If
Cl
A is symmetric positive definite thes the conditioE clmber zzy

be sin$y defined 8s & ratio Of szllest .ad largest eigesvafues:

C = x,i/xl = A na+/)\r-ini (b5.W

So. of siij. figs. lost in inversiori * loqg (-65.14)

Ee cements that the deterxinznt of a cstrix is e terrible (sic >

neeS-;Te  of ill-coniitlonicg.

The Kom of e Deterninent  of E !ktr;Lx

Conte (97) observes that an indict-tor  of ill-cogditioniq is the

'smllness' of the deterninant of the zetrix, but realises that 'sazll'

is defined only ir e reletive sense. Ec Szg;ests tkst the deterri5in.t

cai be normlised by diviCi3g eec‘?:

3-ALs $r = (alr,2 + 2$ i

is the length of the k
th

row

211 1/X +1

a2,/x2  . . .

row bF its lergth.

+ a_ _2+ , z = 1,2
L. !! (k5.15)

L ztz.trix XLJ is tt,en seid to be ill-cokitione? if Xom 6
I /

IS

sxsll cozpered  t o  mity.

This no= is used by Sainsbury in the progrm CCZEI (27 > EG by

t h e  s-;tS;o-_ .L ir, Chapter 7 in the sear& for cmtilever frequeccies  of 2

turbine blade.

There  seezs  to be no reedy relztiorskip  bet;;eer, this ZO"T of tke

ceterziozt  and tke differently defined ~?orz ef the zsrociated  mtrix.

x, x2

k-hereas  k
Ii II L = {_
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KULTIDIRECTIONAL  MCBILITY DXTh FOR SEPKS

D. J. Ewins,
Imperiel  College of Science and Technology,

London, England

and

P. T. Gleeson,
YLiddlesex Polytechnic and Imperial Ccllege,

London, England

When mobility data is to be used for prediction Of the vibra-
tion properties of coupled structures, it is necessary to
consider 211 tne directions of vibraticn  which are sionificant
at each coupling point. In particular, when analysing beam-
like structures it is necessary to include both translational
and rotational nobilities. Often it is necessa-ry  to obtain
such data -by experiment and although techniques are established
for mecsurino translational vibration, it is difficult to
measure rotational mobilities with sufficient accuracy. A
method is presented here which enabies the required rotaticnal
mobilities to be derived from measurements of translaticnal
mobilities. Results shcw that deriv2tion  of rotational data
is more accurate than direct measurement, especially at 10~:
frequencies.

1. IKTRODUCTION

When a complete structure is analy-
sed in order to predict its vibration
characteristics, it is usually more con-
venient to break that structure down
into its basic component parts. Each of
these may then be analysed individually
in as much (or as little) detail as its
complexity demands. An analytical model
of the complete structure may then be
generated by combining all the indivi-
duai component analyses using an imped-
ance or mobility coupling process.

However, it is often found that
some of the components in engineering
structures are not amenable to (or even
defy) theoretical analysis. In this
case, in order to make an'2nalysis  of
the complete structure, recourse may be
made to experimental measurement of the
necessary data. This situation is often
encountered when using non-metallic com-
ponents (mbber  or polymers), or when
attaching additional components onto an
existing and complex structure such as
an air-frame or a bulkhead in a ship.
If such a procedure is to be undertaken
Successfully, very careful consideration
must be given to the ChCice of (a) which
mobility data should be meesured,  and

(b) how these mey be cbtained  accurately.
Tne main limitati on of conventicn21
moSiiity  or impedance measuring techni-
ques is that they consider motion in one
trnslational  direction only, while

'practical structures usuaily vibrate in
several directions simultaneously
(translational and rotational).

Previous work (1) has illustr2ted
this basic problem and presented 2
method for meesuring  the type of m,uiti-
directional mcbility  data which may be
required. The IeSUitS wE_'e encour2girAg,
aithCUch not perfect, but the meesure-
ment method was tifficult  2nd reistively
lengthy. Another, similar, methcd  fcr
m e a s u r i n g such comprehensive mobility
data has been repo_rted  (21,  but this
also is fairly complex.

Further work has now been under-
takentith  the objectives of deveicsing
the measurement technique described in
(1): (a) by apply%ng  it tC a Wider
variety of structures, in ptrticular  to
sm2ller  ones; (b) by improving the
accuracy of the measured deta; and
(c) by simplifying tne procedure so th2t
it may be undertaken with conventicnal
impedance testing equipment.
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The present paper describes this develop-
ment.

2. CASE STUDY

As previously, a specific example
was chosen with wnich to test and demon-
strate the various aspects of the
measurement method. A very simple
structure was selected - a uniform steel
beam, C, which -.G’BS  forned by joining two
different uniform beams A and B, end to
end. The experiment consisted of:

(i) nfe;s;~~Athe  tip mobility data
i

(ii) measuring similar data for beam B;

(iii) using the above data to predict
the properties of the combined
beam C, and then comparing these
with the actual properties.

The underlying philosophy of this
experiment was that unless such a simple
system as that described above could be
measured and analysed successfully,
there was little point in attempting to
apply Such techniques.to more complex
practical structures.

Chosen Beams

It was decided to use steel beams
of rectangular cross section for the test
pieces so that the theoretical mobility
values could be readily calculated.
Steel was selected because of its avail-
ability and also because, being very
lightly damped, it would offer a wide
dynamic range of response and thus tax
the measurement system. Several con-
siderations were made in deciding upon
the dimensions of the two beams. AS
mentioned above, one object of this
studv was to test the basic multi-
direstional  mobility measurement tech-
nique on smaller components than
previously. AlSO, there were frequency
constraints to be imposed in order to
keep within the range in wnich accurate
measurements. could be reliably expected.
This range had a lower bound of 50 Hz
(mains frequency) and an upper one of
about 1000 Hz, above which transducers
and drive rods can begin to cause prob-
lems. Tnus the decade 80 - 800 Hz was
selected as the 'central' frequency
range.

The beams were to be tested in a
free-free configuration; this naving
boundary conditions which can be most
cicsely  achieved in an experiment. The
lonoer  of the two beams was chosen with
a section of 25 mm x 31. mm and a length
of 1.4 m. For bending vibration in its
stiffer plane (i.e. with 31 mm as the

thickness), this beam has calculated
natural frequencies at 86, 237, 464 and
767 Hz. The shorter beam was chosen to
have the same cross section and a length
of 0.65 m. This beam has its first two
natural frequencies at 399 and 1100 Hz,
deliberately chosen so as not to coincide
with those of the long beam.

3. DIRECT MEASUREMENT OF MOBILITY DATA

Basic Measurement Nethod

The response of the test piece tc a
haLTOnic  input force and a ha,?onic
couple M,.applied at point' P, are the
velocity X-and the angular velocity 8.

related by the mobili .ty

In general, P and M are complex
quantities inccrporsting  both magnitude
and phase information of steady-state
sinusoids and it follows that x, $ and
all four elements of the mobility matrix,
M ¶ are also complex,

For measurement of these mobility
data, the inputs F and M are applied to
the structure by an 'excitina  block'
which is fixed to the test piece at P
and whfch  enabies F, M and the responses
X and 8 to be deduced from the outputs
of accelerometers mounted symmetrically
on the block. See Fig. 1.

The responses 2 and ; at point P
are related to the accelerations a and
+.&;;;;f"  by the accelerometers by the

. .
x = (aA + aB)/2,  Z = (a, - aB)/2s

where s is the distance of offset of each
accelerometer from P.

These equations may be expressed as
a matrix equation:

IS4

. . . . _ _*._  - .
.

.

(2)
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Data are obtained in each of two
test runs at a discrete number of fre-
quencies. In Run 1 a force F is applied
to the block at a point offse? a distance
el from P, and in Run 2 a force F' is
applied at a point wfiich  is a dis z ante

~Sr~~~  gout PI.
(e, and e2 need not be symm-

The coordinate systen  has X positive
downwards and e positive anti-clockwise.
Since F and M are the force and couple
inputs applied to the test piece at P,
their relationship to F, and F2 can be
determined by regarding-the exciting
block as a free body with an input F1 or

F2 above the block and 3, -M input at P
(see Fig. 1).

, Thus, in Run 1, resolving vertical
forces:

. .
Fl-F = mX1

and taking moments about P:
*.

el Fl - M = Ip  e,,

where m is the mass of the block (inclu-
ding accelerometers) and I its moment
of inertia about P. P

Equation (1) may now be rewritten as:.
11 1Xl f p-J Fl - “_“:.

81 el Fl

~
1P 1

Dividing through by Fl and writing

K/j, = Z?; V/j, = i we get:

Similarly for Run 2:

Combining (3) and (4):
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We may write 1 1

r 3

=[q], a transfcrma-

el e2
tion matrix.

and

Using equation (21, we have:

1;;;: g:2I]

_

=

or [In-j = [T-j [ In,l
wheie @i-j is a matrix of Inertance
quantities

(6)

is the matrix oL. L thosequantities which are measured
experimentally.

Thus equation (5) may be rewritten:-

The required matrix of mobility para-
meters is ostained  here in terms cf
lT-),C?3a_nd  CM3 wnich are constant for
a given test configuration, together
with [Inm] which incorpcrates  data
measured ot angular frequency W in the
two test -runs. The resulting mobiiity
data [Y-J has thus been fully corrected
to agcoun;  for the mass and inertia of
the added block and transducers.

Pdeasurina System

The experimdents  reported here were
carried out using a digital transfer
functicn analyser (DTFA) interfaced with
'a mini-computer, tcgetner c0nstitutin.g
a system capable of nandiing the large
amount of data and computation involved.
The peripheral equipment consisted of a
teletype with a read/write facility
together with a nigh-speed punch, a
high-speed reader and an X - Y plotter.

The oscillator of the DTFh supplied
a conventional shaker via a power ampli-
fier. Tne counlinc cf tne sr,a'Ker to the_
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force transducer mounted on the exciting
block was made througn  a snort flexible
push rod made of steel 2 mm diameter and
25 mm long. This allowed the test
structure to rotate slightly when the
applied force did not pass through its
centre of gravity without being restrai-
ned by an unknown coilple.

Di?ring  Run = the fcrce ~:as ir.rui  at
a distanceI e f'ron!  2 and the ir!ertance
data at e2c.h 'of the test frequencies
were stored on tape. The force ir.-17;r-L
was then moved to a distance e
i;t each test frequency during

a.u;r;; F.

inertance  data were agair:  measured arid
combined with the CCrreSpOnding  data
read from, the Run 1 tape. The matrix
calculation for the four cCm?leX CCmcO-
nents cf the mobility matrix [Y] was
carried out and the results  printed cn
the teletype and also punched Or. tape.
Graphs of the mobiiity data versus
freouency  were subsequently made from,
the-taped data.

Develooment cf Excitinc DlOCicS

Each excitinc  block was designed to
be used with a Erie1  and Kjaer type E200
Force Transducer and Endevco  ty?e  233E
Accelerometers.

Easel on earlier tests (i?, kloc4
Pik. 4 w.3.s designed to prc;ride t.';.e s%:;all-
est, lightest block which could have two
accelerometers on its upper surface,
equidistant frcni  the measuring pcint  ?,
an0 also have two sositlcns  for the
force gauge. A drawing of this biock
is ShOWn in Fig. 2. The fact of the
block has dimensions 24 by 32 mm whicn
closely matches the section of the test '
beam to which it Was attached (with
adhesive) during the tests.

The results of tests using the Kk.4
block were pocr in the measurement of
the rotational mcbilities, of (g,'P:j in
particular. It-was thcoght that the
measurement cf e could be improved  f;y
increasing s (the accelerometer offset)
from 25 m.. to 50 mm and the rotational
sianal levei could be increased by
s.hifting  the force transducer in Run 1
frcm 0 to 50 mm. Thus a IQ. 5 blcck
was designed whicn  &had the accelero-
meters and the fcrce transducer mcunted
back-to-back as shown in Fig. 3. The
foot of this block (30 mm bv 32 mm,) was
Slightly \<ider  thz the test beams  b-t
it was thoucht necessa-ry to ensure
adequate stiffness at t.n.e ends cf the
blcck by making  the 'skirts' 6 mm thick.

Elock  I"lk . 5 was used extensively in
measuring the four mobility parameters
of the beams. As before, t.'re  rctaticnal
cuantities k:ere  cbtair_ed less  acc'~~~-tel;J



c

.j ~

j
FIG.2. EXCITIUG BLOCK.  MARK 4 .

2,A,?,  0, A R E  H O L E S
D R IL LE D  @. T A P P E D F2 UNF

AeB FOE
A C C E L E R O M E T E R S

ENDEVCO  2 3 3  E

1  E2 FOR  FOiZCE
G A U G E S  B&Y 6 2 0 0 .

F I G . 3 .  E X C I T I N G B L O C K .  M A R K  5 .

I - 112 x 24 WI-DE  ’ ’ ’

f1G.4. E X C I T I N G  B L O C K .  MAELK 6

157

A L L  DIMEhrSlONZ
IN mm.



c

1. (

. /

/

.

1 i. .
I

than tne translational, with (i/N) oen-
erally  being poor, especially at lOW
frequencies. Two factors were signifi-
cant:-
(a) The transverse sensitivity of the
accelerometers gave rise to signals
comparable to the small difference sig-
~~1s associated with e measurement; and

(b) There appeared to be direct inter-
ference between the force gauge and the
accelerometer when the transducers
shared a common mounting stud.

The first factor was minimised by
the use of accelerometers selected to
%-rave a transverse sensitivity of less
than 1.0%.

Tne second factor was corrected
by the design of block Nk. 6, which has
the same essential features as block
Kk. 5 but does not use a common  mollnting
stud for both force gauge  end acceiero-
meter.
it has n?is

block is shown in Fig. 4:
'skirts' but has a thicker

,top section to prcvide  sufficient stiff-
ness.

All the measurements reported in
this paper h&e made using block Yk. 6.

Measured Ycbilities of Lono and Short
beams

In order to measure the nobilities
of the long beam, the Nk. 6 exciting
block was attached bjr adhesive to the
beam such that the test point, P, was
as close as possible (0.016 m) to the
tip. Pleasurements  were made at 76 dis-
crete frequencies in the r&?ge 31.6 Hz
to 1000 Hz and are Fresented  in Fig. 5
in w.hich the continuous  line shows the
theoretical response for the beam tip,
computed using closed-form receptance
formulae , and the points are the measur-
ed data.

(i/F)
The mezssred responses for (k/F),
and (k/K) show a little scatter

but are accurate to h?it.‘l’in a-bout 2 dB
up tc 800 i-:z. The (i/Y) response is
inaccurate below the first response and
shows an antiresonance at about 57 HZ
whereas the theoretical antiresonance is
well below 30 Hz. Above the first res-
cnance at @6 HZ however, the measured
(k/N) response is reasonably accurate.
Tne results of otner tests on this beam
have ve,ry similar features.

A number  of correspcnding  tests
were carried out on tne short beam and
the results zre shohn in Fig. 6. These
show very good correlation between the
measured data and the theoretical t&p
response for the (k/F), (e/F) and (X/N)
mo*'"t-es_&_&A. The biggest ciscrepancies
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are in the location of the antireson-
antes, but this is probably a result of
the measurement point not being quite at
the tip of the beam, but 0.816  m inboard.
(A theoretical calculation was made for
a point O.C16  m alcng  a 0.65 beam. This
showed antirescnances exactly coincident
with those cf the measured data. The
resor,ances  of ccurse,  k'ere  unchar.ged  and
remained in close cclncidence  t:ith the
measured data points 1. Tne (~/I~;) res-
?onse is reasonably accurate above
200 Ez but has a ccnsiderable  error of
about +8 dB below that frequency.

In general, it can be seen that the
two rotational responses (i/r") and ('6/M)
are the more-difficult to measure accu-
rately and (e/K:), which invoives two
rotational quantities, is unlikely tc be
accurate at frecuencies  below the first
resonance. The*y data depends on the
difference between the signals of the 2
accelerometers, which have theiefore to
be accurately matched &?d carefully
calibrated . Any spuriccs respon.se which
has oniy a slight effect on the X data
(wniCh depends on the sum cf the accel-
erometer signals) will have a major
effect cn the '6 value. In most cases it
is also true to say tnat the expected
values of acceleration due to rotation
are much smaller than trrose  due to trans-
iation.

4. M\'A.LVSIS  C? THE COU?Lf!l  EEMYS

Coupling  of Ccmoonents

Components X and B have mobility
properties given by:-

&] = ['A] IFAl (8)

and {?BJ E PE] TFs'j (9)

Where [Y]is a mobility matrix for the
point on the St-ructure  which is of
interest.

When the,conponents  are coupled (to
form k + B) their respective motions at
the coupling p oint must be identical:-

{?A) = (jlBj  = ri,) (10)

snc considering the equilibrium at t,he
point of connection :-

FA) +  :PB) =  VC) (11)

where {F J is
C

the net force exerted on
the coup_ed structure.

Kl

Tne mobility  cf the coJ73inEtlon,
features in the equation:-

&) = [yc] fFc!
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Calculation of the mobility matrix
of an assembly for any particular fre-

'_ cuer.cv  thus involves inverting the
k,obility  mtatrix  of each component (for
that frequency); adding the two resul-

, tant impedance matrices and then
re-inverting.

This process has to be carried out
L at each frequency data point.

Coupled-Eeam,  Analysis Usinc Raw Data

Tne measured data used for Fig. 5
and 6 were combined, frequency by fre-
quency, in a calculation of tne mobility
responses at the pcint  of connection
between the long beam (1.4 m) and the
sflort beam (0.65 m). The computation
involved reading deta simultanecusly
from two tapes; then inverting and add-
ing two matrices; inverting the result
and punching out the data produced.
Tnis process took about 30 seccnds  per
resultant data point, the major part of
the time being occupied by the teletype
reading taped data.

The result of this direct calcula-
tion is shown as Fig. 7 together with
the theoretical values Of the mobility
at a point 0.65 m along a 2.05 m beam.
The predicted results are extremely
poor for ali four mo3ility  parameters
except in the range 180 Hz to 400 HZ.
Examination of the input data shows that
this is the-only  frequency range for
which the (e/M)  response of the short
beam is accurate. The other seven mob-
ility parameters have wider ranges of
reasonable accuracy. Thus it is ccnclu-
ded that if s of the eight input
mobility parameters is inaccurate at a
particular frequency, the e the calcu-
lated rnohil+ties  of the combined struc-___-
ture wiil probably be wrong at tnat
frequency.

The (i/M) responses were confirmed
as the chief sources of error "yy another
calculation in which the raw (6/M) data
of both subsystems were replaced by
thecretical  (i/N) data. The result of
this exercise is shown in Fig. B which
iilustrates  a considerable improvement
in accuracy when compared with Fig. 7,
especially below SO Hz. The overall
accuracy, flowever, is still not accept-
able since there are ranges where the
scatter is considerable, (80 - ZOO Hz;
'120 - 140 Hz; 400 - 500 Hz, for example).
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Improvement in the resultant coup-
led data could evidently be made first,
by smoothing, and second, by improving
the acsuracy  of $he rotational mobili-
ties (6/F) and (g/M) for the two
compcnent  subsystems.

5. COVPLED-BEAM  ANALYSIS USING SMOOTHED
D.&TA_. ._..

Smoothinq  Technicue

The first attempt to improve the
component data was by a simple smooth-
ing process. In this, the experimental
mobility 'curve' is curve-fitted by a
suitable equation which thus smoothes
out random scatter in the data. The
appropriate equation is formed by iden-
tifying from the experimental data the
main modes of vibraticn  of tne test
structure. Modal identification pro-
vides a simple representation of a
system witn n resonances as an assembly
O f n single-degree-of-freedom oscilla-
tors, each resonating at one of the n
resonant frequencies end weighted by a
modal constant. The method of modal
identification used here was based cn
the treatment developed by h. L.
Klcsterman (3) and is summarised in
Appendix 1. There it iS shovn  that the
modal constants fcr a system with n
dcminant  modes can be determ‘ined  by
matrix manipulation involving measured
mobility data obtained at n discrete
non-rescnant frecuencies. In the ores-
ent study, tnis data could of course be
selected from that already measured.
Cnce the n modal constants (e.g. A,,A,
. . . . ..A for (X/P)) have been deteimihed,
the ide"ntified frequency response can be
regenerated by summing tne contribution
from each mode in turn at each frequency. ’

The raw data for the long beam was
examined and five resonant frequencies
(0, 86, 234, 457 and 758 Hz) estimated.
Data measured at the n off-resonant
frequencies of 31.6, 69.2, 120, 302 and
724 Hz were taken and used to calculate
modal constants from whicn the smoctned
curves of Fig. 9 were calculated. Tnese
are seen to be quite similar to the raw
data of Fig. 5 except above 758 Hz, the
hignest resonant frequency used. Abcve
that f-i equency, the curves approach the
20 dE/decade  mobility line of a mass,
because tne dominant contribution is
from the highest mode included in the
identification whit!! is mass-like above
its resonant frequency.

In the case cf the short beam, the
rescnant frequencies were estimated frc:,
the raw data to be 0, 394 and 1100 Hz
and data measured at 31.6, 209 and 6C3
Hz were used in the modal calculaticns
giving  tne results shown in Fig. 10
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which is recognisably a smoothed version
of Fig. 6. Tnere is no high frequency
discrepancy cn tnis plot because the
hichest  mode used is at a frequency
hi{her  than the range limit of 1000 Hz.
In general, smoothing by modal iderjtifi-
caticn gives hcceptable  accuracy provi-
ded that the number of mcdes identified
is one nore than the number of modes
which lie within the frequency range Of
interest.

Coupled-Eeam analysis usino  smoothed
data

The smoothed data of Fig. 9 and 10
were coupled using exactly the same
process as before to produce a predicted
set of responses for a 2.05 m beam. Tne
results are presented in Fig. 11 but
although having less scatter, they are
not otherwise any improvement in the
unsmoothed results in Fig. 7.

However, there was one advantage in
using smoothed data at this stage, and
that was in the computation time which
was ccnsiderably  reduced since much less
data needed to be handled. Printing of
the output on.the teletype took the
greater part of the time, the process
taking about 12 seconds per resultant
data point (compared with 33 seconds
previously).

6. ALTERNATIVE METHOD OF DETERKIh;i!JG
ROTATIORAL  MOBILITIES

A method was-now  soug,hf  by which

I
the accuracy of (e/F) and (6/M) mobility
data could be improved. As the rota-. <

: tional motion te e or 6') is evidently
-_ very difficult t; measure accurately,

some alternative means of deriving the
j appropriate mobilities  was required.

Referring to the modal identifica-
tion analysis presented in Appendix 1,
we find a particularly interesting and
useful result. For each mode identified,
there are four constants - Ar, B , C
andD - whicn  relate to the con$ribc-
tion 6f the rth mode to the (%/F)(i/F)
(Z%/M) and (i/M) mobilities respectively.
Now it is shown in the kppendix that
these four constants are very simply
related by:

Br = Cr and Dr = Cr2/A,

(The special case of the zero-frequency
mcdes possessed by a free-free structure
is treated in Appendix 2, resulting in

B1 = Cl and Dl = C12/(A1  - l/m)

where m is the mass Of the structure).

!+cause  cf tne greeter difficult>

in measuring rotation than translations,
it is possible to derive more accurate
values for A and C from (X/F) End
(Z?/N)  data) Ehan  fog B and D . Rowever,
it is clear from the agove relationships
that these latter ccnstants may be
immediately dete,rmined  from Ar and Cr.

Tnus t.be  acSi lities  ('e/F)  and (E/!-:1
can be derived from  r,easLrements  cf
(X/F) and (X/K) usir.0 the modal identi-
fication technioues,  without measurinc
rotetions directiv.

Calculations using tne relaticn-
ships between the modal constants devel-
oped abcve were carried out for both
beams and the results are shown in Figs.
12 and 23. In these, there Sre only
t?ree distinct responses presented since
(6/F)  is now automatically identical to
(k/M) (since Er = Dr).

When the derived (B/.A) response cfl N

Fi.g- 12 is co!'rqared  With the smoothed
(e/H)  response cf Fig. 9, it is immed-
iately apparent that the accuracy at low
frequencies below the first resonance at
86 Hz, where the Fig. 9 respcnse  is very
poor, is now greatly improved and at
higher frequencies up to 800 Hz, where
Fig. 9 was quite good, it is a little
further improved.

Similar observations apply to the
comparison of (e/M)  responses of Figs.
10 and 13 for the short beam. Tne accu-
racy of the Fig. 13 curve is less than
that  cf Fig. 12 because fewer modes are
ivcluded,  but most significantly the
(e/M)  response is accurate around 30 Hz.

The conclusion of this section is
that better (i/N)  resuits may be cbtai-
ned by identifying the A and C modal
constants from (k/F) and'(i/M)  geasure-
ments and then calculating B and D
than by t,-ying  to identify Br and Df
directly from the inevitablyrless
reliable (k/F) and (~/Pi) raw data.

7. CDUPLED-Sf+_Y  ANALYSIS USING DERIVED
DATA_.._._

The four mobility responses for the
ccmbined  beam were again ccnputed, this
time using the derived B and D, ccn-
&ants  together with theridentizied .z._
and Cr constants. Xgain these are cz-ily
three distinct responses presented in
Fig. ?4 because (E/P) and (X/N) are
taken as identical,

This coupled data is inaccurate
above 800 liz, the rrlcjhest fzeq-d%Cy for
which the data for tne lcng beam is
reliable. Below 600 P- the fit cf theIr ,
smocthed  and derived data to tne curve
calculated frc-: clcsrd-'crm  receptaT.cC-
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formulae is much better than either of
tne previous examples ShOhm in Figs. 7
and 11. In particular, these results
accurately predict the low frequency
resonance at 42 Hz (close to the theo-
retical value of 40 HZ) which is absent
from the earlier coupled-beam results.
The other 5 resonances are alsoindicated
hrith ;easonable  accuracy  for the mGbil-
ity (X/F), and this response has the
rioht general shape and level up to 800
HZC The (i/F), (X/l-l) responses maintain
good snape up to 400 Hz, although the
resonance at 120 Hz is only just notice-
able. The 120 Hz respnance is missed
altogether from the (e/M) response but
it should be noted that the correspond-
ing theoretical resonance is ve-ry small.

The identification and derivation
process is thus more accurate for low
frequencies than for high which may be
explained by the inherently greater
accuracy of low frequency modal con-
stants, The results are felt to be sig-
nificant mainly because  it has not been
possible to measure (e/M) at all accu-
rately at frequencies below the first
resonance by any other method.

8. CONCLUSIONS

It has been demonstrated again that
when experimentally determined mobility
(or impedance) data are required for
further analysis, due consideration must
be given to all the directions in which
the test structure vibrates. In parti-
cular, for beams it is necessary to
include the rotational motion as Well as
the translational.

Measurement of rotational mobility
data is hindered by the difficulty of
measuring rotational response. However,
a method has been presented which en-
ables the determination of such rota-
tional mobility data from measurements
of translational responses only, thereby
obviating the need to measure angular
motion. The technique invclves  simply
making two otherwise conventional mob-
ility measurements,plus  some analysis.
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APPENDIX I. The ReSDOnSe of a Multi-
Deoree cf Freedcm  Svctem to
Sinusoidal Excitation

Tne response cf a n-degree of free-
dom system to steady-state sinusoidal
excitation at an angular frequency w,
can be written in generalized  coordi-
nates ql, q2 etc., see ref. (3):

n f*r)? fF) [*r)
la) = c (* 2 02)

r=l mr r -

n

z
c Yr ctr)
rEi

(i)

where {Q) is a column vector of response
amplitudes

IF) is a column vectcr  cf input
force amplitudes

2nd Qr is the r th eigenvalue
{r,) is the eigenvector of the

rth mode
mr is the mass of the r th mode

We are particularly interested in
the response Q. caused by the single
excitation F.:l

3

Qi =
n (tri PI) (tr&

c
r=l mr (nr2 - 02)

giving

n trj  3,i

(Qi/Fj'  = x

r= 1 mr (or2 - 02)

(ii1

(iii)

We wish to consider two responses,
X (=Q1) and e (=Q2),

and two forces, F (=Fl) and M (=F2)

The system being considered is
continuous but we may assume that at low
frequencies only a finite number of
modes need be included.

Thus we can write:-
n

(X,/F) = Ar

r_l $2 - u2)c

(e/F) =

(X/M)

(iv)

(VI

(vi)



_’

I
. :

1

(E/M) =? Dr
r-=,1  (flr2 - (021

(vii)

2 /mWhere Ar = trl r; sr = *r2 *rl/mr. 7

Cc = crl  cr2iy; D_ = cr22 /mr(viii)

It follows tnat Er = Cr and Dr = Cr2/Ar
(ix)

Tnus all four modal ccnstants  may be
deduced from Ar and Cr.

t
, -

c i.

i

or

and

(3”) n

MODAL IDENTIFICATION

This is the process of dete_rminino
tne modal constants from measured imped-
ance data.

Equation (iv)  may be rewritten b::~
s.&stitutir.o -w2x = ji to give

(F/F) = 2

2-(u A
r

r=l (n; - w2)

n

c Ar=
r=l (1 - n;/w21

This qua-.tity is the Inertance,  the
ratio of acceleration to force, the ti;o
quantities measured in 'impedance tests.

There are n modes being ccnsidered,
and thus ther.e  are n rescnant  frecuen-
ties w.hich  m,ust be known. Inertance
data must be obtained at n nor,-res0nar.t
anguiar frequencies, WI, W2’ “3 “..Un’

The matrix equation relating  these
quantities is

1 ?1

iQq2
. . . . .

(1 - 9, 1 (1 2- 2) (1 -. 02 /co1 fln2/,,‘)

. .

. .

. .

1 1

( 2 2 . . ..*..*... *.
I-n /1 en 1 ( 2.’ - *n2/wn2)

_J i

similarly tr,ere  are equations for the other modal constants:-

IIE] = [R] {S]; {ICI = \R] {C) end {I,) = [R] {D]

The modal constants can thus be determined by inverting the R matrix
then Fre-.TlUltipi~ing the appropriate response matrix

1h'J = [RI-' [I,) and so on.

.



APPENDIX II. Solid Body Response

If the system is free-free it has a
resonance at zero frequency (01 = 0).
Tne motion is, of course, that of a
solid body. The relationships expressed
in eouation (ix) do not hold for this
case-and it is necessary to study the
Geometry of the motion to diSCOVer the
ccrrections  needed.

The body has mass m and moment of
inertia IG about its centroid G.

In the first instance the effect of
pure input couple M on the angular
response Q and the translational res-
ponse X
CFig.  2.1

of point P are required.

Fig. 15. Effect of CouDle  Input on
Sclid  Body

Pure couple Is produces rotation but no
translation of G.

M=I G 5 .-. (B/H) = l/IG

M = 1,(2,/e) .-. ("Xp/K)  = e/IG

Secondly, the effect of the input
force F acting at P is required.(Fig.l6)

F

0.>lc
P

Fig. 16. Effect cf Force Innut on
Solid Body

Force input at F produces both rotation
and translation cf G.

xP =ee+XC

XG = Xp - e e

F e = IG 'e' . . . (:/F)  = e/IG

. .
F=mXG' m tZp - e :)

t m tZp - e (e F/IG))

.. . F(1 + m e2/IG)  E m %P

.. . ("xp/F)  = l/m d e2/IG

It follows that A, = l/m + e2/IGI

Bl = e/IG

C, = e/IG

Dl = l/IG

Thus Bl E Cl and El = C12/0.1  - l/m)
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