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1. The Schwarzschild metric for a black hole of mass M in Schwarzschild coordinates (t,r,θ ,φ) is

ds2 =−
(

1− 2M
r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2(dθ
2 + sin2

θ dφ
2)

(i) (a) Show that on radial null geodesics one has dt2 = (1− 2M
r )−2dr2 =: dr2

∗, which defines the tortoise
coordinate r∗. Show that r∗= r+2M ln

∣∣ r−2M
2m

∣∣ where−∞< r∗<∞ for spacetime outside the hori-
zon. Give equations defining ingoing and outgoing radial null coordinates using the coordinates
(t,r∗).

(b) Show that this metric can be written in ingoing Eddington-Finkelstein coordinates in the form

ds2 =−
(

1− 2M
r

)
dv2 +2dvdr+ r2(dθ

2 + sin2
θ dφ

2)

(c) Explain why the subsurface at r = 2M is not in fact singular. Explain why r = 0 is singular.
(d) Draw the Carter-Penrose diagram for the maximally extended Schwarzschild spacetime, which is

also known as the Kruskal spacetime. Label I +, I − (i.e. “scri-plus”, “scri-minus”) and i0 in one
of the asymptotically flat regions. Show the locations of the black hole horizon and singularity in
this region.

(e) Label regions and show in which parts of the diagram the ingoing Eddington-Finkelstein coordi-
nates (v,r.θ ,φ) are defined.

[18 marks]

(ii) (a) Define a causal vector. Define a causal curve. Define a time orientation, Define a future directed
causal vector field

(b) Explain why the Killing vector field ∂t is not acceptable as a time orientation in the Schwarzschild
spacetime.

(c) Pick an appropriate time orientation vector field and consider the fate of a future-directed causal
curve xµ(λ ) with nonvanishing dxµ/dλ , where r(λ0)≤ 2M. Show that r(λ )≤ 2M for all λ ≥ λ0.

(d) Define a black hole and show that the Schwarzschild geometry contains a black hole.
[16 marks]

(iii) (a) Consider a point particle falling radially towards the center of the Schwarzschild black hole, and
parametrise it’s worldline using the proper time, dτ2 =−ds2. Show that E =−gtt

dt
dτ

is a constant
of the motion for this particle motion.

(b) Show that

(ṙ)2 =
1
E 2 (1−

2M
r
)2(

2M
r
−1+E 2) ; ṙ =

dr
dt

.

(c) For a particle starting from rest at r = rmax > 2M, show that rmax = 2M
1−E 2 . For gravitationally

bound motion, show that 0 < E < 1.
[9 marks]

(iv) (a) Find an integral expression for the time taken for a particle starting at rest at r = rmax > 2M to
fall in to r = 2M and show that this time diverges as r→ 2M.

(b) For a comoving observer traveling along with the infalling particle, using proper-time parametri-
sation, show that the proper time evolved in falling from r = rmax to rend is

τ(rend) = (1−E 2)−
1
2 rmax

(
(z(1− z))

1
2 + arcsin[(1− z)

1
2 ]

)
where z = rend/rmax.

(c) Hence show that the comoving observer proper time for the infalling particle to reach r = 2M is

finite, and that the proper time to fall to the central singularity at r = 0 is τ(0) = πM(1−E 2)−
3
2 .

[17 marks]

[Total 60 marks]
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2. (i) (a) The Lie derivative of the metric with respect to a vector k can be written

Lkgµν = kρ
∂ρgµν +gρν∂µkρ +gµρ∂νkρ .

A Killing vector satisfies Lkgµν = 0. Show that ∇(µkν) = 0.
(b) For a Killing vector k, show first that ∇ν∇µkρ = Rρµνσ kσ and hence ∇ν∇µkν = Rµνkν . You may

note the covariant derivative commutator identity for an arbitrary vector V µ :
(∇µ∇ν −∇ν∇µ)V ρ = Rµν

ρ
σV σ .

[8 marks]

(ii) (a) Give the definitions of a normal vector to a hypersurface and of a null hypersurface and define the
generators of a null hypersurface. Define a Killing horizon N associated with a Killing vector ζ .

(b) Explain why one can write ∂µ(ζ
2)|N =−2κζµ |N , i.e. ζ ρ∇ρζµ |N = κζµ |N . The quantity κ is

called the surface gravity.
(c) Show that the event horizon of the Schwarzschild solution is a Killing horizon for the vector

ζ ∂v in ingoing Eddington-Finkelstein coordinates and calculate the value of κ , noting that ζ is
normalised so that ζ 2→−1 as r→ ∞. Explain what happens to κ if one choses a Killing vector
with a different normalisation, i.e. ζ̃ = cζ .

[20 marks]

(iii) Assume that, for ζ normal to N one has ζ[µ∇νζρ]|N = 0 (from the Frobenius theorem), where the
[ ] brackets indicate total antisymmetry in the enclosed indices µ,ν ,ρ .

(a) Multiply by ∇µζ ν and show that

ζρ(∇
µ

ζ
ν)(∇µζν)|N =−2κ

2
ζρ |N

and consequently (except at points where ζ = 0) one has κ2 =−1
2(∇

µζ ν)(∇µζν)|N .
(b) Use the result of part (ib) to show that for a vector t which is tangent to N one has

tρ
∂ρκ

2 =−(∇µ
ζ

ν)tρRνµρσ ζ
σ .

(c) Noting that the null vector ζ is tangent to N as well as being normal to it, choose t = ζ and show
that the surface gravity κ is constant on the orbits of ζ on N .

[12 marks]

[Total 40 marks]
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3. The Kerr metric in Boyer Lindquist coordinates for a rotating black hole of mass M and angular momentum
J = Ma is given by

ds2 =− (∆−a2 sin2
θ)

Σ
dt2−2asin2

θ
(r2 +a2−∆)

Σ
dtdφ

+
[(r2 +a2)2−∆a2 sin2

θ ]

Σ
sin2

θ dφ
2 +

Σ

∆
dr2 +Σdθ

2

where

∆ = r2−2Mr+a2 ≡ (r− r+)(r− r−)
Σ = r2 +a2 cos2

θ

(i) (a) Identify the location of the spacetime singularity submanifold in these coordinates
(b) Draw the extended Carter-Penrose diagram for the Kerr solution for the slice θ = 0. For one

asymptotically flat region, label the future and past horizons, past and future null infinity, space-
like infinity and the Cauchy horizon and show the location of the spacetime singularity.

[8 marks]

(ii) Define r∗ and χ by

dr∗ =
r2 +a2

∆
dr dχ = dφ +

a
∆

dr .

Then the ingoing Kerr coordinates are (v,r,θ ,χ) where v = t + r∗.

(a) In the region where r > r+, transform the metric into ingoing Kerr coordinates and show that the
metric becomes regular at r+ and r− in those coordinates.

(b) Show that k = ∂v and m = ∂χ are Killing vectors of this metric.
(c) On the hypersurface H+ defined by S+ = r− r+ = 0, find a normal vector `+, defined up to a

multiplicative function f+. Show that this normal vector is null.
(d) Show that the normal vector `+ found in part (iic) is proportional to a linear combination ξ+ of

the Killing vectors of part (iib) and show that H+ is a Killing horizon.
(e) Rewrite ξ+ in Boyer-Lindquist coordinates and show that there is a linear relation between φ and

t on the integral curves (orbits) of ξ+. Find the constant of proportionality.
(f) Explain why the relation found in part (iie) shows that the generators of the horizon H+ rotate

with respect to a stationary observer at infinity.

[26 marks]

(iii) Show that the Killing vector k is timelike for large r but becomes spacelike outside the H+ horizon
in a region called the ergoregion. Derive the equation for the location of the outer boundary of the
ergoregion, known as the ergosurface, as a function of θ . When does the ergosurface coincide with
H+? [6 marks]

[Total 40 marks]
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