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a b s t r a c t
In this work, the inﬂuence of the plastic size effect on the fracture process of metallic materials is
numerically analyzed using the strain-gradient plasticity (SGP) theory established from the Taylor
dislocation model. Since large deformations generally occur in the vicinity of a crack, the numerical
framework of the chosen SGP theory is developed for allowing large strains and rotations. The material
model is implemented in a commercial ﬁnite element (FE) code by a user subroutine, and crack-tip ﬁelds
are evaluated thoroughly for both inﬁnitesimal and ﬁnite deformation theories by a boundary-layer
formulation. An extensive parametric study is conducted and differences in the stress distributions ahead
of the crack tip, as compared with conventional plasticity, are quantiﬁed. As a consequence of the straingradient contribution to the work hardening of the material, FE results show a signiﬁcant increase in the
magnitude and the extent of the differences between the stress ﬁelds of SGP and conventional plasticity
theories when ﬁnite strains are considered. Since the distance from the crack tip at which the strain gradient signiﬁcantly alters the stress ﬁeld could be one order of magnitude higher when large strains are
considered, results reveal that the plastic size effect could have important implications in the modelization of several damage mechanisms where its inﬂuence has not yet been considered in the literature.
Ó 2015 Elsevier Ltd. All rights reserved.

1. Introduction
Experiments and direct-dislocation simulations have demonstrate that metallic materials display a strong size effect at the
micro- and sub-micron scales. Attributed to geometrically necessary dislocations (GNDs) associated with non-uniform plastic
deformation; this size effect is especially signiﬁcant in fracture
problems since the plastic zone adjacent to the crack tip is physically small and contains strong spatial gradients of deformation. Since
conventional plasticity possesses no intrinsic material length,
several continuum strain-gradient plasticity (SGP) theories have
been developed through the years to incorporate some length-scale
parameters in the constitutive equations. Most of them can be classiﬁed as a function of their approach as phenomenological (Fleck
and Hutchinson, 1993, 1997, 2001) or mechanism-based (Gao
et al., 1999; Huang et al., 2000).
The experimental observation of cleavage fractures in the presence of signiﬁcant plastic ﬂow (Elssner et al., 1994; Korn et al.,
2002) has aroused signiﬁcant interest in the inﬂuence of the plastic
strain gradient on crack-tip stresses (Wei and Hutchinson, 1997;
Chen et al., 1999; Wei, 2001). Jiang et al. (2001) investigated the
crack-tip ﬁeld by a mechanism-based strain-gradient (MSG)
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plasticity theory established from the Taylor dislocation model.
Their investigation showed that GNDs near the crack tip promoted
strain-hardening and that the GNDs led to a much higher stress
level in the vicinity of the crack than that predicted by classical
plasticity. Qu et al. (2004) implemented the lower-order conventional theory of mechanism-based strain-gradient (CMSG) plasticity (Huang et al., 2004) that does not involve higher-order
stresses and where the plastic strain gradient is involved through
the incremental plastic modulus. They showed that the higherorder boundary conditions have essentially no effect on the stress
distribution at a distance greater than 10 nm from the crack tip,
well below the lower limit of physical validity of the SGP theories
based on Taylor’s dislocation model (Shi et al., 2001).
However, the aforementioned studies were conducted in the
framework of the inﬁnitesimal deformation theory, and although
large deformations occur in the vicinity of the crack, little work
has been done to investigate crack-tip ﬁelds under SGP to account
for ﬁnite strains. Hwang et al. (2003) developed a ﬁnite deformation theory of MSG plasticity, but they were unable to reach strain
levels higher than 10% near the crack tip due to convergence
problems. Mikkelsen and Goutianos (2009) determined the range
of material length scales where a full strain-gradient-dependent
plasticity simulation is necessary in the ﬁnite strain version
(Niordson and Redanz, 2004) of the SGP theory of Fleck and
Hutchinson (2001). Pan and Yan (2011) used the element-free
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Galerkin method to analyze the crack-tip stresses through a lowerorder gradient plasticity (LGP) model (Yuan and Chen, 2000) and
they showed that the known elastic–plastic fracture mechanics
parameter G can be directly applied to the crack assessment under
strain-gradient plasticity for both inﬁnitesimal and ﬁnite deformation theories.
Moreover, identifying and quantifying the relation between
material parameters and the physical length over which gradient
effects prominently enhance crack-tip stresses is essential in rating
their inﬂuences on crack-growth mechanisms, and for rationally
applying SGP theories to predict damage and fracture. This has
been done recently by Komaragiri et al. (2008) for the phenomenological SGP theory of Fleck and Hutchinson (2001) within the
small-strain theory. But, as the strain gradient increases the resistance to plastic deformation thereby lowering crack-tip blunting,
and consequently avoiding the local stress triaxiality reduction
characteristic of the conventional plasticity predictions, it is
imperative to quantify the distance ahead of the crack tip where
the plastic size effect signiﬁcantly alters the stress distribution
accounting for ﬁnite strains.
In this work, the inﬂuence of the plastic strain gradient on the
fracturing process of metallic materials is numerically analyzed
in the framework of small- and large-deformations by the CMSG
theory. An extensive parametric study is conducted and differences
in the stress distributions ahead of the crack tip, compared with
conventional plasticity, are quantiﬁed. Implications of the results
on fracture- and damage-modeling are thoroughly discussed.
2. Conventional theory of mechanism-based strain gradient
The conventional theory of mechanism-based strain-gradient
plasticity (CMSG) is based on the Taylor dislocation model but does
not involve higher-order stresses. Therefore, the plastic strain gradient appears only in the constitutive model and the equilibrium
equations and boundary conditions are the same as the conventional continuum theories (Huang et al., 2004).
The dislocation model of Taylor (1938) gives the shear-ﬂow
stress s in terms of the dislocation density q as:

pﬃﬃﬃﬃ

s ¼ alb q;

ð1Þ

where l is the shear modulus, b is the magnitude of the Burgers
vector, and a is an empirical coefﬁcient that takes values between
0.3 and 0.5. The dislocation density comprises the sum of the
density qS for statistically stored dislocations and the density qG
for geometrically necessary dislocations:

q ¼ qS þ qG ;

ð2Þ

with qG related to the effective plastic strain gradient gp by:

qG ¼ r

gp
b

ð3Þ

;

where r is the Nye-factor that is assumed to be approximately 1.90
for face-centered-cubic (fcc) polycrystals.
The tensile ﬂow stress rflow is related to the shear-ﬂow stress s
by:

rflow ¼ Ms;

ð4Þ

M being the Taylor factor, that equals 3.06 for fcc metals. Rearranging Eqs. (1)–(4) yields:

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

gp
rflow ¼ Malb qS þ r :
b

ð5Þ

qS can be determined from (5), knowing the relation in uniaxial
tension (where gp ¼ 0) between the ﬂow stress and the material
stress–strain curve, as





qS ¼ rref f ðep Þ=ðMalbÞ 2 ;

ð6Þ

where rref is a reference stress and f is a non-dimensional function
of plastic strain ep determined from the uniaxial stress–strain curve.
Substituting in (5), rflow yields:

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ

rflow ¼ rref f 2 ðep Þ þ lgp ;

ð7Þ

where l is the intrinsic material length that provides a combination
of the effects of elasticity (l), plasticity (rref ), and atomic spacing (b)
and is given by:

l ¼ M 2 r a2



l
rref

2

b ¼ 18a2



l
rref

2
b:

ð8Þ

According to Gao et al. (1999), the effective plastic strain
gradient gp is given by:

gp ¼

rﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 p p
g g ;
4 ijk ijk

ð9Þ

where the third-order tensor gpijk is obtained by:

gpijk ¼ epik;j þ epjk;i  epij;k ;

ð10Þ

and the tensor for plastic strain equals:

epij ¼

Z

e_ pij dt:

ð11Þ

To avoid higher-order stresses, Huang et al. (2004) used a viscoplastic formulation that gives the plastic strain rate e_ p in terms
of the effective stress re rather than its rate r_ e . Also, to remove
the strain-rate- and time-dependence, a viscoplastic-limit is used
by replacing the reference strain with the effective strain rate e_ :

2
_p

e

6
¼ e_ 4

3m

re

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ7
5 :
rref f 2 ðep Þ þ lgp

ð12Þ

This procedure is merely for mathematical convenience and differences are negligible for a large value of the rate-sensitivity exponent (m P 20). Considering that the volumetric- and deviatoricstrain rates are related to the stress rate in the same way as in classical plasticity, the constitutive equation of the CMSG theory
yields:

r_ ij ¼ K e_ kk dij þ 2l e_ 0ij 

3e_
2re





re m _
r0ij :
rflow

ð13Þ

As it is based on the Taylor dislocation model, which represents
an average of dislocation activities, the CMSG theory is only applicable at a scale much larger than the average dislocation spacing.
For common values of dislocation density in metals, the lower limit
of physical validity of the SGP theories based on Taylor’s dislocation model is approximately 100 nm.
3. Crack-tip ﬁelds with inﬁnitesimal strains
Crack-tip ﬁelds are evaluated in the framework of the ﬁnite element method by a boundary-layer formulation, where the crack
region is contained by a circular zone and a mode-I load is applied
at the remote circular boundary through a prescribed
displacement:

1þm
uðr; hÞ ¼ K I
E

v ðr; hÞ ¼ K I

1þm
E

rﬃﬃﬃﬃﬃﬃﬃ  
r
h
ð3  4m  coshÞ;
cos
2p
2

ð14Þ

rﬃﬃﬃﬃﬃﬃﬃ
 
r
h
ð3  4m  coshÞ;
sin
2p
2

ð15Þ
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u and v being the horizontal and vertical components of the
displacement boundary condition, respectively; r and h the radial
and angular coordinates of a polar coordinate system centered at
the crack tip, E and m the elastic properties of the material, and
K I the stress intensity factor that quantiﬁes the remote applied
load.
The material model is implemented in the commercial ﬁnite
element package ABAQUS via its user-material subroutine UMAT.
Since higher-order boundary conditions are not involved, the
governing equations of the CMSG theory are essentially the same
as those in conventional plasticity. The plastic strain gradient is
obtained by numerical differentiation within the element: the
plastic strain increment is interpolated through its values at the
Gauss integration points in the isoparametric space and afterwards
the increment in the plastic strain gradient is calculated by differentiation of the shape function. Another possible implementation
scheme lies in using C 0 ﬁnite elements incorporating the effect of
the strain gradient as an extension of the classical FE formulation
(Swaddiwudhipong et al., 2006a,b).
Plane strain conditions are assumed and only the upper half of
the circular domain is modeled because of symmetry. An outer
radius of R = 42 mm is deﬁned and the entire specimen is
discretized using 1580 eight-noded quadrilateral plane-strain
elements with reduced integration (CPE8R). As seen in Fig. 1, to
accurately characterize the strain-gradient effect, a very ﬁne mesh
is used near the crack tip, where the length of the smallest element
is approximately 10 nm.
To compare and validate our numerical implementation, we
have employed the same material properties considered by Qu
et al. (2004) in the present study. Thus, if the stress–strain relation
in uniaxial tension can be written as:

r ¼ rref f ðep Þ ¼ rY



E

rY

N

ep þ

rY
E

N

;

ð16Þ

rY is the initial yield stress and N is the strain hardening
rref ¼ rY ðE=rY ÞN is the assumed reference stress, and
p
p
f ðe Þ ¼ ðe þ ðrY =EÞÞN ; the material parameters being rY ¼ 0:2% of
E; m ¼ 0:3; N ¼ 0:2; m ¼ 20; b ¼ 0:255 nm, and a ¼ 0:5, which give
an intrinsic material length of l ¼ 3:53 lm according to (8).
Fig. 2 shows the hoop stress rhh distribution ahead of the crack
pﬃ
tip (h ¼ 0 ) under a remote load of K I ¼ 17:3rY l for both CMSG
and classical plasticity theories; rhh is normalized to the material
where

exponent.

yield stress and the distance to the crack tip r ranges from
0.1 lm, the lower limit of CMSG plasticity, to 100 lm. As depicted
in Fig. 2, the stress-ﬁeld predicted by the CMSG theory agrees with
the estimations of Hutchinson, Rice, and Rosengren (HRR) away
from the crack tip, but becomes much larger within 1 lm distance
from it. Indeed, the stress level in the CMSG theory at r ¼ 0:1 lm is
equal to 12rY , which is high enough to trigger cleavage fracture as
discussed by Qu et al. (2004). Results agree with those obtained by
Qu et al. (2004) and Jiang et al. (2001) for the CMSG and MSG theories, respectively, proving that higher-order boundary conditions
do not inﬂuence crack-tip ﬁelds within its physical domain and
thus validating the present numerical implementation. Note that
the crack-tip stress-elevation obtained by the mechanism-based
theory quantitatively agrees with the predictions of the phenomenological approach, but with length parameters 4–5 times
the corresponding quantity in the Fleck–Hutchinson theory:
lMSG  ð4  5ÞlSG (see Wei and Qiu, 2004).
A parametric study covering several material properties,
applied loads, and constraint conditions is conducted as a function
of physical inputs to determine the inﬂuence of the strain gradient
on crack-tip ﬁelds. As shown in Fig. 2, with the aim of quantifying
the size of the region that is affected by the plastic size effect, the
distance over which the stress is signiﬁcantly higher than that
predicted by conventional plasticity (rCMSG > 1:5rHRR ) is deﬁned
by rSGP . Differences between the stress ﬁeld obtained at a given point
in the crack-tip region, for the CMSG theory (rCMSG ), and the HRR
ﬁeld (rHRR ) will depend on the following dimensionless terms:





rCMSG
rY
l KI
¼f
; N; m; ; pﬃ :
R rY l
rHRR
E

Fig. 1. Finite element mesh for the boundary layer formulation.

ð17Þ

The material properties considered in Fig. 2 are taken as reference values and to avoid confusion as its corresponding variables
are denoted with an asterisk. Also, to quantify the plastic size effect
under different crack-tip constraint conditions, the stress-ﬁelds are
evaluated through a modiﬁed boundary layer (MBL) formulation
where the remote boundary is also dependent on the elastic
T-stress (Betegon and Hancock, 1991):

Fig. 2. rhh distribution
ahead of the crack tip for both CMSG and classical plasticity theories in small strains, r being the distance to the crack tip in log scale for
pﬃ
K I ¼ 17:3rY l; rY ¼ 0:2% of E; m ¼ 0:3; N ¼ 0:2 and l ¼ 3:53 lm.
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rﬃﬃﬃﬃﬃﬃﬃ
 


1þm
r
h
1  m2
ð3  4m  coshÞ þ T
Rcosh;
cos
uðr; hÞ ¼ K I
2p
2
E
E
ð18Þ

v ðr; hÞ ¼ K I

1þm
E

rﬃﬃﬃﬃﬃﬃﬃ
 


r
h
mð1 þ mÞ
ð3  4m  coshÞ  T
Rsinh:
sin
2p
2
E
ð19Þ
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Fig. 3(a) shows the size of the domain inﬂuenced by the strain
gradient plotted as a function of the applied load for the same conﬁguration and material properties as above with rSGP normalized to
the outer radius R and the normalized applied stress intensity facpﬃﬃﬃﬃ
pﬃﬃﬃﬃ
tor going from K I ¼ 30rY l to K I ¼ 300rY l . The trend described
by rSGP could be justiﬁed by the inﬂuence of geometrically necessary dislocations on plastic resistance. Since, as can be seen in (7)
and (13), the plastic strain gradient gp is an internal variable of

Fig. 3. Distance ahead of the crack tip where the strain gradient signiﬁcantly inﬂuences the stress distribution in small strains as a function of (a) applied load K I , (b) yield
stress rY , (c) strain hardening exponent N, (d) Poisson’s ratio m, (e) intrinsic material length l and (f) T-stress.
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the constitutive equation of the CMSG theory which acts to
increase the tangent modulus, hence reducing the plastic strain
rate. Therefore, the plastic size effect translates into an additional
hardening law, which causes an increase of the stress level that
is enhanced as the applied load increases. Maintaining small-scale
yielding (SSY) conditions, three load levels are considered in the
pﬃﬃﬃ
pﬃﬃﬃ
analysis of subsequent parameters: K I ¼ 0:12rY R; K I ¼ 0:6rY R
p
ﬃﬃﬃ
and K I ¼ 1:2rY R.
Fig. 3(b) shows the plots for the normalized relation between
rSGP and the material elastic properties for different values of the
yield stress rY . The results show that as the value of the yield stress
increases, the length of the domain where crack-tip ﬁelds are inﬂuenced by the size effect decreases. This is due to the fact that a
higher value of rY causes a reduction in plastic deformation, hence
downsizing the interval in which the strain gradient inﬂuences the
tangent modulus. Note also that while an increase in the value of
rY translates into a higher rflow in conventional plasticity, the magnitude of the term accounting for the strain-gradient effect in (7) is
independent of the material yield stress since the intrinsic material
length l (8) also depends on rY .
Fig. 3(c) illustrates the normalized distance over which the
strain gradient signiﬁcantly inﬂuences the stress distribution as a
function of the strain hardening exponent N, with N values varying
between 0.1 and 0.4. As seen in Fig. 3(c), the higher the workhardening degree of the material the lower the extension of the
inﬂuence of the plastic size effect on crack-tip ﬁelds. Since, as
shown by Shi et al. (2001) for the MSG theory and unlike the
HRR ﬁeld, the power of stress-singularity in CMSG plasticity is
independent of N. This is because the strain gradient becomes
more singular than the strain near the crack tip, and it dominates
the contribution to the ﬂow stress in (7), implying that the density
of geometrically necessary dislocations qG around the crack tip is
signiﬁcantly larger than the density of statistically stored dislocations qS .

Fig. 4. Finite element mesh for the boundary layer formulation under large
deformations: (a) complete model and (b) vicinity of the crack.

Fig. 3(d) shows the variation of the normalized magnitude of
the domain inﬂuenced by the size effect for different values of
the Poisson’s ratio m (0.2–0.45). The results show that an increase
in the Poisson’s ratio leads to a reduction in the extension of the
differences caused by the plastic size effect. This is a result of the
Poisson’s ratio inﬂuence on plastic deformation and its weight on
the intrinsic material length (8).
In Fig. 3(e) the normalized distance ahead of the crack tip,
where the strain gradient inﬂuences the stress distribution, is plotted as a function of the intrinsic material length l. A range of values
for l of 0.1–100 lm is considered, since the scale at which the plastic size effect is observed is on the order of microns (Fleck and
Hutchinson, 1993), and corresponds to the range of values that
can take l according to (8) for material properties common to
metals. As expected, higher values of l also result in higher values
of rSGP since the inﬂuence of the term associated with the strain
gradient inside the square root in (7) increases.
Fig. 3(f) shows the variation of the normalized size of the
domain inﬂuenced by the strain gradient for different constraint
situations. As can be seen, r SGP decreases as the constraint level
increases because of the plastic-zone size dependence on the elastic T-stress (Wang, 1991). However, the length of the domain
where crack-tip ﬁelds are inﬂuenced by the size effect shows very
low sensitivity to different crack-tip constraint conditions since
changes on the T-stress value entail the same effect in both CMSG
and HRR ﬁelds: negative T-stresses lead to a signiﬁcant downward
shift in the stress ﬁelds whereas positive values of T slightly
increase the stress level near the crack.

4. Crack-tip ﬁelds with ﬁnite strains
Stress distributions in the vicinity of the crack are obtained in
the framework of the ﬁnite deformation theory. Rigid body rotations for the strains and stresses are conducted by Hughes and
Winget (1980) algorithm and the strain gradient is obtained from
the deformed conﬁguration since the inﬁnitesimal displacement
assumption is no longer valid.
The initial conﬁguration and the background mesh of the
boundary layer formulation are shown in Fig. 4. A very ﬁne mesh
of 6134 CPE8R elements is used to obtain accurate results. As seen
in Fig. 5, the hoop stress rhh distribution ahead of the crack line is
obtained for both the CMSG and classical plasticity theories for the
same material properties and loading conditions as in Fig. 2.
In classical plasticity (McMeeking, 1977), large strains at the
crack tip cause the crack to blunt, which reduces the stress
triaxiality locally. However, because of the strain-gradient

Fig. 5. rhh distribution
ahead of the crack tip for both CMSG and classical plasticity theories in large deformations, r being the distance to the crack tip in log scale for
pﬃ
K I ¼ 17:3rY l; rY ¼ 0:2% of E; m ¼ 0:3; N ¼ 0:2, and l ¼ 3:53 lm.
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Fig. 6. Distance ahead of the crack tip where the strain gradient signiﬁcantly inﬂuences the stress distribution under small (dashed lines) and large (solid lines) strains as a
function of (a) applied load K I , (b) yield stress rY , (c) strain hardening exponent N, (d) Poisson’s ratio m, (e) intrinsic material length l, and (f) T-stress. The material properties
considered in Fig. 2 are considered as the reference values ðÞ.

contribution to the work-hardening of the material, this behavior
is not appreciated when the plastic size effect is considered. As
proved by McMeeking (1977), in conventional plasticity the crackopening stress reaches a peak at approximately the same distance
from the crack tip as the onset of the asymptotic behavior of the
plastic-strain distribution. Therefore, as seen in Fig. 5, the strain
gradient inﬂuences the stress distribution of the CMSG theory at
approximately the same distance where a maximum of rhh is
obtained in conventional plasticity, signiﬁcantly increasing the
differences between the stress distributions of the SGP and classical plasticity theories; the magnitude of the distance where these
differences occur: r SGP is one order of magnitude higher than that
presented in Fig. 2.

To quantify the domain of inﬂuence of the strain gradient under
large deformations, a parametric study is conducted. Furthermore,
with the aim of establishing a comparison, results are obtained in
the framework of the inﬁnitesimal deformation theory; mimicking
material properties and loading conditions. The variation of the
normalized distance over which the strain gradient signiﬁcantly
inﬂuences the stress distribution-as a function of material properties, constraint conditions, and the applied load-is plotted in Fig. 6.
Following the works by McMeeking (1977), a relation between the
crack tip and outer radii (R=r ¼ 105 ) is considered and a sufﬁciently
pﬃﬃﬃ
higher upper bound for the load range (K I ¼ 1:2rY R) is chosen to
ensure a ﬁnal blunting ﬁve times larger than the initial radius.
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Fig. 7. Ratio between the rhh predictions of CMSG and classical plasticity at r ¼ 0:1 lm ahead of the crack tip (h ¼ 0) as a function of the applied load for (a) small strains and
sharp crack and (b) large strains and blunted crack. The material properties are the same as those in Fig. 2.

Since the same range of values used for each parameter in Section 3
is also considered in this case, results obtained can be compared
with those shown in Fig. 4.
The trends shown in Fig. 6 for both large (solid lines) and small
(dashed lines) strains are the same as those obtained for the parametric analysis in Section 3. However, signiﬁcantly higher values of
rSGP are obtained in all cases when large deformations are considered. These results reveal that even in the case of a very small load
pﬃﬃﬃ
(K I ¼ 0:12rY R), accounting for large strains brings a relatively
meaningful inﬂuence of the strain gradient. These differences with
respect to the predictions that could be expected from the classical
plasticity theory are much higher for load levels relevant to fracpﬃﬃﬃ
pﬃﬃﬃ
ture and damage in metals (K I ¼ 0:6rY R and K I ¼ 1:2rY R).
Moreover, the results show a high sensitivity of the plastic size
effect to the material properties and the applied load, so that a
parametric study within the ﬁnite deformation theory is essential
to rationally assess the need to incorporate an intrinsic material
length in the continuum analysis.
5. Discussion
The parametric study shows that higher values of the applied
load and the intrinsic material length increase the inﬂuence of
the strain gradients on crack-tip ﬁelds, whereas the opposite is true
for the yield stress; the strain hardening exponent and the Poisson’s ratio, being r SGP less sensitive to the latter parameter. Results
concerning the yield stress are especially relevant since the hydrostatic stress follows the same trends. Therefore, the plastic size
effect could strongly inﬂuence the process of hydrogen embrittlement, which severely degrades the fracture resistance of high
strength steels. This is due to the central role that the stress ﬁeld
close to the crack tip plays on both hydrogen concentration and
interface decohesion (Lee and Gangloff, 2007). Also, while results
obtained within the inﬁnitesimal deformation theory show that
the effect of plastic strain gradient is negligible for higher values
of rY , which are common to high strength metallic alloys, strong
differences arise between the stress ﬁelds of SGP and conventional
plasticity theories when large strains are considered. This demonstrates the need to include the plastic size effect in the modelization of hydrogen-assisted cracking in metals. It is important to
note that hydrogen-assisted damage occurs very close to the crack
tip, the critical distance being lower than 1 lm (see e.g. Gangloff,
2003) where the magnitude of stress elevation due to the inﬂuence
of the strain gradient is signiﬁcant. The ratio between the CMSG
and the classical plasticity predictions is plotted in Fig. 7, where
one can also notice that much higher values are obtained when
large strains are considered.

Previous works established that the domain where SGP effects
can signiﬁcantly elevate stresses over the HRR result for small
strains was conﬁned to distances less than 10 lm from the crack
tip (Komaragiri et al., 2008). However, results shown in Section 4
reveal that, when ﬁnite strains are considered, stress elevations
persist to distances that could be one order of magnitude higher
than those obtained within the inﬁnitesimal deformation theory.
This could have important implications on fracture and damage
modeling of metals since the area where the strain gradient would
signiﬁcantly alter the crack-tip ﬁelds could span several voids
ahead of the crack, and therefore inﬂuence various damage
mechanisms that are characteristic of ductile fracture. Thus, results
obtained from this work reveal that in the presence of a crack,
near-tip stress-elevation that are predicted by SGP theories could
signiﬁcantly inﬂuence the probability of cleavage fracture in ductile-to-brittle transition analyzes (Betegon et al., 2008), the prediction of stress-controlled nucleation of voids at large inclusions
(Chu and Needleman, 1980), the value of the parameters intrinsic
to micromechanical failure models (Gurson, 1975; Tvergaard and
Needleman, 1984) when ﬁtted through a top-down approach, or
the onset of damage in stress-related coalescence criteria
(Thomason, 1990). This is unlike previous studies on cleavage fracture and void growth, which did not consider the inﬂuence of the
plastic strain gradient in modelization.
Results concerning the MBL formulation (Figs. 3(f) and 6(f))
reveal that the aforementioned inﬂuence of the strain gradient
on crack-tip ﬁelds remains under different constraint conditions
since the size of the domain where signiﬁcant differences between
the stress ﬁelds of the SGP and the conventional plasticity theories
arise is almost insensitive to changes in the T-stress value.

6. Conclusions
In this work, the inﬂuence of SGP theories on the fracture process of metallic materials has been numerically analyzed for both
small and large deformations. The extensive parametric study conducted relates material properties, constraint scenarios, and
applied loads with the physical distance ahead of the crack tip
where the strain gradient signiﬁcantly inﬂuences the stress distribution, thus identifying the conditions where the plastic size effect
should be included in crack-tip damage modeling.
Moreover, the incorporation of large strains and ﬁnite geometry
changes in the numerical model reveals a meaningful increase in
the domain inﬂuenced by the size effect, which may indicate the
need to take consider the inﬂuence of the plastic strain gradient
in the modelization of damage mechanisms, which has not been
considered so far in the literature.

E. Martínez-Pañeda, C. Betegón / International Journal of Solids and Structures 59 (2015) 208–215

Acknowledgement
The authors gratefully acknowledge the ﬁnancial support from
the Ministry of Science and Innovation of Spain through Grant
MAT2011-28796-CO3-03. The ﬁrst author also acknowledges
ﬁnancial support from the University of Oviedo (UNOV-13-PF).
References
Betegon, C., Hancock, J.W., 1991. Two-parameter characterization of elastic–plastic
crack-tip ﬁelds. J. Appl. Mech. 58, 104–110.
Betegon, C., Peñuelas, I., del Coz, J.J., 2008. Numerical analysis of the inﬂuence of
material mismatching in the transition curve of welded joints. Eng. Fract. Mech.
75, 3464–3482.
Chen, J.Y., Wei, Y., Huang, Y., Hutchinson, J.W., Hwang, K.C., 1999. The crack-tip
ﬁelds in strain-gradient plasticity: the asymptotic and numerical analyses. Eng.
Fract. Mech. 64, 625–648.
Chu, C.C., Needleman, A., 1980. Void nucleation effects in biaxially stretched sheets.
J. Eng. Mater. Technol. 102, 249–256.
Elssner, G., Korn, D., Rühle, M., 1994. The inﬂuence of interface impurities on
fracture energy of UHV diffusion-bonded metal-ceramic bicrystals. Scr. Metall.
Mater. 31, 1037–1042.
Fleck, N.A., Hutchinson, J.W., 1993. A phenomenological theory for strain-gradient
effects in plasticity. J. Mech. Phys. Solids 41, 1825–1857.
Fleck, N.A., Hutchinson, J.W., 1997. Strain gradient plasticity. Adv. Appl. Mech. 33,
295–361.
Fleck, N.A., Hutchinson, J.W., 2001. A reformulation of strain gradient plasticity. J.
Mech. Phys. Solids 41, 1825–1857.
Gangloff, R.P., 2003. Hydrogen-assisted cracking in high-strength alloys.
Comprehensive Structural Integrity. Environmentally-Assisted Fracture, vol. 6.
Elsevier, Oxford.
Gao, H., Huang, Y., Nix, W.D., Hutchinson, J.W., 1999. Mechanism-based strain
gradient plasticity I. Theory J. Mech. Phys. Solids 47, 1239–1263.
Gurson, A.L., 1975. Plastic ﬂow and fracture behaviour of ductile materials
incorporating void nucleation, growth and coalescence (PhD Diss). Brown
University.
Huang, Y., Gao, H., Nix, W.D., Hutchinson, J.W., 2000. Mechanism-based strain
gradient plasticity II. Anal. J. Mech. Phys. Solids 48, 99–128.
Huang, Y., Qu, S., Hwang, K.C., Li, M., Gao, H., 2004. A conventional theory of
mechanism-based strain gradient plasticity. Int. J. Plast. 20, 753–782.
Hughes, T., Winget, J., 1980. Finite rotation effects in numerical integration of rate
constitutive equations arising in large-deformation analysis. Int. J. Numer.
Methods Eng. 15, 1862–1867.
Hwang, K.C., Jiang, H., Huang, Y., Gao, H., 2003. Finite deformation analysis of
mechanism-based strain gradient plasticity: torsion and crack-tip ﬁeld. Int. J.
Plast. 19, 235–251.
Jiang, H., Huang, Y., Zhuang, Z., Hwang, K.C., 2001. Fracture in mechanism-based
strain gradient plasticity. J. Mech. Phys. Solids 49, 979–993.

215

Komaragiri, U., Agnew, S.R., Gangloff, R.P., Begley, M.R., 2008. The role of
macroscopic hardening and individual length-scales on crack-tip stress
elevation from phenomenological strain gradient plasticity. J. Mech. Phys.
Solids 56, 3527–3540.
Korn, D., Elssner, G., Cannon, R.M., Rühle, M., 2002. Fracture properties of
interfacially doped Nb  Al2 O3 bicrystals: I, fracture characteristics. Acta
Mater. 50, 3881–3901.
Lee, Y., Gangloff, R.P., 2007. Measurement and modeling of hydrogen environmentassisted cracking of ultra-high-strength steel. Metall. Mater. Trans. A 38, 2174–
2190.
McMeeking, R.M., 1977. Finite deformation analysis of crack-tip opening in elastic–
plastic materials and implications for fracture. J. Mech. Phys. Solids 25, 357–
381.
Mikkelsen, L.P., Goutianos, S., 2009. Suppressed plastic deformation at blunt cracktips due to strain gradient effects. Int. J. Solids Struct. 46, 4430–4436.
Niordson, C.F., Redanz, P., 2004. Size-effects in plane strain sheet-necking. J. Mech.
Phys. Solids 52, 2431–2454.
Pan, X., Yan, H., 2011. Computational assessment of cracks under strain-gradient
plasticity. Int. J. Fract. 167, 235–248.
Qu, S., Huang, Y., Jiang, H., Liu, C., Wu, P.D., Hwang, K.C., 2004. Fracture analysis in
the conventional theory of mechanism-based strain gradient (CMSG) plasticity.
Int. J. Fract. 129, 199–220.
Shi, M., Huang, Y., Jiang, H., Hwang, K.C., Li, M., 2001. The boundary-layer effect on
the crack-tip ﬁeld in mechanism-based strain gradient plasticity. Int. J. Fract.
112, 23–41.
Swaddiwudhipong, S., Tho, K.K., Hua, J., Liu, Z.S., 2006a. Mechanism-based strain
gradient plasticity in C 0 axisymmetric element. Int. J. Solids Struct. 43, 1117–
1130.
Swaddiwudhipong, S., Hua, J., Tho, K.K., Liu, Z.S., 2006b. Finite element modelling for
materials with size effect. Modell. Simul. Mater. Sci. Eng. 71, 107–125.
Taylor, G.I., 1938. Plastic strain in metals. J. Inst. Methods 62, 307–324.
Thomason, P.F., 1990. Ductile Fracture of Metals. Pergamon Press, Oxford.
Tvergaard, V., Needleman, A., 1984. Analysis of the cup-cone fracture in a round
tensile bar. Acta Metall. 32, 57–169.
Wang, Y.-Y., 1991. A two-parameter characterization of elastic–plastic cracktip
ﬁelds and applications to characterization of elastic–plastic crack-tip ﬁelds and
applications to cleavage fracture (PhD Diss). Massachusetts Institute of
Technology.
Wei, Y., 2001. Constraint effects on the elastic–plastic fracture behaviour in strain
gradient solids. Fatigue Fract. Eng. Mater. Struct. 25, 433–444.
Wei, Y., Hutchinson, J.W., 1997. Steady-state crack growth and work of fracture for
solids characterized by strain gradient plasticity. J. Mech. Phys. Solids 45, 1253–
1273.
Wei, Y., Qiu, K.C., 2004. Steady-state crack growth and fracture work based on the
theory of mechanism-based strain gradient plasticity. Eng. Fract. Mech. 71,
107–125.
Yuan, H., Chen, J., 2000. Analysis of size effects based on lower-order gradient
plasticity model. Comput. Mater. Sci. 19, 143–157.

