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1. The Schwarzschild metric for a black hole of mass M in Schwarzschild coordinates
(t, r, θ, φ) is

ds2 = −
(

1− 2M

r

)
dt2 +

(
1− 2M

r

)−1

dr2 + r2(dθ2 + sin2 θdφ2)

(i) (a) Show that on radial, null geodesics we have dt2 =
(
1− 2M

r

)−2
dr2 ≡ dr2

∗.
Define ingoing and outgoing radial null geodesics in terms of (t, r∗).

(b) Explicitly show that the metric can be written in ingoing Eddington-
Finkelstein coordinates in the form below

ds2 = −
(

1− 2M

r

)
dv2 + 2dvdr + r2(dθ2 + sin2 θdφ2)

(c) Explain why r = 2m is not singular. Also explain, without derivation,
how you would argue that r = 0 is a spacetime singularity.

(d) Draw an Eddington-Finkelstein diagram with vertical axis v − r and hor-
izontal axis r. Clearly mark several ingoing and outgoing radial null
geodesics on the diagram and briefly explain why this indicates that the
surface r = 2m is the black hole event horizon.

[15 marks]

(ii) The metric for two-dimensional Minkowski spacetime, M1,1 is

ds2 = −dt2 + dx2

with −∞ < t, x < +∞. By suitably introducing coordinates ũ, ṽ with finite
range −π/2 < ũ, ṽ < π/2, clearly describe the conformal compactification of
M1,1 explaining the relevance of the metric

dŝ2 = −dũdṽ

Draw the associated Penrose diagram, marking on the diagram I± (“scri-
plus” and “scri-minus”), i±, which should be defined including their physical
significance, as well as i0. Lines of constant x and constant t should also be
drawn on the diagram. [10 marks]

(iii) Without derivation draw the Penrose diagram for the following spacetimes,
marking on I±, i± and i0.

(a) Four-dimensional Minkowski spacetime.

(b) The spacetime for a radially, collapsing star that settles down to a static
configuration and does not form a black hole.

(c) The spacetime for a radially, collapsing star that does form a black hole.

[6 marks]

(iv) The Lie derivative of the metric with respect to a vector k can be written

Lkgµν = kρ∂ρgµν + gρν∂µk
ρ + gµρ∂νk

ρ .
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If k is a Killing vector, satisfying Lkgµν = 0, show that ∇(µkν) = 0. Also prove
that

∇ν∇µkρ = Rρµνσk
σ

and hence ∇ν∇µk
ν = Rµνk

ν . You may use (∇µ∇ν − ∇ν∇µ)V ρ = Rµν
ρ
σV

σ,
valid for an arbitrary vector V µ. [9 marks]

[Total 40 marks]
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2. The electrically charged Reissner-Nordstom (R-N) spacetime has a metric given by

ds2 = −
(

1− 2M

r
+
Q2

r2

)
dt2 +

(
1− 2M

r
+
Q2

r2

)−1

dr2 + r2dΩ2

and the vector potential has non-zero component At = −Q
r

and dΩ2 = dθ2 +
sin2 θdφ2. Assume that M > Q.

(i) The Komar mass is defined to be

MKomar = − 1

8π

∫
S2
∞

∗dk

where k is the one-form dual to the Killing vector ∂t. Show that the mass
parameter entering the R-N metric is the same as the Komar mass. You may
assume εtrθφ = +

√
−g. Also show that Q is the total electric charge of the

spacetime by verifying the relation

Q =
1

4π

∫
S2
∞

∗F

[8 marks]

(ii) Define, in general, a Killing horizon, N , associated with a Killing vector ξ.
Explain why we can write

∇µ(ξ2)
∣∣
N = −2κξµ|N

where κ is the surface gravity, and hence

ξµ∇µξρ|N = κξρ|N
[7 marks]

(iii) In ingoing Eddington-Finkelstein coordinates the R-N metric can be written

ds2 = −
(

1− 2M

r
+
Q2

r2

)
dv2 + 2dvdr + r2dΩ2

Give the definition of a future event horizon and then state its location for the
R-N metric. Show that this event horizon is a Killing horizon.

Calculate the surface gravity κ as a function of M ,Q. Also, calculate the area,
A, of the event horizon as well as the potential difference between infinity and
the horizon, ΦH , expressing both as a function of M ,Q.

Hence prove the First Law of black hole mechanics

dM =
1

8π
κdA+ ΦHdQ

for charged, non-rotating black holes, carefully stating what result you are
using. [15 marks]

[Total 30 marks]
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3. Let lµ be the tangent vector field for a congruence of affinely parametrised null
geodesics and let nµ be a null vector field such that nµlµ = −1 and lµ∇µn

ν = 0.
Let ηµ1 and ηµ2 be two spacelike connecting vector fields for the congruence which
are orthogonal to each other and also to lµ and nµ, and satisfy

lµ∇µη
ν
i = ηµi ∇µl

ν , i = 1, 2

Let P µ
ν = δµν + lµnν + nµlν .

(i) Show that P µ
ν projects onto the subspace of the tangent space spanned by

the ηµi . Also prove that

lµ∇µη
ν
i = B̂ν

ρη
ρ
i , i = 1, 2

where B̂ν
ρ = P ν

αP
β
ρ∇βl

α.
[6 marks]

(ii) Raychaudhuri’s equation for the congruence is

dθ

dλ
= −1

2
θ2 − σ̂µν σ̂µν + ω̂µνω̂

µν −Rµνl
µlν

What is λ? Give the definitions of θ, σ̂µν and ω̂µν and briefly state the geo-
metric interpretation of these quantities. [6 marks]

(iii) If the congruence contains the generators of a null hypersurface N , show that
B̂µν = B̂(µν) on N . You may use Frobenius’s theorem. [6 marks]

(iv) Now assume the congruence contains the generators of a Killing horizon N ,
with Killing vector ξµ. Show that B̂µν = 0 onN . Hence show that Rµνξ

µξν = 0
on N . [6 marks]

(v) Consider a spacetime solving Einstein’s equations. Assuming the null energy
condition show that if at some point on a null generator of a null hypersurface
we have θ < 0 then θ → −∞ within finite affine parameter. [6 marks]

[Total 30 marks]
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4. (i) Consider the Klein-Gordon equation (∇2 −m2)φ = 0 for a real scalar field in
a globally hyperbolic spacetime with a Cauchy surface Σ. Define the Klein-
Gordon bracket

(f, g) = i

∫
Σ

dSnµf ∗
←→
∇ µg

(a) Show that on the space of solutions to the Klein-Gordon equation the
bracket is the same for another Cauchy surface Σ′ that asymptotically
coincides with Σ.

(b) Describe the quantisation of this theory. Clearly explain why the no-
tions of vacuum and particle states are, in general, ambiguous in a curved
spacetime.

(c) For a stationary spacetime explain why there is a preferred notion of a
vacuum state and particle states.

[15 marks]

(ii) Sketch out the main arguments in the derivation of Hawking radiation for a
real scalar field satisfying the massless Klein-Gordon equation. You should
clearly summarise the steps just leading up to using the geometric optics ap-
proximation and then conclude by briefly stating how one uses this to obtain
the final result. [15 marks]

[Total 30 marks]
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