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While its classical model is relatively simple, friction actually depends on both the interface
properties of interacting surfaces and on the dynamics of the system containing them. At a
microscopic level, the true contact area changes as the surfaces move relative to each other. Thus at
a macroscopic level, total friction and normal forces are time-dependent phenomena. This paper
introduces a more detailed friction model, one that explicitly considers deformation of and adhesion
between surface asperities. Using probabilistic surface models for two nominally flat surfaces, the
stick—slip model sums adhesive and deformative forces over all asperities. Two features distinguish
this approach from more traditional analység: Roughness distributions of the two interacting
surfaces are considered to be independ@ntintersurface contacts occur at both asperity peaks, as

in previous models, and on their slopes. Slope contacts, in particular, are important because these
oblique interactions produce motion normal to the plane of sliding. Building the model begins by
analyzing local friction forces as composites of resistance to elastic deformation and shear resistance
arising from adhesion between asperity surfaces. By extending the expressions obtained for normal
and tangential friction forces over the macroscopic surfaces, the model then describes the stick—slip
behavior frequently observed in dynamic systems and permits simulating a rigid body on a moving
platform. Numerical results for several surface and system parameters illustrate both time-dependent
and time-averaged frictional forces. These analyses also show that, although total averaged friction
remains constant with respect to sliding velocity for the cases considered, the relatively small
deformation component exhibits resonancelike behavior at certain speeds. Stick—slip occurs only
within a narrow range around these critical speeds of a system. External damping can prevent
stick—slip motion, and both deformative and adhesive frictional forces must be present for it to
occur at all. ©1999 Acoustical Society of Amerid&0001-4969)03701-7

PACS numbers: 43.40.Ga, 43.40.D2BB]

INTRODUCTION adheres and deforms as it slides over another. The direction
and magnitude of the deformation and adhesion forces at
In modeling friction-induced vibration and noise prob- each contact change during sliding. Thus the topography of
lems, friction force is often treated phenomenologically, as ahe surfaces and the dynamic response of the system together
function of relative velocity between surfaces. These funcdetermine the distribution of the contact positions and direc-
tional relationships mostly originate from measured values ofion of the forces at each contact. Modeling of friction within
coefficient of friction on test devices. Friction values ob-a dynamic system thus involves solving coupled equations
tained from such measurements are normally averaged ovétat describe the system dynamic response and the distribu-
time and surface areas on which they are measured. tion of contact forces during sliding. Such a combination
Traditionally, functional relationships between friction relates microscopic-scale contact processes to the
force and velocity are confined only to the direction of slid- macroscopic-scale system response.
ing, neglecting any contribution of normal components of Many physical and chemical processes contribute to
contact forces during sliding. In reality, sliding between,friction. They take place primarily at or near the true contact
even nominally flat, surfaces also develops a time-dependeateas on the sliding surfaces. The vector sum of resistive
normal force component and, therefore, a response in a dferces at the contact areas constitutes the friction force. Al-
rection normal to sliding. The forces developed in the normathough a detailed description of all the processes that con-
direction, combined with the continuous change of true coniribute to friction is beyond the scope of this paper and the
tact area during sliding, make friction force to depend alsacurrent state of the art, it is possible to describe some com-
on system dynamics. Such interaction between friction anghonents of friction and relate them to dynamic behavior of
the response of the system within which it exists can not behe system in which they exist. We present a model that
modeled through the traditional use of coefficient of friction. includes two such dynamic processes that contribute to fric-
Friction and normal forces develop at the true contaction: elastic deformation of asperities and adhesion between
areas between surfaces. Between two nominally flat surfacethem.
true contact takes place among the asperities. Each asperity Many of the previous models of contact between nomi-
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FIG. 2. Cross section of a typical asperity contact with projections of de-
formation and contact areas. Solid lines represent deformed surfaces and

FIG. 1. Cross section of two rough surfaces in conticand R represent ;
fotted lines represent undeformed surfaces.

sums of the local deformation and adhesion forces, respectively. Subscrip
n,t denote normal and tangential components. Local contact fdraad r

are decomposed with respect to local coordinates. lution of differential equations for the contact areas and for
the motion of the bodies then yield both frictioA; and

nally flat surfaces utilize the assumption that contact betweeRormal.”,, forces as well as the response of the system to
two rough surfaces can be described by contact between fection (Sec. 1.

rough surface and a smooth oh&@ This assumption dictates

that contacts may occur only at surface peaks with contadt DYNAMICS OF CONTACT AREAS

areas parallel to the mean plane of the surface. In reality,

however, contacts between rough surfaces also occur ob- t_Truefcon;[act area:js dcr}anget_as afresult _gf b(()jth_relagll\_/e
liquely. In particular, for surfaces with uncorrelated surfaceMotion of surfaces and detormation ot asperiies during this

asperity distributions, the probability for contacts to occur atMotion. For example, time-rate of deformatia, of mate-
asperity peaks is very small. rial point and areag, at each contact depend on the relative

Oblique contacts couple sliding motion to normal mo-mMotion of two surfaces through a kinematic relationship,

tion. The slope at an oblique contact partitions the contact
forces to their components in the direction of sliding and
normal to it. As the contact position between two asperities —hal-sal=dlal+8al, j=1,..,
moves, its slope also changes, altering the direction of the o o o o
contact forces and their projections onto friction and normatvhere indices andj indicate resisting and assisting contacts,
forces. Thus as a result of oblique contacts between aspefieSPectively, and subscriptsand n refer to components in
ties, sliding motion between two surfaces can also generaf@ngential and normal directions to the mean plaffée
oscillations in the normal direction. forces that result from elastic deformation of asperities either
The kinematic relationship between frictior7,, and  @SSist or resist the relative tangential motion, depending on
normal,7,, forces and the contact area projections resultingn€ Slope of the contact area relative to the direction of mo-
from oblique contacts was previously developed by the aution. Resisting contactsave a tangential component that op-

thors for generalized contact forces in two dimensibns, ~ POses relative motionAssisting contactpossess tangential
components in the same direction as the relative mdjion.

The relative velocity of the surfaces has compondnigs
normal direction and in tangential direction, as indicated in
Fig. 2. Normal contactandtangential contact areas,, and

T () =Fn+Ry. 2 a;, refer to local contact area projections that are parallel and

Sums of the tangential components of all local deformaferpendicular to the mean planes of the surfaces, respec-
tion forces,F,, and adhesion force®,, over the interface tively, as illustrated in Fig. 1.
constitute the total friction force. Similarly, the correspond- ~ The total numbers of resisting and assisting contacts,
ing normal components;, and R,,, make up the normal andl, in Egs.(3), can be approximated using the results of
contact force at the interface. The sign convention regardingie Greenwood and Williamso(1967) model for random
their directions is shown in Fig. 1. surfaces,

The model in this paper, based on Ed), relates the k=vAl  |=~A2
. s YAn YAn 4
time-dependent contact area projectiofdg(t), Ai(t), to the
motion of the dynamic system through a set of differentialwherey is a constant and superscrifitsa) denote resisting
equations(Sec. ). The model also expresses contact forcesand assisting asperities.
in Eq. (1), F due to deformation an® due to adhesion, in Deformation veIocitiesSn and St in Eq. (3) can also be
terms of contact area projectiofSec. I). Simultaneous so- expressed in terms of contact areas through contact deforma-

—ha,+sa;=da,+6,a,, i=1,..Kk,

)

A AZ
FO=F+R =1 70t | 1+ 12
n

t
An Rt ) (1)
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tion models. In elastic contact problems involving rough sur-equations for the total resisting and assisting normal contact
faces, Hertz contact theory is used commonly with the asareas in terms of relative velocities between the surfaces,
sumption that asperities are spherical and contact is efastic;

AV N AV 2] ! I\ ¢
the contact area, between two spherical objects of radius a((Z')*+ DAL=~ (a(Z'WZ") +h—(Z")S)A;,

. . . . 9

py andp,, is expressed as a((Z'Y2+ 1)A= — (a(Z'W(Z') +h+(Z')5)A2, 9)
a=mpo, ®  where a=1lymp and (Z')=(Z!)=—(Z") for a random

where 1p=1/p;+1/p, and 6 is the maximum value of de- distribution of surface roughness.

formation. The solutions of Eq(9) for resisting and assisting con-

Differentiating Eq.(5) with respect to time and substi- tacts are combined to give the projections of total contact
tuting its normal and tangential components into E@@. area required for the friction force in E€f),’
yields a direct relationship between local contact areas and k [
relative velocities. Summing the resulting equations over the A =A" + A2= > al + > al . (10)
total numbergk andl) of resisting and assisting local contact =1 =
areas, resp.ective'ly, leads to expressions describing the dyye tangential component of the total contact afa, on
namic relationship between the total contact areas and th@e other hand, is defined as the difference between resisting

normal and sliding velocities, and assisting contactéConsidering only the resisting con-
_ 1 . . tacts overestimates the friction force because the presence of
—hA] +5A[= P (AfA[+ALA)), assisting contacts offsets some of the resistance.
P ©) k |
—hAf—8Af= — (AFAf+ AZAD), vt .21 ' ;1 ' (y

lp
Equations(8) and(11) lead to an expression that relates the

whereA is the total contact area summed over all aSperitie%ngential componer, to the normal component obtained
on one of the surfaceS;. (The combined radiup now from Eqs.(9) t

represents the combination of the average asperity radii on
surfaceS; :p;=[1/(k+1)]1=K1pl) A=(Z") (Al —AD). (12)

F_“”hef stlmpllﬂc?;l\oThof E?](G) may be madet ?y ex- Although the expression in this section are derived for
pressingA, in terms ofA, through space-averageblit time- surfaceS;, similar ones can be written @, .

dependentslope of contact areas. Such a relationship be- In addition toA, from Eq. (12) andA,, from the solution

tween the sums of the normal and tangential projections ogf Egs. (9), calculation of friction force in Eq(1) requires

contact areas may be obtained by approximating deformaﬁogxpressions for the contact force componefts R, and
velocity é at each contact by a uniform velocity distribution. R,. In the next section expressions are developed for defor-

This approximation, also used in the development of@H.  mation and adhesion forces at each contact and related to the
implies that the local contact areas are plane surfaces and tQ¢y of true contact areas

contact slop& =dZ/dx; (¢=i,j) is constant throughout a

given (I_ocal) contact surface. With these assumptions the“_ CONTACT AND FRICTION FORCES

tangential components of the contact areas can be expressed

in terms of the normal components, Because of the cause-and-effect relationship between

elastic deformation forces and contact areas, deformation

force at each asperity contact can be expressed in terms of

where the slopes of contact areas are with respect to tH&€ resulting contact area. Similarly, because adhesion forces

direction of motion. depend independently on both the normal pressure, or the
Summing expressions in E({) over the interface gives deformation force, and the contact area, they also can be

the following relationships between summations of tangenexpressed in terms of contact areas.

tial and normal contact areas: A. Deformation forces

RS ES EApoF

a=2/a,, al=-zal, )

In cases such as metals, where the local tangential adhe-
sive force r is typically smaller than the normal force f by an
(8) order of magnitude or morijts contribution to elastic de-
' 1< ' formation of an asperity may be neglected to simplify the
A?:Z a{E_(T 2 ZL)(Z aL) =—(ZL)A}. calculations. Thus only the local normal contact forces, f,
=t =t =t cause elastic deformation and they are obtained using Hertz
The average resisting and assisting contact slgiZs) and  contact theory with the assumption that asperity tips are
('), in Egs.(8) are the expected values of the positive andsphericalt*°
negative contact slopes and they can be calculated for given The physics of the contact problem treated here also
probability densities of the asperity slopes. requires consideration of energy dissipation from the contact
Finally, substituting the approximate relationships givenarea during deformation. Because use of complex elasticity
by Egs. (4) into Egs. (6) yields two ordinary differential modulus in nonlinear transient problems leads to physically

. =(Z)An,

i=1

196  J. Acoust. Soc. Am., Vol. 105, No. 1, January 1999 M. T. Bengisu and A. Akay: Stick—slip oscillations 196



unrealizable result¥, energy dissipation during elastic de- where the constantsandg are determined empiricallyThe
formation is modeled here as proportional to the deformatiorsigns of r and 8 depend on the relative velocity at the inter-
rate of an asperity. Such a consideration is equivalent to thiace and are negative for positive relative velogifihe ad-

loss of deformation energy by means of propagation of elashesion force in Eq. (18) is in the tangential direction to the

tic waves into the bulk of the contacting bodies, i.e., radiadocal contact surface. Its first part is independent of normal
tion loss away from contact areas. Hence, the sum of theontact force, whereas the second part is proportional to the
Hertz contact force and a dissipation force that depends ooontact pressure and contact areajfida.

the rate of deformation constitutes the elastic deformation By separating Eq(18) into its normal and tangential
force components with respect to the mean planes and summing
over all resisting and assisting contact areas, the normal and

= G ﬁ 3/2+ p
f=7a €. (13 tangential components of the total adhesive contact force can
The constant’Z' is defined as be expressed in terms of sums of contact area projections,
. A4E R,=—7A—BF;, R=7A,+pBF,. (19
7 3

R, andR; are uncoupled because of the orthogonality of the
where 7 is the loss factor of the material apds composite local elastic deformation and adhesion forces. In cases
asperity radius as defined befoEeis the composite modulus Where, for example, the influence of adhesive forces on elas-
of elasticity related to the moduli of the two materials andtic deformation is not negligibleR, andR; will be coupled.
their Poisson’s ratios; and v,, The negative signs in the first of Eq49) are a consequence

5 2 of the convention of directions shown in Fig. 1.
1 1—- vy 1— Vo
1 2 C. Friction and normal force

Recalling that the contact surfaces are assumed to be planar, Friction force, defined here as the force that resists slid-

2_ A2 2 =
such ;hata =8 Tan and at/an—Zf, the rattc)a of deform:(;;— ing motion, is obtained by summing the tangential forces at
tion of a material at a contact surface can be expressed ase jnterface. Similarly, the normal force is the sum of all the

. 1d ,0o, _ roi1 forces in a direction normal to the interface. Expressions for
€= 2mp dt (af+ap)= P aan(1+2'°) (19 friction force and normal force are obtained by substituting
Egs. (19 into Egs.(1) and(2). The results explicitly show
and the relationships of the friction and normal forces to defor-
a¥2=aal1+272'2) (1) ~ mation and adhesive forces and to the normal and tangential
projections of the contact areas,

After substituting Eqs(15) and (16) into Eq. (13), the sum

i A
of the pormal components of the deformation contact forces Tt = —t+ﬂ Fo+7A,,
at the interface can be expressed as A,
T 1 /2 _ At (20)
Fn:WZAn 1+Z<Z >+ .%n(t)= 1_,8A—n Fn_TAt,

where,F,,, sum of the normal components of deformation
' 17 forces, is given by Eq(17). Thus Eqgs.(20), together with
Eqg. (17), define the friction force, and the resulting normal

n . 1 o
+ - An(1+2 (Z2'%)+

where force, in terms of contact areas and even-movements of the
1 X 1 contact slope distribution.
2\ 12__ " 12 . . .
(Z")=1 > Z?=72 7] F., A,, andA, are based on statistical distributions of

i I the slopes of asperities as described, earlegnd 8 are
is the mean-square value of either the positive or the nega&xperimentally determined constants. Boti(t) and.7(t)
tive contact slopes. For asperity profiles such thata, are time dependent because of the changés,inA,, and
<1(Z'%<1), the series of even moments in Ef7) can be A due to relative motion. Thus true friction force is obtained
truncated after the first term. in conjunction with the dynamic response of the system
within which it exists, as shown in the next section.

B. Adhesive contact forces lll. FRICTION FORCE AND SYSTEM RESPONSE

The local adhesive forces are considered here to be simi- An examole of the interaction of friction force with svs-
lar to the rheological shear resistance of the third phase th%m P Y

forms between the contact surfaces of two materials. Follow dynamics is demonstrated with a simple, idealized dy-
. : ’ ~"namic system: a rigid blockwith deformable surface asperi-
ing Kragelskyet al.® the local adhesive contact force, r, is Y 9 tw P

4 . . . S es connected to a linear spring and a viscous damping
expressed with a binomial expression, as a combination o . . - o .
element, is subject to frictional force at its interface with a
two shear terms

flat platform that moves at a constant speed, as depicted in
r=ra+ gf, (18 Fig. 3. The rigid block is free to move both in normal and
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y Mean plane (at maximum separation)

C ) Mean plane (during motion)
K M I__ X Zymax ™ P2 { (py+ p,) C(:/sr;ﬁ
| 6; . /
L ZZmax P2 /
| | \ s 14
—_—t— Ah=h__ - h(t)% h(t) h
FIG. 3. Block on a moving platform. Block is free to move xnandy £¢ Z | max
directions. P \
o Zmeee -
tangential directions with respect to the platform but without Mean plane (during motion)

rotation. Both the block and the platform are assumed to
have nominally flat surfaces, each with a random asperit)'(:'G-,“- S(_:hematic reprgsentation of the highest asper_itiesin contact and the
. L . .. . elationship of the maximum contact slope to separation.
height distribution statistically independent of the other.
The equations of motion of the dynamic system are writ-where the value of the upper lim#/,,, changes with inter-
ten in terms of the coordinatesandy which also describe its  ference between the surfaces. These expressions are the same

displacements in tangential and normal directions with refor both surfaces, but with different values 2f,_, for each.

spect to the moving platform, The integral in Eq(23) can be evaluated in closed form to
M+ Cx+Kx=—.7;, give
(21) o

My=—Mg+.7,. (1- e Znal?e?), (25)

(2')=——
Parameter$/, C, andK describe the mass, viscous damping, 77
and the stiffness, respectively. The differential E(®.for  The second and higher moments about origin have negligible
the contact areas are rewritten by substitutingifery and  effects on the normal force.

§=X—v, where,v is the speed of the platform, The mean value of contact slopg&,’), relates to sepa-
"2 - BT o , ration h through the maximum contact slo@g ., in expres-
a((Z') + A= —{a(Z'(Z") +Y—(Z")(X—v)}Aq, sion (25) which varies with separation during sliding. When
_ _ (22) separation is large, contacts occur closer to asperity tips. At
a((Z)2+1)A2=—{a(Z'WZ'Y+Y+(Z')(X—v)}Al. the maximum value of separation, contact area is parallel to

the mean plane. For smaller values of separation, contacts
are oblique and contact slopes are larger. Accordingly, the
mean value of the contact slopes is also a function of sepa-

Numerical solutions of Eq$21) and(22) are obtained using
expressions for friction and normal forces in E20) and for
the contact areas in Egé&L0) and (12). The mean value of .

, . . . ration between the surfaces.
the contact slope<,Z’), and its relation to separatioin,

. oo In cases where the relationship between the maximum
between the surfaces are obtained from the description chontactslo e and separation can be expressed explicitly. e
surface roughnesses for the rigid body and the platform P P P plicitly, €.9.,

as : o )
: ) or spherically shaped asperities, it is possible to evaluate
shown in the next section. N . . .

(Z') in Eq. (25). For spherical asperities, the maximum con-
tact slope occurs on the tallest asperities of the surfaces. The
A. Surface model asperities located farthest from the mean planes on each sur-
face define the maximum value of the separatiog,, (or

the minimum value of geometric approadietween the two
urfaces. With these considerations, a relationship can be de-

Calculating contact areas in EQ2), and normal contact
force F,, in Eq. (17), requires mean value of contact slopes
and their even moments for each surface. Randomly varyingf, o e
uncorrelated continuous functios and Z;, each with a Ined for separathm in terms of average asperity size on
Gaussian distribution, represent the slopes of asperities o‘?‘ﬁCh surfacg._ Usmg_ the ge°met”.° relatlonshlp_ for such a
each surface as a function of their separatiorBecause the contact condition as illustrated in Fig. 4, separation between
subset of slopes at the contact areas is also Gaussian, tﬁ'érfaces is expressed as
mean value of the positive contact slopes can be found using h=27Z; .. p1+(p1+p2)COS ¢+ Z5 max— P2 (26)

Z; andZ;. Then, for slopes ranging between zero and some : .
. , wherep; andp, represent the average asperity radii for sur-
maximum contact slop& ...

facesS; andS,, respectivelyZ; maxandZ, maxare the maxi-
2 s 202 4o mum values of the functions describing the surface profiles,
fo Z'e dz’, (23)  and ¢ is the contact slope as defined in Fig. 4. At the maxi-
mum value ofh, by definition, the corresponding maximum
whereo is the standard deviation. The even moments of theontact slope is zerap=0.

1

(Z")=

o2

slopes are Substituting cosp=1—¢?/2 in Eq. (26) yields ¢?
=Ah/p, where the value 0p = (p,+ p,)/2 is the average of
(z'm = 1 fzéqaxz,mefz'z/zaz dz' m=24,.., the mean asperity radius for each surface. The difference
oV2m Jo between the maximum and instantaneous values of separa-
(24  tionis
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TABLE |. Numerical values of the parameters used in calculations. The 10°

tangential damping value &= 2 kg/s is used during dynamic simulations, — .F Y7
whereasC =200 kg/s is used for averages. The friction pair chosen for all # 10
cases is a steel—copper pair having a composite elasticity modulus of 77 800 107 |
MPa. N
10° [
. (1/2m) JKIM r _
Case (rad) (Hz) (MPa) B Ho oo
1 0.3 10 0 0 10° Ho
2 0.2 10 0 0 107 . ! L 1 I ! . ! . I
3 0.1 10 0 0 0 50 100 150 ) 200 250 300
4 0.1 31.6 0 0 v (mm/s
5 0.1 100 0 0 10° —
6 0.1 10 9.8 0.075 7 10" H
7 0.1 31.9 9.8 0.075 N
8 0.1 100 9.8 0.075 107 ¢
M C R 7 107§
(kg) (kgls) (mm) (kg/m? s) _ 10tk
Ho L
10 2-200 0.06 200 107 ¢ _
10° [ #o
107 i . ! A ] . | . | .
0.00 10.00 20.00 30.00 40.00 50.00
AN(t) =Z1 maxt Z2 max— N =Niax=h(1). v (mm/s)
For small values ofp, ¢=tan ¢=Z,,,. Thus the maximum FIG. 5. Change of and zp with platform velocity.
contact slope can be expressed in terms of separation,
, Ah C. Averaged normalized friction force
VANN= (27
max— o
%

Time averaging the ratio of the instantaneous values of
By replacingZ/,,, in Eq. (25) with Eq. (27), the expected friction and normal forces giveg, the time-averaged nor-
value (Z') of contact slopes can be expressed in terms ofnalized friction force,
separation of the surfaces. -
The model is now complete and can be solved numeri- 7= lim E J'T St d
cally to investigate the interaction of friction and the dy- 7o T Jo T

namic response of the system that contains it. ) o
Because adhesion depends on the deformation farde,a

complex combination of the similarly time-averaged normal-
ized deformation fp) and adhesionf,) componentsu
reduces tqup when constants and 8 are zero(Use of the

Dynamic response of the system and the friction forceterm coefficient of friction is avoided because of its diverse
that excites it mutually depend on each other through contaaonnotations and different definitions in the literature.
area changes as shown in E(&l) and(22). In the following An examination of the averaged normalized friction
sections, equations describing the system response and tfwce, u, in Fig. 5 shows that, for cases 3 and 6 in Table |, a
corresponding friction and normal forces are solved for thenegligibly small part ofu results from elastic deformation,
cases listed in Table I. The values given in Table | are foleaving adhesion as the dominant source of friction. This is
steel—copper pairs for which empirical values of the paramnot an unexpected result since the effects of resisting and
eterst and B are availablé. Surface properties used in the assisting contacts largely offset each other.
examples reported below come from published surface'data;  Numerical results show that with respect to platform
asperity tip radii have a Gaussian distribution with a mearspeed is nearly constant, whereps shows significant
radius of 60um and the maximum asperity heights reachvariation as a function of platform speed. In particular, at
3—4 um, typical for ground mild steél.Maximum value of  some platform speeds, the deformation compopgnshows
average slope is determined by sett#fg,, in Eq.(27) to 30. resonancelike peaks. The platform speeds, at which resonan-

By numerically integrating the expressions(2l) and celike peaks occur, increase with tangential natural fre-
(22), first, the time-averaged friction force is examined as aguency,f,, of the dynamic system. This dependence is il-
function of platform speed. Then, the time-dependent frictionustrated in Fig. 6 with plots ofup corresponding tof,
force is analyzed along with the corresponding response 0£10, 3.16, and 100 Hz of the systefmases 3, 4, and 5 in
the dynamic system. In both cases, friction force is normalTable |); the speeds corresponding to the peak valuesof
ized with respect to normal contact force. are tabulated in Table Il

Because of the asymptotic nature(d@") in Eq. (25), to Asperity slope distributions also influence the velocities
circumvent computational difficulties, in all the computa- at which the peak values gk occur. For example, for
tions reported here contact slope is taken to be zero whesmoother surfaces which have higher standard deviations, as
relative approach reduces to less than 0.p61 indicated by Eq.(25), peak values ofup occur at higher

B. Computations
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10°

10°

c=02
,,,,,,, N c=03
107 | : I I . : . ! L
0 50 100 150 200 250 300 400 600 800
v (mm/s) v (mm/s)
3

10

10° f, =316 Hz
hy, £, =100 Hz

0 10 20 30 40 50 0 10 20 30 40 50
v (mm/s)

FIG. 6. Variation ofup with platform velocity for various tangential natural FIG. 7. Variation ofup with platform velocity for different standard devia-
frequencies of the dynamical system. tion of surface roughness.

platiorm velocities; F|g. 7- The parameters used in Fig. 7 an.?ude of oscillations that are not repetitivgansient parts of
the results tabulated in Table Il correspond to cases 1-3 Ithe solutions are excluded in all the resyltalso, the tan-
Table 1. . - ._._gential velocity in its phase plane never reaches the velocity

The composite modulug of elasticity of thg rr_1a_ter|alsof the platform and, thus, does not achieve “stick” condi-
does not have a detegtable influence on the variationf tion; the relative velocity is always larger than zero. In the
or on the resonancelike peaks at lower platform speed

However. it h me influen ¢ higher platform d same figure, friction force varies through many cycles of
OWEVET, 1t has some Influence at higher platiorm SpPEeas. qjjations of the dynamic system and exhibits multiple val-

ues for a given relative tangential velocity. The spectrum
corresponding to the response velocity of the block exhibits
Stick—slip oscillations of the system occur at platform Several harmonics and side bands, indicative of nonlineari-
speeds within a narrow band of the peak valueggishown  tles.
in Fig. 6. Oscillations at platform speeds corresponding to At platform speeds, 3.6, 1.8, and 1.2 mm/s, correspond-
different peaks have significantly different spectra. Oscilland to the peak values gfp shown in Fig. 6, response of the
tions at platform speeds outside of these bands are sustain&@Me system as in Fig. @ase 6,0=0.1) exhibits higher
but without stick—slip. amplitudes that are periodic. At these speeds both the friction
Phase planes and spectra of the motion of the block antprce and response of the mass show that the oscillator
the corresponding instantaneous friction force, given in Figsfaches the platform speed, achieving the condition of
8-14, help explain stick—slip oscillations and their relation- Stick;” Figs. 9-11. In terms of phase-plane diagrams, sys-
ship with the resonancelike peaksjof, . The instantaneous (€M response shows a doubling and tripling of its period as
normalized friction force, plotted in Figs. 8—14, is defined asthe platform speed is decreased from 3.6 mm/s to the lower
w(t) =717 H(1). speeds 1.8 and 1._2 mm/s, respecﬂ_vely. The corresponding
Figure 8 demonstrates an examptase 6,0=0.1) for ~ changes also manifest themselves in the spectrum for each
which the platform speet®.7 mm/3 is away from the speed C€ase as additional harmonics and one-half subharmonic. In
bands that lead to peaks. By comparison with the corre@ll cases, friction-relative velocity trajectory follows a differ-
sponding case given in Fig. 9, Fig. 8 shows a smaller ampli-

D. Instantaneous friction and stick—slip oscillations

TABLE lll. Platform speeds where averaged normalized deformation forces
TABLE Il. Some platform speeds where averaged normalized deformatiorreach their peak values for the dynamic system with 10 Hz tangential natural

friction forces reach their peak values for the surface with0.1. frequency.
fo v, vy U3 V4 Us Ug v, P U3 Uy
(Hz) (mm/9 (mm/9 (mm/s9 (mm/g (mm/9 (mm/9 s (mm/9 (mm/9 (mm/s (mm/9
10 3.6 1.8 1.2 0.1 3.6 1.8 1.2
31.6 12.0 6.0 4.0 3.0 2.4 2.0 0.2 7.3 3.65 2.43 1.83
100 38.75 19.15 12.8 9.6 7.6 6.4 0.3 11.0 5.5 3.66 2.75
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FIG. 8. Response of the dynamic system with a tangential natural frequencg|G. 9. Response of the dynamic system with a tangential natural frequency
of fo=10Hz displays sustained oscillations at a platform speed of 2.7f f;=10 Hz displays stick—slip oscillations at a platform speed of 3.6
mm/s. mm/s.

ent path when it moves in the direction of the platform than|yv. STICK—SLIP OSCILLATIONS: DISCUSSION
against it.

A similar, but not easily observed, result relates to th
total period of oscillation of the block as shown in the phase-  The assumption that the spatial distribution of contact
plane plots(and the corresponding frequency spectieor  slopes at a given time is a stationary random function implies
example, in Fig. 9top) the phase plane appears to have athat the average contact slog&’), is independent of the
single path where, in reality, it consists of two paths that ardangential position of the mass with respect to the platform.
very close to each other. Evidence of this is seen in thén the other hand, the average contact sl¢gé), depends
middle figure where friction force follows two separate on the the separation between the mean planes, as described
paths. This slight variation every other cycle is seen in than Egs.(25) and(27). As a result, the average contact slope,
tangential velocity spectrum of the mass as a half-frequenc{Z’), remains independent with respect to tangential position
subharmonic of the fundamental frequency corresponding tof the mass but changes periodically with its normal motion.
the single loop observed in the phase plot in Fig. 9. Thus the influence of asperities on the motion of the system

The apparent self-intersection of the trajectories in thds nearly periodic, albeit nonlinear.
phase planes in Figs. 9 through 14 results from the projection  The periodic nature of the average contact sI¢@é&)
of the multidimensional phase-space trajectory onto the tarieads to nearly periodic solutions of the differential E®@).
gential velocity-displacement plane of the block; the actuafor A}, and A%. Hence, in accordance with Eq4.0), (12),
six-dimensional phase-space trajectory of the system doemnd (20), the resulting net normal and tangential forces are
not self-intersect. also nearly periodic, causing nearly periodic motion of the

The stick—slip behavior of the dynamic system pre-block both in normal and tangential directions. Both the nor-
sented here is very much reminiscent of the response of mal and tangential components of the contact force exhibit
friction-excited system even when the friction force-velocity the same fundamental frequency even though they may have
relationship is predefinett:2 different overall spectra.

eA' Periodicity and nonlinearity
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FIG. 10. Response of the dynamic system with a tangential natural freFIG. 11. Response of the dynamic system with a tangential natural fre-
quency off,=10 Hz displays stick—slip oscillations at a platform speed of quency off,=10 Hz displays stick—slip oscillations at a platform speed of
1.8 mm/s. 1.2 mm/s.

In cases of nonstationary contact slope distributionsg. =f,. At a lower critical speed, roughly described as

however, average contact slope changes from one cycle ’i@l/n the harmonic multiple off; becomes equal to the
the next as the block and the platform slide against eacf,ral frequencynf,=f,: Figs. 9—14.

other. The wavelength\ represents the average distance be-

tween resisting and assisting contacts. Its value can be ob-
tained using the average slope of conta¢®)), and the
normal displacement, or approagth, during the oscilla-
Stick—slip oscillations, and the corresponding peak valtions,
ues ofup, occur when the tangential natural frequenty,,
of the system coincides with the fundamental frequeifigy, Ahpae dh
-2

B. Critical speeds and fundamental frequency

of the friction force or one of its harmonics. The fundamental
frequency of the friction force approximately relates to the

platform speed as
- where(Z') is given by Eqs(25) and(27) and Ah,,. is the
fi=(vIN), (28) . . ! .

_ _ _ maximum relative approach during the motion of the block.
where\ is the wavelength corresponding to the relative tan-Both Ahy,,,and(Z’) depend on surface roughness as well as
gential displacement of the block during a cycle of its com-system response through the solutions to differential equa-
bined normal and tangential oscillation. The platform speedgons Egs.(21) and(22).
at which integer multiples of; equalf,, i.e.,nf;=fo, are Values of\, plotted in Fig. 15 as a function of maximum
referred to as the critical speedss v, . relative approach, can be used to predigt For example,

The fundamental critical speed ., is the highest plat-  for ¢=0.1, a relative approach of 0,8m (the maximum
form speed at which stick—slip occurs and the fundamentalelative approach considered in this pgpardicates a wave-
frequency of the friction force equals the natural frequencylength of A\/2=0.175 mm. For a system with a natural tan-

(29
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FIG. 12. Response of the dynamic system with a tangential natural freFIG. 13. Response of the dynamic system with a tangential natural fre-
quency off ;= 31.6 Hz displays stick—slip oscillations at a platform speed of quency off ,=31.6 Hz displays stick—slip oscillations at a platform speed of
12 mm/s. 6 mm/s.

ing is more acute for systems with higher tangential natural
Iftrequency or lower mean values of contact slopes.

Development of stick—slip also requires presence of
At v=v,, oscillations exhibit a single loop. At the b_oth t_he deformation and _adhesion forces. W@thout adhesion,
lower vaIueslofv integer multiples of the fundamental d!reptlon of the deformation c_:omponent of.t|me-depe.ndent

. e . ] friction force fluctuates, crossing zero-velocity state without
period of oscillations appear, as described by the increasedching the condition of stick. Adhesion assures existence
number of loops in the phase planes and corresponding suby the sticking condition when the relative velocity reaches
harmonics in the spectra. For example, the period is doublegyrq for at that moment the adhesive force changes direction
atvc,, tripled atvc,, and so on. Although only a limited 44 maintains, even for a short moment, zero relative veloc-
number of such platform speeds are revealed in these resulty. In the absence of adhesion, deformation force can switch
(Tables Il and 1), there may be an infinite number of them direction without sticking. On the other hand, adhesion,
for each combination of surface roughness and tangentialithout the deformation forces, causes only static displace-
natural frequency. ment of the block, without oscillations.

In accordance with Eq(28), critical speeds at which
stick—slip occurs(and wp reaches its peak valueshift to
higher values with increasing tangential natural frequency o
the dynamic system. However, their values decrease with an Numerical results indicate that around each critical
increase in surface roughness, i.e., increased expected valsgeed there is a band of platform speeds within which stick—
of slopes. Further, values of the critical speeds are not afslip motion occurs, provided the external damping is suffi-
fected by the changes in the tangential damping of the dyeiently small. Outside of thesstick-slip bands stick—slip
namic system or by the adhesive forces at the interface. motion may not develop, regardless of the amount of damp-

External damping inhibits stick—slip response of the sysing. The widths of the bands differ at each critical speed:
tem. Suppression of stick—slip by a small amount of dampthey appear to be the narrowest at the highest critical speeds

gential frequency of 10 Hz, E¢28) indicates the fundamen-
tal critical speed to be 3.5 mm/s. The corresponding resu
from numerical simulations is 3.6 mm/s.

F. Stick—Slip bands
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quency off ;=31.6 Hz displays stick—slip oscillations at a platform speed of at the outer limit CyCIe'
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D. Effects of surface roughness

and become wider at lower speeds. At very low speeds, how-  Nymerical results show that some critical speeds do not
ever, the bandwidths increase again. The apparent depegsincide with exact integer divisors of the fundamental criti-
dence of stick—slip bandwidth on the critical speed could not5| speed. This is an indication of the existence of a modest

be generalized with the limited number of results Obtai”e%onperiodicity in the motion. Such behavior becomes more

here. . _ . obvious when the distribution of contact slopes is nonstation-
In some cases, stick—slip band is so narrow that externa(qry_

damping must be nearly zero for stick—slip motion to exist. * | cases of nonstationary contact slope distribution, the
In such cases, stick—slip response may not be sustained, Bferage contact slopéz’), becomes nonperiodic. The ef-
develops intermittently. Such stick—slip conditions are consgct of nonstationarity of contact slopes on friction and sys-
tem response is investigated numerically by randomly chang-
ing the variance of contact slope during oscillations. Results
for which variance of slope distribution changes within 5%
and 25% of its nominal value are plotted in Fig. 16. When
compared with the corresponding stationary case, 5% vari-
ance in{Z') has only minor effects on the value of critical
speeds, while more significant changes develop with a 25%
variance; Fig. 16. Further, the stick-slip oscillations could
still be observed when the change in random variance is
030 confined to within 5%, while it was not possible to obtain
0.0 0.1 02 03 04 0s 0.6 any stick—slip with variance changes within 25% as the sur-
M2 (mm) face roughness becomes less stationary.
FIG. 15. Variation ofA/2 as a function of relative approach for different In the numerical cases treated in this paper, resonance-
values of standard deviatian of contact slope distribution. like peaks ofup occur at and below the fundamental critical
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velocity Ve, AS illustrated in Fig. 6, beyondcl, np does  An increase in surface roughness increases the strength of
not depend on the tangential natural frequency of the systengtick—slip motion, making it possible to develop even in the
and smoothly wanes with increasing platform speed. At sucipresence of large damping. On the other hand, changes in the
high speeds compared with , separation between surfaces magnitude of adhesive forces do not affect development of
remains large and approaches its maximum value, for ther%t'Cka“p as long as.adheswe force magnitudes are above a
is not sufficient time for the surfaces to completely approactfertain threshold. This threshold roughly corresponds to the
each other and fully undergo the effects of surface roughmMagnitude of the deformation forces. _
ness. Near the speeds wherg vanishes, computations be- The existence of stlck—_sllp_ is glso related to _the station-
come unstable and the current model is no longer applicabl@'ity of the contact slope distribution. For a stationary con-
For example, in the case of=0.1 in Fig. 7, thex, vanishes tact s_Iope d|str|but|qn, the average cqntact slope is a periodic
around a platform speed of 285 mm/s, whereas,ofer0.2 functl_on (_)f_separatlc_)n, and stick—slip can be genergted at
and 0=0.3, it vanishes at platform speeds 550 and gogeertain sliding yelqcnu_as. On the other ha_md_, nonstationary
mm/s, respectively. The numerical instability beyond thetontact slope distributions lead to nonperiodic average con-
limiting platform speeds is ascribed to contact loss at thdact slopes, which do not produce stick—slip vibrations unless

interface. the nonstationarity of the distribution, or the deviation from
the nominal, is small. The implication here is that surfaces
V. SUMMARY AND CONCLUDING REMARKS that have a stationary distribution of asperity slofesigh-

nes$, as may be the case for machined surfaces, have a

~ The model developed in this paper demonstrates thaligher propensity to exhibit stick—slip than surfaces that
friction depends on both the interface properties of the surhaye nonstationary roughnesses.

faces and on the dynamic response of the system that em-  The friction force expression developed in this paper

bodies them. The model relates macro-scale friction force tgyay pe expanded to include other processes that contribute

micro-scale forces developed at the true contact areas bgs friction to the extent that they can also be expressed in
tween surfaces. Expressing the contact forces in terms Qgyms of contact areas.
contact areas and summing them statistically establishes this
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