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ABSTRACT
We consider a user releasing her data containing some
personal information in return of a service. We model user’s
personal information as two correlated random variables, one
of them, called the secret variable, is to be kept private, while
the other, called the useful variable, is to be disclosed for
utility. We consider active sequential data release, where at
each time step the user chooses from among a finite set of release mechanisms, each revealing some information about the
user’s personal information, i.e., the true hypotheses, albeit
with different statistics. The user manages data release in an
online fashion such that maximum amount of information is
revealed about the latent useful variable, while his confidence
for the sensitive variable is kept below a predefined level. For
the utility, we consider both the probability of correct detection of the useful variable and the mutual information (MI)
between the useful variable and released data. We formulate
both problems as a Markov decision process (MDP), and numerically solve them by advantage actor-critic (A2C) deep
reinforcement learning (RL).
Index Terms— Privacy, hypothesis testing, active learning, actor-critic deep reinforcement learning.
1. INTRODUCTION
Recent advances in Internet of things (IoT) devices and services have increased their usage in a wide range of areas, such
as health and activity monitoring, location-based services and
smart metering. However, in most of these applications, data
collected by IoT devices contain sensitive information about
the users. Chronic illnesses, disabilities, daily habits, presence at home, or states of home appliances are typical examples of sensitive information that can be inferred from collected data. Privacy is an important concern for the adoption
of many IoT services, and there is a growing demand from
consumers to keep their personal information private. Privacy
has been widely studied in the literature [1–10], and a vast
number of privacy measures have been introduced, including
differential privacy [1], mutual information (MI) [2–8], total
variation distance [11], maximal leakage [12, 13], and guessing leakage [14], to count a few.
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In this paper, we consider inference privacy of user data,
which refers to the protection from an adversary’s attempt
to deduce sensitive information from an underlying distribution. We specifically consider an active learning scenario for
privacy-utility trade-off against a hypothesis testing (HT) adversary. In this setting, we assume that a user wants to share
the “useful” part of her data with a utility provider (UP). However, the UP, which we will call the adversary, might also try
to deduce user’s “secret” information from the shared data.
We model the user’s secret and useful data as correlated discrete random variables (r.v.’s). The user’s goal is to prevent
the secret from being accurately detected by the adversary
while the useful data is revealed to the adversary for utility.
Differently from the existing works [2,3,11,12,14,15], which
typically consider a one-shot data release problem, we consider a discrete time system, and assume that the user can
choose from among a finite number of data release mechanisms at each time. These might correspond to different types
of sensor readings. While each measurement reveals some
information about user’s latent states, we assume that each
sensor has different measurement characteristics, i.e., conditional probability distributions. User’s objective is to choose a
data release mechanism at each time, in an online fashion, to
receive maximum utility while keeping the adversary’s confidence for the sensitive information below a prescribed value.
Our problem is also similar to active sequential HT [16–
18], where the objective is to detect the true hypothesis as
quickly as possible; on the contrary, our goal is to maximize
the utility of the useful data while keeping the adversary’s
confidence about the secret below a prescribed threshold. We
consider two utility measures for the useful data: the adversary’s confidence level on the useful data and the MI between
the useful and released data. Note that maximizing MI does
not necessarily maximize the confidence on the true useful
data at the time of decision; instead, it maximizes leakage not
only for the true hypothesis but for all possible hypotheses.
We recast the problem under both utility measures as a
partially observable Markov decision process (POMDP) and
use advantage actor-critic (A2C) deep reinforcement learning
(RL) framework to evaluate and optimize the utility-privacy
trade-off. Finally, we provide a numerical comparison between the proposed policies studying the adversary’s confidence on the true useful hypothesis under different confidence

thresholds on the secret. We also compare the policies in
terms of decision making time and information leakage.
The remainder of the paper is organized as follows. We
present the problem formulation and the MDP approach in
Sections 2 and 3, respectively. MI utility is introduced in Section 4, and the evaluation through A2C deep RL is presented
in Section 5. We conclude our work in Section 6.
2. PROBLEM FORMULATION
We consider a user that wants to share her data with a potential adversary in return of utility. The data reveals information about two underlying latent variables; one represents the
user’s sensitive information, called the secret, while the other
is non-sensitive useful part, and is intentionally disclosed for
utility. The adversary, in this context, can model an honest
but curious UP. It can also model a third party that may illegitimately access the released data. The user’s goal is to
maximize the adversary’s confidence for the non-sensitive information to gain utility, while keeping his confidence in the
secret below a predefined level.
Let S = {0, 1, . . . , N − 1} and U = {0, 1, . . . , M − 1} be
the finite sets of the hypotheses represented by the r.v.’s S ∈ S
for the secret and U ∈ U for the non-sensitive useful information, respectively. Consider a finite set A of different data
release mechanisms available to the user, each modeled with
a different statistical relation with the underlying hypotheses.
For example, in the case of a user sharing activity data, e.g.,
Fitbit records, set A may correspond to different types of sensor measurements the user may share. Useful information the
user wants to share may be the exercise type, while the sensitive information can be various daily habits. We assume that
the data revealed at time t, Zt , is generated by an independent realization of a conditional probability distribution that
depends on the true hypotheses and the chosen data release
mechanism At ∈ A, denoted by q(Zt |At , S, U ).
The user’s goal is to disclose U through the released data
Zt , as long as the adversary’s confidence in S is below a
certain threshold. We assume that the observation statistics
q(Zt |At , S, U ) and the employed data release mechanism At
are known both by the user and the adversary. To maximally
confuse the adversary, the user selects action At with a probability distribution π(At |Z t−1 , At−1 ) conditioned on the adversary’s observation history up to that time, {Z t−1 , At−1 }.
If the user has the knowledge of the true hypotheses, she can
select the actions depending on both the observation history
and the true hypotheses. However, our assumption is that the
true hypotheses are unknown to all the parties involved.
The optimal strategy for the adversary is to employ classical sequential HT, i.e., he observes the data samples released
by the user and updates its belief on the true hypotheses accordingly. We define the belief of the adversary on hypotheses
S and U after observing {Z t−1 , At−1 } by
βt (s, u) = P (S= s, U = u|Z t−1 = z t−1 , At−1 = at−1 ), (1)
where s, u, zt and at are the realizations of S, U , Zt , and At ,
respectively. The adversary’s belief on the secret is βt (s) =

P

u∈U βt (s, u). Let τ be the time that we believe the adversary reaches the prescribed confidence threshold on the secret.
The user stops releasing data at this point. The main objective of this paper is to obtain a policy π, which generates the
best action probabilities, such that the adversary’s belief on
the true U at time τ is maximized. Therefore, our goal is to
solve the following problem:
maximize
βτ (U )
(2)
A0 ,A1 ,...,Aτ

subject to
βt (S) ≤ Ls , ∀t ≤ τ,
(3)
where Ls is a predetermined scalar of the user’s choice. Note
that the trade-off between the utility and privacy will be obtained by considering a range of Ls values
3. POMDP FORMULATION
The above privacy-utility trade-off against a HT adversary
can be recast as a POMDP with partially observable static
states {S, U }, actions At , and observations Zt . POMDPs
can be reformulated as belief-Markov decision processes
(belief-MDPs) and solved using classical MDP solution
methods. Hence, we define the state of the belief-MDP
as the adversary’s belief on hypotheses {S, U } after observing {Z t−1 , At−1 }, i.e., βt (s, u). After defining the states as
the belief, the user’s action probabilities become conditioned
on the belief distribution, i.e., π(At = at |βt ), while the
observation probabilities are the same as before.
The user stops sharing data when the adversary’s belief on
any secret s ∈ S exceeds a threshold. Therefore, the problem
is an episodic MDP, which ends when a final state is reached.
We define a new state space X = P (S, U) ∪ {F } of size
N × M , where P (S, U) is the belief space, and F is a recurrent final state reached when the adversary’s confidence on S
surpasses the prescribed maximum value. After a single observation {zt , at }, the adversary updates its belief by Bayes’
rule as follows:
q(zt |at , s, u)π(at |βt )βt (s, u)
,
(4)
βt+1 (s, u) = P
q(zt |at , ŝ, û)π(at |βt )βt (ŝ, û)
ŝ,û

where βt+1 (s, u) can also be denoted by φπ (β, z, a) in timeindependent notation. Hence, the state transitions of the
belief-MDP are governed by the observation probabilities
of different actions, q(zt |at , s, u). If βt (s) ≥ Ls holds for
any secret s ∈ S, we transition to the final state F . The
overall strategy for belief update is represented by the Bayes’
operator as follows:

π

φ (β, z, a), if x = β(s, u) for β(s) < Ls
π
φ (x, z, a)= F,
if x = β(s, u) for β(s) ≥ Ls


F,
if x = F.
We define an instantaneous reward function for the current
state, which induces policy π when maximized:

if x = β(s, u) for β(s) < Ls

0,
rβ (x) = max β(u), if x = β(s, u) for β(s) ≥ Ls

 u
0,
if x = F.

Due to the belief-based utility, we call this approach
belief-reward policy. According to her strategy, the user
checks if the adversary’s belief on any secret exceeds a threshold Ls , if not, she believes that the adversary updates his belief as in (4) in the next time step. If the threshold is reached,
the user stops data sharing, updates the state x = β(s, u) to
the final state x = F and the episode ends.
We assume that the adversary follows the optimal sequential HT strategy. Since the user has access to all the information that the adversary has, it can perfectly track his beliefs.
Hence, the user decides her own policy facilitating the adversary’s HT strategy, episodic behavior and belief. Accordingly,
reward function rβ (x) is defined such that the user receives
no reward until the adversary’s belief on the secret reaches
the prescribed threshold, at which point she receives a reward
measured by the adversary’s current belief on the true useful
hypothesis, and the episode ends by reaching the final state.
The corresponding Bellman equation induced by the optimal policy π can be
n written as [19],
o
V π (β) = max
r(β, π(a|β)) + Ez,a V π (φπ (β, z, a)) ,
π(a|β)∈P (A)

where V π (β) is the state-value function, and P (A) is the action probability space. The objective is to find a policy π that
optimizes the reward function. However, finding optimal policies for continuous state and action MDPs is PSPACE-hard
[20]. In practice, to solve them by classical finite-state MDP
methods, e.g., value iteration, policy iteration and gradientbased methods, belief discretization is required [21]. While a
finer discretization gets closer to the optimal solution, it expands the state space; hence, the problem complexity. Therefore, we will use RL as a computational tool to numerically
solve the continuous state and action space MDP.
4. MI UTILITY
In this section, we consider a scenario where the UP is more
interested in the statistics of the public information rather than
its true value. Accordingly, we consider MI as a utility measure; that is, the user wants to maximize the MI between the
useful hypothesis and the observations by the time the adversary reaches the prescribed confidence level on the secret. MI
is commonly used both as a privacy and a utility measure in
the literature [4, 8, 15]
The MI between U and (Z T , AT ) over time T is given by
T
X
I(U ; Z T , AT ) =
I(U ; Zt , At |Z t−1 , At−1 ).
(5)
t=1

The MI between the useful hypothesis and the observations at time t can be written in terms of the belief, action and
observation probabilitiesX
as follows:
I(U ;Zt , At |β) = −
q(zt |at , s, u)π(at |β)β(s, u)
s,u,zt ,at

P

× log

q(zt |at , ŝ, u)π(at |β)β(ŝ, u)
P
.
β(u) q(zt |at , s̄, ū)π(at |β)β(s̄, ū)
ŝ

s̄,ū

(6)

Accordingly, the information reward gained in the current
time step after taking action at , and releasing the corresponding observation zt is defined as

(
rI (x) =

I(u; zt , at |β), if x = β(s, u) for β(s) ≤ Ls
0,
if x = F.

Adversary’s belief is updated by φπ (x, z, a) as before.
This policy maximizes the leakage not only for the true hypothesis for u but all possible hypotheses for U . For example,
a policy may disclose a lot of information even if the adversary is confused between two out of many hypotheses, as he
learns that the true state is none of the other possibilities.
5. NUMERICAL RESULTS
The MDP formulation enables us to numerically approximate
the optimal policy and the optimal reward using RL. In RL, an
agent discovers the best action to take in a particular state by
receiving instant rewards from the environment [22]. In our
problem, we assume that the state transitions and the reward
function are known for every state-action pair. Hence, we use
RL as a tool to numerically solve the optimization problem.
To integrate the RL framework into our problem, we create an artificial environment which inputs the user’s current
state, xt ∈ P (S, U) ∪ F , and action probabilities, π(at |xt )
at time t, then calculates the reward, samples an observation zt , and calculates the next state xt+1 using the Bayes’
operator as in (4). The user receives the experience tuple
(xt , π(at |xt ), rt , zt , xt+1 ) from the environment, and refines
her policy accordingly.
POMDPs with continuous belief and action spaces are
difficult to solve numerically by using classical MDP solution methods. Actor-critic RL algorithms combine the advantages of value-based (critic-only) and policy-based (actoronly) methods, such as low variance and continuous action
producing capability. Therefore, we use A2C deep RL for the
numerical evaluation of our problem.
5.1. A2C Deep RL
In the A2C deep RL algorithm, the actor represents the policy structure and the critic estimates the value function [22].
In our setting, we parameterize the value function by the parameter vector θ ∈ Θ as Vθ (x), and the stochastic policy by
ξ ∈ Ξ as πξ . The error between the critic’s estimate and the
target differing by one-step in time is called temporal difference (TD) error [23]. The TD error for the experience tuple
(xt , π(at |xt ), zt , xt+1 , rt ) is estimated as
δt = rt (xt ) + γVθt (xt+1 ) − Vθt (xt ),
(7)
where rt (xt ) + γVθt (xt+1 ) is called the TD target, and γ is
a discount factor chosen close to 1 to approximate the Bellman equation for our episodic MDP. Instead of using the value
functions in actor and critic updates, we use the advantage
function to reduce the variance from the policy gradient. The
advantage is approximated by TD error. Hence, the critic is
updated by gradient ascent as:
θt+1 = θt + ηtc ∇θ `c (θt ),
(8)
where `c (θt ) = δt2 is the critic loss, and ηtc is the learning rate
of the critic at time t. The actor is updated similarly as,
ξt+1 = ξt + ηta ∇ξ `a (ξt ),
(9)

where `a (ξt ) = − ln(π(at |xt , ξt ))δt is the actor loss and ηta
is the actor’s learning rate.
In implementation, we represent the actor and critic by
fully connected deep neural networks (DNNs) with two hidden layers. The critic DNN takes the current state x of size
N as input, and outputs the corresponding state value for the
current action probabilities Vθξ (x). The actor takes the state
as input, and outputs the parameters ξ for the corresponding
state, where {ξ 1 , . . . , ξ |A| } are the densities used to generate
a Dirichlet distribution representing the action probabilities.
5.2. Simulation results
We train two fully connected feed-forward DNNs, representing the actor and critic, by utilizing ADAM optimizer [24].
Both networks contain two hidden layers with ReLU activation [25], and softmax and tanh at the output layers of the
actor and the critic, respectively.
The results are presented for N = 3, M = 3, |A| = 3 and
|Z| = 21, and uniformly distributed S and U . The final state
is reached when the adversary’s belief on any s ∈ S exceeds
the threshold Ls for Ls ∈ {0.65, 0.8, 0.9, 0.95}. Observation
probabilities are selected such that each action distinguishes
a different pair of hypotheses well for both S and U . For
example, we created a matrix with each row representing
the conditional distribution of z for different (a, s, u) realizations. For sensor a = 0, we used N (0, σj ) for (s, u)
= {(0, 0), (0, 1), (0, 2), (1, 0), (1, 1), (1, 2)}, N (1, σj ) for
(s, u) = (2, 0), N (2, σj ) for (s, u) = (2, 1), and N (3, σj ) for
(s, u) = (2, 2), and we normalized through the columns representing z. Here, σj ’s are chosen randomly from the interval
[0.5, 1.5] for each (a, s, u) with index j={1, .., N ×M ×|A|}.
This sensor discloses s=2 case more than the other secrets.
Moreover, a=1 and a=2 reveal more information for s=1 and
s=0 cases, respectively. In this model, there is no perfect
sensor which reveals only the useful hypothesis while giving
no information about the secret. As a benchmark, we also
consider a random policy taking the actions independently of
the adversary’s observations and belief. We choose two random policies with action probabilities πR1 (a)=[0.3, 0.6, 0.1]
and πR2 (a)=[ 13 , 13 , 13 ]. When the belief on the secret exceeds
the threshold, episode ends as before.
In Fig. 1, we show the adversary’s confidence about U at
the decision time on the left axis and MI between U and observations on the right axis as a function of the allowed confidence level on S. While blue lines and red markers are scaled
by the left and right axes, respectively, same markers in both
colors represent the same particular policy. We represent the
belief-reward and MI utility policies by, πβ and πI , respectively. We observe that through the proposed active release
mechanism, the useful information can be shared with high
confidence while keeping the adversary relatively confused
about the secret. We conclude from the results that maximizing MI provides more information about the set of hypothesis
U than maximizing βτ (U ); however, it does not directly reveal the true hypothesis as much as πβ reveals. However, πI

Fig. 1: The confidence on U and MI utility w.r.t the maximum
allowed confidence level on S for the proposed policies.
still performs relatively close to the belief-reward policy πβ
for βτ (U ) at higher Ls . Although the random policy provides
simplicity for action selection, it has no control on the UP’s
confidence on the useful hypothesis. Hence, πR1 and πR2
perform poorly for both βτ (U ) and MI as expected since they
do not use the observations to determine the best actions.
Note that we have not explicitly considered τ as part of
our optimization. In theory, we allow unlimited time steps
as long as the confidence bound on the secret is not violated.
On the other hand, since the confidence level on S monotonically increases with time, the user stops revealing data after
a finite number of steps. We observed that τ (Ls = 0.65) =
105 ± 18, τ (Ls = 0.8) = 250 ± 46, τ (Ls = 0.9) = 470 ± 65 and
τ (Ls = 0.95) = 780 ± 120, which follows an increasing trend
as the constraint on the secret is relaxed. For πI , we observed
shorter decision times, i.e., τ (Ls = 0.65) = 95±15, τ (Ls = 0.8)
= 180 ± 38, τ (Ls = 0.9) = 420 ± 60, τ (Ls = 0.95) = 485 ± 92,
which means that MI-maximizing actions also reveal more
about the secret. For πR1 and πR2 , we observed much shorter
decision times, i.e., τ (Ls = 0.65) = 4.2 ± 0.8, τ (Ls = 0.8) =
5.5 ± 1, τ (Ls = 0.9) = 8.2 ± 1.3, τ (Ls = 0.95) = 9 ± 2 and
τ (Ls = 0.65) = 3.1 ± 0.5, τ (Ls = 0.8) = 4.5 ± 0.6, τ (Ls = 0.9)
= 6 ± 1.3, τ (Ls = 0.95) = 8 ± 1.4, respectively. Random policies end up choosing actions that leak significant amount of
information about the secret without providing much utility.
6. CONCLUSIONS AND FUTURE WORK
We have seen that maximizing the MI does not necessarily
reveal the true useful hypothesis with the same level of confidence as the belief-reward policy; however, this approach
may be more useful when the objective is not necessarily to
estimate the true value of the utility r.v., but infer its statistics.
We have also shown that decision time is longer for higher
confidence, when the good actions chosen for high utility hide
the secret more than bad actions. Implementing the proposed
policies on real data is in our future work plan.
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