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Abstract

Leaky waves constitute an important class of guided waves that propagate in

waveguides adjacent to infinite fluid or solid media. A mismatch in material

properties between the waveguide and its surroundings causes the radiation of

energy away from the waveguide and the attenuation of the propagating wave.

Such waves are encountered in a wide range of settings, from non-destructive

evaluation and submerged pipes to medical ultrasound and bone surrounded

by tissue. Thus, a thorough understanding of the mechanisms underlying

their propagation, and particularly of their dispersion curves, is essential for

many applications. Despite this, the numerical schemes traditionally em-

ployed for the computation of these dispersion curves are significantly com-

promised by the complex wavenumbers associated with leaky waves and their

exponential growth in amplitude away from the waveguide.

The work presented in this thesis proposes a spectral collocation method

that overcomes those numerical challenges and aims towards a fully auto-

mated approach for the computation of leaky wave dispersion curves. To

demonstrate the method, a typical situation is studied first: waves radiating

from a straight elastic waveguide with a fluid on either side. The novelty of

the work lies in the use of complex coordinate transformations that facilitate

the numerical decay of the radiated field while also preserving all its physical

characteristics; solving the leaky wave problem then becomes a matter of
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solving a numerically decaying one in complex space.

Building on this approach, problems of increased complexity were subse-

quently investigated. These include the computation of leaky wave disper-

sion curves of waves in plates embedded in elastic media or submerged hollow

cylinders, and the computation of scattered fields in closely linked underwa-

ter scattering response problems. The validity of the method was established

through comparisons of predicted dispersion curves against those of com-

mercially available software, numerical experiments with finite elements, and

analytic formulations.
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Chapter 1

Introduction

1.1 Motivation

A guided wave is one that propagates along a surface or within a bounded

medium, known as a waveguide [1], and has its direction guided by the bound-

aries of the medium. Famous examples of such waves are seismic waves

propagating around the surface of the earth, waves in a tensioned string,

waves propagating along a pipe, or the “whispering gallery” waves travel-

ling around a concave surface, first studied by Lord Rayleigh [2] for sound

waves (whispers) travelling around the walls of the whispering gallery of St

Paul’s Cathedral in London; this thesis will focus on guided waves in waveg-

uides.

Because the energy of guided waves is constrained within the boundaries of

a waveguide, an important feature – and one of the reasons they are a pop-

ular choice for a wide range of applications within physics, biology, medicine

and engineering – is that guided waves can travel very long distances. In

recent years, amongst other things, they have been used to characterise ma-

terial properties in pavements [3], to assess bone quality and thickness [4, 5],
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to monitor steam generating tubes in nuclear power plants [6], to direct the

emission of light using optical waveguide antennas [7], to transmit mechanical

energy in surface acoustic wave devices [8] – used as filters, oscillators and

transformers in electronic circuits of household devices and mobile phones –

or, within Non-Destructive Evaluation (NDE), to inspect pipelines [9], rail-

way tracks [10] and structures of arbitrary numbers of layers, materials and

geometries [11–14].

Although the use of guided waves is very broad and takes many forms, a

common premiss prevails; a guided wave is excited at a particular location,

propagates inside a structure, and is monitored. If a feature is present within

that structure, either due to its geometry, like a weld or varying thickness,

or a defect, like a crack in a pipe or a broken bone, the guided wave will

interact with the feature and get scattered by it, ultimately altering what is

monitored. By studying the monitored signal, insight into the nature of the

interaction and the feature itself is gained.

In addition to their ability to travel long distances, guided waves are, in

general, dispersive; their velocity varies with frequency. The variation of a

guided wave’s velocity with frequency can be drawn out in the form of a curve

– its dispersion curve. In fact, there may be an infinite number of possible

guided waves that can propagate along a waveguide, known as the modes of

propagation, with each one having its very own dispersion curve and causing

the material of the waveguide to oscillate in a unique way. The distribution of

displacements or stresses in the direction normal to the direction of propaga-

tion, caused by a mode of known frequency and velocity, is referred to as its

mode shape, and mode shapes, just like velocity, vary as one moves along a

mode’s dispersion curve. For guided waves in symmetric straight waveguides

of finite thickness, the mode shapes are the profiles of displacement or stress

through the thickness of the waveguide, and they are odd or even functions
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of perpendicular distance from the centreline of the waveguide. Modes of odd

mode shapes are regarded as the antisymmetric modes, while modes of even

mode shapes are regarded as the symmetric modes.

In the context of NDE inspections, for e↵ective inspections to take place,

dispersion curves and their mode shapes are of paramount importance in

identifying the appropriate choices of frequencies and modes [15] one should

make. They are intrinsic to the structure under consideration and are proper-

ties that people often wish to calculate. As an example, Figure 1.1, presents

the dispersion curves, as a plot of phase velocity against frequency, accompa-

nied by some symmetric and antisymmetric mode shapes, of guided waves in

a straight, 1 mm thick, aluminium waveguide in vacuum. Calculations were

performed with the commercially available software Disperse [16].

A few important comments need to be made here. The first is that dispersion

curves of Figure 1.1(a) are colour coded based on the nature of their mode

shapes. Antisymmetric modes (labelled A0, A1, . . . ) are coloured in blue,

while symmetric modes (labelled S0, S1, . . . ) are coloured in red. Examples

of mode shapes of an antisymmetric and a symmetric mode, displaying the

amplitude of oscillations in the direction normal to the direction of propaga-

tion, i.e. up and down, as a function of position though the thickness of the

waveguide, are presented in Figures 1.1(b) and 1.1(c) respectively. The sec-

ond is that multiple di↵erent modes can exist simultaneously in a waveguide

at any chosen frequency; this could potentially pollute experimental results

if not accounted for. The third and final comment is that no two disper-

sion curves are the same, with some curves being steeper than others – their

velocities vary a lot with frequency – and some being almost flat at high

frequencies – there is almost no dispersion here and their velocities remain

constant for all frequencies.

In real life applications, one would typically work with wave packets or toneb-

3



(a)

(b) (c)

Figure 1.1: Dispersion curves and mode shapes calculated with Disperse
[16], for a straight aluminium, 1 mm thick, waveguide in vacuum. Disper-
sion curves are shown in 1.1(a) as plots of phase velocity against frequency.
Figures 1.1(b) and 1.1(c) display the mode shapes of an antisymmetric and
a symmetric mode marked with � in 1.1(a). Those are plotted as the ampli-
tudes of displacements in the direction normal to the direction of propagation
versus position across the thickness of the waveguide.

ursts, which are signals of finite length and multiple frequencies centred

around a central frequency, fc. When a mode is dispersive, low and high

4



frequency components of the wave packet will travel at di↵erent speeds, re-

sulting in the change of its shape as the packet propagates along a waveguide.

Figure 1.2 demonstrates this behaviour by presenting a wave packet of cen-

tral frequency fc ≈ 1.6 MHz and its evolution as it propagates 1 m along a

waveguide with and without dispersion. The length of the wave packet, in

seconds, is five periods (5 cycles); a period is the time required for a complete

oscillation and is defined as T = 1�fc. For the non-dispersive propagation of

Figure 1.2(a), a constant phase velocity is assumed and the wave packet can

be seen to retain its original shape and amplitude, while for the dispersive

propagation of Figure 1.2(b), phase velocity is chosen to vary in accordance to

the S0 mode of Figure 1.1(a), and the wave packet can be seen to spread out

and diminish in amplitude; a potentially undesirable feature when it comes

to guided wave applications.

Consequently, to attain meaningful results in any guided waves application, it

is crucial that one has a thorough understanding of the underlying complex-

ities of a structure: the di↵erent guided modes that propagate along it, its

dispersion curves, the modes that one may excite in and around the working

frequency, and how those modes cause the vibration of the structure.

1.1.1 Computing Dispersion Curves

A great amount of research has gone into developing modelling techniques

for guided waves and tools for the retrieval of their dispersion characteris-

tics. Some techniques that are widely used today are briefly discussed in the

following.

Partial Wave Root Finding (PWRF [17]), an approach traditionally used

for computing the dispersion curves of guided waves, is depicted in Figure

1.3 for a simple case of an isotropic elastic waveguide of a single layer of

finite thickness in vacuum; the method readily extends to multiple layers,
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(a)

(b)

Figure 1.2: A 5-cycled wave packet of central frequency fc ≈ 1.6 MHz and
the e↵ect of dispersion as it propagates 1 m along a 1 mm thick aluminium
waveguide. Propagation without dispersion is in 1.2(a) and propagation with
dispersion (S0 mode), simulated with Disperse [16], is in 1.2(b).

fluids, damped materials, anisotropy, cylindrical waveguides and waveguides

immersed or embedded in another material.

A guided wave in a straight waveguide of finite thickness and infinite extent

in the x and z directions is composed as the superposition of partial waves.

Those are bulk waves – waves that travel in the bulk of an unbounded medium

and with their wave speeds and wavelengths (distance travelled in a single

period) a material property of the medium – whose sum is such that boundary

conditions, at the surfaces of the waveguide, are satisfied. Four bulk waves are

shown here, two longitudinal (the direction of particle movement is parallel

6



Figure 1.3: A guided wave as a superposition of pairs of longitudinal and
shear waves in a straight isotropic waveguide of finite thickness.

to the direction of wave propagation) and two shear (the direction of particle

movement is perpendicular to the direction of wave propagation), propagating

in pairs up and down the waveguide.

Matrix methods [17], like the Transfer Matrix [18, 19] and Global Matrix

[20] methods, allow the stresses and displacements at the two surfaces to be

related with the four bulk waves, and the boundary condition equations of a

system to be expressed as a matrix multiplication, in terms of the amplitudes

of bulk waves and the phase velocity, cph, or equivalently the wavenumber

of the guided wave along the direction of propagation, kx = !�cph. That

reads

D(!, kx)� = 0, (1.1)

with ! = 2⇡f and f the angular and linear frequencies of the guided wave, �

a column vector of the bulk waves’ amplitudes and D a matrix with each of

its rows representing a boundary condition.

Non-trivial solutions of Eq. (1.1) require the vanishing of the determinant of

D which is usually referred to as the characteristic function, f(!, kx), of the
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problem [17]. The pairs (!, kx), for which
f(!, kx) = 0, (1.2)

determine the dispersion curves of the problem for a given set of boundary

conditions. In its current form, Eq. (1.2) is a problem of two unknowns and to

retrieve pairs (!, kx), one usually fixes one of frequency or wavenumber and

employs a root-finding algorithm on Eq. (1.2) to find the other; in cases where

the energy of the wave is dissipated or radiated away from the waveguide, kx

becomes complex and Eq. (1.2) is a problem of three unknowns that is harder

to solve numerically. Performing this calculation for a range of frequencies

or wavenumbers (frequency or wavenumber sweeps), allows for the dispersion

curves of the system to be retrieved. The corresponding vectors, �, obtained

from subsequently solving Eq. (1.1), give the amplitudes of the bulk waves

whose superposition makes up the wave field, i.e. the mode shapes are also

retrieved.

An alternative to PWRF routines are the more recent methods based on a

Semi-Analytical Finite Elements (SAFE) approach. An early popular work

using SAFE was that of Gavric [21] on the study of waves propagating in a free

rail. In that study, Finite Elements (FEs) were used for the discretisation of

the waveguide domain and the di↵erential equations of motion were converted

into a solvable eigenvalue problem. This allowed for the algebraic retrieval of

all the roots of the characteristic equation in the form of eigensolutions. SAFE

allows for more flexibility when compared to the more traditional PWRF

methods, as it can be used for spatially-irregular waveguides and complex

structures where the latter becomes unstable. Examples of its use include

the study of wave propagation in systems of viscoelastic media of arbitrary

cross-section [22] and in axisymmetric damped waveguides [23].
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In line with the idea of discretising the domain of the structure in ques-

tion and then obtaining a solution of the dispersion relation in the form of

eigenvalues of an algebraic eigenvalue problem, Spectral Collocation Methods

(SCM) have also been employed in recent years for the solution of guided wave

problems. Adamou and Craster [24] presented solutions for guided waves in

simple cylindrical geometries, demonstrating their potential applications in

the field of guided waves. Following that, Karpfinger et al. [25] successfully

used spectral collocation to study multilayered cylindrical structures consist-

ing of isotropic media, Zharnikov et al. [26] used SCM to study and plot the

dispersion curves of an inhomogeneous anisotropic waveguide while Quin-

tanilla et al. [27–29] utilised the flexibility of SCM for the study of flat and

cylindrical multilayered viscoelastic and generally anisotropic systems. The

use of SCM in physics can be very intuitive and numerically robust, mak-

ing them an accessible tool for the algebraic solution of di↵erential equations.

The work presented in this thesis relies upon a SCM formulation, and for that

reason a more detailed discussion on SCM follows in subsequent sections.

1.1.2 Leaky Waves

Very often, a structure under inspection comprises an elastic waveguide in

contact with elastic or fluid media, whose material properties di↵er both from

each other and from those of the waveguide. This behaviour is common in

a wide range of settings, including reinforced concrete structures [30], seis-

mology [31], adhesive joints and fibre composites [32,33], immersed or buried

pipes [14, 34–37] and biological structures such as bones surrounded by tis-

sue [38–40]. In those scenarios, energy is no longer necessarily confined within

the boundaries of a waveguide but rather radiates into the adjacent media,

causing a loss of amplitude of the guided wave along the direction of propa-

gation; the attenuation of the wave due to radiation. These propagating and
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radiating waves are known as leaky guided waves, and they will be the focus

of the work presented in this thesis.

Assuming no other forms of wave damping due to the material of the waveg-

uide, leaky waves are characterised by an initially counter-intuitive exponen-

tial growth of amplitude in the direction normal to the direction of prop-

agation and complex wavenumbers, which contrasts with the real valued

wavenumbers needed to represent guided waves in a waveguide in vacuum.

The real part of the wavenumber of leaky waves reveals information about

the velocity of the waves while the imaginary part corresponds to their at-

tenuation due to radiation.

To better understand why leaky waves exponentially grow in the normal di-

rection, consider the following discussion for a flat waveguide in contact with

fluid, taken from [41] and accompanying schematic in Figure 1.4. Suppose

that a leaky wave is propagating along an elastic waveguide in contact with

fluid and has wavenumber kx along the x direction (the direction of propa-

gation). The waveguide is taken to have finite thickness and infinite extent

along the x direction. Suppose also that one is interested in monitoring the

displacement field along the perpendicular direction above an observation

point, P , located on the waveguide. The energy observed above P is the

energy that has leaked from points preceding the point of observation; the

higher up the dashed line drawn above P in Figure 1.4, the further back one

needs to go in the x direction to find the point where the observable energy

has leaked from. Consequently, in the far-field, the observed energy was ra-

diated from points located infinitely far away from P . As the leaky wave

attenuates as it propagates along the waveguide, it loses energy in the direc-

tion of propagation, i.e. while moving to the right. Equivalently, the leaky

wave may be perceived as gaining energy in the opposite direction. This im-

plies that more energy is radiated from points lying further back along the
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waveguide and thus more energy is observed higher up the line of observa-

tion and in the far-field. On this basis the exponential growth observed is a

consequence of energy conservation.

Figure 1.4: The exponential growth of leaky Lamb waves, as a result of energy
radiation at a fluid-solid interface [41].

The techniques discussed in the previous section can be seen to produce

excellent results for modelling wave propagation in structures made of an ar-

bitrary number of layers and materials in vacuum, however, when solving for

leaky systems, their performance is compromised by the unbounded nature

of the domain and the exponential growth and complex-valued wavenumbers

of leaky waves. Associated numerical challenges are discussed next.

Leaky waves radiate at an angle away from the waveguide and require ad-

ditional wavenumbers, along the direction normal to the waveguide, to be

described. Those wavenumbers may be expressed as non-linear (square root)

functions of the wavenumber along the direction of propagation. When spa-

tially discretising the waveguide domain to formulate the problem as an eigen-

value problem, with SAFE or SCM, and accounting for the media adjacent to

the waveguide through modified interface conditions, non-linear terms start
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to appear. These cause the resulting eigenvalue problems to be non-linear

and careful treatments are required to compute their solutions [42–44]. Un-

fortunately, these are often problem-specific treatments and do not generalise

to other problems or geometries.

One may instead express the problem as a linear eigenvalue problem by dis-

cretising the domain of the adjacent unbounded media in addition to the

waveguide domain. Due to finite computational resources, an infinite do-

main cannot be modelled directly. Instead, finite domains, surrounded by

artificial absorbing regions that attenuate outgoing waves, are often used,

replicating in this way waves moving away from the waveguide and towards

infinity. Examples of such artificial layers are the sti↵ness-reducing absorb-

ing layers [45, 46] and the Perfectly Matched Layers (PMLs) [47–49]. When

outgoing leaky waves are modelled, special care needs to be taken because

of their exponentially growing nature, as, if not e↵ectively absorbed in an

artificial absorbing region, they may pollute the computational domain with

numerical reflections.

Finally, numerical schemes, like PWRF, that attempt to retrieve dispersion

curves as zeros of the determinant of a matrix formulation of the problem,

are susceptible to spurious solutions when matrices become computationally

ill-conditioned. This is the case for some matrix formulations (e.g. Transfer

Matrix [18]), when the product of layer thickness with frequency is large, due

to the existence of coe�cients that grow and coe�cients that decay within the

matrices – the “large fd” problem [50] – or when solving for the wave modes

of multilayered waveguides near any of the bulk wave speeds involved in the

system. In those scenarios, careful filtering needs to be applied to discard

spurious solutions; a task that becomes increasingly di�cult especially when

filtering around genuine modes. In addition to ill-conditioned matrices, due

to the nature of root-finding algorithms, PWRF methods may sometimes fail
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to capture roots of the characteristic equation. This limitation is amplified

when solving for leaky waves, as their complex wavenumber is particularly

demanding for root-finding algorithms; as mentioned earlier, one e↵ectively

has three unknowns to solve for – frequency and the real and imaginary parts

of wavenumber – but only one equation. Fine tuning of the convergence

parameters of root-finding algorithms usually fixes the problem, however, it

requires empirical knowledge of the existence of the mode that was missed in

the first place.

Numerically modelling and solving for the dispersion curves of leaky waves

are challenging problems; they may require handling non-linear eigenvalue

problems, the fine tuning of absorption parameters and a priori knowledge

of the existence of modes that might have been missed. The work presented in

this thesis proposes a methodology, based on SCM, for the retrieval of the full

set of dispersion curves of leaky waves and their mode shapes, that bypasses

the challenges described above and moves in the direction of a “black-box”

modelling technique for leaky waves that is easy to implement and does not

require any user intervention.

1.2 Elastic waves

In this section, an overview of the fundamental principles of sound wave

propagation and accompanying equations of motion are presented for waves

in a flat, elastic and isotropic waveguide.

Consider guided waves propagating in a flat waveguide of infinite extent in

the x and z directions and of finite thickness, 2d, in the y direction, made

of a homogeneous, linear-elastic and isotropic material, able to support both

compressive and shearing motion [51]. The material of the waveguide is taken

to have density ⇢, and longitudinal and transverse wave speeds respectively
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given by

cl =
�

� + 2µ
⇢

and ct =
�

µ

⇢
, (1.3)

where � and µ are Lamé’s elastic sti↵ness constants. The product of the

material’s density and longitudinal wave speed is referred to as its acoustic

impedance [52], while the product of its density and transverse wave speed

are referred to as its shear impedance [53]. The system is depicted in Figure

1.5, alongside the axis orientation.

Figure 1.5: Guided Lamb waves propagating in a flat waveguide in vacuum.

To develop the equations of motion for an infinite elastic solid, the discussion

in [17] is followed. Let us begin with an infinitesimal square element of the

waveguide. Lamb waves [54], of wavenumber kx, are assumed propagating

in the waveguide, causing only in-plane displacements ū = (ūx, ūy) in the

waveguide, with ūz = 0. By application of Newton’s second law, equilibrium

requires that

⇢
@2ūx

@t2
= @�̄x
@x
+ @�̄xy

@y
, (1.4)

⇢
@2ūy

@t2
= @�̄xy

@x
+ @�̄y
@y

, (1.5)

where �̄x, �̄y and �̄xy are the normal and shear stresses acting on the edges of

the square. Hooke’s law for linear elastic materials allows us to write the con-
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stitutive stress-strain and strain-displacement relations for the infinitesimal

square element as

�̄x = �� + 2µ"̄x, �̄y = �� + 2µ"̄y, �̄xy = µ"̄xy, (1.6)

"̄x = @ūx
@x

, "̄y = @ūy
@y

, "̄xy = @ūy
@x
+ @ūy
@x

. (1.7)

where � = "̄x+ "̄y is the change in area of the element. Substituting Eq. (1.7)

into (1.6) gives the stress-displacement relations

�̄x = �@ūx
@x
+ (� + 2µ) @ūy

@y
, (1.8)

�̄y = �@ūy
@y
+ (� + 2µ) @ūx

@x
, (1.9)

�̄xy = µ�@ūy
@x
+ @ūx
@y
� , (1.10)

Subsequently substituting Eqs. (1.8)-(1.10) and then those into Eqs. (1.4)

and (1.5), gives the equations of motion as

⇢
@2ūx

@t2
= (� + µ) @

@x
�@ūx
@x
+ @ūy
@y
� + µ∇2

ūx, (1.11)

⇢
@2ūy

@t2
= (� + µ) @

@y
�@ūx
@x
+ @ūy
@y
� + µ∇2

ūy. (1.12)

The above may be expressed in vector form as

⇢
@2ū

@t2
= (� + µ)∇ (∇ ⋅ ū) + µ∇2ū, (1.13)

with the operators ∇ = (@�@x,@�@y) and ∇2 = (@2�@x2 + @2�@y2).
For the time and space harmonic waves of this two-dimensional problem, the

displacements ūx, ūy are functions of three variables, x, y and t, while for a
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given angular frequency !, a common exp [i (kxx − !t)] term is assumed in

all displacement, stress and strain fields. Explicitly,

ūx (x, y, t) = ux (y) exp [i (kxx − !t)] , (1.14)

ūy (x, y, t) = uy (y) exp [i (kxx − !t)] , (1.15)

with u = (ux, uy) the y-dependent components of ū = (ūx, ūy) and similarly

for stresses and strains.

Substituting Eqs. (1.14) and (1.15) into Eqs. (1.8)-(1.10) and Eqs. (1.11)

and (1.12) allows the stresses and equations of motion to be express in terms

of ux and uy, as

�x = (� + 2µ)ikxux + �@uy
@y

, (1.16)

�y = (� + 2µ)@uy
@y
+ �ikxux, (1.17)

�xy = µ�ikxuy + @ux
@y
� , (1.18)

and

⇢!
2
ux − (� + 2µ)k2xux + (� + µ)ikx@uy

@y
+ µ@2ux

@y2
= 0, (1.19)

⇢!
2
uy − µk2xuy + (� + µ)ikx@ux

@y
+ (� + 2µ)@2uy

@y2
= 0, (1.20)

respectively. Note that for the case of a fluid medium, the coupled equations

of motion from elasticity reduce to a single, simplified wave equation, be-

cause fluids can only support waves of compressive polarisations (longitudinal

waves), as opposed to both compressive and shear polarisations (longitudinal

and shear waves) supported by elastic media.
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1.3 Spectral Collocation Methods

SCMs are readily used today for the high accuracy numerical solution of

Ordinary Di↵erential Equations (ODEs) and Partial Di↵erential Equations

(PDEs), connected with problems in wave physics, fluid mechanics, complex

analysis and other fields. They are the solution method of choice for retrieving

the dispersion curves of leaky waves in this thesis and to that end a brief

overview of the fundamental principles and techniques, taken from [55], is

presented here.

Start by considering a set of grid points {xj}Nj=1 in some domain C, and

corresponding function values g = {g (xj)}Nj=1, for a function g defined over

C. The set {xj}Nj=1 is taken to span over the domain C, e↵ectively discretising

it, and the points xj, for j = 1, . . . ,N , will be referred to as collocation points

in C.
Suppose that one wishes to evaluate the derivatives of g on the set of collo-

cation points, up to the lth derivative g(l) = {g(l) (xj)}Nj=1. Spectral meth-

ods [55–58] suggest that this may be achieved by introducing weighted inter-

polants,

g(x) ≈ pN−1(x) = N�
j=1

↵(x)
↵(xj) j(x)gj, (1.21)

where ↵(x) is a weight function, gj = g(xj) and { j(x)}Nj=1 are a set of

interpolating functions that satisfy  j(xk) = �jk (Kronecker delta). Due

to the choice of interpolating functions and weights, the function pN−1(x)
interpolates g(x), in the sense that

g(xj) = pN−1(xj), for j = 1, . . . ,N. (1.22)
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Di↵erentiating both sides of Eq. 1.21, it follows that

g
′(xk) ≈ N�

j=1
d

dx
� ↵(x)
↵(xj) j(x)�

x=xk

gj, (1.23)

and more generally, the lth derivative of g may be approximated by

g
(l)(xk) ≈ N�

j=1
dl

dxl
� ↵(x)
↵(xj) j(x)�

x=xk

gj, (1.24)

for k = 1, . . . ,N . It is convenient to express Eq. (1.24) in matrix form as

g(l) ≈ D(l)C g, (1.25)

where D
(l)C is an N ×N di↵erentiation matrix in C, given explicitly as

D
(l)C =
������

dl

dxl � ↵(x)↵(x1) 1(x)�
x=x1

� dl

dxl � ↵(x)
↵(xN) N(x)�

x=x1⋮ � ⋮
dl

dxl � ↵(x)↵(x1) 1(x)�
x=xN

� dl

dxl � ↵(x)
↵(xN) N(x)�

x=xN

������
. (1.26)

The interpolating functions above are free to be chosen to serve the problem

at hand [55]. For periodic domains, trigonometric polynomial functions on an

equispaced grid of collocation points are usually the interpolating functions of

choice; the resulting spectral methods are known as the “Fourier” methods.

When domains are non-periodic, however, algebraic polynomials of order

N −1 and irregular grids of collocation points are preferred; the “Chebyshev”

methods. In both cases, the interpolants are global functions, as opposed

to piece-wise polynomials used by other methods, leading to much higher

accuracy, known as spectral accuracy, and faster convergence rates for smooth

solutions [58].
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In practice, when an ODE or PDE is to be solved for an unknown function

that is defined over a given domain, SCM may be employed to obtain a

discretised form of the equation allowing it to be solved numerically. To

do so, one must spatially discretise the domain of the function with a grid

of collocation points and obtain the corresponding di↵erentiation matrices.

The following example, discretising a linear ODE using Chebyshev methods,

demonstrates how that may be achieved.

Consider the following boundary value problem [55]

d2g

dx2
= e2x

4
, −2 < x < 2, g(±2) = 0. (1.27)

This is a Poisson equation, with a Dirichlet zero boundary condition and

a solution g(x) = [e2x − x
2 sinh(4) − cosh(4)]�16. To solve it numerically

with spectral methods, one may start with the N Gauss-Chebyshev-Lobatto

collocation points in the interval [−1, 1], given by

sj = − cos�(j − 1)⇡
N − 1 � , for j = 1, . . . ,N. (1.28)

The corresponding N ×N di↵erentiation matrices, D(l), based on Chebyshev

interpolating polynomials, are e�ciently computed by the di↵erentiation ma-

trix suite of Weideman and Reddy [58]. Recall that to be able to di↵erentiate

the function g, defined over −2 < x < 2, a grid of points in [−2, 2] is needed,
while only a set of collocation points in [−1, 1] is proposed here. To get a set

of Chebyshev collocation points spanning over the desired domain, one may

simply use the set {xj}Nj=1, defined as

xj = 2sj. (1.29)
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By the chain rule, for a change of variables x = 2s,
dg

dx
= 2dg

ds
,

d2g

dx2
= 22d2g

ds2
, etc. (1.30)

Consequently, di↵erentiation matrices in the interval [−2, 2], for the colloca-

tion points {xj}Nj=1 read

D
(l)P = �12�

l

D
(l)
. (1.31)

The Poisson equation of Eq. (1.27), without accounting for boundary condi-

tions, may then be discretised as

D
(2)P g = f , (1.32)

where f = [e2x1�4, . . . , e2xN�4]T is a column vector of N entries.

The Dirichlet zero boundary conditions of this problem requires the vanishing

of the solution at the two collocation points x1 = −2 and xN = 2, or equiva-
lently g(x1) = g(xN) = 0. To impose the boundary conditions to the discrete

problem, one must replace the first and last rows of D
(2)P , corresponding to

x1 and xN respectively, with [1, 0, . . . , 0] and [0, . . . , 0, 1] – denoting the new

matrix with D̃
(2)P – and also modify f to f̃ = [0, e2x2�4, . . . , e2xN−1�4, 0]T . The

new matrix equation reads

D̃
(2)P g = f̃ . (1.33)

In the matrix multiplication at the LHS of Eq. (1.32), the N × N matrix

D̃
(2)P is multiplied with an N × 1 column vector, resulting in a new N × 1

column vector whose first and last entries are g(x1) and g(xN) respectively.
Those are exactly the entries that are set to zero on the RHS in f̃ , e↵ectively

imposing the desired boundary conditions to the discrete problem.
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The solution, g, is retrieved with spectral accuracy as

g = [D̃(2)P ]−1f̃ . (1.34)

It should be noted that although the example presented here is a rather

“simple” one, it serves to demonstrate how one might go about discretising

an equation with SCM. In general, discretising more complex equations will

result in more complex forms for Eq. (1.33). As will be demonstrated in

the chapters to follow, the discretisation of the equations of interest in this

thesis, like the coupled elastic wave Eqs. (1.19) and (1.20), will result in

polynomial eigenvalue problems in wavenumber and boundary conditions in

terms of stresses and displacements.

1.4 Finite Element Modelling

Some of the results presented in this thesis were validated against FE simula-

tions. This section introduces some of the principles of discretisation followed

by the FE software of choice and a methodology for preferentially exciting

modes of interest.

1.4.1 FE Discretisation

All FE simulations presented in this thesis were completed using the high-

fidelity Graphics Processing Unit (GPU)-based FE software Pogo [59]. Given

a structure to be investigated, Pogo, like other FE packages, discretises the

domain by modelling it as a series of elements of finite size, and possibly di↵er-

ent cross-sectional areas, connected by nodes [60]. Given an initial condition

for a set of nodes – a boundary condition – displacements are propagated

from each node to the next through interpolating functions, known as shape
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functions. This achieves a piecewise approximation of the displacement field

in space. Bilinear shape functions are used in Pogo, while for the purposes

of this thesis, square elements of four nodes each were used. Nodes were free

to move in the x and y directions but not the z, or equivalently, two degrees

of freedom per node are assumed.

The equation of elasticity for a general model with damping terms, given in

matrix form due to the spatial discretisation of the domain reads [60]

MÜ +CU̇ +KU = F , (1.35)

where M , C, K and F are the mass, damping, sti↵ness and applied force

matrices, while U , U̇ and Ü are the displacement, velocity and acceleration

matrices respectively. Pogo uses the finite-di↵erence method [61] to discretise

Eq. (1.35) in time. With no material damping assumed for the simulations

presented in this thesis, Eq. (1.35) is discretised in time as

M
Um+1 − 2Um +Um−1

�t2
+KUm = F , (1.36)

where m stands for the mth time step and �t is the duration of a single

time step. Knowing the displacement matrix at two consecutive time steps,

Um and Um−1, allows the solution to be propagated through time by solving

for the displacement at the next time step, Um+1, in Eq. (1.36). The FE

modelling approach described here follows the FE models used in other elastic

wave propagation studies [62–64].

To simulate leaky waves, the discretisation of a waveguide of finite thick-

ness and infinite length, adjacent to fluid or elastic spaces of both infinite

length and thickness is required. To replicate the unbounded nature of such

a structure, and to ensure that the exponential growth of leaky waves does
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not pollute the computational domain with artificial reflections, a rectangu-

lar domain surrounded by sti↵ness-reducing absorbing layers should be used.

Additionally, to accommodate for the di↵erent materials in the modelled

structures, multiple material properties (Young’s modulus, density, Poisson’s

ratio) should be passed onto the FE software, with each element of the do-

main being assigned with the material properties of the space it is a part

of. An example of such a rectangular domain, surrounded by an absorbing

region and containing di↵erent materials is shown in Figure 1.6

Figure 1.6: A rectangular FE domain showing a 1 mm waveguide embedded
between two identical elastic half-spaces. The domain is surrounded by ab-
sorbing layers of gradually reducing Young’s modulus, E.

1.4.2 Custom Excitations

To simplify the investigation of complex systems, such as the leaky systems

of interest here, it is often desired to study various modes of the system sep-

arately. In the context of FE simulations, this may be achieved by precisely
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controlling which guided modes are excited in the structure, preferentially

exciting some modes and not others. The “centre mode shapes” technique

of [65,66], used in the FE simulations of this thesis to selectively excite leaky

modes, is briefly presented here.

Consider a vertical source line, comprised of multiple source nodes, defined in

the middle of a rectangular domain – source nodes are nodes with predefined

displacements and are used to excite the propagating wave in the model. Each

source node has two degrees of freedom and an initial boundary condition

may be imposed into the FE simulation by displacing each source node, left

to right and up and down, with displacement amplitudes according to Hann-

windowed tonebursts [67], like the wave packets of Figure 1.2.

These excitation tonebursts, as mentioned previously and by virtue of being

windowed signals, contain multiple frequency components, of di↵erent am-

plitudes, and with each one constructively and destructively interfering with

each other. The Fourier Transform (FT) [67] of a time-domain signal, h(t),
is the frequency-domain counterpart, H(f), of h(t), and describes the extent

to which these frequency components are present in h(t).
Functions H(f) and h(t) are two representations of the same function and

one goes back and forth between the two representations through the Fourier

transform equations [68]

H(f) = � ∞
−∞ h(t)e2⇡ift dt, h(t) = � ∞

−∞ H(f)e−2⇡iftdf. (1.37)

In most common situations, the signal h(t) is sampled at evenly spaced in-

tervals in time. Let �t be the sampling interval and assume that h(t) is
sampled at N consecutive sampling points as

hk = h(tk), tk = k�t, k = 0, 1, . . . ,N − 1, (1.38)
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Because of discrete sampling, the FT integrals of Eq. (1.37) may be approx-

imated by the discrete Fourier transforms:

H(fn) = N−1�
k=0

hke
2⇡ifntk�t, fn = n

N�t
, n = 0, . . . ,N − 1,

H(fn) = Hn�t, Hn = N−1�
k=0

hke
2⇡ifntk ,

(1.39)

and

hk = 1

N

N−1�
n=0 Hne

−2⇡ifntk . (1.40)

In practice, Matlab routines – the Fast Fourier Transform (FFT) and In-

verse Fast Fourier Transform (IFFT) methods – allow one to go back and

forth between the two discrete representations. An exemplar excitation sig-

nal of 5 cycles and 2 MHz central frequency is depicted in Figure 1.7(a),

alongside the amplitude of its discrete FT in Figure 1.7(b).

(a) (b)

Figure 1.7: Figure 1.7(a) depicts a Hann-windowed signal at f = 2 MHz. The
amplitude of its FFT is shown in Figure 1.7(b).

To preferentially excite a guided mode with the “centre mode shapes” tech-

nique, excitation signals need to be chosen to displace source nodes along the

source line in accordance to the mode shapes of the desired mode at the cen-
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tral frequency. Denoting by y the perpendicular distance from the centreline

of the rectangular FE domain, suppose that the desired mode to be excited

has y-dependent mode shapes ũx(y) and ũy(y) at the central frequency. The
discrete signals one must impose upon the source node located at a distance y

from the centreline, along the x and y directions, say hx(tk, y) and hy(tk, y),
should be those represented in the frequency domain by

Hx(fn, y) = ũx(y)Hn�t, Hy(fn, y) = ũy(y)Hn�t. (1.41)

The “centre mode shapes” technique applies the same mode shapes, those

of the central frequency, to all frequency components of the FFT of the

excitation toneburst. That is, equivalent to assuming that the mode shapes

of the mode of interest remain unchanged for frequencies around the central

frequency. In reality and for most guided wave systems, however, mode

shapes can vary rapidly with frequency, causing the approximation of using

the central frequency mode shapes for all frequencies to fail. As noted in

[65,66], this will inevitably lead to the excitation of other, unwanted, modes

at higher frequencies. Even though workarounds exist, like modulating each

frequency component of a signal based on exact, frequency-dependent, mode

shapes of the desired mode, the “centre mode shapes” technique was preferred

due to its simplicity and the fact that it yielded excellent results in exciting

modes predicted by the method proposed in this thesis.

1.5 Thesis Outline

Following this brief introduction of the background relevant to this thesis,

Chapter 2 studies leaky waves radiating from a flat waveguide in contact

with two, possibly dissimilar, fluid spaces. It presents the relevant theory

and proposes a spatial discretisation of the domain through SCM. This allows
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the leaky guided wave problem to be expressed as a polynomial eigenvalue

problem whose eigenvalues are the dispersion curves of leaky wave modes of

interest. Therein, a complex coordinate transformation bypasses the expo-

nential growth of leaky waves by allowing the solution of a di↵erent, well

behaved and numerically decaying, problem, which also encompasses all the

physics of the leaky system. Dispersion curves and displacement fields com-

puted with this SCM are validated against Disperse [16]. The methodology

presented in this chapter is the backbone of this thesis and underpins the

study of more challenging problems presented in subsequent chapters.

Chapter 3 proceeds to study the radiation of guided waves from a flat waveg-

uide that is embedded between two elastic spaces. Due to the compressional

and shear polarisations that a wave radiating into an elastic medium can have

– with each one or both at the same time possibly exponentially growing –

special care is taken when applying the methodology developed in the previ-

ous chapter to discretise the domain and solve for leaky waves in this context.

Dispersion curves and mode shapes are again compared against Disperse

curves wherever those were available. As an independent validation, disper-

sion curves of modes excited in a FE wave propagation model, using SCM

predicted mode shapes as excitation inputs, are also presented. Agreement

with FE results, even in cases where a Disperse prediction was not avail-

able, reinforced confidence of the versatility and accuracy of the proposed

methodology.

Building upon previous work, Chapter 4 discusses the extension of the pro-

posed methodology to cylindrical geometries and presents the theory under-

lying circumferential wave propagation in an elastic hollow cylinder immersed

in fluid. Two di↵erent approaches of distinct physical meanings and disper-

sion curves are investigated in this chapter. Here, dispersion curves of real

frequency against complex wavenumber and real wavenumber against com-
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plex frequency are sought for. A common set of Bessel equations characterises

both leaky systems and, in this chapter, it is discretised with the proposed

SCM while both dispersion curve types are solved for. As no readily avail-

able validation tool exists, root searching on the characteristic equation of

the problem is resorted to for the validation of both complex-wavenumber-

against-real-frequency and real-wavenumber-against-complex-frequency dis-

persion curves predicted by the SCM. For the former, an additional investi-

gation of two limiting cases of the immersed cylinder – a cylinder immersed

in a fluid of low acoustic impedance and a cylinder of small curvature (almost

flat) immersed in water – and a comparison of those against Disperse is also

presented.

Chapter 5 investigates the application of SCM to study the response of im-

mersed cylindrical targets subjected to incoming plane waves. The relevant

theory is presented here, while a SCM, based on Chebyshev methods, is de-

vised to predict the responses of the immersed elastic cylinder studied in

Chapter 4. Analytical methods are subsequently employed to compute that

same response at di↵erent frequencies, angles of incidence and angles of in-

terest, and a comparison against SCM results is presented as validation. The

direct link between the elastodynamic properties of the target, i.e. its real-

wavenumber-against-complex-frequency dispersion curves computed in the

previous chapter, with its response to the incoming wave is also investigated

here.

Finally, Chapter 6 summarises the main findings of this work and discusses

avenues of future investigation.
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Chapter 2

Leaky Wave Radiation Into Fluids

2.1 Introduction

Ultrasonic guided waves are of enduring interest for NDE, where guided

waves, such as Lamb waves [54], are utilised for the inspection or structural

health monitoring of single or multilayered systems of plates or pipes [11–14];

the complexities and characteristics of Lamb wave propagation for di↵erent

systems and media is of paramount importance in identifying the appropri-

ate choices in terms of frequencies and modes [15]. The route to e↵ective

inspection techniques depends critically upon predictive models focused on

identifying the dispersion curves and associated stress and displacement fields

which have consequentially been the focus of much attention.

Leaky waves arise in immersed guiding structures: it is common for a struc-

ture of interest to consist of an elastic waveguide partially in contact or fully

immersed in fluids. In this scenario the Lamb waves change their character

as energy is no longer necessarily confined within the boundaries of a solid

waveguide. When coupled to inviscid fluid(s) of infinite extent, two types of

guided waves arise [48]. The first are guided waves remaining confined to the
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solid and immediately-adjacent fluid, because their wave speeds are below the

speed of bulk waves in the adjacent fluid(s); these include, at high frequencies,

Scholte waves [69]; these are not of interest in this chapter. The second type

of guided wave has energy leakage, in the form of acoustic energy radiation

from the waveguide into the adjacent fluid(s), and occur when the guided

wave’s speed is above the fluid bulk wave speeds. As previously discussed,

this leads to attenuation, i.e. decay in amplitude, along the waveguide, and

modes in the fluid(s) whose amplitudes grow exponentially in the direction

transverse to the waveguide; these leaky Lamb waves [32, 70, 71] will be the

focus of the work presented in this chapter.

A key role in multiple areas of wave physics is played by leaky waves, for in-

stance in guiding structures in electromagnetism [72] where a mismatch of re-

fractive indices between waveguide and exterior medium leads to energy leak-

age and analogous leaky waves. A comprehensive recent review [73], in the

electromagnetic waveguiding setting, usefully rationalises the phenomenon of

the exponential growth of leaky waves and outlines applications in optics and

electromagnetism. In acoustics and elasticity, leaky Rayleigh waves feature

prominently in acoustic microscopy [74], in material characterisation of the

waveguide [75] or of the exterior fluid [76], and underwater structural acous-

tics [77], while leaky Lamb waves [32, 78] feature in the NDE of composites;

there is therefore naturally considerable interest in their accurate identifica-

tion.

A great amount of research went into developing modelling techniques for

guided waves and tools for the retrieval of their dispersion characteristics,

which are crucial for e↵ective inspections to take place. Some notable tech-

niques are the PWRF methods [17] that involve the matrix formulation

[17–20] of the system in question, based in exact analytical field descrip-

tions of partial bulk waves, and the subsequent employment of root-finding
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routines for the evaluation of the roots of its characteristic equation, the

SAFE methods [21–23, 37, 79] that discretise the cross-section of a struc-

ture with FE and algebraically retrieve dispersion curves as eigensolutions

of a matrix representation of the di↵erential equations of motion, and the

SCMs [24,43,55,80] that discretise the structure with collocation points and

compute its dispersion curves algebraically by discretising the equations into

generalised eigenvalue problems. These techniques are widely used today,

and even though they can be seen to produce excellent results for modelling

wave propagation in structures made of an arbitrary number of layers and

materials in in vacuum, when solving for leaky systems, the performance

of all of them is compromised by the unbounded nature of the domain and

the exponential growth and complex-valued wavenumbers of leaky waves.

Amongst other things, some formulations pose ill-defined problems (one has

more unknowns to solve for than equations), and as a result they often miss

some solutions and require the fine tuning of convergence parameters and

a priori knowledge of the modes that were missed; a problem amplified by

the complex wavenumbers of leaky waves. At the same time, other formu-

lations depend on appropriate choices of absorbing parameters to e↵ectively

absorb the exponentially growing fields of leaky waves without numerical re-

flections, or result in non-linear eigenvalue problems that require problem

specific treatments; see Section 1.1.2 for a more detailed discussion on some

common numerical challenges associated with leaky waves.

The work presented in this chapter overcomes the numerical challenges asso-

ciated with the accurate identification of leaky waves and investigates leakage

from elastic waveguides into fluid media. The work develops a SCM for the

computation of dispersion curves of leaky Lamb waves propagating along

a waveguide that is in contact with two di↵erent inviscid fluid half-spaces,

a problem that would traditionally produce a non-linear eigenvalue problem
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with a SCM discretisation. This new solution is applied and demonstrated us-

ing a specific example of a flat elastic plate with a di↵erent inviscid fluid half-

space on each side, however, the proposed technique has a powerful generic

potential and is applicable to more complex problems; cylindrical geometries

and leakage into solid media will be investigated in subsequent chapters. It

is worth noting that SAFE methods could have also been chosen here for the

discretisation of the waveguide domain. That choice was not made as the

simple geometry of the elastic waveguide does not require the spatial versa-

tility of SAFE, while, on the other hand, it allows for the favourable spectral

accuracy of spectral collocation to easily be exploited.

The closed waveguide domain is discretised with Chebyshev collocation points

and polynomials, while to deal with the open fluid half-spaces and the inher-

ent exponential growth of leaky waves, a new technique for the discretisation

of the open domains, that is based on Rational Chebyshev polynomials and

does not require the use of any absorbing boundaries, is proposed. A polyno-

mial eigenvalue problem is then produced and solved using a companion ma-

trix linearisation and conventional numerical solvers. Finally, the dispersion

characteristics and displacement fields of leaky Lamb waves are computed.

Without loss of generality of the proposed discretisation, the case presented

here is one that the root-finding algorithm of Disperse can solve satisfac-

torily, allowing the verification of SCM results against those from Disperse

and demonstrating in this way the ability of the method to produce accurate

results.

This chapter is organised as follows – Section 2.2 presents a brief summary

of the theory relevant to the solution of the leaky Lamb wave problem of

a waveguide in contact with two di↵erent inviscid fluid half-spaces. This is

followed by a description of the discretisation method in Section 2, and a

discussion of results in Section 2.4.
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The discussion and results presented in this chapter were published in [41].

2.2 Problem Statement

Consider a homogeneous, isotropic, linear-elastic waveguide of infinite extent

in the x and z directions, and finite thickness, 2d, which is immersed between

two inviscid fluids. The fluids can be di↵erent above, and below, the waveg-

uide and have densities ⇢f1, ⇢f2 and wave speeds cf1 and cf2 respectively, while

the waveguide has density ⇢, longitudinal wave speed cl and transverse wave

speed ct. A schematic of the cross-section of the waveguide, also showing the

coordinate axes, is shown in Figure 2.1.

Figure 2.1: Schematic of an elastic waveguide of thickness 2d, infinite extent
in the x and z directions, density ⇢, longitudinal wave speed cl and transverse
wave speed ct, lying between two inviscid fluids of densities ⇢f1, ⇢f2 and wave
speeds cf1 and cf2 respectively.

The centreline of the waveguide is along y = 0, and the axis orientation

has waves propagating in the positive x direction with wavenumber kx. For

an angular frequency, !, the phase velocity is given by cph = !�R(kx) and
the attenuation in the propagation direction is ↵x = I(kx), with R(⋅) and
I(⋅) denoting real and imaginary components of a complex number. Waves
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with displacements in the z direction decouple from those with displacements

in the x and y directions [81]; the latter encompass the leaky Lamb waves

of interest and hence only displacements in the x and y directions will be

considered in the waveguide and the two fluids, say ūx, ūxf1
and ūxf2

and

ūy, ūyf1 and ūyf2 .

Snell’s law requires that waves in all layers must share the same frequency

and complex wavenumber in the x direction; this is depicted in Figure 2.1,

where a common wavenumber, kx, in the direction of propagation, is assumed

for waves in all layers of the system. It follows that, assuming plane harmonic

waves, all displacement and stress fields, in both fluids and the waveguide,

contain the common exponential factor, exp[i(kxx − !t)], which is hence-

forth assumed present in all fields and omitted for brevity. Following the

discussion presented in Section 1.2, the displacement vector uw = (ux, uy)
of displacement in the isotropic solid, adheres to the two dimensional wave

motion governed by the momentum equations, Eq. (1.19) and (1.20), for �,

µ the elastic Lamé parameters of the elastic material of the waveguide.

When it comes to the displacement fields in the two fluids, a similar ap-

proach is followed to derive the equation of motion in the two spaces. Let

uf1 = (uxf1
, uyf1), and uf2 = (uxf2

, uyf2) be the vectors of displacements in

the two fluids. By employing a Helmholtz decomposition [82], the two can

be expressed in terms of two scalar wave potentials, �f1 and �f2, as

uf1 = ��
uxf1

uyf1

�
� = ∇�f1, uf2 = ��

uxf2

uyf2

�
� = ∇�f2. (2.1)

The scalar wave potentials correspond to a partial wave representation of

the radiated wave field, which, for leakage into inviscid fluids, can only have

compressional polarisations. Thus, the scalar wave potentials �f1 and �f2,

correspond to longitudinal partial waves in the fluids. Expanding Eq. (2.1)
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yields

uxfn
= ikx�fn, (2.2)

uyfn = @�fn
@y

, (2.3)

with the subscripts n = 1, 2 corresponding to the fluids above and below the

waveguide respectively.

Following the discussion of Nayfeh and Nagy [78], specialising their viscous

fluid model to the inviscid fluids of this setup, the inviscid fluid spaces may

be modelled as elastic spaces of zero shear component, i.e. solids with µ = 0.
The equations governing wave motion in the fluids, derived by replicating the

discussion of Section 1.2 with µ = 0, are
⇢fn!

2
uxfn
− �fnk2xuxfn

+ �fnikx@uyfn
@y
= 0, (2.4)

⇢fn!
2
uyfn + �fnikx@uxfn

@y
+ �fn@2uyfn

@y2
= 0, (2.5)

with �fn = ⇢fnc2fn in each fluid. A substitution of Eqs. (2.2) and (2.3) into

Eqs. (2.4) and (2.5) allow the equations of motion in the two fluids to be

reduced into a single equation in the scalar wave potential �fn, as

⇢fn!
2
�fn − �fnk2x�fn + �fn@2�fn

@y2
= 0. (2.6)

To fully describe wave motion in the immersed waveguide system, in addition

to equations of motion, interface conditions are required. For a two-sided

fluid-loaded system, these are the continuity of normal stress and normal

displacement, and the vanishing of shear stress at the two interfaces [52]

�xy = �yfn − �y = uyfn − uy = 0, at y = ±d, (2.7)
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with �yfn = −⇢fn!2�fn the normal stress in the two fluids [51]. A direct sub-

stitution of stresses and displacements in Eq. (2.7) allow interface conditions

to explicitly be given by

�(� + 2µ)@uy
@y
+ �ikxux + ⇢fn!2

�fn��
y=±d = 0, (2.8)

�ikxuy + @ux
@y
��
y=±d = 0, (2.9)

�@�fn
@y
− uy��

y=±d = 0. (2.10)

Wave propagation in the waveguide is captured by a single wavenumber, kx,

whereas the inhomogeneous bulk waves that propagate in the fluids, at an

angle from the waveguide, see Figure 2.1, require additional wavenumbers;

these represent the projection of outgoing waves in the transverse, y, direc-

tion. The aforementioned wavenumbers are denoted by ky1 and ky2 for the

two fluids and similar to kx, their real parts describe the speed of propaga-

tion in the y direction and their imaginary parts describe their attenuation

or growth as they propagate along the same direction. It is common to define

the propagation wave vectors of these inhomogeneous bulk waves as

kf1
∶= ��

kx

ky1

�
� and kf2

∶= ��
kx

ky2

�
� , (2.11)

which, for inviscid fluids, have real magnitudes given by [83]

�kfn
� = kfn = !

cfn
, for n = 1, 2, (2.12)

and satisfy the trigonometric relation

k
2
fn
= k2x + k2yn, for n = 1, 2. (2.13)
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Consequently, one may write the longitudinal wave potentials, �f1 and �f2,

in the two fluid half-spaces, as [78, 84]

�f1(y) = A1 exp [−iky1(y + d)] , (2.14)

�f2(y) = A2 exp [iky2(y − d)] , (2.15)

where A1, A2 are unknown constants to be found.

It is important to highlight that Eq. (2.13) implies that k2x + k2yn must be

real valued, which in turn requires the imaginary components of kx and kyn

to have opposite signs when outgoing waves of positive phase velocities are

considered, i.e. when both R(kx) and R(kyn) are positive. In particular,

when leaky waves are propagating and attenuating along the positive x di-

rection – a behaviour described by a complex wavenumber kx of positive real

and imaginary parts – it follows that I(kyn) must be negative and thus the

wave fields described by Eqs. (2.14) and (2.15) in the two fluid spaces will

exhibit exponential growth as a function of perpendicular distance from the

waveguide; this forms the mathematical basis for the exponential growth of

the leaky waves of interest in this study. For more details on the symme-

tries of the (kx, kyn) spectrum and a classification of waves according to their

complex wavenumbers see [85].

One approach to formulating the problem mathematically is to substitute

Eqs. (2.14), (2.15) in Eqs. (2.6)-(2.10), discretise the waveguide and arrive at

a non-linear eigenvalue problem [43], where the non-linearity of the problem is

a result of the square root term arising from the use of Eqs. (2.12) and (2.13).

For a single fluid, either on one side or on both sides, and leaky Lamb waves in

a waveguide, Kiefer et al. [43] employ a SCM using Chebyshev polynomials to

discretise the waveguide; a neat change of variables [86] reduces the algebraic

non-linear eigenvalue problem to a polynomial one which is then solvable
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with well-established methods. However, fluid coupling by two di↵erent fluids

leads to a more complicated non-linear eigenvalue problem that appears not

to reduce quite so pleasantly.

The aim of this work is a general approach for leaky waves in immersed waveg-

uides or pipes. The solution method of choice is presented in the section to

follow, where a spectral collocation discretisation of both the waveguide and

of the two open spaces of inviscid fluids is proposed; the discretisation of the

fluid spaces is key, as it is what deals with the exponential growth of leaky

waves, and will be described in detail. This discretisation results in a polyno-

mial eigenvalue problem with the complex wavenumber kx as its eigenvalue

and the wave displacements, complemented by the wave amplitudes of Eqs.

(2.14) and (2.15), as the eigenvector; an eigenvalue problem solvable with

standard methods.

2.3 Discretisation

The discretisation of both the waveguide and the open fluid domains is done

using spectral collocation [55, 56]. For the problem of planar geometry dis-

cussed in this chapter, spectral collocation was advantageous and easy to

implement, however, it is worth noting that the discretisation method to be

presented here is not unique to spectral collocation.

Recall that, in brief, spectral collocation revolves around creating di↵erenti-

ation matrices and expressing an ODE or PDE as a matrix equation. When

one wishes to di↵erentiate a function that is defined over some known domain,

spectral collocation approximates said derivative by generating di↵erentiation

matrices. Those di↵erentiation matrices are generated based on a discreti-

sation of the domain of the function with a set of collocation points and

a choice of global interpolants. The operation of di↵erentiating a function
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then becomes a matrix multiplication between the di↵erentiation matrix and

a column vector of the function to be di↵erentiated sampled at the set of

collocation points; see Section 1.3 for more details.

The identification of the collocation points is thus key, and a common choice,

when the function one is working with is smooth and the domain it is defined

over, bounded, is that of the Gauss–Lobatto Chebyshev collocation points of

Eq. (1.28), for which the Chebyshev di↵erentiation matrices exhibit spectral

accuracy [56,57]. This accuracy, together with their flexibility and established

use in guided wave problems [24,27,43], motivates their use for approximat-

ing the derivatives of displacement fields in the bounded waveguide domain

[−d, d].
The treatment of the bounded waveguide domain follows that presented

in [24]. A discretisation of the domain [−d, d] and corresponding di↵eren-

tiation matrices defined over the same domain are desired. To start, the

di↵erentiation matrix suite of Weideman and Reddy [58] is employed to ob-

tain the first and second order di↵erentiation matrices, denoted by D(1) and
D(2) respectively, for the N Gauss–Lobatto Chebyshev collocation points,

{sj}Nj=1, defined in Eq. (1.28) over the interval [−1, 1]. The discretisation of

the waveguide domain [−d, d] with Chebyshev collocation points is simply

achieved with

y
j
p = dsj, (2.16)

which produces a set of collocation points, {yjp}Nj=1, spanning over the desired

waveguide domain. Just like in Eq. (1.31), the corresponding first and second

order di↵erentiation matrices in [−d, d] as
D
(1)
p = �1

d
�D(1),

D
(2)
p = �1

d
�2D(2). (2.17)
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To treat the open spaces of fluid, [−∞,−d] and [d,∞], a generalisation of

Chebyshev methods is used instead – specifically of Rational Chebyshev [57]

approaches; these have been used for guided waves in optics, i.e. in the modal

analysis of a multilayered optical waveguide [87]. Rational Chebyshev nodes

arise from the mapping of Chebyshev collocation nodes, through rational

maps, onto an open space, infinite or semi-infinite, and preserve the perfor-

mance benefits of traditional Chebyshev di↵erentiation matrices.

Start again from the N Chebyshev collocation points, {sj}Nj=1, defined over

the interval [−1, 1] and note that although the same starting point is assumed

for the discretisation of both fluids for brevity, this needs not be the case in

general; a di↵erent number of points and di↵erentiation matrices may be used

in each layer. Instead of the real valued rational maps of Rational Chebyshev

methods, consider the complex coordinate transformations hf1 ∶ [−1, 1]�→ C
and hf2 ∶ [−1, 1]�→ C given by

hf1 ∶ s�→ y = −d − ⇣f1 1 − s1 + s, (2.18)

hf2 ∶ s�→ y = d + ⇣f2 1 + s1 − s, (2.19)

with ⇣f1, ⇣f2 ∈ C; the choice of the two complex parameters ⇣f1 and ⇣f2 plays

an important role in the discretisation of the fluid domains and is deserving

of a detailed discussion.

A choice of positive real numbers ⇣f1 and ⇣f2, such as the one made in previous

work on optical waveguides [87], maps the collocation points of Eq. (1.28),

through hf1 and hf2, to [−∞,−d] and [d,∞] respectively. The implicit expo-

nential growth of leaky waves prevents conventional eigenvalue solvers from

reliably retrieving the solution and requires the use of PMLs, absorbing layers

or outgoing wave boundary conditions at infinity which simply transfers the
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numerical problems normally encountered to elsewhere in the problem. Note

that, within such PMLs, a map to complex space, to appropriately adjust

the leaky PML solutions to decay [48], allows leaky wave solutions.

A choice of complex ⇣f1 and ⇣f2 maps a real interval onto two semi-infinite

intervals in complex space, denoted byCf1 andCf2. The complex intervals are

exactly the complex lines adjoining hfn(s1) with hfn(sN). If, without loss of
generality, one considers hf1, then depending on the choice of ⇣f1, the complex

interval Cf1 is the line adjoining hf1(−1) = ±∞ ± i∞ to hf1(1) = d.
This choice of complex ⇣f1 and ⇣f2 is key in the proposed discretisation and will

enable the solution of leaky waves. To understand how, one needs consider

the leaky problem and the equations of motion Eq. (2.6), defined over the

complex intervals Cf1 and Cf2. Even when defined over Cfn, Eq. (2.6) is

still a wave equation of the same wavenumber, kx, and consequently attains

solutions of the form

�̃f1(yf1) = Ã1 exp[−iky1(yf1 + d)], (2.20)

�̃ff2
(y2) = Ã2 exp[iky2(yf2 − d)], (2.21)

with Ãn unknown amplitudes and yfn ∈ Cfn.

The unknown amplitudes, Ãn, just like An, are determined by imposing the

interface conditions at the two solid-fluid interfaces. As the choice of map-

ping guarantees a collocation point on the real space of the two fluid-solid

interfaces, interface conditions are applied at the collocation points located

at the physical fluid-solid interfaces for both the physical problem and �fn(y)
with real y, and the complex problem and �̃fn(yfn) with complex yfn. From

Eqs. (2.20), (2.21) and (2.14), (2.15), it is clear that �fn(±d) = An and

�̃fn(±d) = Ãn, which implies that if they are to satisfy identical equations at

the same collocation points, it must be that An = Ãn. In fact the unknown
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amplitudes An fully determine both �̃fn and �fn, with the two only di↵erent

in their domains of definition; the �̃fn are the analytic continuations of �fn,

with domains of definition the complex paths Cfn, and will henceforth be

referred to as the complex wave potentials in the two fluids.

Crucially, introducing the maps hf1 and hf2 allows control over the behaviour

of the complex wave potentials of Eqs. (2.20) and (2.21), which, under a

careful choice of ⇣fn, can be made to numerically decay. To illustrate how that

may be achieved, consider the following: the leaky waves that are sought in

this study are radiating from the waveguide and into the adjacent fluid spaces,

and cause outgoing wave fields in the two fluid spaces that grow exponentially

as a function of perpendicular distance from the waveguide. For that to be

the case, the wave potentials of Eqs. (2.14) and (2.15) must correspond

to outgoing and growing waves and, as previously discussed, the transverse

wavenumbers ky1 and ky2 both have to lie in the 4th complex quadrant. That

is, they have positive real and negative imaginary parts and may be written

as kyn = ↵ + i�, with ↵ ∈ R>0 and � ∈ R<0. If the complex wave potentials of

Eqs. (2.20) and (2.21) are rewritten as

�̃fn(yfn) = An exp(ikyn⇣fny0), (2.22)

with y0 the real half line [0,∞) such that yf1 = −d− ⇣f1y0 and yf2 = d+ ⇣f2y0,
then a choice of ⇣fn = � + i�, with �, � ∈ R≥0, yields

�̃fn(yfn) = An exp(ikyn⇣fny0),
= An exp[i(↵ + i�)(� + i�)y0],
= An exp[i(↵� + i↵� + i�� − ��)y0],
= An exp[i(↵� − ��)y0] exp[−y0(↵� + ��)].

(2.23)

It follows that the complex potentials �̃fn(yfn) numerically decay as y0 →∞,
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when

−y0(↵� + ��) < 0,
↵� + �� > 0,

� > −�(��↵), if ↵ ≠ 0.
(2.24)

This means that due to the choice of complex maps, the Chebyshev collo-

cation points, {sj}Nj=1, may be mapped to two complex intervals, Cf1 and

Cf2, where importantly, both complex fluid wave potentials, �̃fn, are made to

numerically decay while still satisfying the momentum equations of Eq. (2.6)

and all six of the interface conditions of Eqs. (2.8)-(2.10), this way preserving

all the essential characteristics of the original leaky wave solution, i.e. the �̃fn
numerically decay for the same wavenumber and amplitude of leaky waves.

Thus, the proposed complex coordinate transformation allows for a numeri-

cally decaying problem to be solved instead of an exponentially growing one,

without compromises on any of the underlying physics. It should be noted

that the proposed complex rational maps of Eqs. (2.18)-(2.19) resemble the

complex coordinate stretching used in the technique of PMLs; see Appendix

A for more details and a discussion.

To obtain di↵erentiation matrices in the complex fluid domains, Cf1 and Cf2,

denote by yf1 = �yjf1 = hf1(sj)�Nj=1 the vector of collocation points in Cf1 and

by yf2 = �yjf2 = hf2(sj)�Nj=1 the vector of collocation points in Cf2. A repeated

use of the chain rule gives the di↵erentiation matrices for the fluids in the

two complex domains. The N ×N di↵erentiation matrices for the fluid at the
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top of the waveguide are given by

D
(1)
f1
=diag� 2⇣f1[⇣f1 − (yf1 + d)]2�D

(1)
, (2.25)

D
(2)
f1
=diag� 4⇣f1[⇣f1 − (yf1 + d)]3�D

(1)

+ diag��
4⇣2f1[⇣f1 − (yf1 + d)]4

�
�D(2),

(2.26)

and similarly the ones for the fluid at the bottom of the waveguide read

D
(1)
f2
=diag� 2⇣f2[⇣f2 + (yf2 − d)]2�D

(1)
, (2.27)

D
(2)
f2
=diag� −4⇣f2[⇣f2 + (yf2 − d)]3�D

(1)

+ diag��
4⇣2f2[⇣f2 + (yf2 − d)]4

�
�D(2).

(2.28)

Here, d = (d, . . . , d)T is a column vector of appropriate size, and likewise for

⇣f1 and ⇣f2. The diagonal matrices in Eqs. (2.25)-(2.28) are the matrices

whose diagonals are the expressions in parenthesis, evaluated at each of the

collocation points, and have zeros everywhere else.

Due to the choice of discretisation, a numerically decaying function is now

extracted rather than an exponentially growing one. As a result, imposing

Dirichlet zero boundary condition at the farthest collocation point in the

complex space associated with a fluid domain is relevant only insofar as it

ensures that the solution vanishes at infinity in that complex space. This

is achieved by removing the rows and columns of di↵erentiation matrices

corresponding to that collocation point, as well as the collocation point itself.

For the fluid space at the top of the waveguide, the first rows and columns
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of D
(1)
f1

and D
(2)
f1

and y
1
f1

are deleted, while for the fluid space at the bottom,

the last rows and columns of D
(1)
f2

and D
(2)
f2

and the collocation point yNf2 are

deleted.

Having generated di↵erentiation matrices for both the waveguide and com-

plex fluid domains, the di↵erential operators of Eqs. (1.19),(1.20) and (2.6)

may be expressed as matrix operators by replacing first and second order

derivatives in Eqs. (1.19),(1.20) and (2.6) with the appropriate di↵erentia-

tion matrices D
(m)
p or D

(m)
fn

, for n = 1, 2 and m = 1, 2. Those read

Lp = k2xLp2 + kxLp1 +Lp0, (2.29)

Lfn = k2x(−�fnI) + ⇢fn!2
I + �fnD(2)fn

, (2.30)

with Lpk given by

Lp2 =
������
−(� + 2µ)I 0

0 −µI
������ , (2.31)

Lp1 =
������

0 i(� + µ)D(1)p

i(� + µ)D(1)p 0

������ , (2.32)

Lp0 =
������
⇢!2I + µD(2)p 0

0 ⇢!2I + (� + 2µ)D(2)p

������ , (2.33)

for k = 1, 2, 3 and I the identity matrix of appropriate size. In Eqs. (2.29)-

(2.33), matrix operators were separated into k2x-dependent, kx-dependent and

constant components; this is convenient for the polynomial eigenvalue prob-

lem formulation presented later. These matrix operators allow the equations

of motion of the immersed plate problem to be written as the eigenvalue

problem

L̃u = 0, (2.34)
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with

L̃ =
�����
Lf1 0 0

0 Lp 0

0 0 Lf2

�����
, (2.35)

a (4N − 2) × (4N − 2) diagonal matrix operator and

u =
��������

�̃f1

ux

uy

�̃f2

��������
, (2.36)

a column vector of (4N − 2) entries containing the displacement fields in the

waveguide and complex fluid wave potentials evaluated on the collocation

points discretising their respective domains of definition. Explicitly those are

given by

�̃f1 =
�����
�̃f1(y2f1)⋮
�̃f1(yNf1)

�����
,ux =

�����
ux(y1p)⋮
ux(yNp )

�����
,

ux =
�����
uy(y1p)⋮
uy(yNp )

�����
, �̃f2 =

�����
�̃f1(y1f2)⋮
�̃f2(yNf2)

�����
.

(2.37)

By separating the matrix operator L̃ into its k2x-dependent, kx-dependent and

constant constituent components, say L̃2, L̃1 and L̃0 respectively, Eq. (2.34)

may be rewritten as

�k2xL̃2 + kxL̃1 + L̃0�u = 0. (2.38)
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To complete the discretisation of the problem with spectral collocation, the

interface conditions Eqs. (2.8)-(2.10) must be incorporated in the matrix

equation of Eq. (2.38). To achieve this, the di↵erential operators of interface

condition equations must first be discretised into row operators by replacing

the derivatives of displacements and wave potentials with appropriate rows of

di↵erentiation matrices. For example, interface conditions at the top interface

at y = −d, are discretised as

�⇢f1!2
I�̃f1��y=−d + [i�kxIux]�y=−d + �(� + 2µ)D(1)p uy��

y=−d = 0,
�D(1)p ux��

y=−d + [ikxIuy]�y=−d = 0,
�D(1)f1

�̃f1��y=−d + [−Iuy]�y=−d = 0,
(2.39)

with the operation [⋅]�y=−d interpreted as the discrete evaluation of the op-

erator in square brackets at the top solid-fluid interface. This evaluation is

equivalent to taking the row of the matrix operator in the square brackets

that corresponds to the collocation point at y = −d. Due to the ordering

of collocation points throughout the domain and the imposition of Dirich-

let zero boundary conditions, the matrix operators acting on �̃f1 are of size

(N − 1) × (N − 1) and their last rows correspond to the collocation point at

y = −d, while matrix operators acting on either ux or uy are of size N×N and

their first rows correspond to the collocation point at the top interface.

The above may be combined into a discrete matrix equation of interface

conditions at y = −d, as
IC(−d)u = 0, (2.40)
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with IC(−d) a matrix operator of size 3 × (4N − 2) explicitly given as

IC(−d) = kx
���������

0 i�I 0 0

0 0 iI 0

0 0 0 0

���������

������������������y=−d
+
���������

⇢f1!
2I 0 (� + 2µ)D(1)p 0

0 D
(1)
p 0 0

D
(1)
f1

0 −I 0

���������

������������������y=−d
.

(2.41)

In Eq. (2.41), IC(−d) is represented for simplicity by a 3 × 4 matrix whose

elements are the row vectors representing the discrete evaluation of the dif-

ferential operators of the interface conditions at the interface y = −d, i.e. the
appropriate rows of the matrix operators of Eq. (2.39).

Similarly, the matrix of interface conditions at the bottom interface is ob-

tained as

IC(d) =kx
���������

0 i�I 0 0

0 0 iI 0

0 0 0 0

���������

������������������y=d
+
���������

0 0 (� + 2µ)D(1)p ⇢f2!
2I

0 D
(1)
p 0 0

0 0 −I D
(1)
f2

���������

������������������y=d
,

(2.42)

with the same convention for the evaluation of the di↵erential operators used

here. For evaluation at the interface y = d, the first row of the operators

for the complex fluid potential of the fluid at the bottom of the waveguide

and the N th row of the operators of the waveguide displacements must be

taken.
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To incorporate those interface conditions, like with the example of Poisson’s

equation in Section 1.3, rows of L̃, or equivalently of L̃2, L̃1 and L̃0, that

correspond to the two interfaces must be replaced with rows from the interface

condition matrices of Eqs. (2.41) and (2.42). Again, due to the discretisation

and construction of L̃ from the matrix di↵erential operators of Eqs. (2.29)

and (2.30), the rows corresponding to the interface y = −d are N − 1,N and

2N , and each of those is replaced with a row from the interface condition

matrix IC(−d). Similarly, the rows corresponding to the interface at y = d are

2N −1, 3N −1 and 3N , and each of those is replaced with an appropriate row

from IC(d). An illustration of this process is shown in Figure 2.2.

By imposing the discretised interface conditions on L̃, one arrives at a new

matrix operator, L, with a decomposition analogous to the one of Eq. (2.38).

The resulting polynomial eigenvalue problem is

�k2xL2 + kxL1 +L0�u = 0, (2.43)

where for a given !, kx is the eigenvalue and u is the eigenvector.

To solve the polynomial eigenvalue problem and retrieve the dispersion curves

and mode shapes of leaky waves, a companion matrix linearisation [88] is

employed by setting U = [kxu,u]T and defining the square companion ma-

trices

A = ������
−L1 −L0

I 0

������ and B = ������
L2 0

0 I

������ , (2.44)

with I the identity matrix of dimension (4N −2)×(4N −2). The polynomial

eigenvalue problem of Eq. (2.43) is then equivalent to the generalised linear

eigenvalue problem,

(A − kxB)U = 0, (2.45)

that is solvable with conventional generalised eigenvalue problem solvers, with
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Figure 2.2: An illustration of imposing interface conditions by replacing rows
N −1,N and 2N with rows from IC(−d) and rows 2N −1, 3N −1 and 3N with
rows from IC(d).
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eigenvalue kx and eigenvector U . By formulating and solving the eigenvalue

problem of Eq. (2.45) for multiple real frequencies in a desired range, i.e.

performing frequency sweeps, the full set of leaky wave dispersion curves is

retrieved.

To summarise, using a spectral collocation discretisation, a polynomial eigen-

value problem that preserves the characteristics of leaky wave propagation

in a waveguide immersed between two fluids of the same or di↵erent wave

speeds was formulated and solved. The key idea of the method was to model

wave propagation in carefully selected paths in the complex plane rather than

the physical fluid domains. This allows the search for exponentially decaying

numerical solutions that fully and accurately describe the exponentially grow-

ing physical ones, without the need of solving non-linear eigenvalue problems

or absorbing boundaries at infinity. Additionally, the method does not it-

self introduce attenuation to the material, and thus delivers correct solutions

for the wave fields in the exterior domain without attenuating them – this

method could also be applied for viscous fluids, in which case there would

be a physical attenuation due to viscosity which would be retained correctly

in this representation. Finally, a very significant property of the proposed

technique is that it is not unique to spectral collocation; the key principle

would work with any other choice of discrete representation of the waveguide,

e.g. SAFE methods, to accurately obtain solutions to problems where energy

leakage in infinite media is observed.

2.4 Results & Discussion

The presented spectral collocation discretisation is employed here to compute

the dispersion curves and displacement fields, as eigenvalues and eigenvectors

of Eq. (2.43), for leaky modes radiating from an elastic waveguide with

51



di↵erent inviscid fluids either side. The well-established software Disperse

[16] provides a good basis for comparison with the proposed SCM as its

reliability has been demonstrated in multiple scenarios [35, 89–92].

Consider the typical example of a 1 mm thick brass plate (⇢ = 8.4 g/cm3,

ct = 2.2 m/ms, cl = 4.4 m/ms) loaded on the top side by water (⇢f1 = 1 g/cm3,

cf1 = 1.5 m/ms) and at the bottom side by diesel oil (⇢f2 = 0.8 g/cm3,

cf2 = 1.25 m/ms). Recall that to compute the dispersion curves of leaky

waves in the system, a choice of complex parameters ⇣fn that ensures the

convergence of the complex wave potentials �̃fn of Eq. (2.22) needs to

be made. The convergence study of Eq. (2.24) suggested that when a

complex wavenumber solution, kx, and corresponding transverse wavenum-

bers, kyn, are to be solved for, a choice of ⇣fn ought to be made such that

R(kyn)I(⇣fn) + R(⇣fn)I(kyn) > 0. For the leaky modes (R(kyn) > 0 and

I(kyn) < 0) of concern in this study, one may assume, without loss of gen-

erality, R(⇣fj) = 1 and maintain in this way the span of the Gauss–Lobatto

Chebyshev collocation points of Eq. (1.28), along the complex paths Cfn; fur-

ther choosing I(⇣fn) > −I(kyn)�R(kyn) ensures the condition of Eq. (2.24) is

satisfied.

The choice may be automated through the following rule-of-thumb: solve

for the same waveguide immersed in two identical inviscid fluids twice, say

with the SCM of [43], each time taking the inviscid fluids to be one of the two

distinct fluids of the current setup, and record the maximum value of the ratio

−I(ky)�R(ky) for leaky wave solutions in the frequency range of interest.

These maximum ratios provide initial guesses for the ratios −I(kyn)�R(kyn).
For the problem at hand, leaky waves in a brass waveguide fully immersed

in water and then in oil were solved for; in the angular frequency range 0-

20 MHz, the recorded maximum ratios were found to be less than 1.

In light of this, for the computation of dispersion curves with SCM, the
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conservative choice of ⇣fj = 1 + 10i was made, satisfying in this way Eq.

(2.24). As this translates to a rapidly decaying solution, a su�cient number of

collocation points was also chosen to capture this decay. A conservative choice

is N = 30, which yields a convergent solution. The stability of the algorithm

regarding the choices of ⇣fn and the number of collocation points was briefly

investigated and the scheme was found to be very robust to the choices taken

in the frequency range studied. Despite that fact, it must be recognised that

a more thorough investigation of these combinations is required to confidently

and accurately obtain the full set of leaky wave solutions for all frequencies

and every possible combination of solids and external fluids. The computation

at 200 frequency points took a total of 40.36 seconds on a personal computer

with a 32GB Random Access Memory (RAM) and an Intel i7-10700 Central

Processing Unit (CPU).

The SCM results are compared with those from Disperse in Figure 2.3 with

pleasing agreement for both the phase velocity and attenuation. There are

infinitely many possible modes that can propagate through the waveguide

and filtering prior to plotting was performed so that those leaky modes of

most physical interest are illustrated. The filtering comprises a positively

propagating wave requirement with R(kx) > 0 and attenuation with I(kx) >
0 and �kx� ≠ ∞. Also, for plotting purposes, an arbitrary choice of cut-o↵

attenuation at 1 Np/mm was made. It should be noted that only leaky

modes that radiate in both fluid spaces are depicted on Figure 2.3 – those

are the traditionally more complex solutions to obtain due to the exponential

growth of amplitude in both half-spaces of fluids. The full set of solutions,

that is modes that only leak in one of the fluids or modes trapped in the

waveguide and do not leak at all, can also be attained with an appropriate

choice of complex parameters ⇣fn – this will be demonstrated in the next

chapter.
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(a)

(b)

Figure 2.3: Comparison of dispersion curves obtained from the SCM model
and from Disperse, for a 1 mm thick brass plate, loaded on one side by
water and on the other by diesel oil. Figure 2.3(a) plots phase velocity against
frequency, with SCM results coloured according to their value of attenuation,
while Figure 2.3(b) plots attenuation against frequency, with SCM results
coloured according to their value of phase velocity.
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(a)

(b)

Figure 2.4: Mode shapes for a 1 mm thick brass plate loaded on one side
by water and on the other by diesel oil, for the frequency-phase velocity pair(f, cph) ≈ (2 MHz , 6.2 m/ms). Figure 2.4(a) plots the real and imaginary
parts of ux and Figure 2.4(b) plots the real and imaginary parts of uy. The
scale is chosen such that ux = 1 for both SCM and Disperse results.
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In addition to dispersion curves, the SCM conveniently retrieves the values

of the amplitudes of the fluid potential and the displacements in the solid

from the eigenvector through U ; as these fully describe the acoustic fields

in the fluids and the solid, the whole of the wave field is obtained without

any extra e↵ort. Using those amplitudes, the displacements in the fluids are

computed through the Helmholtz decomposition equations of displacements

in the fluid, Eq. (2.1), and the wave potentials in Eqs. (2.14) and (2.15).

For the water-brass-oil system of Figure 2.3, a comparison of the y-dependent

components of displacement, in both the direction of propagation and the

normal direction, between the SCM displacements and the corresponding

Disperse solution is made in Figure 2.4. Note that because SCM displace-

ments are obtained as an eigenvector of a polynomial eigenvalue problem,

any scalar multiple of these remains a valid eigenvector; the same fact is true

for the mode shapes of Disperse [16]. Thus, to fix upon a solution and for

the two fields to be comparable, the same ux displacement at the interface

y = −d was imposed to both SCM and Disperse solutions (ux = 1). The

displacements of Figure 2.4, for an arbitrarily selected frequency-phase ve-

locity pair (f, cph) ≈ (2 MHz , 6.2 m/ms) from Figure 2.3, again show a good

match between the two methods.

2.5 Conclusion

The leaky Lamb wave problem for a plate loaded on both sides by two dif-

ferent fluids is an exemplar of leaky waves and exhibits the key di�culty of

studying such systems; the non-linear eigenvalue problem is di�cult to solve,

a neat change of variables to transform it is not easily available, the exponen-

tial growth poses a numerical challenge to the retrieval of accurate solutions.

To overcome this inherent di�culty, a mapping of the fluid domains onto
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paths in complex domains was performed. This map built in the exponen-

tial growth of leaky waves, and allowed the problem to be reformulated as a

polynomial eigenvalue problem and be solved using standard solvers thence

obtaining the complete physical solution robustly, accurately and without

the need of user intervention; each of which attributes, or a combination of

them, is a potential challenge to other existing methods. The use of spectral

collocation, based on Chebyshev approaches, for the discretisation of both

the open and closed domains of the system provides the method with speed,

accuracy and robustness whilst keeping the eigenvalue systems compact. The

formulation leads to systems amenable to standard eigensolvers and enables

the retrieval of all the complex wavenumbers and displacement fields of leaky

Lamb waves for any given frequency.

The complex mapping and the treatment of the exponential growth of the

leaky waves of the system presented here is very importantly not unique to

the planar elastic waveguiding problem: the introduced methodology can be

extended to multilayered elastic systems of plain or cylindrical geometries.

The underlying SCM technique is also general and can be extended to more

complicated geometries and guiding structures, and also to more general me-

dia i.e. anisotropic or viscoelastic guides [80] and attenuating (e.g. viscous)

fluids, and thereby together with the leaky wave SCM provides a methodol-

ogy for all wave systems of this generic type.
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Chapter 3

Leaky Wave Radiation from Buried

Waveguides

3.1 Introduction

So far, the leakage of acoustic energy from a waveguide into a surrounding

space of inviscid fluid, in planar geometries, has been investigated; this is but

the simplest case where leaky waves manifest. Leaky waves feature promi-

nently, not only in immersed waveguides but also in buried ones. In the con-

text of NDE inspections, a structure under inspection often comprises an elas-

tic waveguide in contact with dissimilar spaces of elastic media; elastic waves

are then radiated from the waveguide into the surrounding media, with the

amplitude of the leaked energy often displaying exponential growth with dis-

tance in the adjacent elastic medium and leaky guided waves propagating and

attenuating along the structure with complex wavenumbers. This behaviour

is common in a wide range of settings, some of which extend beyond NDE

and structural integrity, including reinforced concrete structures [30], seismol-

ogy [31], adhesive joints and fibre composites [32,33], buried pipes [14,34–37]
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and biological structures such as bones surrounded by tissue [38–40]. Conse-

quently, understanding the dispersion and attenuation characteristics of leaky

systems, and in particular leaky Lamb waves [41, 43, 54, 65], for waveguides

in contact with spaces of di↵erent elastic materials is of recurrent and broad

interest.

When energy is radiated from a buried waveguide into adjacent spaces of solid

media, the elastodynamic waves propagating in the exterior elastic spaces

have both compressive and shear polarisations. Thus, unlike leakage from

fluid coupled waveguide where a single compressive wave fully describes the

radiated field in an adjacent fluid space, radiated waves in elasticity are de-

scribed as the superposition of two partial waves, one longitudinal and one

shear; this is a step-change in complexity from fluid loading cases, as either

one or both longitudinal/shear waves can exponentially grow for leaky waves

in elasticity. Consequently the existence of possibly multiple exponentially

growing fields in the computational domain further complicates matters when

attempting to model or accurately identify the dispersion and attenuation

characteristics of leaky waves.

Recent contributions in the field have overcome some of the inherent com-

putational challenges associated with the computation of leaky wave dis-

persion curves by formulating and solving non-linear eigenvalue problems.

Notable contributions include those of Kiefer et al. [43], Tang et al. [93], and

Gravenkamp et al. [44], where spatial discretisations – with SCM or SAFE – of

straight waveguides coupled to unbounded fluid [43,93] or isotropic solid [44]

media were used to formulate non-linear eigenvalue problems that were subse-

quently linearised by a neat change of variables in the case of [43], by moving

to a higher dimensional state space in [93], or by exploiting multiparameter

eigenvalue problems in [44]. Despite their success, these methods are limited

by their ability to linearise non-linear problems: it would be a major chal-
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lenge to attempt to implement the aforementioned methods for the solution

of the non-linear eigenvalue problems that emerge from cylindrical geometries

or elasticity when di↵erent anisotropic media surround a waveguide.

The SCM introduced in the previous chapter for the computation of leaky

waves radiating from fluid loaded waveguides, bypassed non-linear eigenvalue

problems altogether. Instead, due to imposing mappings of the discretised

fluid domains to complex paths, in which the numerical solution decayed

while also maintaining the physics of wave propagation in the physical space,

linear eigenvalue problems were formulated and solved with conventional

solvers. In this chapter, the method is taken a step further and is extended

to waveguides in contact with elastic half-spaces. The key contribution of

this work is the development of a methodology that accounts for the pres-

ence of two distinct partial waves within each exterior elastic domain and

solves the challenging problem of leakage into solids – a problem of practical

relevance to the NDE community. A SCM will be demonstrated, in which

the discretisation of the exterior elastic domains is determined by the nature

of the solution to be found, and that delivers complete spectra of leaky wave

dispersion curves and their mode shapes, with high accuracy, and as “black-

box” solutions: there is no need for priori knowledge of the nature of the

solutions nor of the tuning of parameters to approach the solution.

To validate the approach quantitatively, results will firstly be compared

with those obtained using the commercially available PWRF software Dis-

perse [16]. The validation will then be strengthened by comparing SCM

predictions with FE modelling results. As FE simulations are agnostic to

the modal concepts introduced by the proposed method and only result in

a weighted superposition of modes [61], the comparison with the SCM will

further enhance the credibility of the findings of the method and will instil

confidence in the robustness of the approach, particularly in regions where
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Disperse may not yield viable solutions.

This chapter is organised as follows – Section 3.2 presents a summary of the

underlying theory of leaky Lamb waves radiating from a waveguide in contact

with two di↵erent isotropic elastic half-spaces. Following that, Section 3.3

presents the discretisation method and FE model, while a discussion and the

validation of results are found in Section 3.4.

The discussion and results presented in this chapter were published in [94].

3.2 Problem Statement

Consider an isotropic, linear-elastic waveguide, of finite thickness, 2d, and

infinite extent in both the x and z directions, now embedded between two

half-spaces of di↵erent isotropic and linear-elastic media. Assume that both

the elastic waveguide and half-spaces are homogeneous with densities ⇢, ⇢1

and ⇢2, longitudinal wave speeds cl, cl1 and cl2 and transverse wave speeds ct,

ct1 and ct2 respectively. A pictorial representation of the cross-section of the

setup together with the axis configuration is shown in Figure 3.1. Consistent

with the physical interpretation of the classical definition of Auld [51] for a

free plate, refer to those modes of non-zero energy flux as propagating modes;

the investigation presented in this chapter will focus on propagating modes

of positive phase velocities.

Energy radiation into the adjacent half-spaces is expressed mathematically

in terms of a common complex wavenumber of propagation, denoted by kx,

with again its real part revealing information about the velocity of propaga-

tion and its imaginary part corresponding to the attenuation of propagated

waves. Because the spaces on either side of the elastic waveguide are now

made of elastic materials, unlike the fluid spaces considered in Chapter 2,

the exterior spaces can now support waves of both compressional and shear
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Figure 3.1: Schematic of an elastic waveguide between two elastic half-spaces
of thickness 2d and infinite extent in the x and z directions. The densities
of the elastic media of the setup are ⇢, ⇢1 and ⇢2, their longitudinal wave
speeds are cl, cl1 and cl2 and their transverse wave speeds are ct, ct1 and ct2
respectively.

waves. Thus, in each of the solid half-spaces, the radiated waves are regarded

as the superposition of two partial waves, one longitudinal and one shear,

whose complex wavenumbers along the y direction are kyln and kytn respec-

tively, with n = 1, 2 for each of the two elastic half-spaces. For a given angular

frequency, !, the wave vectors of each of the partial waves depicted in Figure

3.1 are denoted with

kln ∶= ��
kx

kyln

�
� and ktn ∶= ��

kx

kytn

�
� , (3.1)

and have real-valued magnitudes

�kln � = kln = !

cln
, (3.2)

�ktn � = ktn = !

ctn
. (3.3)
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Under this notation the following identities hold [78]:

k
2
ln
= k2yln + k2x,

k
2
tn = k2ytn + k2x. (3.4)

The leaky Lamb waves of interest are assumed to be propagating along the

elastic waveguide and radiating energy into the adjacent elastic media while

also causing material displacement in only the x and y directions. To repre-

sent displacement fields, denote by ūw the displacement vector in the waveg-

uide and by ū1 and ū2 the vectors of displacements in the two elastic half-

spaces. Those are explicitly written as

ūw =
�����
ūx

ūy

0

�����
and ūn =

�����
ūxn

ūyn

0

�����
, (3.5)

whereby ūx, ūxn
and ūy, ūyn are the respective displacements along the direc-

tion of propagation and the transverse direction, in the waveguide and the

two media. It will be convenient to decompose the displacement fields in the

two elastic half-spaces through a Helmholtz decomposition [82], expressing

the two displacement vectors, ū1 and ū2, as

ūn =
�����
ūxn

ūyn

0

�����
= ∇�̄n +∇ ×

�����
0

0

 ̄n

�����
, (3.6)

where ∇ = (@�@x,@�@y,@�@z) is the three dimensional gradient operator, �̄n

are the longitudinal wave potentials in the spaces while  ̄n designates the

z−component of their transverse vector wave potentials, which is henceforth

referred to as their transverse wave potentials.

63



Assuming time and space harmonic waves, the exponential factor exp [i(kxx − !t)],
in terms of the wavenumber kx and frequency !, describes the spatial and

temporal dependence of waves of the system and is common in all displace-

ment and stress fields. The common exponential term will henceforth be

assumed and omitted for brevity; the notation ⋅̄ is dropped throughout.

By expanding Eq. (3.6) and di↵erentiating with respect to x, the y−dependent
components of the x and y displacements in the two half-spaces are explicitly

given by

uxn
= ikx�n + @ n

@y
, (3.7)

uyn = @�n
@y
− ikx n. (3.8)

Taking � and µ the Lamé parameters of the linear elastic material of the

waveguide and uw = (ux, uy) the vector of y−dependent displacements in the

waveguide, the normal and shear stresses and governing equations of motion

in the waveguide are identical to those of the immersed waveguide of the

previous chapter, given in Eqs. (1.16)-(1.18) and (1.19),(1.20).

Stresses and governing equations in the two elastic media of the exterior can

be similarly derived. Following the discussion presented in Section 1.2, the

normal and shear stresses in the two elastic media are given by

�yn = (�n + 2µn)@uyn
@y
+ �ikxuxn

, (3.9)

�xyn = µn �ikxuyn + @uxn

@y
� , (3.10)
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while the governing momentum equations are

⇢n!
2
uxn
− (�n + 2µn)k2xuxn

+ (�n + µn)ikx@uyn
@y
+ µn@2uxn

@y2
= 0, (3.11)

⇢n!
2
uyn − µnk2xuyn + (�n + µn)ikx@uxn

@y
+ (�n + 2µn)@2uyn

@y2
= 0. (3.12)

In the above, �n and µn are the Lamé parameters of the elastic materials

making up the two exterior half-spaces. Substituting Eqs. (3.7) and (3.8)

into Eqs. (3.9)-(3.12) allows the stresses in the two spaces to be expressed in

terms of the scalar potentials �n and  n as

�yn = −�nk2x�n + (�n + 2µn)@2�n
@y2
+ 2µnikx@ n

@y
, (3.13)

�xyn = µn �2ikx@�n
@y
− k2x n − @2 n

@y2
� , (3.14)

and the governing equations of motion to decouple into

⇢n!
2
�n − k2x(�n + 2µn)�n + (�n + 2µn)@2�n

@y2
= 0, (3.15)

⇢n!
2 n − k2xµn n + µn@2 n

@y2
= 0. (3.16)

The physics of the problem require the continuity of tractions and displace-

ments at the two interfaces [82]. That is to say,

�y − �yn = �xy − �xyn = 0, at y = ±d,
ux − uxn

= uy − uyn = 0, at y = ±d. (3.17)

Substituting stresses and displacements into Eq. (3.17), the continuity of

normal and shear stresses at the two interfaces is explicitly given in terms of

wave potentials in the elastic half-spaces as
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�(� + 2µ)@uy
@y
+ �ikxux + �nk2x�n − (�n + 2µn)@2�n

@y2

−2µnikx@ n

@y
��
y=±d =0,

(3.18)

�µ�ikxuy + @ux
@y
� − µn �2ikx@�n

@y
− k2x n − @2 n

@y2
���

y=±d
=0, (3.19)

and the continuity of displacements along the directions parallel and normal

to the waveguide is given by

�ux − ikx�n + @ n

@y
��
y=±d = 0, (3.20)

�uy − @�n
@y
− ikx n��

y=±d = 0. (3.21)

Finally, the equations of motion in the exterior domains admit wave potential

solutions of the form [78]

�1 = A�1
exp[ikyl1(y − d)], (3.22)

 1 = A 1
exp[ikyt1(y − d)], (3.23)

�2 = A�2
exp[−ikyl1(y + d)], (3.24)

 2 = A 2
exp[−ikyl1(y + d)], (3.25)

with the A�1
, A 1

, A�2
, A 2

unknown wave potential amplitudes determined

by the interface conditions Eqs. (3.18)-(3.21).
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3.3 Method

3.3.1 Discretisation

The numerical issues associated with the exponential growth of leaky wave

solutions for the simpler case of fluid exteriors have already been discussed

and a method was introduced to counter the numerical instabilities inherent

to the growth in Chapter 2; leakage into adjacent solid media is a step-change

in complexity due to the existence now of both longitudinal and shear waves

in the exterior spaces that, for leaky waves, may both exponentially grow

simultaneously. In this section a solution scheme is proposed that allows the

methods presented in Section 2.3 to handle leakage into solids.

Wave solutions of the setup described in the previous section are generally

split into two types – non-leaky (also known as trapped [48,85,95]) and leaky

modes. Here, the waveguide is in contact with solids; hence the media sur-

rounding the waveguide support shearing as well as compressive motion. For

that reason, in addition to the non-leaky evanescent, wave solutions, leaky

mode solutions can further be split in two cases – those that have purely shear

(shear-leaky) or shear and compressive (fully-leaky) polarisations. For these

cases, the exponential growth of the amplitude of leaky waves is attributed

to the exponential growth of some or all of the partial waves depicted in

Figure 3.1. In particular, when shear-leaky waves are to be considered in an

elastic half-space, the shear partial wave and corresponding transverse wave

potential of that space,  n, exponentially grow in amplitude, while the lon-

gitudinal partial wave and corresponding wave potential, �n, are evanescent.

In the fully-leaky case, both partial waves and their wave potentials in the

solid exhibit exponential growth.

Consider again the structure of Figure 3.1, and assume without loss of gen-

erality cl1 ≥ cl2 > ct1 ≥ ct2. The classical model of sound radiation from
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vibrating surfaces suggests that in the region where the phase velocity of

the propagating wave, cph is less than ct2, evanescent waves in both solids

are expected, while when it is between ct1 and ct2, shear-leaky waves in the

bottom solid and evanescent at the top are expected. When cph is between

cl2 and ct1, shear-leaky waves in both spaces are expected, while when it is

between cl1 and cl2, the leaky waves of the bottom solid are now expected

to be fully-leaky. Finally, when cph is greater than cl1, fully-leaky waves are

expected to be radiating in both elastic half-spaces. An analogous analysis

can be deduced for other combinations of longitudinal and shear bulk wave

speeds. An illustration of this is shown in Figure 3.2. It should be noted

that some exceptions of this rule, namely of subsonic radiation, have been

recorded in the literature [43, 85, 96, 97]. Such examples are still obtainable

by the method to be presented, however they are not considered here.

Figure 3.2: Illustration of the di↵erent radiation cases with an increase in
phase velocity for the example case of cl1 ≥ cl2 > ct1 ≥ ct2.
As shown in Figure 3.2, with elastic half-spaces adjacent to a waveguide and

all media having both shear and longitudinal wave speeds, an exponential

growth of the solution is prominent in most but not all cases, and a discreti-

sation catering to this growth is necessary. Here, each of the cases described

above are solved separately, every time considering whether the partial waves

of the solution exponentially grows in one or both elastic spaces. When this
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is the case, a discretisation analogous to the one described in Section 2.3 is

judiciously implemented for each of Eqs. (3.15) and (3.16), provided that the

corresponding wave potential exponentially grows, allowing for a numerically

decaying problem to always be solved instead. It is important to comment

that this separation into several solutions does not indicate a necessity to

know the nature of the guided modes a priori ; all that is done here is com-

posing the full solution from the several contributions of solutions for these

cases. The nature of the unknown guided wave modes then determines when

they emerge as solutions as the calculations of the di↵erent cases are carried

forward.

The discretisation of the closed waveguide domain and the two open elastic

half-spaces is presented next. Both the waveguide and the open spaces of the

elastic solids are again discretised via spectral collocation and specifically

Chebyshev di↵erentiation matrices resulting from Chebyshev polynomials

and the N Gauss-Lobatto Chebyshev collocation points of Eq. (1.28). Start

by utilising the di↵erentiation matrix suite of Weideman and Reddy [58],

and produce the N collocation points of Eq. (1.28) defined over the bounded

interval [−1, 1], and the corresponding first and second order di↵erentiation

matrices, D(1) and D(2), based on Chebyshev polynomials.

A discretisation of the domains of definition of the displacements and wave

potentials of the problem and corresponding di↵erentiation matrices in those

domains is desired. Said domains are the waveguide domain [−d, d] for the
displacements ux and uy, and the elastic half-spaces at [−∞,−d] and [d,∞]
for the potentials �1 and  1 and �2 and  2 respectively. To achieve the

desired discretisation and corresponding di↵erentiation matrices, mappings

that relate the collocation points {sj}Nj=1 of [−1, 1] to collocation points within

those domains are employed; the corresponding di↵erentiation matrices are

then the result of the application of the chain rule.
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The waveguide domain is treated first. A linear map, that is, a multiplication

by d, maps the collocation points from [−1, 1] to [−d, d]. The map that yields

the discretisation of the waveguide domain here was originally introduced

in Eq. (2.16) alongside the resulting di↵erentiation matrices in the closed

domain of the waveguide in Eq. (2.17).

To discretise the domains of definition of the wave potentials inside the two

elastic half-spaces, the rational maps

h�1
∶ s�→ y = −d − ⇣�1

1 − s
1 + s, (3.26)

h 1
∶ s�→ y = −d − ⇣ 1

1 − s
1 + s, (3.27)

with ⇣�1
, ⇣ 1

∈ R+, map the collocation points from [−1, 1] to points in

[−∞,−d], while the rational maps

h�2
∶ s�→ y = d + ⇣�2

1 + s
1 − s, (3.28)

h 2
∶ s�→ y = d + ⇣ 2

1 + s
1 − s, (3.29)

with ⇣�2
, ⇣ 2

∈ R+, map the collocation points from [−1, 1] to points in

[d,∞].
By applying the chain rule for first and second order derivatives, the resulting

di↵erentiation matrices for functions defined over the two open spaces of the

elastic media are explicitly given in terms of D(1) and D(2) as
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D
(1)
X1
=diag� 2⇣X1[⇣X1

− (yX1
+ d)]2�D(1), (3.30)

D
(2)
X1
=diag� 4⇣X1[⇣X1

− (yX1
+ d)]3�D(1)

+ diag� 4⇣2X1[⇣X1
− (yX1

+ d)]4�D(2).
(3.31)

for [−∞, d] and as

D
(1)
X2
=diag� 2⇣X2[⇣X2

+ (yX2
− d)]2�D(1), (3.32)

D
(2)
X2
=diag� −4⇣X2[⇣X2

+ (yX2
− d)]3�D(1)

+ diag� 4⇣2X2[⇣X2
+ (yX2

− d)]4�D(2),
(3.33)

for [d,∞]. In the above, X = � or  , ⇣Xn
= [⇣Xn

, . . . , ⇣Xn
]T and d =

[d, . . . , d]T are constant vectors of N entries, and yXn
= �yjXn

= hXn
(sj)�N

j=1
is the vector of collocation points in the open spaces, resulting from each of

the mappings of Eqs. (3.26)-(3.29).

These maps and resulting di↵erentiation matrices, give a suitable discreti-

sation of both elastic half-spaces, provided that the solution one is after is

that of non-leaky waves where all four partial waves are evanescent in the

two spaces, i.e. all wave potentials in the exterior domains exponentially de-

cay. However, as was discussed earlier, special care and a modification of

the maps of Eqs. (3.26)-(3.29), needs to be carried out when solving for the

cases of Figure 3.2, where some or all of the partial waves and corresponding

wave potentials exponentially grow. When a wave potential is exponentially

growing, say Xn, a complex rational map is to be used instead by allowing
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⇣Xn
in the map hXn

, i.e. the map that corresponds to Xn, to take complex

values. As a result, collocation points from [−1, 1] are assigned to a path in

the complex plane and, as discussed in the previous chapter, a careful choice

of the map enables the exponentially growing potential to be turned into a

numerically decaying function without any compromises to the underlying

physics.

For clarity, the process of modifying maps and discretising the domains is

demonstrated with an example. Suppose that one is interested in waves

that radiate as shear-leaky waves in one of the half-spaces, say the bottom

one, and are evanescent in the other. In this case, only the transverse wave

potential within the lower solid,  2, demonstrates exponential growth. As

such, attention is directed towards modifying the mapping associated with

this specific potential, given in Eq. (3.29). Allowing ⇣ 2
to take on complex

values results in the discretisation of a complex path, say C 2
, similarly

to those defined in the previous chapter, with one of the collocation points

located on the interface at y = d.
The discussion presented in Section 2.3 holds true here: when considered over

the complex interval C 2
, the equation of motion for the transverse wave

potential in the bottom fluid, Eq. (3.16), admits a solution of the form

 ̃(y 2
) = A 2

exp[ikyt2(y 2
− d)], (3.34)

with y 2
∈ C 2

, given by y 2
= ⇣ 2

(y − d)+ d for y ∈ [d,∞], and A 2
the am-

plitude of the original, exponentially growing, wave potential of Eq. (3.25).

Additionally, for the outgoing partial waves corresponding to the exponen-

tially growing transverse wave potential  2, the wavenumber kyt2 must have

R(kyt2) > 0 and I(kyt2) < 0, and the choice of ⇣ 2
allows control over the
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exponent of Eq. (3.34). Choosing ⇣ 2
such that

R(kyn)I(⇣fn) +R(⇣fn)I(kyn) > 0, (3.35)

makes the exponential term, and  ̃2 numerically decay. This newly con-

structed, numerically decaying, function is the analytical continuation of the

transverse potential  2 over the complex path defined by Eq. (3.29), and

just like  2, it is fully determined by its value at the interface.

Thus, to summarise, due to the choice of mapping, which maintains one

collocation point at the physical interface of the waveguide and the bottom

solid,  2 and  ̃2 attain the same value at that interface, A 2
, while,  ̃2

also numerically decays and satisfies the governing Eq. (3.16) for the same

wavenumber kx. As a result, by discretising a complex path as opposed to

the physical half-space of the elastic solid, one is able to solve Eq. (3.16)

for the numerically stable and decaying function,  ̃2, and the same complex

wavenumber kx, and then reconstruct the physical, exponentially growing,

solution of  2 from its value at the interface (the amplitude A 2
).

For the rest of the evanescent partial waves and their decaying wave po-

tentials, the rational maps of Eqs. (3.26)-(3.27) can be used. This time,

as there is no need to impose further decay to the already decaying poten-

tials of evanescent waves, real valued parameters are used for the maps, and

analogous discretisations of the domains are obtained.

Having now discretised the domain, while also ensuring the numerical de-

cay of all functions of interest, the di↵erential operators of the equations of

motion in the waveguide and the elastic half-spaces can be discretised with

di↵erentiation matrices. The matrix operators of the equations of motion

in the waveguide are given by Lp and Eqs. (2.29) and (2.31)-(2.33) of the

previous chapter, while those in the two exterior solids are explicitly given

73



by

L�n
= −k2x(�n + 2µn)I + ⇢n!2

I + (�n + 2µn)D(2)�n
, (3.36)

L n
= −k2xµnI + ⇢n!2

I + 2µnD(2) n
. (3.37)

Merging all matrix operators together, the discrete problem may be expressed

as an eigenvalue problem

L̃u = 0, (3.38)

with L̃ a 6N × 6N diagonal matrix operator and u a column vector of 6N

entries explicitly given by

L̃ =
�����������

L�1
0 0 0 0

0 L 1
0 0 0

0 0 Lp 0 0

0 0 0 L�2
0

0 0 0 0 L 2

�����������
and u =

��������������

�1

 1

ux

uy

�2

 ̃2

��������������

. (3.39)

In the above, u contains the displacement fields in the waveguide and the

wave potentials evaluated on the collocation points discretising their respec-

tive domains of definition;  ̃2 is the only complex wave potential here and it

is evaluated on collocation points located on the complex line C 2
.

To complete the discretisation, interface conditions must be incorporated; a

procedure analogous to that of Chapter 2 is followed. The discretised interface

conditions are expressed as two 4 × 6N matrices, one for each interface. The

matrix of interface conditions for the interface at the top of the waveguide is

explicitly given by
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IC(−d) = k2x
�����������

�1I 0 0 0 0 0

0 µ1I 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

�����������

�����������������������y=−d

+ kx
������������

0 −2iµ1D
(1)
 1

i�I 0 0 0

−2iµ1D
(1)
�1

0 0 iµI 0 0

−iI 0 0 0 0 0

0 −iI 0 0 0 0

������������

������������������������y=−d

+
������������

−(�1 + 2µ1)D(2)�1
0 0 (� + 2µ)D(1)p 0 0

0 µ1D
(2)
 1

µD
(1)
p 0 0 0

0 D
(1)
 1

I 0 0 0

−D(1)�1
0 0 I 0 0

������������

������������������������y=−d
.

(3.40)

Similarly the matrix of interface conditions at the bottom interface reads

IC(d) = k2x
�����������

0 0 0 0 �2I 0

0 0 0 0 0 µ2I

0 0 0 0 0 0

0 0 0 0 0 0

�����������

�����������������������y=d

+ kx
������������

0 0 i�I 0 0 −2iµ2D
(1)
 2

0 0 0 iµI −2iµ2D
(1)
�2

0

0 0 0 0 −iI 0

0 0 0 0 0 −iI

������������

������������������������y=d

+
������������

0 0 0 (� + 2µ)D(1)p −(�2 + 2µ2)D(2)�2
0

0 0 µD
(1)
p 0 0 µ2D

(2)
 2

0 0 I 0 0 D
(1)
 2

0 0 0 I −D(1)�2
0

������������

������������������������y=d
.

(3.41)

For interface conditions to be incorporated into the discretised problem, ap-

propriate rows of the matrix operator L̃ are to be replaced with rows of the
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interface conditions matrices of Eqs. (3.40) and (3.41) and Dirichlet zero

boundary conditions at the collocation point at infinity. Specifically rows

N , 2N , 2N + 1, 3N + 1 correspond to collocation points at the top interface

and are replaced with rows from the interface condition matrix IC(−d), while
3N, 4N, 4N + 1, 5N + 1 correspond to collocation points at the bottom inter-

face and are replaced with rows from the interface condition matrix IC(d).
Dirichlet zero boundary conditions are imposed at the collocation points at

infinity, i.e. rows 1,N + 1, 5N and 6N . An illustration of this procedure is

shown in Figure 3.3

Finally, separating the resulting operator into its k2x, kx and constant term

constituents results in a polynomial eigenvalue problem of the form

(k2xL2 + kxL1 +L0)u = 0, (3.42)

which is solved with the companion matrix linearisation of Eqs. (2.44) and

(2.45) and conventional eigenvalue problem solvers.

Due to the choice of complex transformation, the polynomial eigenvalue prob-

lem of Eq. (3.42) only admits pairs of positive and negative phase velocity

outgoing wave solutions while, for completeness, the corresponding incoming

wave solutions are also attainable via the same method with a choice of the

conjugate complex parameters.

The other cases of Figure 3.2 are treated in the same manner: pick a case

from Figure 3.2 to solve; consider which partial waves exponentially grow

in that particular case; discretise complex paths that accommodate for the

exponential growth of the partial waves that grow in the case under consider-

ation; discretise the equations of motion and incorporate interface conditions;

solve the resulting polynomial eigenvalue problem with a companion matrix

linearisation.
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Figure 3.3: Illustration of imposing interface conditions by replacing rows
N , 2N , 2N + 1, 3N + 1 with rows from IC(−d), rows 3N, 4N, 4N + 1, 5N + 1
with rows from IC(d), and rows 1,N +1, 5N, 6N with Dirichlet zero boundary
conditions.
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3.3.2 Finite Element Modelling

The problem of leaky waves in the waveguide of finite thickness adjacent to

two elastic half-spaces shown schematically in Figure 3.1, is one that Dis-

perse cannot satisfactorily solve (dispersion curves are often incomplete).

For that reason, as an additional verification tool, FE modelling was em-

ployed to model wave propagation in such embedded structures, with the FE

model serving as a spot-checking tool, specifically applied at selected loca-

tions along the predicted dispersion curves. Details of the FE model used for

further validation of SCM results are presented in this section.

The FE tool of choice was the GPU-based FE solver Pogo [59], that dis-

cretises the equation of motion from elasticity theory in space and time.

Discretisation in time is achieved by the finite-di↵erence method [61] and in

this way displacement values at a given time step are retrieved as a function

of displacement values at the two time steps preceding it. The FE modelling

approach described here follows the FE models applied in other elastic wave

propagation studies [62–64,98].

For the FE modelling of leaky wave propagation in a waveguide coupled to

two elastic half-spaces, a rectangular domain was used – a schematic of the

cross-sectional area of the domain is shown in Figure 3.4. Each element

of the domain is assigned with the material properties of the space it is a

part of (Young’s modulus, density, Poisson’s ratio), while linear, square ele-

ments of four nodes each were used. To ensure su�cient convergence of the

solution [99], for a given frequency, the mesh element size was set to approxi-

mately dx = �f�30. Here, �f is the smallest wavelength of bulk waves possible

amongst the three materials, calculated at the frequency of the simulation,

f . Sti↵ness-reducing absorbing layers [45] were defined around the domain

to accommodate for its unbounded nature, with thickness equal to four times

the longest bulk wavelength. In the absorbing layers region, damping pro-
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Figure 3.4: A schematic of a FE domain used to model elastic wave prop-
agation and retrieve the dispersion curves of guided modes in a waveguide
adjacent to two elastic half-spaces. In the figure, source nodes are shown in
red and monitor nodes in black. Absorbing layers around the domain are
shown in green while di↵erent colours denote the di↵erent materials within
the domain.
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portional to the sti↵ness is gradually introduced into the system throughout

the thickness of the region, resulting in the attenuation of outgoing waves

and minimal reflections.

A source line, comprised of multiple source nodes, was defined in the middle

of the domain – a predefined displacement of the source nodes acts as the

initial boundary condition of the FE model and excites propagating waves.

Source nodes were displaced in the x and y directions, in accordance to two

Hann-windowed tonebursts; an example of such a toneburst is depicted in

Figure 1.2.

In this study, the excitation of multiple modes at once, validating the exis-

tence of multiple of the modes predicted by the SCM simultaneously, as well

as the excitation of a single mode, enabling the selective validation of modes

and their mode shapes, were both desired. Depending on the nature of the

desired excitation, multi-modal or single-mode excitation, the amplitude and

relative phase of the tonebursts at each source node were determined. For a

multi-modal excitation, all source nodes were excited in phase with the same

broadband (single-cycled) toneburst in both directions. For single-mode ex-

citation, the method discussed in [65] was followed; first, the eigenvectors of

Eq. 3.38 were computed and the partial wave potential amplitudes of a mode

of interest were recorded. The displacement fields of the desired mode, (its

mode shapes), were then computed through Eqs. (3.7) and (3.8) as a func-

tion of perpendicular distance, y. To preferentially excite a desired mode,

the FFT of x and y excitation signals imposed at the source node located a

distance y from the centreline of the waveguide were modulated in accordance

to the amplitudes and phases of the predicted ux and uy mode shapes at that

same distance y. Signals were modulated based on the “centre mode shapes”

excitation technique [65] by appropriately multiplying the FFT of the signals

with the predicted mode shape value as in Eq. (1.41); see Section 1.4.2 for
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more details.

It is worth noting that the “centre mode shapes” technique which excites the

desired mode at the central frequency is used in this thesis despite it, as dis-

cussed in Section 1.4.2, also resulting in non-pure excitations. That is because

in this thesis only results at a chosen frequency in the frequency domain will

be looked at, meaning that the excitation only needs to be correct at that one

frequency; a pure-mode excitation [100] was therefore not pursued further.

For an analysis of the modal basis of such systems and the orthogonality of

eigenfunctions for pure-mode excitations, see [72,85,100–102] and references

therein.

A monitor line, comprised of multiple monitor nodes, was placed horizontally,

to the right of the source line, along the length of the domain, as shown in Fig-

ure 3.4 – a monitor node is a node whose displacement profile is recorded and

stored for post-processing. The placement of the monitor line is dependent

on the nature of the desired mode to be observed. Leaky modes attenuate

as they propagate along the waveguide, with most of their energy observ-

able in the exterior solids, requiring a monitor line that is placed close to

the source line and in the exterior elastic solids. Contrary to that, non-leaky

modes remain trapped in the waveguide and can propagate longer distances;

thus a monitor line in the middle of the waveguide is more suitable for their

observation. In post-processing, a two-dimensional fast Fourier transform

(2D-FFT) [103], that is a FFT of signals in both space and time, is applied

to the collection of the stored monitor signals of interest. The results of the

2D-FFT were then normalised to the maximum amplitude of all the modes

recorded to obtain the dispersion curves of the excited modes in a normalised

amplitude scale.

A typical model size is of the order of 1×107 degrees of freedom. The models

were solved using an Nvidia (Santa Clara, California) 2080 Ti graphics card
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with 8GB of memory. The solution time was approximately forty seconds.

More details about the excitation, the size of the domain and the material

properties will be given in the following section as they are specific to the

example presented there.

3.4 Results & Discussion

In this section the SCM described for leaky waves radiating in elastic me-

dia is utilised to retrieve the dispersion and attenuation curves of leaky

and non-leaky modes in an elastic waveguide in contact with two elastic

half-spaces. The obtained dispersion and attenuation plots are then verified

against the commercially-available software Disperse while the dispersion

curves are also validated against FE simulations of elastic wave propagation

using Pogo.

Without loss of generality, the method is illustrated on the example case

of adhesive joints of two aluminium alloys, studied in [104] to demonstrate

ways of determining the material properties and thickness of the adhesive

layer and assess the quality of the joint – an example inspired by real NDE

applications. An epoxy adhesive is modelled as a waveguide of finite half-

thickness d = 0.5 mm, density ⇢ep = 1.17 g/cm3, longitudinal wave speed

clep = 2.61 m/ms and transverse wave speed ctep = 1.1 m/ms. The spaces

of the aluminium components are modelled as linear elastic half-spaces of

isotropic media, both with density ⇢al = 2.82 g/cm3, longitudinal wave speed

clal = 6.33 m/ms and transverse wave speed ctal = 3.12 m/ms.

For the retrieval of the solution, the phase velocity domain was split up in

three regions in accordance with Figure 3.2 and the wave speeds of the ad-

jacent aluminium half-spaces. For each region, an angular frequency sweep

of 150 frequency steps, up to ! = 30 MHz, was performed, with the com-
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plex parameter pairs (⇣�n
, ⇣ n
) being chosen to accommodate the radiation

characteristics of the solutions to be found within that particular region and

remaining constant for all frequencies of the sweep.

In line with the example of shear-leaky waves discussed in the previous sec-

tion, the pairs are appropriately chosen for each region to distribute the

collocation points across real and complex paths and ensure the numerical

decay of all the wave potentials to be found. For the retrieval of non-leaky

solutions, �⇣�n
, ⇣ n
� = (10, 10) was chosen, while �⇣�n

, ⇣ n
� = (10, 10i) were

chosen for shear-leaky and �⇣�n
, ⇣ n
� = (10i, 10i) for fully-leaky ones. In each

domain, 50 collocation points were used. The results of the SCM were found

to be stable to the choices of complex parameters and number of collocation

points.

Subsequently, the numerical solutions obtained underwent a comprehensive

filtering process; only modes of finite attenuation and positive phase velocity

were kept. In terms of the wavenumber, kx, that is achieved by requiring

R(kx) > 0, which ensures a mode of non-negative and finite phase velocity,

and �kx� <∞, which results in non-zero phase velocity and finite attenuation

modes. Highly attenuating modes were further filtered out by requiring a non-

negative attenuation of less than 15 Np/mm. Lastly, spurious, non-converged

and bulk wave solutions were discarded by requiring that the mode complies

with interface conditions of Eqs. (3.18)-(3.21) (up to 3 decimal places), under

the assumption that the wave potentials of the outgoing waves in the two

elastic half-spaces assume the general forms of Eqs. (3.22)-(3.25), subject to

the choice of positive or negative square root for kyln and kytn , for which the

complex wave potentials, �̃n and  ̃n, correspond to the solution found by

the SCM. The computation took a total of approximately 18 minutes on a

personal computer with 32GB RAM and an Intel i7-10700 CPU.

A comparison of the SCM results with those from a FE simulation of a
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multi-modal excitation of the adhesive joint domain was possible from the

excitation of all source nodes in phase and with the same broadband toneb-

urst in both the x and y directions. The excitation toneburst used at each

source node was the sum of sixteen single-cycled Hann-windowed tonebursts,

each with a central frequency varying from 0.25 − 4 MHz at 0.25 MHz in-

crements. In this case, wavelengths and element size, dx, were calculated at

4 MHz. Employing a toneburst excitation composed of the cumulative en-

ergy from 16 distinct broadband tonebursts is equivalent to exciting each of

these 16 tonebursts independently and subsequently combining their excited

fields. This ensures that at each frequency increment, modes are excited with

more intensity than they would have been excited with, say, a single-cycled

toneburst centred at the middle of the frequency range of interest, thereby

promoting stronger mode excitation throughout the desired frequency range.

The domain, excluding absorbing layers, was 11 mm thick, 1 mm of epoxy in

the middle of the domain and 5 mm of aluminium each side of the waveguide,

and 100 mm in length. The monitor line used for post-processing was placed

at y = 2 mm. Normalised results of the described FE model are shown in

Figure 3.5.

As shown in Figure 3.5, there is good agreement between all three methods

for the modes that the chosen excitation in the FE model was able to produce.

There were, however, instances where Disperse was not able to fully retrieve

a mode, or missed it altogether, highlighting the merits of using the proposed

SCM instead of root-finding techniques.

Additionally, a comparison of the attenuation values obtained by the SCM

against those of Disperse is shown in Figure 3.6(a). For visualisation pur-

poses, solutions with high attenuation, I(kx) > 10 Np/mm, are not displayed

here. A detail of the region of up to 1 Np/mm is shown in Figure 3.6(b). The

attenuation values obtained by the SCM match those obtained by Disperse,
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Figure 3.5: Dispersion curves of an epoxy waveguide in contact with an
aluminium half-space on each side, obtained by the SCM (denoted by ○),
by Disperse (denoted by –) and by FE modelling (normalised intensity in
colour).

demonstrating in this way the ability of the SCM to accurately capture the

complex wavenumber solutions of the leaky modes of the system.

Following these initial validations of the SCM results, two cases of single-

mode excitation are presented next – one where both Disperse and SCM

were able to retrieve the mode to be excited, and one where only SCM was

able to obtain the relevant mode. In each case, the excitation tonebursts

were set to the same central frequency, and for the purposes of a narrowband

excitation, the number of cycles in the excitation signal was increased to

eleven. The size of the absorbing layers, and dx were calculated accordingly

at the central frequency.

Figure 3.7(a) shows the results from the independent excitation of a leaky

mode using FE modelling, at f = 1.03 MHz and cph = 5.98 m/ms, which both
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(a)

(b)

Figure 3.6: Comparison of attenuation values obtained by the SCM (denoted
by ○) and by Disperse (denoted by –) for waves in an epoxy waveguide in
contact with an aluminium half-space on each side 3.6(a). A detail of the
region with attenuation of up to 1 Np/mm 3.6(b).
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Disperse and SCM were able to retrieve. The FE results shown are from the

post-processing of monitor signals from a monitor line placed horizontally at

y = 5 mm. As the phase velocity of the mode is between the transverse and

longitudinal bulk wave speeds of the exterior aluminium spaces, from Figure

3.2, this is in fact a shear-leaky mode, radiating energy in both exterior

domains purely in the form of shear waves. To achieve this excitation and

validate the proposed SCM, mode shapes from the SCM were used and are

displayed in Figure 3.7(b), where they can be seen to exponentially grow

away from the waveguide. Alongside them, mode shapes from Disperse are

also shown, demonstrating a pleasing concordance between the two methods

in computing the mode shapes of the shear-leaky mode.

Figure 3.8(a) shows the results from the excitation of a non-leaky mode, at

f = 3.53 MHz and cph = 1.50 m/ms, which only the SCM was able to retrieve,

alongside the relevant FE result. As the energy of such modes is confined

within the boundaries of the waveguide, the monitor line of the FE model is

now placed horizontally in the middle of the waveguide. The mode shapes

used for this excitation, decaying away from the waveguide, are shown in

Figure 3.8(b) as obtained from the SCM.

It is important to note that any input to the FE model will inherently result

in a weighted superposition of its modal responses [61]. Consequently, the

agreement between the FE model and the results obtained from SCM and

Disperse in the figures above is regarded as a robust validation of both

methods. This validation, in particular, emphasises the reliability of SCM in

scenarios where a Disperse solution is not readily available.
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(a)

(b)

Figure 3.7: Dispersion curves showing the intensity and dispersion of the
shear-leaky mode excited at f = 1.03 MHz and cph = 5.98 m/ms with a
single-mode excitation, validated against SCM and Disperse 3.7(a). The
exponentially growing mode shapes from the SCM that were used for the
excitation are validated against those obtained by Disperse 3.7(b).
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(a)

(b)

Figure 3.8: Dispersion curves showing the normalised intensity and dispersion
of the non-leaky mode, found only by SCM, and excited at f = 3.53 MHz and
cph = 1.50 m/ms with a single-mode excitation 3.8(a). The decaying mode
shapes from the SCM that were used for the excitation are in Figure 3.8(b).
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3.5 Conclusion

In this chapter, leaky Lamb wave propagation in a waveguide that is in con-

tact with elastic half-spaces has been considered; these wave modes are often

characterised by a complex wavenumber, a subsequent exponential growth

in amplitude far into the surrounding elastic media and a highly attenuative

nature along the waveguide, making their retrieval by traditional numerical

solvers challenging. These obstacles were overcome here by formulating a

theoretical framework for the problem, discretising it using an SCM that also

accommodated the exponentially growing nature of the problem, and finally

solving the resulting polynomial eigenvalue problem for the retrieval of the

wave mode solutions of interest. The framework introduced was developed

for the general case of a waveguide between two possibly di↵erent elastic half-

spaces, however it can be simplified to handle other cases of loading by elastic

half-spaces or inviscid fluids, like waveguides loaded only on one side by a

solid or one with a solid and a fluid half-space each side of the waveguide.

The results of the SCM have been verified against Disperse, and FE mod-

elling in places where a Disperse solution was not readily available. The

SCM approach is accurate, versatile, it readily identifies all leaky modes in

elasticity without requiring knowledge of the modes or any tuning a priori

and is easy to code; the key point is to remove the exponential growth from the

numerical scheme via judiciously applying mappings to complex paths that

reduce the leaky problem to a standard form for numerical implementation,

whilst also preserving all the important physics of the original problem.
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Chapter 4

Leaky Circumferential Waves in

Submerged Hollow Cylinders

4.1 Introduction

Thus far, the propagation and leakage of Lamb waves in planar geometries

has been examined and a SCM was proposed for the accurate identification

of leaky waves in waveguides coupled to infinite fluid or elastic media. In this

chapter, attention is directed towards understanding leaky waves in cylindri-

cal geometries and developing a SCM for the accurate computation of their

dispersion curves.

A circumferential guided wave in a cylindrical waveguide is one that is prop-

agating in the circumferential direction, and has its direction guided by the

curved walls of the structure. Because of their ability to propagate around

curved surfaces, circumferential guided waves are sensitive to features promi-

nent in the radial direction, making them a popular choice for the detection

and sizing of defects within NDE; see for example [105–107].
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Quite often, as was the case for planar geometries and straight waveguides,

one is interested in inspecting structure submerged in fluid, e.g. pipes in

water. In that case, circumferential guided waves become leaky; their energy

radiates into the surrounding space of fluid, causing the attenuation of the

guided wave. Just like any other guided wave inspection, understanding the

physics underlying this leaky behaviour and the di↵erent modes that exist in

a structure become essential information when one is selecting which mode

to use for an e↵ective inspection to take place.

For that reason, the study of circumferential guided waves received much

attention over the years. Contributions to the field date back to the work of

Sezawa [108] and the study of propagation of circumferential Rayleigh and

Love waves on the surface of the earth. Therein the ansatz ei⌫✓ was first intro-

duced for integer angular wavenumbers, ⌫. Later, Viktorov [109] formulated

equations for Rayleigh waves on concave and convex cylinders, also general-

ising to non-periodic real wavenumbers and Lamb-type waves [110]. Around

the same time, Grace and Goodman [111] introduced complex wavenum-

bers in their investigation of the attenuation of circumferential waves in a

submerged elastic cylinder. Several years later, numerical results of the com-

putation of dispersion curves for circumferential guided waves in structures in

vacuum were presented by Liu and Qu [112] for waves in an isotropic annulus,

by Valle et al. [113] for waves in multilayered cylinders and by Towfighi et

al. [114] for waves in cylinders of anisotropic material. Some of the e↵ects

of fluid or solid loading on pipes was reported by Fong [115] and Fong and

Lowe [116].

In the aforementioned studies, extracting the dispersion relations of a system

often involved formulating the problem as a matrix equation of Bessel func-

tions and computing dispersion curves as the zeros of the determinant of the

matrix. When it comes to complex structures, like immersed or embedded
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annuli of multiple layers of anisotropic and viscoelastic materials, matrices

become increasingly di�cult to formulate, while the inaccurate evaluations of

Bessel functions of large – and possibly complex – orders and arguments [117]

render matrices numerically unstable. Moreover, such matrix methods are

heavily dependent on root-finding algorithms which, as was already discussed

in previous chapters, are known to struggle [17] when complex wavenumbers,

like those of leaky waves, are sought.

Consequently, in recent years, researchers have turned their attention to al-

ternative numerical schemes in search of a numerically stable, accurate and

automated way of modelling circumferential guided waves and computing

their dispersion curves. Such alternatives include the use of high frequency

approximations of Bessel functions [117], the SAFE methods [118], the spec-

tral element methods [119]or spectral collocation which has proven to be very

e↵ective in computing the dispersion curves of circumferential waves in annuli

of multiple layers of viscoelastic or anisotropic materials [24].

The work already presented in this thesis demonstrated a SCM for the com-

putation of leaky wave dispersion curves for waves radiating from straight

waveguides in contact with possibly dissimilar spaces of fluid or elastic me-

dia; immersed or embedded plates. Therein, judiciously applying complex

coordinate transformations of the infinite fluid or solid space, allowed for

the exponentially growing leaky wave problem to be transformed into a nu-

merically decaying one and for the dispersion curves of the structure to be

robustly and accurately retrieved by solving generalised eigenvalue problems.

This chapter extends those ideas to cylindrical geometries and investigates

leaky circumferential guided waves in an immersed cylindrical structure with

an annular cross-section. A SCM and accompanying complex coordinate

transformations are proposed here and enable the computation of leaky cir-

cumferential wave dispersion curves of two types: dispersion curves of real
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frequency against complex wavenumber or real wavenumber against complex

frequency. Following its introduction, results and validations of the method

against commercially available software and analytic formulations will be pre-

sented.

The chapter is organised as follows: equations of motion and an analytical

formulation of the problem of leaky circumferential waves propagating around

a submerged hollow cylinder are introduced in Section 4.2, followed by the

development of a SCM for the computation of the complex wavenumber or

frequency dispersion curves of the structure, described in Section 4.3, and a

discussion of results and validation presented in Section 4.4.

4.2 Problem Statement

Consider an isotropic, linearly elastic hollow cylinder, of inner radius a and

outer radius b, immersed in an inviscid fluid. The geometry and annular

cross-section of the cylinder are depicted in Figure 4.1. The elastic annu-

Figure 4.1: The annular cross-section of a hollow cylinder of inner radius a

and outer radius b, immersed in fluid.
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lus material is taken to have a longitudinal wave speed cl and a transverse

wave speed ct, while bulk waves in the surrounding fluid are taken to have

speed cf . Two-dimensional, time-harmonic leaky Lamb-like waves are as-

sumed propagating circumferentially around the annulus, in the ✓-direction

with deformations in the (r, ✓)-plane, and radiating into the surrounding fluid

space. The displacement field caused by the waves of interest in the annu-

lus, under plain-strain assumptions, is denoted by uc = (u, v, 0) in cylindrical

polar coordinates.

The in-plane displacements, u and v, are independent of the axial direc-

tion for Lamb waves and, due to the time and space harmonic nature of

the circumferential waves, they are characterised by the common exponential

exp[i(⌫✓−!t)], where ⌫ and ! are the angular wavenumber and frequency re-

spectively. This allows for the in-plane displacements u and v, to be explicitly

expressed as

u = ur(r) exp[i(⌫✓ − !t)],
v = u✓(r) exp[i(⌫✓ − !t)], (4.1)

with ur, u✓ the r-dependent components of the in-plane displacements.

A Helmholtz decomposition [82] of the displacement fields in the annulus

yields

uc = ∇c� +∇c ×
�����
0

0

 

�����
, (4.2)

with ∇c = [@�@r, (1�r)@�@✓,@�@z] the gradient operator in cylindrical polars

and � and  two scalar potentials corresponding respectively to longitudi-

nal and shear waves in the annulus. For the time harmonic waves under
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consideration, write

� = �(r) exp[i(⌫✓ − !t)],
 = i (r) exp[i(⌫✓ − !t)], (4.3)

with, � and  the r-dependent components of the two wave potentials. Under

this decomposition, ur, u✓ may be expressed as

ur = @�
@r
− ⌫
r
 ,

u✓ = i⌫

r
� − i@ 

@r
,

(4.4)

in terms of the potential components � and  .

A similar decomposition, like that of Eq. (2.1), is possible of the displacement

field in the surrounding fluid, uf = (uf , vf , 0), which may be expressed in

terms of a scalar longitudinal wave potential �f = �f(r) exp[i(⌫✓ − !t)]
as

uf =
�����
uf

vf

0

�����
= ∇c�f . (4.5)

Expanding on Eq. (4.5) and explicitly di↵erentiating with respect to ✓

yields

urf = @�f
@r

, u✓f = i⌫

r
�f , (4.6)

with urf and u✓f the r-dependent components of uf and vf respectively.

In the absence of body forces and henceforth omitting the common exp[i(⌫✓−
!t)], the governing momentum equations in polar coordinates by means of
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general tensor calculus [24, 82] are

� @2
@r2
+ 1

r

@

@r
− ⌫2
r2
�� = −!2

c
2
l

�, (4.7)

� @2
@r2
+ 1

r

@

@r
− ⌫2
r2
� = −!2

c
2
t

 , (4.8)

for motion in the elastic annulus, and

� @2
@r2
+ 1

r

@

@r
− ⌫2
r2
��f = −!2

c
2
f

�f . (4.9)

for motion in the surrounding fluid.

To couple the solid and fluid wave motion of Eqs. (4.7)-(4.9), boundary

and interface conditions are imposed at r = a, b. The inner surface of the

annulus at r = a is taken to be stress free, while the solid-fluid interface at

r = b, requires the continuity of radial stresses and displacements, and the

vanishing of shear stresses. That is

�r = �r✓ = 0, at r = a, (4.10)

�r✓ = �r − �rf = ur − urf = 0, at r = b, (4.11)

with �r,�r✓ the radial and shear stresses in the annulus and �rf the normal

stress in the fluid.

From Hooke’s law for linear elastic materials, the pertinent stress components
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corresponding to the displacements ur and u✓ in the annulus are [112]

�r = ��@ur
@r
+ ur

r
+ i⌫

r
u✓� + 2µ@ur

@r
, (4.12)

�✓ = ��@ur
@r
+ ur

r
+ i⌫

r
u✓� + 2µ�ur

r
+ i⌫

r
u✓� , (4.13)

�r✓ = µ�@u✓
@r
− u✓

r
+ i⌫

r
ur� , (4.14)

where � and µ are the Lamé parameters of the elastic material of the annu-

lus. After some algebraic manipulation, the radial and shear stresses in the

annulus satisfy the following

�r

µ
= �2 @2

@r2
+ (2 − 2)�1

r

@

@r
− ⌫2
r2
��� + 2⌫ � 1

r2
− 1

r

@

@r
� , (4.15)

i�r✓

µ
= 2⌫ � 1

r2
− 1

r

@

@r
�� + � @2

@r2
− 1

r

@

@r
+ ⌫2
r2
� , (4.16)

in terms of the two scalar potentials � and  and with  = cl�ct in the

above. In an analogous way, the radial stress in the surrounding fluid medium

reads

�rf = �f � @2
@r2
+ 1

r

@

@r
− ⌫2
r2
��f , (4.17)

with �f the Lamé parameter of the surrounding fluid.

Substituting Eqs. (4.4), (4.6) and (4.15)-(4.17) in Eqs. (4.10) and (4.11) and

rearranging, the traction free boundary conditions at the inner surface of the
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annulus at r = a are satisfied when

��2 @2
@r2
+ (2 − 2)�1

r

@

@r
− ⌫2
r2
��� + 2⌫ � 1

r2
− 1

r

@

@r
� ��

r=a
= 0, (4.18)

�2⌫ � 1
r2
− 1

r

@

@r
�� + � @2

@r2
− 1

r

@

@r
+ ⌫2
r2
� ��

r=a
= 0, (4.19)

and the interface conditions at the fluid-solid interface at the outer surface,

at r = b, of the annulus, are satisfied when

�2⌫ � 1
r2
− 1

r

@

@r
�� + � @2

@r2
− 1

r

@

@r
+ ⌫2
r2
� ��

r=b
=0, (4.20)

��2 @2
@r2
+ (2 − 2)�1

r

@

@r
− ⌫2
r2
��� + 2⌫ � 1

r2
− 1

r

@

@r
� 

−�f
µ
� @2
@r2
+ 1

r

@

@r
− ⌫2
r2
��f�

�����������r=b =0,
(4.21)

�@�
@r
− ⌫
r
 − @�f

@r
��
r=b =0. (4.22)

The equations of motion in cylindrical coordinates, Eqs. (4.7)-(4.8), are

Bessel equations and merit Bessel function solutions of the form [120,121]

�(r) = AJ⌫(klr) +BY⌫(klr), (4.23)

 (r) = CJ⌫(ktr) +DY⌫(ktr), (4.24)

�f(r) = EH⌫(kr), (4.25)

where kl = !�cl, kt = !�ct, k = !�cf , J⌫ and Y⌫ are, the Bessel functions of

first and second kind and order ⌫, H⌫ = J⌫ + iY⌫ is the Hankel function of

first kind and order ⌫ and A,B,C,D,E are unknown wave amplitudes. Note

that the choice of Hankel function in Eq. (4.25) is made to ensure that the

solution adheres to the Sommerfeld radiation condition [122].
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A direct substitution of the solutions of Eq. (4.23)-(4.25) in the five bound-

ary and interface conditions of Eqs. (4.18)-(4.22), allows one to express

the problem in matrix form, in terms of the unknown wave amplitudes

A = [A,B,C,D,E]T , as
D(!, ⌫)A = 0. (4.26)

D(!, ⌫) is a 5 × 5 matrix of Bessel functions and its entries are given in

Appendix B. Eq. (4.26) is the characteristic equation of the problem and its

non-trivial solutions, i.e. pairs (!, ⌫) such that det[D(!, ⌫)] = 0, define the

dispersion relations of the system, while the corresponding wave amplitudes

in A fully determine the displacement fields everywhere in the annulus and

the surrounding fluid space.

There are two routes one may take when solving Eq. (4.26) – sweep through

real ! and find ⌫ or sweep through real ⌫ and find !. In both cases the

unknown one seeks to find is, in general, complex valued, with the two,

as evident by the common exponential factor exp[i (⌫✓ − !t)], representing
problems of distinct physical interpretations. For complex wavenumbers,

waves are propagating in the circumferential direction, with their amplitudes

varying with distance of propagation, i.e. with the angle ✓. On the other hand,

amplitudes vary with time when complex frequencies are considered.

In this chapter both problems are solved and validated. It is important to

note that the problem of leaky circumferential waves is one that Disperse,

the primary tool used for validations in this thesis, cannot solve. Its capa-

bilities in cylindrical geometries are limited to non-attenuating systems and

real wavenumbers, such as waves in isotropic cylinders in vacuum. Nonethe-

less, some limiting cases of the system’s materials and geometry will enable

initial validations through comparisons with Disperse, while the general

case of leaky circumferential waves will be validated against the analytical

formulation of Eq. (4.26).
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4.3 Discretisation

In this section, the problem of leaky circumferential waves in an immersed hol-

low cylinder, described in Section 4.2, is discretised and solved algebraically.

The spectral collocation discretisation of previous chapters is adapted here to

cylindrical geometries, enabling the spatial discretisation of the di↵erential

operators of the problem.

In Eqs. (4.7)-(4.9), the di↵erentiation of the elastic wave potentials � and  in

the bounded annulus interval [a, b], and of �f in the open space of fluid [b,∞]
is sought. Following Chapters 2 and 3, a spectral collocation discretisation

of both [a, b] and [b,∞] will allow the calculation of approximate derivatives

in those domains with di↵erentiation matrices.

The starting point for both discretisations will again be the N Gauss-Lobatto

Chebyshev collocation points of Eq. (1.28), defined over [−1, 1], and the

corresponding N ×N Chebyshev di↵erentiation matrices, D(1) and D(2). By
defining coordinate maps, from [−1, 1] to [a, b] and from [−1, 1] to [b,∞],
mapping the Chebyshev collocation points to collocation points in each of

the two domains, the desired discretisation of both domains will e↵ectively

be achieved.

For the annulus and [a, b], the coordinate transformation

raj
= hsj + a + b

2
, (4.27)

with h = b − a the thickness of the annulus, yields the desired discretisation.

Directly applying the chain rule on Eq. (4.27), it follows that the mth deriva-

tive operator with respect to r ∈ [a, b] relates to the mth derivative operator
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with respect to s ∈ [−1, 1] via
@m

@rm
= �2

h
�m @m

@sm
. (4.28)

As a result, di↵erentiation matrices in the annulus are given by

D
(m)
a = �2

h
�mD

(m)
. (4.29)

For the surrounding fluid and [b,∞], the complex coordinate transforma-

tion

rfj = b + ⇣f 1 + sj1 − sj , (4.30)

with ⇣f ∈ C, is used instead. The resulting di↵erentiation matrices, from the

chain rule, are

D
(1)
f =diag� 2⇣f[⇣f + (rf − b)]2�D(1), (4.31)

D
(2)
f =diag� −4⇣f[⇣f + (rf − b)]3�D(1)

+ diag��
4⇣2f[⇣f + (rf − b)]4

�
�D(2),

(4.32)

with ⇣f = [⇣f , . . . , ⇣f]T , and b = [b, . . . , b]T , column vectors of N entries and

rf a column vector of collocation points {rfj}Nj=1.
The complex coordinate transformation of Eq. (4.30), like those of Eqs.

(2.18) and (2.19) from previous work, maps the Chebyshev collocation points

from [−1, 1] to a line in the complex plane, which only coincides with the

physical fluid space [b,∞] when ⇣f is a positive real number; denote this

space by Cf .

To interpret the e↵ects of the map, a discussion analogous to those of previous

102



chapters is made here: the equation of motion in the fluid, Eq. (4.9), for

complex valued r̃ ∈ Cf , is a Bessel equation for the same wavenumber ⌫ and

frequency ! and thus admits a solution of the form of Eq. (4.25), say

�̃f(r̃) = ẼH⌫(kr̃), (4.33)

where Ẽ is an unknown amplitude determined by interface conditions. Like

in previous chapters, due to the choice of complex map, which always guaran-

tees a collocation point on the physical interface between the annulus and the

surrounding fluid at r = b, where interface conditions are imposed, it follows

that the two wave potentials �̃f and �f attain the same value at the colloca-

tion point at r = r̃ = b and thus Ẽ = E; �̃f is the analytical continuation of

�f defined in Cf .

As the complex coordinate r̃ ∈ Cf , appears in the argument of the Hankel

function of Eq. (4.33), the choice of map allows control over the rate of decay

(or growth) of the complex wave potential �̃f . To appreciate how, consider

the following discussion on the behaviour of Hankel functions of complex

orders and arguments.

A Hankel function is single-valued and entire with respect to its order ⌫ [123].

When computing its behaviour for large orders or arguments, the asymptotic

formulas used to represent it are expressed in terms of complex functions that

are multiple-valued and require carefully selected branch cuts. The branch

cut of an asymptotic representation gives rise to a line in the complex ⌫ plane,

known as a Stokes line [124], which determines the asymptotic behaviour of

the Hankel function for large order and argument. This behaviour changes

as the order of the function moves from one side of the Stokes line to the

other [125], with the line consequently playing a central role in the defini-

tion of various types of waves. This was demonstrated in [126] for waves in
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electromagnetism, where it was shown that the Stokes line acted as a bound-

ary between improper (growing) and proper (decaying) behaviour of modes

near the surface of a dielectric coated hollow cylinder in air. Specifically,

surface waves in the cylinder, for which ⌫ was on the left of a Stokes line,

locally decayed with distance from the cylinder, while leaky waves, for which

⌫ was on the right of a Stokes line, were shown to locally grow. This lo-

cal behaviour ultimately turned into decay for both wave types due to the

cylindrical geometry of the problem.

Importantly, in the same contribution the relation between circumferential

waves in the cylinder and waves in a flat dielectric coated slab (straight waveg-

uide coupled with air on one side) was established. It was demonstrated that

the wavenumbers of waves in the cylinder approached those of waves in the

flat slab when the size of the cylinder increased. In the limit, b→∞, the local

decay or growth of the various wave types turned into global behaviour, mean-

ing that surface waves became evanescent waves in the surrounding medium

and leaky waves turned into inhomogeneous, exponentially growing, waves in

the exterior. This was a direct consequence of the asymptotic behaviour of

Hankel functions, which behave like exponentials for large orders, and agrees

with what was physically expected – a large cylinder of finite thickness is ef-

fectively a flat waveguide; see the Appendix of [126] for more details on that

large cylinder limit. As this relation is entirely associated to the behaviour

of Hankel functions, it will be exploited here in the context of acoustic waves

and will enable comparisons between results from the proposed SCM (large

finite thickness annuli in fluid) and Disperse (straight waveguides in contact

with fluid) to be made.

Asymptotic formulas for Hankel functions were proposed by Debye [127],

Watson [128] and Olver [129]. For a Hankel function of order ⌫ and argument

⇠, with � arg(⇠)� < ⇡�2 and arg(⇠) the principal argument of the complex
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number ⇠ with values in (−⇡,⇡], the Debye approximation is thought to

be valid when �⌫ − ⇠� � �⌫�1�3, and the Watson approximation when �⌫� ≈
�⇠�. In contrast, Olver’s representation is uniformly valid for all ⌫ and ⇠,

provided that ⇠ is large enough, and it reduces to the Debye approximation

when ⌫ and ⇠ are far apart, and to the Watson approximation when the two

are close together. An exposition on the utility of the various asymptotic

representations of Hankel functions can be found in [125].

Recall that for the circumferential waves of this thesis, from Eq. (4.25),

the Hankel function of interest has the wavenumber of circumferential waves

as its order and ⇠ = kr as its argument. Assuming finite orders �⌫� ≠ ∞,

which is equivalent to cylinders of finite sizes [112, 126], and restricting to

� arg(⇠)� < ⇡�2, the large argument form of the Hankel function [130],

H⌫(⇠) ≈
�

2

⇡⇠
exp �i�⇠ − 1

2
⌫⇡ − 1

4
⇡�� , (4.34)

for �⇠� � �⌫� applies. As r → ∞, the wave potential in the fluid, �f of Eq.

(4.25), may be approximated by

�f(r) ≈ E
�

2

⇡kr
exp �i�kr − 1

2
⌫⇡ − 1

4
⇡�� , (4.35)

where ⇠ was substituted with kr in the above.

If one is interested in real frequencies and complex wavenumbers, the quantity

kr is real valued and, in the limit, it follows from Eq. (4.35) that the wave

potential in the fluid �f decays like 1�√r as r → ∞. That is true of both

leaky and non-leaky circumferential waves and agrees with the observations

of [126] in electromagnetism.

If, on the other hand, one is interested in real wavenumbers and complex
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frequencies, then kr is complex valued and for � arg(kr)� < ⇡�2, �f can both

exponentially grow, e.g. when R(!) > 0 and I(!) < 0, or decay, e.g. when

R(!) > 0 and I(!) > 0.
When the proposed complex map is applied, provided that � arg(kr̃)� < ⇡�2,
the complex wave potential �̃r, for �r̃�→∞ takes the form

�̃f(r̃) ≈ E
�

2

⇡kr̃
exp �i�kr̃ − 1

2
⌫⇡ − 1

4
⇡�� . (4.36)

Consequently, depending on the value of kr̃, for either complex wavenumbers

or complex frequencies, Eq. (4.36) can be made to exponentially numerically

decay, even for physical solutions where it was growing. In this study, com-

plex wavenumbers withR(⌫) > 0 and I(⌫) ≥ 0, and complex frequencies with

R(!) > 0 and I(!) ≤ 0, will be of interest; a choice of ⇣f = ↵i, with ↵ ∈ R+
allows for the retrieval of both. Thus, to summarise, instead of discretising

the real line [b,∞] and the fluid space, a complex line, Cf , defined by the

transformation of Eq. (4.30), will be discretised instead, allowing for the solu-

tion of an exponentially decaying wave field which preserves all the important

physics (wavenumber/frequency and amplitude) of the original problem.

Having now established the e↵ects of the complex map and having obtained

di↵erentiation matrices, the di↵erential operators acting on �, and �f in

Eqs. (4.7)-(4.9) may be discretised with spectral collocation. The di↵erential

operators are

L� = � @2
@r2
+ 1

r

@

@r
− ⌫2
r2
� + !2

c2�
, (4.37)

with � = �, ,�f , and by replacing derivatives in the radial direction with

the appropriate di↵erentiation matrices, the N ×N matrix di↵erential oper-
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ators

L� = ⌫2diag�− 1

r2a
� + �D(2)a + diag� 1

ra
�D(1)a � + !2

c
2
l

I, (4.38)

L = ⌫2diag�− 1

r2a
� + �D(2)a + diag� 1

ra
�D(1)a � + !2

c
2
t

I, (4.39)

L�f
= ⌫2diag��−

1

r2f

�
� + �D(2)f + diag� 1

rf
�D(1)f � + !2

c
2
f

I, (4.40)

are obtained, with ra the column vector of collocation points in the annulus,

{raj
}Nj=1, and I the N ×N identity matrix.

Merging all matrix operators together, the discrete problem may be expressed

as an eigenvalue problem

L̃u =
�����
L� 0 0

0 L 0

0 0 L�f

�����
�����
�

 

�̃f

�����
= 0, (4.41)

with L̃ a 3N × 3N matrix operator and u a column vector of length 3N ,

containing the wave potentials in the annulus and the complex wave poten-

tial in the fluid, each evaluated on the collocation points discretising their

respective domains of definition.

As was done in previous work, to conclude the discretisation, the di↵erential

operators of the boundary and interface conditions of Eqs. (4.18)-(4.22) are

discretised and represented by two boundary and interface condition matri-

ces. Explicitly, the boundary condition matrix is a 2 × 3N matrix given by
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BC = ⌫2 ������
diag�2−2

r2a
� 0 0

0 diag � 1
r2a
� 0

������
������������r=a

+ ⌫ ������
0 diag � 2

r2a
� − diag � 2

ra
�D(1)a 0

diag� 2
r2a
� − diag � 2

ra
�D(1)a 0 0

������
������������r=a

+ ������
2D

(2)
a + diag�2−2

ra
�D(1)a 0 0

0 D
(2)
a − diag � 1

ra
�D(1)a 0

������
������������r=a

,

(4.42)

while the interface condition matrix is a 3 × 3N matrix given by

IC = ⌫2
����������

0 diag � 1
r2a
� 0

diag�2−2

r2a
� 0 diag� �f

µr2f
�

0 0 0

����������

��������������������r=b
+ ⌫
���������

diag� 2
r2a
� − diag � 2

ra
�D(1)a 0 0

0 diag � 2
r2a
� − diag � 2

ra
�D(1)a 0

0 −diag � 1
ra
� 0

���������

������������������r=b
+
���������

0 D
(2)
a − diag � 1

ra
�D(1)a 0

2D
(2)
a + diag�2−2

ra
�D(1)a 0 −�f

µ �D(2)f + diag� 1
rf
�D(1)f �

D
(1)
a 0 −D(1)f

���������

������������������r=b
.

(4.43)

By replacing rows 1,N + 1 and N, 2N, 2N + 1 of the operator L̃, which cor-

respond to collocation points at r = a and r = b, with the two rows of BC

and the three rows of IC respectively, boundary and interface conditions are

introduced into the discretised problem. In addition to those and to ensure

the vanishing of the wave field, Dirichlet zero boundary conditions are im-

posed at infinity by replacing row 3N of L̃ with the last row of the 3N × 3N
identify matrix. After incorporating boundary and interface conditions into

the matrix operator L̃ and separating into ⌫2, ⌫,!2 and constant components,
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the eigenvalue problem

�⌫2L2 + ⌫L1 +L0�u = !2Mu, (4.44)

is reached.

Recall the two problems discussed in Section 4.2 – complex wavenumbers

and spatially varying amplitudes versus complex frequencies and temporally

varying amplitudes. It is important to note that the formulation of Eq. (4.44)

allows for the solution of both problems, under the same SCM. Indeed, Eq.

(4.44) presents a polynomial eigenvalue problem in complex wavenumber,

solvable via a companion matrix linearisation [88], or a generalised eigenvalue

problem in !2, solvable with conventional eigenvalue problem solvers. Thus,

by performing frequency or wavenumber sweeps, it is possible to compute

dispersion curves of both types.

4.4 Results & Validation

4.4.1 Complex Wavenumber

In this section, SCM results of the computation of the complex wavenumber

dispersion curves of leaky circumferential guided waves propagating around

a submerged hollow cylinder are presented. As an initial validating step, and

due to the capability limits of Disperse, two limiting cases of the materials

and geometry of the system are investigated: a hollow cylinder immersed

in a fluid of low acoustic impedance, henceforth referred to as a “weak”

fluid, and a submerged hollow cylinder of small curvature (the large cylinder

limit of [126]). In the limit, the former converges to the case of a cylinder

in vacuum, while the latter approximates a straight waveguide adjacent to a

space of fluid; both limits are systems for which dispersion curves are available
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from Disperse [16]. Following initial validations, the performance of the

SCM for the general case is validated against analytic formulations.

Before proceeding to results, it is important to address what is meant by the

phase velocity and attenuation of circumferential waves in an annulus. For

a given solution pair (⌫,!), the phase velocity and attenuation of circum-

ferential waves are constant along radial lines and vary linearly with radial

distance [112]. That is, all particles located a distance r from the centre of

the annulus of Figure 4.1 have the same phase velocity given by [115]

c(r) = r !

R(⌫) , (4.45)

and attenuation

↵(r) = I(⌫)�r. (4.46)

The phase velocity and attenuation of Eqs. (4.45) and (4.46), in all results

presented in this work, will be calculated for the same radial distance, rc =(a+ b)�2, at the centreline of the annulus, and will be denoted by crc and ↵rc
respectively.

4.4.1.1 Cylinder Immersed in Weak Fluid

Consider a hollow cylinder, made of steel, immersed in a weak fluid first. The

annular cross-section is taken to have inner radius a = 18 mm, outer radius

b = 20 mm, density ⇢ = 7.932 g/cm3, longitudinal wave speed cl = 5.960 m/ms

and shear wave speed ct = 3.260 m/ms. The weak fluid surrounding the cylin-

der is taken to have density ⇢f = 0.01 g/cm3 and wave speed cf = 0.01 m/ms.

Note that because, as discussed in the previous section, both non-leaky and

leaky modes decay for complex wavenumbers, the same treatment and com-

plex mapping of the fluid domain allows for the exponential decay of both

types of modes at the same time. Thus, to obtain the dispersion curves of
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interest, a single frequency sweep of 200 steps was performed for angular fre-

quencies between 0 − 20 MHz, and the choice of ⇣f = 10i, found to produce

excellent results for leaky waves in planar geometries, is made here for all

frequencies. The domain of the annulus was discretised with Na = 30 Cheby-

shev collocation points, while Nf = 150 points discretise the fluid (or more

accurately the complex path Cf ).

To distinguish between physical solutions and numerical artifacts, filters were

applied. The model was run twice, with the number of collocation points

in the fluid halved in the second run. Only eigenvalues that remained un-

changed, up to the fifth decimal place, were kept. Additionally, solutions of

negative or high attenuation(≥ 10 Np/mm) and negative phase velocity were

discarded. All calculations in Section 4.4.1, unless stated otherwise, were

performed for the same frequency range, complex parameters and filtering,

with computations at each frequency step of the sweep taking approximately

0.6 seconds on a personal computer with 32GB RAM and an Intel i7-10700

CPU.

SCM dispersion curves of circumferential guided waves propagating around a

steel annulus immersed in weak fluid, are presented in Figure 4.2, as plots of

phase velocity against frequency. Dispersion curves from Disperse for the

same steel annulus in vacuum, overlay the SCM results. A good agreement

between the two methods is demonstrated in Figure 4.2, for both phase ve-

locity predictions and the zero attenuation values of circumferential guided

waves in lossless media in vacuum.

4.4.1.2 Cylinder of Small Curvature

Moving now onto the second limiting case, that of an immersed cylinder of

small curvature, consider again a cylinder made of steel. To achieve small

curvature, the inner and outer radii of the cross-section are increased by
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Figure 4.2: Phase velocity dispersion curves for a steel annulus immersed in
a weak fluid, calculated by the SCM and coloured according to their value
of attenuation. Overlaid are the dispersion curves of the same annulus in
vacuum calculated with Disperse.

several orders of magnitude, to a = 10018 mm and b = 10020 mm, while

keeping the thickness of the annulus, h = 2 mm, constant. The cylinder is

assumed submerged in water of density ⇢f = 1 g/cm3 and wave speed cf =
1.5 m/ms. Figure 4.3 presents SCM phase velocity and attenuation results

against dispersion curves from Disperse for a straight waveguide of the same

thickness and material properties as the cylinder, in contact with water on

one side. Again, good agreement can be seen for both phase velocity and

attenuation values, up to a linear frequency of f = 2.5 MHz. Discrepancies

observed beyond that point and for higher frequencies are attributed to the

curvature of the annulus not being small enough for the two problems to be

comparable.
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(a)

(b)

Figure 4.3: SCM phase velocity 4.3(a) and attenuation 4.3(b) curves for
a steel annulus of small curvature immersed in fluid, respectively coloured
based on their values of attenuation and phase velocity. Both are overlaid
with curves from Disperse for a straight waveguide in contact with water
on one side.
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4.4.1.3 General Case

Having established confidence in the results of the method, the general case of

leaky circumferential waves propagating around a submerged hollow cylinder

is investigated next. Because Disperse results are not available for the

general case, as a validation, consider the following approach: suppose that

for a given frequency !, one wishes to validate that a predicted wavenumber

⌫ is a valid circumferential wave solution and recall that from Eq. (4.26),

any valid solution pair (!, ⌫) satisfies det[D(!, ⌫)] = 0. To validate the

prediction, a grid of points neighbouring ⌫ is generated by slightly varying

both its real and imaginary parts, and the value of �det[D(!, ⌫)]� is evaluated
for all points on the grid. On a logarithmic scale, the surface obtained will

diverge towards −∞ if a zero of det[D(!, ⌫)] is close by. A contour plot

representation of the surface will reveal whether a predicted solution is valid

by whether or not it lies in such a divergent region.

In Figure 4.4, predicted SCM dispersion curves of leaky circumferential waves

are presented alongside contour plot validations, for a steel cylinder of inner

radius a = 18 mm, and outer radius b = 20 mm that is submerged in water.

Dispersion curves were calculated on 100 frequency points in the angular

frequency range 0 − 20 MHz, with the computation taking approximately 1

minute in total.

The complete dispersion diagram is shown in Figure 4.4(a) and a detail of the

linear frequency range 0− 1.5 MHz in Figure 4.4(b). In the zoomed-in region

several leaky modes are observed converging towards the fluid wave speed,

assumed 1.5 mm/ms. These modes arise due to the cylindrical geometry

of the annulus, and even though, theoretically an infinity of them exists,

only four are displayed here. The reason is that modes may not have fully

converged, requiring additional collocation points for proper recovery, modes

are highly attenuating and for that reason have been filtered out, or they
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have cut-o↵ frequencies beyond the frequency range displayed here. It is

worth noting that at the flat waveguide limit of a cylinder of small curvature,

these leaky modes vanish and only the surface Scholte mode persists.

Contour plots of the logarithm of �det[D(!, ⌫)]�, evaluated in the vicinity

of points marked in red boxes in Figures 4.4(a) and 4.4(b), are displayed

in Figure 4.4(c) and Figure 4.4(d). Grids for both plots were generated by

varying real and imaginary parts of wavenumber in 5 × 10−2 increments. In

both instances, multiple SCM results can be seen to lie in divergent regions

of the plot, indicating that they are indeed zeros of det[D(!, ⌫)], and thus

valid solutions.

To illustrate the nature of complex wavenumber solutions for leaky circum-

ferential waves, whose wave amplitudes vary with the transverse direction, ✓,

their fields are computed through Eqs. (4.4) and (4.6) and propagated around

the annulus according to ei⌫✓. Figure 4.5 displays the field of two modes, an-

notated with black arrows in Figures 4.4(a) and 4.4(b). In Figure 4.5(a), the

field of radial displacements of the mode at (!, crc) ≈ (8.8 MHz, 8.6 m/ms)
are displayed as R(urei⌫✓), while the field of azimuthal displacements of the

mode at (!, crc) ≈ (1.2 MHz, 1.34 m/ms) are displayed in Figure 4.5(b) as

R(u✓ei⌫✓). The scale of both fields is chosen to ensure unit radial displace-

ments at the solid-fluid interface, i.e. ur(b) = 1.
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(a)

(b)
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(c)

(d)

Figure 4.4: Phase velocity dispersion curves of circumferential waves in a steel
annulus immersed in water 4.4(a), and a detail of the frequency region 0 −
1.5 MHz 4.4(b). Figures 4.4(c) and 4.4(d) present contour plots of the vicinity
of predicted solutions marked in red boxes in 4.4(a) and 4.4(b) respectively.
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(a) ! = 8.8 MHz, crc = 8.6 m/ms

(b) ! = 1.2 MHz, crc = 1.34 m/ms

Figure 4.5: The field of leaky circumferential modes of complex wavenumbers
for the solution pairs (!, crc) ≈ (8.8 MHz, 8.6 m/ms) in 4.5(a) and (!, crc) ≈(1.2 MHz, 1.34 m/ms) in 4.5(b).
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4.4.2 Complex Frequency

Having successfully computed complex wavenumber spectra of leaky circum-

ferential waves, the proposed SCM is now employed for the computation

of the real-wavenumber-versus-complex-frequency dispersion curves for the

same steel hollow cylinder submerged in water from before. Computations are

presented as dispersion curves of wavenumber against non-dimensional fre-

quency, kb, and are again validated with contour plots of �det[D(!, ⌫)]�.
When the wavenumber, ⌫ is known, Eq. (4.44) is a generalised eigenvalue

problem in !2, expressed as

Lu = !2Mu, (4.47)

where L = ⌫2L2 + ⌫L1 +L0.

To retrieve the full set of dispersion curves, a wavenumber sweep, of posi-

tive integer wavenumbers up to ⌫ = 100, is performed, and the generalised

eigenvalue problem of Eq. (4.47) is solved for !, for each wavenumber of the

sweep. The complex parameter, ⇣f , and number of collocation points in the

two domains remain unchanged from the complex wavenumber problem of

the previous section. To eliminate numerical artifacts, the model was, again,

run twice, for Nf and Nf�2 collocation points in the fluid, and solutions were

discarded if the non-dimensional frequency, kb, di↵ered at the fifth decimal

place between the two runs. Finally, only modes of R(kb) ≥ 0 and I(kb) ≤ 0
were kept. The dispersion curves presented in this section took approximately

8 seconds to compute (≈ 80 ms for each wavenumber).

Figure 4.6 presents the SCM dispersion curves of the complex frequency prob-

lem, as wavenumber versus the real part of the complex non-dimensional

frequency kb, and a validation of those against contour plots of the loga-

rithm of �det[D(!, ⌫)]�. For the contour plots of Figure 4.6(b), the value
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of �det[D(!, ⌫)]� was evaluated on a grid of non-dimensional frequencies,

and fixed wavenumber ⌫ = 10. Again, predicted solutions can be seen to

lie in divergent regions of the contour plot, validating them as true roots of

det[D(!, ⌫)]. Note that, just like for the leaky modes of Figure 4.4(b), some

modes are missing from Figure 4.6(b), see divergent regions without SCM

predictions; those modes are retrievable and satisfactorily converge when Nf

is increased.

To illustrate the temporal amplitude variation of circumferential waves of

complex frequencies, wave fields are computed and propagated in time in

accordance to e−i!t. Figure 4.7 depicts the exponentially growing field of

radial displacements around the annulus and surrounding fluid, R(ure−i!t),
as it propagates through time, for the leaky wave annotated in Figure 4.6(a)

at ⌫ = 10 and R(kb) ≈ 38.

4.5 Conclusion

In this chapter a unified SCM was proposed for the computation of the dis-

persion curves of leaky circumferential waves, for both complex wavenumbers

and frequencies, radiating from immersed hollow cylinders. A complex coor-

dinate map transformed the leaky wave field in the surrounding fluid into a

numerically decaying function in the complex plane, with the transformation

preserving all the important physical characteristics of the original leaky wave

field. This enabled the proposed SCM to e↵ectively capture the complete set

of leaky circumferential waves in the frequency and wavenumber ranges of

interest.

The validation of the method was carried out initially through a compari-

son of two limiting cases of the structure – that of a weak fluid surrounding

the annulus and that of an immersed annulus of small curvature – against
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(a)

(b)

Figure 4.6: Dispersion curves of wavenumber against the real part of non-
dimensional frequency, R(kb), in 4.6(a), and a contour plot validation of
pairs (!, ⌫), for ⌫ = 10, in 4.6(b).
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(a) t = 0 µs

(b) t = 500 µs

Figure 4.7: The wave field of the leaky circumferential wave of complex fre-
quency at ⌫ = 10, and R(kb) ≈ 38 from Figure 4.6(a), propagated 500 µs in
time.
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dispersion curves from Disperse. Subsequently, the general case of leaky cir-

cumferential waves, for both complex wavenumbers and complex frequencies,

was carried with a comparison against analytic formulations.

While this chapter only investigated leaky circumferential waves radiating

from submerged hollow cylinders made of isotropic material, the SCM pre-

sented here is believed to be a simple yet powerful tool for the e↵ective compu-

tation of dispersion curves in cylindrical geometries and lays the foundations

for a black-box approach to solving more complicated systems. The proposed

methodology should readily extend to fluid-filled cylinders, shear waves that

have their displacements in the axial direction, multilayered cylinders made

of anisotropic materials and cylinders embedded in solids.
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Chapter 5

Underwater Scattering from

Submerged Elastic Hollow

Cylinders

5.1 Introduction

Thus far, the modal responses of systems were investigated, i.e. no external

forcing was ever present. However, in real life applications immersed or em-

bedded objects are often studied based on their response to incoming waves;

the dispersion curves of the object are closely related with its responses to

wave fields that emerge from distant sources and are incident upon it, with

useful insight into the object’s characteristics and material properties being

retrievable from the scattered field. To that end, in this chapter, the interac-

tions between incoming waves and the immersed elastic cylinder introduced

in Chapter 4 are investigated.

Resonance scattering theory [131] suggests that information about the im-
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mersed structure’s resonances, i.e. its dispersion curves, lie in the scattered

field echoes. The study of that response has been the focus of the work of

many, with the literature on scattering problems spanning over a decade and

a range of applications. Gaunaurd [132] provides an excellent report on the

advances in the field over the last century. Some notable contributions con-

cerning spherical and cylindrical scatterers are those of Faran [133] for elastic

scatterers in fluid, of Einspruch and Truell [134] for fluid scatterers in solids,

and more recently of Sun and Marston [135] on leaky wave contributions to

the backscattering from thick cylindrical shells and of Marston [136] on the

scattering of a Bessel beam by a sphere.

As attested by an extensive literature on the field, being able to compute the

response of a known scatterer, or inversely, distinguish one scatterer from an-

other by interpreting a monitored response, remain longstanding challenges

of both scientific and industrial interest. For objects of simple geometries,

like spheres or cylinders, the computation of the scattered field involves the

numerical solution of matrix equations of Bessel functions that result from

assuming analytic forms for the unknown wave fields of the problem and ap-

plying boundary conditions [121,132,137,138]. Unfortunately, the numerical

instabilities associated with Bessel functions one encounters when computing

leaky circumferential wave dispersion curves, which were discussed in Chapter

4, also extend to the analytic matrix formulations of scattering problems.

This chapter is dedicated to overcoming these challenges for elastic cylindrical

scatterers in fluid. The similarities in the underlying physics, i.e. the equa-

tions of motion and boundary conditions, between the propagation of leaky

circumferential waves in an immersed cylindrical structure and the response

of the same structure when viewed as a sound scatterer subjected to an in-

cident wave field will be exploited. Owning to those similarities, the SCM

presented in Chapter 4 for the dispersion curve computations of the former
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problem will be tailored to the scattered field computations of the latter;

computations will be validated against analytic formulations. Finally, reso-

nance scattering theory will enable the decomposition of the scattered field

into its constituent components and the relationship between the dispersion

curves of the structure and the field scattered by it to be demonstrated.

The chapter is organised as follows: Section 5.2 presents the theoretical frame-

work and analytic formulations of the scattering response problem for an

elastic hollow cylinder subjected to incident acoustic waves, while Section 5.3

presents how the SCM for leaky circumferential wave computations is mod-

ified for scattered field computations. The chapter concludes by presenting

and validating results in Section 5.4 and a discussion on key findings and

future work in Section 5.5.

5.2 Theory

5.2.1 Problem Statement

Consider a hollow cylinder submerged in inviscid fluid and an incoming plane

wave of known angular frequency, !, that is incident upon the cylinder at

an angle ✓inc and is perpendicular to the axis of the cylinder (broadside).

Assume the geometry and material properties of the system to be the same

as those considered in Chapter 4. A schematic of the forced system, depicting

the cross-section of the hollow cylinder and the incoming wave field, is given

in Figure 5.1.

Assuming again two-dimensional, time-harmonic waves of angular wavenum-

ber ⌫, denote the displacement field in the annulus by uc = (ur, u✓, 0) and
that in the fluid by uf = (urf , u✓f , 0). In both fields, a common exponential

term exp[i(⌫✓ − !t)], is assumed and suppressed and the Helmholtz decom-
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Figure 5.1: Incoming plane waves incident upon an annulus of inner radius a
and outer radius b, immersed in fluid.

position of Eqs. (4.4) and (4.6), in terms of the elastic wave potentials � and

 in the annulus and the wave potential �f in the fluid, is applied.

The field in the surrounding fluid, �f , is now composed of two parts for the

forced problem – the incoming wave field and the field scattered by the im-

mersed annulus. Thus, the forcing imposed upon the system by the incoming

wave is incorporated into the fluid wave potential through its decomposition

as

�f = �sc + �inc, (5.1)

where, �sc and �inc are the wave potentials of the scattered and incoming

wave fields respectively.

The incoming plane wave’s pressure field may be expressed [121, 133] as a
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sum of normal modes as

pinc(r, ✓) = Ainc exp [−ikr cos(✓ − ✓inc)]
= Ainc

∞�
⌫=−∞(−i)�⌫ �J�⌫ �(kr) exp [i⌫(✓ − ✓inc)] ,

(5.2)

with Ainc a predefined pressure amplitude and the exponential e−i!t assumed

throughout. Each term of the incoming pressure field sum given above is the

incoming pressure field of the ⌫th normal mode; the corresponding incoming

wave potential is expressed in terms of the incoming wave pressure field as

�inc = −pinc�(⇢f!2), with ⇢f the density of the fluid.

Since the geometry and material properties of the system remain identical

to those studied earlier, the fields in the elastic annulus and the surrounding

fluid of the forced system must still satisfy the same wave equations, Eqs.

(4.7)-(4.9), and boundary and interface conditions, Eqs. (4.10) and (4.11),

for stresses given by Eqs. (4.15)-(4.17).

By substituting Eq. (5.1) into Eq. (4.9), the fluid equation of motion for

the forced system is expressed in terms of the incoming and scattered fluid

potentials as

� @2
@r2
+ 1

r

@

@r
− ⌫2
r2
��sc + !2

c
2
f

�sc = −� @2
@r2
+ 1

r

@

@r
− ⌫2
r2
��inc − !2

c
2
f

�inc, (5.3)

and similarly for the stresses and displacements in the fluid

�rf = �f � @2
@r2
+ 1

r

@

@r
− ⌫2
r2
� (�sc + �inc) , (5.4)

urf = @

@r
(�sc + �inc) , u✓f = i⌫

r
(�sc + �inc) . (5.5)

Under this notation, the interface conditions of Eq. (4.11) may explicitly be
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expressed in terms of the wave potentials in the annulus and the scattered

and incoming wave potentials in the fluid as

�2⌫ � 1
r2
− 1

r

@

@r
�� + � @2

@r2
− 1

r

@

@r
+ ⌫2
r2
� ��

r=b
= 0, (5.6)
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@r
− ⌫2
r2
��sc�

�����������r=b = �
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@r2
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@r
− ⌫2
r2
��inc��

r=b
,

(5.7)

�@�
@r
− ⌫
r
 − @�sc

@r
��
r=b = �

@�inc

@r
��
r=b . (5.8)

The equations of motion, Eqs. (4.7),(4.8) and (5.3) are Bessel equations and,

subject to amplitudes determined by the boundary and interface conditions

of Eqs. (4.18), (4.19) and (5.6)-(5.8), admit solutions of the form [121]

� = ∞�
⌫=−∞A⌫J�⌫ �(klr) +B⌫Y�⌫ �(klr), (5.9)

 = ∞�
⌫=−∞C⌫J�⌫ �(ktr) +D⌫Y�⌫ �(ktr), (5.10)

�sc = ∞�
⌫=−∞E⌫H�⌫ � (kr) . (5.11)

Due to the linearity of the formulation, the scattering problem may be solved

for each normal mode individually. That is, for an incoming plane wave of

known frequency ! one may run over each ⌫ and term in the sum of Eq.

(5.2) and compute the corresponding terms of sums in Eqs. (5.9)-(5.11). The

potential fields of Eqs. (5.9)-(5.11) are then retrieved by summing over the

contributions of normal modes for all ⌫.

Similarly to what was done in Eq. (4.26), by substituting the exact form of
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the wave potentials of normal modes in the boundary and interface conditions

of Eqs. (4.18), (4.19) and (5.6)-(5.8), an analytic formulation of the forced

problem is achieved, expressed as the matrix equation

D(!, ⌫)A⌫ = F ⌫ , (5.12)

with D(!, ⌫) the matrix of Eq. (4.26) whose entries are given in Appendix

B, A⌫ = [A⌫ ,B⌫ , C⌫ ,D⌫ , E⌫]T a vector of the amplitudes to be computed,

and F ⌫ a column vector of forcing terms, explicitly given as

F ⌫ = −Ainc(−i)�⌫ �(⇢f!2)−1
�����������

0

0

0
�f

µ �k2J ′′�⌫ �(kb) + k
bJ
′�⌫ �(kb) − ⌫2

b2 J�⌫ �(kb)�
kJ
′�⌫ �(kb)

�����������
. (5.13)

In the above, ′ denotes di↵erentiation with respect to the radial direction, r.

The non-zero terms of F ⌫ are exactly the contributions of the incoming wave

potential in the stresses and displacements, �rf and urf , of Eqs. (5.4) and

(5.5), that appear on the RHS of the last two interface condition equations

of Eqs. (5.7) and (5.8). If no forcing is present, i.e. Ainc = 0, then F ⌫ = 0

and the scattering equation of Eq. (5.13) reduces to the resonance equation

of Eq. (4.26).

Notice that because both ! and integer ⌫ are assumed known for each normal

mode of the forced problem, the analytic formulation of Eq. (5.12) presents

a set of simultaneous equations from which the amplitudes vector of the ⌫th

normal mode can be retrieved as A⌫ =D−1(!, ⌫)F ⌫ . This analytic formula-

tion will be used as a benchmark for the validation of SCM computations to

follow.
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5.2.2 Resonance Scattering Theory

Resonance scattering theory [131] states that in the acoustic far-field, r �
b2�� with � the wavelength of bulk waves in fluid, the pressure field scat-

tered by an immersed object contains insight into the characteristics of the

scatterer itself, and is therefore what is ultimately sought in this study. In

this section, ideas from resonance scattering theory, that will allow the re-

lationship between the dispersion curves and the scattered field response of

an immersed object to be established, are reproduced from [121, 138] in the

notation of this thesis.

When a penetrable object acts as a sound scatterer subjected to an incident

wave field, elastic or acoustic energy penetrates into the scatterer when the

incident field’s frequency passes through a frequency interval centred at the

scatterer’s resonance frequencies [132]. For the immersed annulus of inter-

est in this study, those resonance frequencies are the complex frequencies of

leaky circumferential waves studied in Chapter 4, while the width of each

frequency interval is dependent on the strength of the coupling between the

scatterer and its surroundings [139] and is proportional to the imaginary part

of the complex frequency of the resonance [138, 140]. Away from resonance

frequencies, the body behaves as perfectly impenetrable, e.g. an elastic ob-

ject immersed in fluid behaves as if it were rigid or a fluid-filled cavity in an

elastic matrix behaves as if it were empty.

This behaviour underpins an immersed penetrable object’s response to an in-

cident wave field, i.e. the field scattered by the object, which may be decom-

posed into two distinct components: a background that is smoothly varying

with frequency and would be present were the immersed object impenetrable,

and a resonant component that is superimposed upon the smooth background

and contains a number of resonance peaks coinciding with the resonances or

eigenfrequencies of the immersed object. Resonance scattering theory allows
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the resonance spectrum of the scatterer to be studied separately by remov-

ing the smooth impenetrable scatterer background from the scattered field

response of the object.

To do so, consider first scattering from impenetrable scatterers in fluid. An

impenetrable scatterer is assumed a perfect reflector that does not absorb

energy. The simplest impenetrable scatterers possible are the two extreme

cases of a sound-soft (zero acoustic and shear impedance) and a sound-hard

(infinite acoustic and shear impedance) scatterer. For a sound-soft scatterer,

the total pressure field vanishes at the boundary, while for a sound-hard scat-

terer, the radial derivative of the fluid wave potential, i.e. radial displacement,

vanishes at the boundary. Expressed mathematically one has [121]

�f �r=b = 0, for sound-soft scatterers, (5.14)

@�f

@r
�
r=b = 0, for sound-hard scatterers, (5.15)

and it follows that for the incident plane wave under consideration here, the

scattered field amplitudes from soft and hard scatterers, say E
(s)
⌫ and E

(h)
⌫ ,

are

E
(s)
⌫ = Ainc(−i)�⌫ �(⇢f!2)−1 J�⌫ �(kb)

H�⌫ �(kb) , (5.16)

E
(h)
⌫ = Ainc(−i)�⌫ �(⇢f!2)−1 J ′�⌫ �(kb)

H
′�⌫ �(kb) . (5.17)

The field scattered from the elastic annulus may then be separated into the

contributions of the resonance spectrum and those of a sound-soft or sound-

hard background, through the scattered field amplitudes of normal modes.

The ⌫th normal mode’s resonant spectrum amplitudes are retrieved here by

removing the sound-soft or sound-hard background amplitudes from the am-
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plitudes of the field scattered by the elastic scatterer, E⌫ , through [141]

E
(res)
⌫ = 2E⌫ −E(s)

⌫

1 + 2E(s)
⌫

, or E
(res)
⌫ = 2E⌫ −E(h)

⌫

1 + 2E(h)
⌫

. (5.18)

As the behaviour of scattered spectra in the acoustic far-field is of interest

here, the Hankel functions of Eq. (5.11) are replaced with their asymptotic

approximations for large arguments from Eq. (4.34). This allows the pressure

field scattered by the elastic annulus, psc = −⇢f!2�sc, to be approximated

as

psc ≈ D(!, ✓) exp (ikr)√
r

, for r →∞, (5.19)

with D(!, ✓) the directivity of the scattered pressure field given as a function

of angular frequency and azimuthal direction. In the above, the directivity

D(!, ⌫), is given explicitly as a sum of normal mode directivities, D⌫(!, ✓),
as

D(!, ✓) = ∞�
⌫=−∞D⌫(!, ✓), (5.20)

where

D⌫(!, ✓) = −⇢f!2
E⌫

�
2

⇡k
exp �−i�1

2
�⌫�⇡ + 1

4
⇡�� exp [i⌫(✓ − ✓inc)] . (5.21)

In an analogous way, a directivity of the resonance spectrum may be defined

and expressed as a sum of normal mode resonance directivities as

D
(res)(!, ✓) = ∞�

⌫=−∞D
(res)
⌫ (!, ✓), (5.22)

with the D
(res)
⌫ (!, ✓) obtained by replacing the scattered wave amplitudes,

E⌫ in Eq. (5.21) with the resonant amplitudes, E
(res)
⌫ of Eq. (5.18).

These directivities hold all the important characteristics of the scattered field
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and the elastic scatterer, and to compute them for a pair of frequency and

angle the infinite sums of Eqs. (5.20) and (5.22) are approximated with fi-

nite ones. Specifically, sums are truncated so that the wavenumber ⌫ ranges

between −M andM , whereM is chosen su�ciently large to ensure the conver-

gence of the sum. For every term of the truncated sum and integer wavenum-

ber ⌫, the amplitudes of the scattered and resonance fields of the ⌫th normal

mode, E⌫ and E
(res)
⌫ , are calculated. Directivities are then computed by sum-

ming over all normal mode directivities of the truncated sum. The procedure

is repeated for multiple frequencies and angles of interest, with results typ-

ically [121] presented as target strength plots, in decibels, on a logarithmic

scale.

5.3 Discretisation

A spectral collocation discretisation that enables the computation of the un-

known scattered field amplitudes and desired directivities of the response

problem is presented next. It was already demonstrated how the response

problem investigated here is closely related to the problem of leaky circumfer-

ential waves of Chapter 4; one may obtain the unforced leaky wave problem by

simply setting Ainc = 0 in the forced problem. In the discussion to follow, this

relationship between the two problems is exploited and the SCM developed

for the computation of leaky circumferential waves of complex wavenumbers

is tailored to the computation of the scattered field response from submerged

hollow cylinders. Finally, it will further be demonstrated how the discretisa-

tion may be reduced to a more e�cient boundary value problem, when both

wavenumber and frequency are assumed known.

Start by fixing both real ! and integer ⌫, and assume that the incoming

pressure field is that of the ⌫th normal mode, given by the ⌫th term in the sum
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of Eq. (5.2); denote this incoming pressure field, and corresponding incoming

wave potential, by p
⌫
inc and �

⌫
inc respectively. Under this notation,

�
⌫
inc = −Ainc(−i)�⌫ �(⇢f!2)−1J�⌫ �(kr) exp[i⌫(✓ − ✓inc)]. (5.23)

For the incoming wave of Eq. (5.23), one is interested in computing the wave

potentials

�
⌫ = A⌫J�⌫ �(klr) +B⌫Y�⌫ �(klr), (5.24)

 
⌫ = C⌫J�⌫ �(ktr) +D⌫Y�⌫ �(ktr), (5.25)

�
⌫
sc = E⌫H�⌫ � (kr) , (5.26)

of the ⌫th normal mode, given by the ⌫th term in each of the sums of Eqs.

(5.9)-(5.11).

To compute those wave potentials, the SCM of Section 4.3 for both the im-

mersed annulus and the fluid space is adopted here. Under the discretisation

presented in that section, Eq. (4.29) gives the first and second order di↵er-

entiation matrices, based on Chebyshev collocation points, over the annular

cross-section of the cylinder, while Eqs. (4.31) and (4.32) give the di↵eren-

tiation matrices in the fluid. Of course, the choice of complex ⇣f is again

important here as it defines a complex path, say C⌫
f , in which the fluid wave

potentials of the problem, �⌫sc and �
⌫
inc, are made to numerically decay while

also preserving their amplitudes and wavenumber.

As done previously, consider the problem in terms of the decaying complex

wave potentials �̃⌫sc and �̃
⌫
inc, and utilise di↵erentiation matrices to discretise

the equations of motion of the forced problem, Eqs. (4.7), (4.8) and (5.3).
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The resulting matrix equation reads

�����
L� 0 0

0 L 0

0 0 L�f

�����
�����
�⌫

 ⌫

�̃
⌫
sc

�����
= −
�����
0 0 0

0 0 0

0 0 L�f

�����
�����

0

0

�̃
⌫
inc

�����
, (5.27)

where L�, L and L�f
are exactly the N ×N operators of Eqs. (4.38)-(4.40)

and

usc =
�����
�⌫

 ⌫

�̃
⌫
sc

�����
and uinc =

�����
0

0

�̃
⌫
inc

�����
, (5.28)

are column vectors of length 3N , containing the wave potentials in the annu-

lus and the complex scattered and incoming wave potentials in C⌫
f , each eval-

uated on the collocation points discretising their domains of definition.

The boundary and interface conditions of Eqs. (4.18), (4.19) and (5.6)- (5.8),

are similarly discretised and represented by two matrix equations as

BCusc = 0, (5.29)

ICusc = −ICuinc, (5.30)

with BC, IC the boundary and interface conditions matrices of Eqs. (4.42)

and (4.43).

To impose boundary and interface conditions to the discrete problem, rows

1,N + 1 and N, 2N, 2N + 1 of each of the two operators acting on the column

vectors usc and uinc in Eq. (5.27) are, respectively, replaced by rows of the

boundary and interface condition operators of Eqs. (5.29) and (5.30) which

are acting on the same column vectors. To ensure the vanishing of the wave

field, Dirichlet zero boundary conditions are again imposed at the collocation
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point at infinity. After rearranging, the resulting equation reads

�L − !2M�usc = P , (5.31)

where L andM are the matrix operators introduced in Eq. (4.47) and P is a

column vector of 3N entries. Column vector P is zero everywhere except at

its last N entries which contain the RHS of Eq. (5.3), evaluated on the set of

the N collocation points in the complex interval C⌫
f , and at rows 1,N +1 and

N, 2N, 2N+1 which were replaced with the contributions of the incoming wave

potential in the boundary and interface conditions of Eqs. (4.18), (4.19) and

(5.6)-(5.8). Column vector P is e↵ectively the forcing vector of the discrete

problem.

Since both wavenumber and frequency are fixed here, Eq. (5.31) is no longer

an eigenvalue problem; it is rather a set of simultaneous equations which al-

lows the retrieval of the field in the annulus and the fluid, and consequently

the amplitudes A⌫ , as usc = (L − !2M)−1P . By sweeping through a range of

frequencies, each time calculating the amplitudesA⌫ for all integer wavenum-

bers between ±M , the directivity, D(!, ✓), can be computed for any given

angle of interest as a sum of normal mode directivities.

Even though the presented discretisation fully encapsulates the problem, its

e�ciency may be improved by making some adjustments. Since an exact

form for the incoming wave potential is assumed, analytical expressions for
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its derivatives with respect to the radial direction may be obtained as

@�
⌫
inc

@r
= −kAinc(−i)�⌫ �(⇢f!2)−1

2
�J�⌫ �−1(kr) − J�⌫ �+1(kr)�
× exp[i⌫(✓ − ✓inc)],

(5.32)

@2�⌫inc

@r2
= −k2Ainc(−i)�⌫ �(⇢f!2)−1

4
�J�⌫ �−2(kr) − 2J�⌫ �(kr) + 2J�⌫ �+2(kr)�

× exp[i⌫(✓ − ✓inc)].
(5.33)

Evaluating Eqs. (5.32) and (5.33) on the set of collocation points in the fluid

avoids the need of approximating the potential’s derivatives with di↵eren-

tiation matrices – this is particularly helpful when computing the non-zero

entries of P . It is important to recognise that this would not have been

possible if Eq. (5.31) was an eigenvalue problem. If complex ⌫ or !, which

respectively appear in the order and the argument of the Bessel functions

of Eq. (5.2), were to be solved for, a non-linear eigenvalue problem would

emerge, compromising the discretisation.

In a similar way, the exact form of the scattered field from Eq. (5.26) may

also be assumed and an exact form for its derivatives be obtained as

@�⌫sc

@r
= kE⌫

2
�H�⌫ �−1(kr) −H�⌫ �+1(kr)� exp[i⌫(✓ − ✓inc)], (5.34)

@2�⌫sc

@r2
= k2E⌫

4
�H�⌫ �−2(kr) − 2H�⌫ �(kr) + 2H�⌫ �+2(kr)�

× exp[i⌫(✓ − ✓inc)],
(5.35)

eliminating the need to approximate scattered field derivatives with di↵er-

entiation matrices. Under these assumptions, there is no longer a need to

approximate any derivatives in the fluid domain as all derivatives can explic-

itly be evaluated through Eqs. (5.32)-(5.35).

What is more, by assuming their exact forms, the scattered and incoming
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fields are fully determined by their amplitudes, Ainc and E⌫ . Those ampli-

tudes are computed through the interface conditions at the solid-fluid inter-

face, and placing a single collocation point at the solid-fluid interface, upon

which interface conditions are imposed, enables the computation of the un-

known amplitudes and fully captures fluid motion. Thus, assuming exact

forms for the fluid wave potentials and placing a single collocation point at

the interface at r = b, circumvents the discretisation of the fluid domain alto-

gether, and casts the problem of Eq. (5.31) onto a boundary value problem

of the form

�L̃ − !2M̃� Ũ sc = P̃ , (5.36)

with

ũsc =
�����
�⌫

 ⌫

E⌫

�����
, (5.37)

P̃ = −Ainc(−i)�⌫ � �⇢f!2�−1
�����������

0

⋮
0

�f

µ [k2J ′′�⌫ �(kb) + k
bJ
′�⌫ �(kb) − ⌫2

b2 J�⌫ �(kb)]
kJ
′�⌫ �(kb)

�����������
(5.38)

two column vectors of 2N + 1 entries and L̃,M̃ matrix operators of size

(2N + 1) × (2N + 1). Because rows 1,N + 1 and N, 2N, 2N + 1 of the matrix

operators of Eq. (5.36) correspond to boundary and interface conditions

respectively, it should come as no surprise that the last two entries of P̃ from

the discrete formulation, and the last two entries of F ⌫ from the analytic

formulation, are the same – exact forms of the fluid fields were assumed in

both. This adjustment of the SCM method reduces matrix sizes and improves

computational times, while it also avoids the use of complex maps and the
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choice of complex parameter ⇣f .

An important comment needs to be made here: since no non-linear eigenvalue

problems arise from assuming the exact form of the unknown potentials of

the problem, it is tempting to keep repeating the same process and assume

exact forms for the elastic wave potentials in the annulus. This would reduce

the discrete formulation even further to exactly the analytic one. Crucially,

that is not done here, because discretising the immersed annulus with SCM

makes the method versatile, and enables a wide range of di↵erent problems,

like scattering from multilayered, viscoelastic and anisotropic annuli, to be

studied. That may be achieved by discretising motion in annuli of more com-

plex compositions with established generalisations of SCM from the litera-

ture – see for instance the SCM discretisation of multilayered or anisotropic

annuli of Adamou and Craster [24] or of multilayered, viscoelastic and gen-

erally anisotropic flat waveguides of Quintanilla et al. [27,29] – and coupling

that discretisation with the proposed methodology for scattering problems.

Equivalent generalisations of the analytic approach are increasingly di�cult

and costly to achieve – especially for anisotropy [142, 143] – and can lead

to numerically unstable matrices of Bessel and Hankel functions of di↵erent

arguments.

5.4 Results & Discussion

In this section, the SCM discretisation of the forced problem is employed for

the computation of the scattered field response from a steel hollow cylinder

immersed in water, of material properties and dimensions taken from Section

4.4.1.3. Target strength plots are presented and validated against calcula-

tions using the analytic formulation of Eq. (5.12), while resonance spectra of

normal modes are evaluated through Eq. (5.18) and their relation to leaky
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circumferential waves of complex frequencies is demonstrated.

In Figure 5.2, target strength plots of D(!, ✓), as computed by the SCM for-

mulation with N = 30 alongside those computed by the analytic formulation

of Eq. (5.12), are depicted. The presented response is a result of an incom-

ing plane wave of unit amplitude, Ainc = 1, taken to be incident at an angle

✓inc = ⇡ at all instances. Figures 5.2(a) and 5.2(b) depict SCM and analytic

target strength plots respectively, for a range of frequencies and angles, in

decibels, as heat maps of [121]

TS = 20 log10 �D(!, ✓)�. (5.39)

The computation of target strength plots was carried out at 1000 frequencies

in the non-dimensional frequency range, kb ∈ [0, 100] and 1000 angles in the

range [0, 2⇡], with both SCM and analytic computations performed for every

integer wavenumber between ±M , for M = 100.
As a validation, line target strength plots computed by the SCM are compared

with those obtained from the analytic formulation, for particular angles of

interest and non-dimensional frequencies. That is equivalent to comparing

horizontal or vertical slices of the target strength plots of Figures 5.2(a) and

5.2(b). Figure 5.3 compares the line target strength plots between the two

methods for fixed angles of interest – the vertical lines in the two plots of

Figure 5.2. Line target strength plots for ✓ = ⇡�4 are shown in Figure 5.3(a)

and for ✓ = 7⇡�13 in Figure 5.3(b), as a function of the non-dimensional

frequency, kb. Figure 5.4 compares the line target strength plots between the

two methods for fixed non-dimensional frequencies – the horizontal lines in the

two plots of Figure 5.2. Those are shown in Figure 5.4(a) for kb = 10 and in

Figure 5.4(b) for kb = 75, as a function of angle in polar plot format. Excellent

agreement between SCM and analytical results is seen in all instances.

141



(a)

(b)

Figure 5.2: Target strength plots of a steel hollow cylinder in water subjected
to an incident plane wave at an angle ✓inc = ⇡, calculated with SCM in 5.2(a)
and analytical formulation in 5.2(b), for ✓ ∈ [0, 2⇡] and kb ∈ [0, 100].
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(a)

(b)

Figure 5.3: Comparisons between line target strength plots as computed with
SCM against analytical formulations, for angles of interest ✓ = ⇡�4 in Figure
5.3(a) and ✓ = 7⇡�13 in Figure 5.3(b).
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(a)

(b)

Figure 5.4: Comparisons between line target strength plots as computed with
SCM against analytical formulations for non-dimensional frequencies, kb = 10
in Figure 5.4(a) and kb = 75 in Figure 5.4(b).
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To demonstrate the relationship between the resonance spectrum of the scat-

tered response problem and the leaky circumferential waves of complex fre-

quencies of Section 4.4.2, the resonance spectrum amplitudes of Eq. (5.18)

and corresponding normal mode resonance directivity functions of Eq. (5.22)

are computed next for a range of frequencies. From [139], any submerged elas-

tic cylinder of density greater than that of the surrounding fluid, and shear

and compressional bulk wave speeds greater than the speed of sound in the

fluid, acts as a rigid body away from its resonance frequencies. Thus, when

computing the resonance spectrum amplitudes of Eq. (5.18), sound-hard am-

plitudes ought to be removed from the computed scattered field ones.

Figure 5.5 depicts line target strength plots of normal mode resonance di-

rectivities D
(res)
⌫ (!, ✓) for the back-scattered response (✓ = ⇡) of the normal

mode with ⌫ = 10 in Figure 5.5(a), and ⌫ = 50 in Figure 5.5(b). Their

computation was carried out in a wider non-dimensional frequency range,

kb ∈ [0, 500], with the same resolution as before. Overlaying each target

strength plot are the real parts of the complex non-dimensional frequencies

of modes of the same wavenumber, as predicted by the proposed SCM in

Section 4.4.2 and taken from the dispersion curves of leaky circumferential

waves in Figure 4.6.

As attested by Figure 5.5, resonance peaks predicted by resonance scattering

theory coincide with the real parts of the non-dimensional eigenfrequencies

of leaky circumferential waves in the submerged steel cylinder. In-between

resonances, sharp anti-resonances are also visible, indicating that at those fre-

quencies, resonance directivities approach zero. It follows that the resonance

amplitudes of Eq. (5.18) must vanish at those locations and that implies

that the scattered field amplitudes approximate those of the impenetrable

rigid body background; the elastic cylinder behaves exactly like a rigid body

in-between resonances, consistent with resonance scattering theory.

145



(a)

(b)

Figure 5.5: The resonance spectrum of the field scattered by an immersed
steel hollow cylinder, for the normal modes of ⌫ = 10 in Figure 5.5(a) and
⌫ = 50 in Figure 5.5(b), with resonant peaks coinciding with eigenfrequencies
from the complex frequency dispersion curves of Figure 4.6 for the same
values of wavenumber.
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5.5 Conclusion

In this chapter a SCM was proposed for the computation of the response of

immersed hollow cylinders when subjected to an incident plane wave of known

wavenumber and frequency. On account of the close relation to the problem

of leaky circumferential waves propagating around the immersed cylinder,

the SCM developed in previous work was exploited here and adapted for

the computation of the scattered field amplitudes of the response problem.

Therein, the assumption of known wavenumber and frequency allowed the

SCM discretisation to be reduced to a boundary value problem.

Results from the SCM were obtained for a range of frequencies and angles of

interest and were presented as target strength plots on a logarithmic scale.

Upon comparing line target strength plots of single frequency or angle of in-

terest, SCM results were found to be consistent with those from analytical

formulations. Through resonance scattering theory, which enabled the sep-

aration of the scattered field in its resonant and sound-hard constituents, it

was demonstrated how the resonance peaks of the resonant spectrum coin-

cided with the complex frequencies of leaky circumferential waves computed

in the previous chapter, and how away from those frequencies, the immersed

cylinder behaved like a rigid body.

The proposed SCM is a simple yet powerful tool for the e↵ective computa-

tion of scattering response problems. Under established generalisations of

SCMs for the discretisation of complex annular waveguides, it is believed

that the scattering formulation presented here will prove to be an accurate

and versatile tool, able to handle scattering from cylinders of increased mate-

rial complexities (viscoelastic, anisotropic, multilayered); problems that are

increasingly di�cult to solve otherwise.
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Chapter 6

Conclusion

In this thesis the numerical evaluation of dispersion curves of leaky waves

propagating in submerged or buried waveguides was investigated using the

method of spectral collocation. It is believed that the work presented here

lays the foundations for a fully automated numerical tool for the computation

of leaky wave dispersion curves in planar and cylindrical geometries, for leaky

waves in immersed or embedded waveguides where the material of both the

waveguide and exterior may be arbitrary.

In this chapter, a review of the thesis is presented as well as a summary of

main findings and a discussion on suggested future work.

6.1 Review of Thesis

The thesis began by discussing the motivation of the work; a thorough un-

derstanding of the underlying physics of wave propagation in leaky systems

is crucial for a broad range of applications within physics, medicine and engi-

neering. When it comes to identifying leaky waves and accurately computing

their dispersion curves and mode shapes, the complex wavenumbers and ex-
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ponentially growing wave fields which characterise them compromise the per-

formance of computational methods traditionally used. There is, therefore, a

need for a robust, versatile and accurate method for the identification of leaky

waves, that does not su↵er from the computational challenges associated with

the aforementioned complex wavenumbers and exponential growth.

Leaky waves were first introduced in Chapter 1, where their characteristics

and the numerical challenges associated with their computation were dis-

cussed in detail. Accompanying the discussion on leaky waves, the equations

underlying wave propagation in isotropic elastic media were presented, along-

side an introduction to the fundamental principles of spectral collocation; the

solution method of choice throughout this thesis. The chapter concluded with

a brief exposition on FE modelling which was later used in the thesis as a val-

idation for the dispersion curves and modal profiles of waves radiating from

buried waveguides.

The specific example of leaky waves in a straight elastic waveguide coupled

with di↵erent inviscid fluid half-spaces on each side was subsequently inves-

tigated in Chapter 2. Note that the problem of leaky waves in a waveguide

loaded only on one side by an inviscid fluid or on both sides by the same fluid

was solved in the contribution of Kiefer et. al. [43], where a non-linear eigen-

value problem, of a single non-linear term, was linearised with a neat change

of variables. Analogous formulations for waveguides coupled to two di↵erent

fluid or solid spaces would unfortunately result in non-linear problems, of

more than one non-linear terms, which do not reduce as nicely. Thus, the

problem under consideration in Chapter 2 is regarded as an exemplar of leaky

waves that exhibits the key di�culties associated with solving such systems

to date; root-finding techniques struggle with the complex wavenumbers of

leaky waves in analytic matrix formulations, discretising the problem results

in non-linear eigenvalue problems that are di�cult to solve, and dealing with
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the exponential growth of leaky waves through absorbing layers results in the

accuracy of the solution being dependent on a choice of absorbing parame-

ters.

In the same chapter, a spectral collocation discretisation for the computation

of leaky wave dispersion curves that manages to circumvent the numerical

challenges associated with their exponential growth and complex wavenum-

bers was proposed. Chebyshev nodes discretised the waveguide while col-

location points that would otherwise discretise the exterior fluid domains

were mapped onto appropriately chosen complex paths via carefully selected

complex maps. The chosen maps guaranteed a single collocation point at

the physical space of each of the two solid-fluid interfaces of the problem,

thereby achieving the discretisation of complex paths in the complex plane

which originated from the two solid-fluid interfaces in real space. Impor-

tantly, when the exponentially growing fluid wave potentials of leaky waves

were considered as functions defined over those complex paths, it was de-

duced that subject to an appropriate choice of complex maps, they could be

made to numerically decay with distance from the waveguide for the same

wavenumber and amplitudes. Thus, under the proposed methodology, solving

the problem of exponentially growing leaky waves became a matter of solving

for numerically decaying functions while all essential physics were preserved

(wavenumber and amplitudes of wave fields).

The proposed discretisation resulted in a polynomial eigenvalue problem for

the numerically decaying wave potentials that was easy to solve with conven-

tional solvers. Results were obtained robustly, accurately, without the need

of user intervention and were validated against commercially available soft-

ware (Disperse). Importantly, as was demonstrated in [80], the underlying

spectral collocation discretisation of the domain of the waveguide can han-

dle more complex waveguides (anisotropic, viscoelastic, multilayered), and
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thus, together with the proposed treatment of fluid domains for leaky waves,

spectral collocation provides a methodology for all leaky wave systems and

radiation into fluids.

Following the development of a SCM for leaky waves radiating from straight

elastic waveguides into spaces of fluid, a problem of increased complexity

was subsequently considered in Chapter 3; leaky wave radiation from elastic

waveguides buried between two elastic spaces, each composed of isotropic

solid materials distinct from both the waveguide and each other. In such sys-

tems, elastodynamic energy is radiated into the exterior spaces of isotropic

solids as a superposition of longitudinal and shear waves, with either one or

both partial waves exhibiting an exponential growth of amplitude with dis-

tance from the waveguide for leaky waves; a step-change in complexity when

compared to the purely compressive polarisations of waves radiating into in-

viscid fluids considered in Chapter 2. To overcome the added complexity,

a solution framework was proposed whereby the phase velocity domain was

separated into several regions depending on the type of radiation expected

in each region (non-leaky, shear-leaky, fully-leaky). In each region some or

all partial waves were exponentially growing, and by judiciously applying the

SCM of Chapter 2 to each growing partial wave, exponential growth was re-

moved from the numerical scheme at all instances and leaky wave solutions

were retrieved as eigenvalues of polynomial eigenvalue problems.

Results were verified against Disperse and FE simulations (Pogo) of two

types of excitations: multi-modal and single-mode. In simulations of multi-

modal excitations, the source nodes of the FE model were displaced based on

broadband excitation tonebursts, resulting in multiple modes being excited

at the same time. Performing a 2D-FFT of monitored signals then extracted

the dispersion curves of excited modes which were subsequently overlaid with

predictions from the proposed SCM. This approach qualitatively validated
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multiple modes of the predicted SCM at once. In simulations of single-mode

excitations, source nodes were excited with the “centre mode shape” [65]

technique. There, individual modes were preferentially excited by modifying

excitation signals in accordance to the mode shapes of the desired mode at

the central frequency of the simulation. This allowed for individual modes

to be investigated, and their mode shapes and dispersion curves be validated

even for cases where a Disperse solution was not available. The proposed

SCM for leaky waves in elasticity was found to be accurate, versatile (it can

be simplified to handle other cases of loading like a waveguide with a solid on

one side and a fluid on the other), and it identified all leaky modes without

requiring knowledge of their existence or any tuning a priori.

Moving away from planar geometries, in Chapter 4 the proposed SCM was

extended to elastic cylinders and specifically to leaky circumferential waves

propagating around a hollow cylinder submerged in fluid. An analytic de-

scription of the problem was presented prior to discretisation with spectral

collocation; the analytic description served as a tool for the validation of

the SCM in cylindrical geometries. In the same fashion as in previous chap-

ters, complex paths were discretised instead of the physical domain of the

fluid surrounding the cylinder, in which the fluid wave potential was made

to exponentially decay. Leaky wave solutions were again retrieved as eigen-

solutions of linear eigenvalue problems.

The proposed discretisation enabled the computation of dispersion curves

for two types of leaky waves, each of distinct physical interpretation. Those

were the leaky waves of complex wavenumbers and real frequencies, which

correspond to waves that attenuate as they propagate around the cylinder,

and the leaky waves of complex frequencies and real wavenumbers, which

correspond to waves that decay with time. The SCM in cylindrical geometries

was initially validated for complex wavenumbers through a comparison of
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results for two limiting cases of the materials and geometry of the system

– a cylinder in weak fluid and an immersed cylinder of small curvature –

against dispersion curves from Disperse. The general case for both complex

wavenumbers and complex frequencies was conclusively validated through

contour plots, generated from computing the determinant of matrices coming

from the analytic formulation of the problem over a range of frequencies

and wavenumbers. Predicted dispersion curves were seen to lie in divergent

regions of the contour plots, indicating their validity as solutions of the leaky

circumferential waves problem.

Closely related to the problem of leaky circumferential waves propagating

around a submerged hollow cylinder is the response of the same cylinder

when viewed as a scatterer of sound subjected to an incoming wave field

that is incident upon it. The response problem was the focus of the final

chapter of this thesis, Chapter 5. There, the forcing imposed upon the im-

mersed cylinder by the incident field was accounted for by decomposing the

total field in the fluid in two parts: the incoming wave field and the field

scattered by the cylinder. To compute the scattered field response of the

scatterer, the similarities between the computation of the dispersion curves

of leaky circumferential waves propagating around an immersed cylinder and

the computation of the scattered field response of the same cylinder when

subjected to an incoming plane wave were exploited here. Specifically, the

SCM proposed in Chapter 4 for the computation of the former was modified

and reduced here to a boundary value problem for the computation of the

latter. The immersed cylinder’s response was presented as target strength

plots and was validated against calculations of the same response through an

analytic formulation of the problem. Crucially, as is the case for planar ge-

ometries, the spectral collocation discretisation of the annular cross-section

of the cylinder allows for the scattered field response from more complex
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structures, e.g. multilayered anisotropic cylinders, to be easily calculated by

combining the spectral collocation discretisation of the complex structure,

e.g. [24] for multilayered and anisotropic annuli, with the treatment for scat-

tering problems proposed in this thesis.

The chapter concluded by demonstrating the strong relation between the

dispersion curves of leaky circumferential waves in the immersed cylinder

of Chapter 4 and the scattered field response of the same object computed

in Chapter 5. For a known, real, wavenumber, it was shown that the real

parts of complex frequencies from the complex frequency dispersion curves of

Chapter 4 coincided with resonance peaks of the resonance spectrum of the

scattered field response of Chapter 5. In line with resonance scattering theory,

this implied that sound penetrated the immersed cylinder only when the

frequency of the incoming wave was close to one of its resonance frequencies,

while between those resonance frequencies the cylinder scattered sound as if

it was impenetrable.

6.2 Reflection on Objectives

This thesis was motivated by a real scientific and industrial need of an auto-

mated method for computing the dispersion curves of leaky waves radiating

from any immersed or buried waveguide, in both planar and cylindrical ge-

ometries. That is, leaky waves in systems where the material of the waveguide

and its surroundings may be taken to be arbitrary.

To address this challenge, this thesis presents the development of a novel

SCM for the identification of leaky waves in immersed and buried structures.

The SCM, originally introduced in Chapter 2, has demonstrated its ability

to e↵ectively identify leaky waves radiating from straight waveguides that

are coupled to dissimilar inviscid fluids on either side; a problem with which
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existing methods are known to struggle. This SCM is really the backbone

of this thesis and it underpins all subsequent investigations whose aim was

to demonstrate the versatility of the proposed methodology and establish

its potential as a tool for automated leaky wave computations in general

systems.

Subsequent chapters extended the application of the SCM to increasingly

di�cult problems, including leaky waves in waveguides buried between dis-

similar elastic spaces, leaky circumferential waves radiating from submerged

hollow cylinders and underwater scattering problems. Although the range

of leaky wave problems considered here is not exhaustive, the selected prob-

lems span across a range of complexities: from radiation into fluids, where a

single wave potential exponentially grows, to radiation into solids and possi-

bly two exponentially growing potentials, and finally to leaky circumferential

waves in submerged cylinders that would require non-linear complex-ordered

Hankel and Bessel functions if approached analytically. At all instances the

SCM yielded excellent results when compared to commercial software, FE

modelling and analytic computations, proving its versatility and validating

its reliability and accuracy.

While much still remains to be done in rolling out the new capability to all

classes of cases (see Section 6.3), it is believed that this thesis has successfully

achieved its objective of developing an e↵ective candidate for an automated

method to compute the dispersion curves of leaky waves in general systems,

addressing a longstanding gap in the field.

6.3 Future Work

In this final section of the thesis, potential avenues for further research are

discussed, aiming at improving the proposed methodology and progressing it
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towards a “black-box” approach for the computation of leaky wave dispersion

curves for systems of the generic type.

Throughout the thesis, as a result of the proposed discretisation and choices

of complex parameters or numbers of collocation points, non-physical, spuri-

ous or non-converged solutions emerged and were discarded through several

di↵erent filtering procedures. In Chapter 2 solutions were filtered out based

on their speeds. In Chapter 3 solutions were filtered out when they did

not attain a particular form (and thus did not satisfy boundary conditions).

Similarly, in Chapter 4 solutions were filtered out if they did not converge

within a chosen tolerance. These filtering procedures were relatively simple

and e↵ective, however, when it comes to producing a fully automated tool

for the computation of dispersion curves of leaky waves in arbitrary systems,

it is important to formalise what a satisfactory solution is and streamline the

filtering process. Therefore investigating filtering methods is an important

area of future research.

Another aspect of the method that merits further investigation is that of the

choice of complex parameters. When it came to the choice of complex paths

that would enable the retrieval of leaky waves in this thesis, the same complex

parameter was chosen for all frequencies. That is, a constant (frequency-

independent) choice of complex parameter was always made. This frequency-

independent choice can be seen to produce excellent results for all leaky wave

problems investigated in this thesis and within the frequency range of interest.

Numerical experimentation revealed that the proposed SCM remained robust

to the variations in complex parameter within the frequency range of interest.

However, at higher frequencies, performance was compromised unless the

complex parameter was adjusted or the number of collocation points in the

exterior domain was increased. It is therefore believed that the success of

the method with a frequency-independent choice of complex parameter is in
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part attributed to the liberal choices of the number of collocation points that

were made in the various open spaces under consideration and the inherent

convergence properties of spectral collocation, even if a poor choice of complex

parameter was made. Thus, to improve the e�ciency of the proposed method,

a thorough investigation on the impact of complex parameter selection ought

to be made, possibly considering frequency dependent choices.

Additionally, while this thesis only studied leaky waves radiating from isotropic

waveguides into inviscid fluids or isotropic solid media, the treatment of leaky

waves presented in this thesis in combination with the spectral collocation

discretisation of complex waveguides in planar [29] and cylindrical [24] geome-

tries enables the study of leaky waves leaking from waveguides of arbitrary

material in contact with spaces of inviscid fluid or isotropic solids. To be able

to deal with arbitrary systems, more complex exteriors must be addressed.

Next steps could therefore include investigating the e↵ectiveness of the pro-

posed SCM to elastic cylinders buried in isotropic solids and to systems of

waveguides in contact with viscous fluids and viscoelastic or anisotropic me-

dia. Importantly, it is expected that no new maths or physics are needed for

these, i.e. this will be a process of implementing, not new discovery.

Inspired by the inspection of submerged or buried pipes in NDE, and in line

with extending the capabilities of the proposed SCM, it would be interesting

to apply the proposed methodology to the problem of leaky waves propagat-

ing in helical paths along submerged or buried cylindrical waveguides. That

would involve a formulation of the 3D problem in terms of radially depen-

dent displacements and the application of the proposed SCM for a given a

choice of axial wavenumber. By investigating problems in order of increasing

complexity, first simple cylinders (made of fluid or isotropic solids) in inviscid

and viscous fluids and then cylinders in a matrix of isotropic then viscoelas-

tic and then anisotropic solids, it is believed that a versatile SCM for leaky
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helical waves in general systems is possible. Again, this will be a matter of

implementation rather than of new discovery.

In Chapter 5 a SCM for the computation of the field scattered from an elastic

cylindrical scatterer in fluid subjected to an incident wave field was presented.

This computation altogether circumvented the need for Bessel functions in

the descriptions of displacement fields in the scatterer, which were instead

approximated with spectral collocation. Crucially, due to the versatility of

the spectral collocation discretisation of the domain of the scatterer, the

presented methodology is applicable to more complex scatterers in fluid, like

multilayered anisotropic annuli, whose modelling is increasingly di�cult to

achieve due to the inherent complexities of Bessel functions. Consequently,

the proposed SCM provides a framework for addressing a broad spectrum of

scattering problems and progressing this work would be of both industrial

and scientific interest. Future work could include applying the proposed

SCM to instances of scattering from fluid-filled cylinders in water, cylindrical

inclusions in a solid matrix of arbitrary material, and scattering from straight

waveguides and spheres.

Finally, carrying out the work outlined above would result in a fully au-

tomated method for the computation of leaky wave dispersion curves and

scattering response problems in general systems. For the methodology to

have any real impact, however, it must become accessible to everyone. That

is, it must ultimately be converted into a computer tool (like Disperse)

that is easy to use and does not require user expertise. A critical future

work is therefore the investment of su�cient time and e↵ort in incorporating

codes from this thesis, and any developments thereafter, into a numerical tool

that is intuitive and does not require any user intervention; a significant yet

essential challenge in itself.
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Appendix A

Relationship to PMLs

PMLs were originally introduced by Berenger [47] for the simulation of free-

space for electromagnetic scattering problems using the finite-di↵erence time-

domain method. Therein, a layer of perfectly matched impedance was placed

around the edges of the finite computational domain. The layer is defined

through a change in the magnetic and electric conductivities; these were cho-

sen to have a power law dependence on the ratio of distance from the interface

between PML and unaltered material to the thickness of the PML:

�(r) = �m �r
�
�n , (A.1)

with �m the limiting magnetic or electric conductivity inside the PML, r the

distance from the interface inside the matched layer, � the PML’s thickness

and n a non-negative integer. The choice of conductivities in Eq. (A.1)

ensure that waves enter the PML without reflections and are absorbed; in

practical terms the choices of the parameters �m, � and n are all important

in achieving the optimal outcome.

Later, Chew and Weedon [144] proposed an alternative viewpoint of PML
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using the modified Maxwell’s equations in terms of a complex coordinate

stretching. The same idea was extended to elastodynamics [145–147] to pro-

duce a medium that absorbs outgoing waves. The coordinate stretching is

generally (see for instance [48,144,147–149]) given by

r → r̃ = � r

0
�(s) ds, (A.2)

with � a complex-valued function such that

���������
I{�(r)} > 0 inside the PML,

�(r) = 1 elsewhere.
(A.3)

A typical choice for � in Eq. (A.2) that satisfies the conditions of Eq. (A.3)

is

�(r) = 1 + i

!
�(r), (A.4)

with �(r) taken from Berenger’s conductivity Eq. (A.1) inside the PML

and zero everywhere else. In essence the undisturbed material is surrounded

by an impedance matched layer with material properties gradually changing

throughout the layer to minimise any reflections back into the computational

domain of interest; constant, rather than gradually changing, choices, i.e.

n = 0, tend to perform poorly.

In theory PMLs are layers of perfectly matched impedance, however, in prac-

tice, reflections can occur from the interface between the PML and unaltered

material due to the discretisation of the wave equation for use in a computer

simulation [46, 150]. Skelton et al. [151] provide the mathematical grounds

for those reflections, where they can be interpreted as emitted disturbances
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propagating away from a collection of sources placed at the elastic-PML in-

terface; it was concluded that to minimise reflections, the power dependence

of Eq. (A.1) must at least be a quadratic (n ≥ 2).
Turning away from di↵raction and scattering to now consider eigenmodes of

structures, Treyssède et al. [48] used PMLs surrounding a region of unaltered

material for the computation of modes of an open stratified waveguide; re-

sults from a constant PML (n = 0) – previously adopted in the literature

for open waveguides [152–154] – and from a parabolic PML (n = 3) were
compared and computational accuracy improved when the continuously in-

creasing absorbing function of the parabolic PML was used.

The methodology used in the body of this thesis can be viewed as a constant

PML (or of constant conductivity under Berenger’s definition), like that in

[48], but now attached directly onto the waveguide. Considering n = 0 in Eq.

(A.1), the complex coordinate stretching of Eq. (A.2), for a PML attached

at the waveguide interface at y = d, becomes

r → r̃ = d + �1 + i

!
�m� r, (A.5)

inside the PML. With a choice of

�m = −i! (⇣ 2
− 1) , (A.6)

and r = ±(y∓d), Eq. (A.5) maps collocation points from the real line [d,∞] to
the complex paths defined by Eqs. (3.26) and (3.28). Crucially, now both the

elastic waveguide and the PML have collocation points on the same physical

spaces of the waveguide-exterior interfaces and, by enforcing continuity of

normal tractions and displacements and vanishing of shear stresses, there is

no impedance mismatch at the elastic-PML interface; the disadvantages of a

constant PML are negated as reflections from the elastic-PML interface do
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not pollute the computation and the constant map e↵ectively computes leaky

waves.
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Appendix B

Explicit Form of D(!, ⌫)

The entries dlq, for l, q = 1 . . . 5, of matrix D(!, ⌫) in Eq. (4.26) read

d11 = 2k2l J ′′⌫ (kla) + (2 − 2)kl
a

J
′
⌫(kla) − (2 − 2)⌫2

a2
J⌫(kla),

d12 = 2k2l Y ′′⌫ (kla) + (2 − 2)kl
a

Y
′
⌫(kla) − (2 − 2)⌫2

a2
Y⌫(kla),

d13 = 2⌫

a2
J⌫(kta) − 2⌫kt

a
J
′
⌫(kta),

d14 = 2⌫

a2
Y⌫(kta) − 2⌫kt

a
Y
′
⌫(kta),

d15 = 0,
d21 = 2⌫

a2
J⌫(kla) − 2⌫kl

a
J
′
⌫(kla),

d22 = 2⌫

a2
Y⌫(kla) − 2⌫kl

a
Y
′
⌫(kla),

d23 = k2t J ′′⌫ (kta) − kt

a
J
′
⌫(kta) + ⌫2

a2
J⌫(kta),

d24 = k2t Y ′′⌫ (kta) − kt

a
Y
′
⌫(kta) + ⌫2

a2
Y⌫(kta),

d25 = 0,
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d31 = 2⌫

b2
J⌫(klb) − 2⌫kl

b
J
′
⌫(klb),

d32 = 2⌫

b2
Y⌫(klb) − 2⌫kl

b
Y
′
⌫(klb),

d33 = k2t J ′′⌫ (ktb) − kt

b
J
′
⌫(ktb) + ⌫2

b2
J⌫(ktb),

d34 = k2t Y ′′⌫ (ktb) − kt

b
Y
′
⌫(ktb) + ⌫2

b2
Y⌫(ktb),

d35 = 0,
d41 = 2k2l J ′′⌫ (klb) + (2 − 2)kl

b
J
′
⌫(klb) − (2 − 2)⌫2

b2
J⌫(klb),

d42 = 2k2l Y ′′⌫ (klb) + (2 − 2)kl
b

Y
′
⌫(klb) − (2 − 2)⌫2

b2
Y⌫(klb),

d43 = 2⌫

b2
J⌫(ktb) − 2⌫kt

b
J
′
⌫(ktb),

d44 = 2⌫

b2
Y⌫(ktb) − 2⌫kt

b
Y
′
⌫(ktb),

d45 = −�fk2
µ

H
′′
⌫ (kb) − �fk

µb
H
′
⌫(kb) + �f⌫2

µb2
H⌫(kb),

d51 = klJ ′⌫(klb),
d52 = klY ′⌫(klb),
d53 = −⌫

b
J⌫(ktb),

d54 = −⌫
b
Y⌫(ktb),

d55 = −kH ′⌫(kb).
with ′ denoting derivative with respect to the radial direction, r.
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