
R- i . FM /owsk i spae t im i e
F o c u s o n t ree, r e a l s c a l a r f i e l d of satisfying
t h e K l e i n - G o r d o n equation

172¢ - m 2 ¢ = 0

+ v e frequency so l u t i ons

{ "

' I I !☹☹☹☹ p o ± w =☹☹ s o
- v e frequency s o l u t i o n s

4 ¥ NR→ normalisation
f a c t o r

These a r e p lane w a v e s i n a n i n e r t i a l frame a no te
k = d t t hen LK4E =-IW41

Lie 4pm't= i w 4pm't

{414¥} form a complete basis, h e n c e w e

c a n e x p a n d

4 1×4 = SD3Pfar 4µm) + ate 4¥97]
which is r e a l



I n t r o d u c e a b r a c k e t

f . g) = i f D3K f-* f i x )☹9ft, x )
= i SD3X( f*dtg- of f ' t g)

S a t i s f i e s f . g) = (g,f )
* = -⑨ *

, f ' t )

k f , g) = a t f . g ) a , p constant.
( f , p g) = p ( f . g )

Choose norma l i sa t i on N1 = ¥oµ⇒g,,,, then
E
f t p .Yq /=S ' (1-1) ← C. 1 i s t i r e definite

f o r t u e frequency
ftp.ctqtt/--o S o l ' s .

(Kp't, 4Gt) =- fs f? -q) ← 1 , 1 i s i t definite
f o r - v e frequency
So l ' s .

Quantisation
-

conjugate m o m e n t u m t o ¢
i t I T I t , X ) = 4 I t , X )



☹
!

folk ,# , i t i t , 1 ) I = i s ' t -y. ){14#II.
4ft.tl/=fTthII,tCti2II--0-
Promoleap,apft o operators 9 1 , apf
t h e n E R R ' s ⇒ ftp.atq?=S'fP-q){far,

a q I = o
Hilbert s p a c e H :

• v a c u u m 1 0 7 de f ined viaaplo7-oy.gg

• 1 particle s ta te at 107|
. n particle Sta te att.... atp. 1 0 7

↳ define a basis f o r H

Number operator
µ = fdspatp.at

One c a n s h o w t o > i s L o r e n t z i n v a r i a n t . i i . i f w e h a d
u s e d a d i f fe rent i n e r t i a l frame × ' " = A " v x r

them c a n s h o w 107' = 1 0 7 .



Q F T i n c u r v e d spacetime
-

(no b a c k reac t i on
o n t h e met r i c )

K l e i n Gordon equation 17hpmof-M24 = 0

W e wi l l a s s u m e the spacetime i s globally
hyperbolic i . e . 3 a Cauchy s u r f a c e &

B r a c ke t : Cf,g) = i f g d s . f i☹q
→

= i I g d s " n " f t p . g

F o r s o l u t i o n s of t he K l e i n Gordon equations t h a t
a g r e e asymptotically, t hen t h i s i s independent

of t h e c h o i c e of Cauchy s u r f a c e .

! !

E'

f t , g)
g .
- G . 9)g

= i fg . dsn't☹☹g-ifgdsniffing
←

= i fggdsnwfttpi.gr

= i t s p u f f * ☹g)



Howeve r, I T H ' ☹g) = i t ( f tp.g-Dnft t g)
= pmfµ+ f t 172g-D'f ' t g-pu#ng
= f t M2G - m2 f * g
= 0 .

Feet. there i s a highly non-unique basis ofsolutions
such tha t

( H i , 4;) = f i ,I☹☹

☺☹

±:
⑦

Here i i s a continuous i n d e x ( i t w a s I i n the
f l a t space example).

Fo r any such bas i s c a n e x p a n d
¢ = § a i H i m + 9 i t 4 ¥

a n d quantise
¢ → I a i 4 - H I + a t 4 . *

$

w h e r e a i = Hi,4)
at, =-Hit t , 4)



a fai, at ; ] = f i ,

[ai , a;] = 0

Basis f o r I t : 1 0 7 w i t h 9 i 1 0 7 = 0 H i
a t 1 0 7

ati,... i a☹ ' 0 7

Note : i n general $ a preferred cho i ce of b a s i s
{Hi , 4 f t satisfying ④ . Hence $ a preferred
V a c u u m s t a t e . H e n c e $ a un i ve r s a l n o t i o n of
pa r t i c l e !

Cons ide r another bas i s 4 i ' . Can e x p a n d

4 . ' = ?Aijlfi-Bi.su/jt4i'*=?
AifUj*tBi*j4j } ①

then 14 ,' , 4¥) satisfy ④ provided that

I I

!

%n

!



We c a n i n v e s t ① v i a

4 i = § A'i, 4,' + BI, 4,'*

w i t h A ' = A t a B ' = - B T

check : Uli' ☹ § Ai, I &A'.sk/4itB'ik4I*)-
tBiil&Aiit4iixB'jI4i)-
=&ffAA'lik+ CBB')i n t i c

+ [LAB)ik + ④ A)in? 4k''t

= & (AAT-B Bt)i×4i
+ I-ABT-1 BAT)IK4Y *

= f i ' r

s l i c e At a B ' m u s t satisfy s a m e c o n d i t i o n s a s
A¢B w e a l s o have

A tA - BT13* = A{ A t B - B t A t = 0

n o t e : t h e s e c o n d i t i o n s a r e n o t directly implied
by the others-they u s e invertibility.



A l s o note.

E 4 = ? Lai Y i t a t , Yi't)
= § ( a i t i ' t a☹4; ' t )

⇒ a i ' = ? (AI,ai-B☹at;)
• fa i , 9,4=0

fai, a

!

I

=p,} ⇒ A-A t - B B t = 1
A-B T - B A T - 0

The a b o v e change of ba s i s univolving A A B t

satisfying t h e assoc i a ted cond i t i ons i s called
a "Bogolivbov transformation".

No te : i f 1 3 = 0 ⇒ A t A-= A A E 1

⇒ A i s a unitary
transformation

F o r stationary spacet imes (including Minkowski)
there i s a proffered choice o f v a c u u m s t a t e

t h a t u t i l i s e s + v e frequency w i t h respect t o the

stationary killing vec to r k .

T o s e e t h i s , w e n o t e .

i ) Q2-ml) Lead = 0 i f

$

-M Y
4 = 0



2) L k i s a n t i Hermit ian: ft, LK8) =-thief,g )
⇒ L k h a s imaginary eigenvalues a w e c a n

c h o o s e a b a s i s of t i r e frequency eg.eufunctions
w i t h

& k U i = - i w i l l i w i t h W i > 0

to n o r m a l i s a t i o n µ i , 0J) = fig.

3) the a n t i Hermitian ac t i on ⇒ d is t i nc t eigenvalue,
a r e orthogonal S 0

1UY, U;) = o

P-tieb-innon-statqspaetim.es
Co n s i d e r globally hyperbolic "sandwich" spacetime
t n

t > t i . . M t stationary → preferred basis

t i - UF

M o - t i m e dependent → n o preferred basis
t#Mtationa
y → prefer☹☹basis

of

$

solves Klein. Gordon equation everywhere

N o t e u t i c x . t o n o t so l ve k G e g ' n . everywhere.



I n M - i 4

$

= § a i d i k , + a -i t v i . ¥ ,

I n M t : 4×1 = ? a f O f

$

+
a f t o f * In)

B u t w e have s e e n :

U I

$

= ?

Ai iu . ie , + B i j u ;

$

*

+ w e showed
a t = § A

%

aj-Btiia.i t
Suppose w e s t a r t i n t h e v a c u u m s ta te t o - 7
d e f i n e d v i a a - i 1 0 7 = 0 H i

What i s the expected n um b e r of particles a s s o c i a t e d
w i t h l a te t i m e mode s defined by N I = ☹ a i t ?
< 0 - 1 Nit 1 0 - 7 = t o - l a t i f a t 1 0 - 7

= §.co/aIfBik)(-BiIajt) 1 0 7
= § c o t a Ia j t to7 Bin Big

= § Bi, BI ,
= (BBt)ii (no s u m o n i t



The expected 1 ¥ number of particles i s hence
T r B B t . Th i s vanishes iff 13--0.
The t i m e dependent gravitational f ie ld results
i n particle production !

Comments O n e w o u l d really s e e < N F 7 particles
i t i n a l a b stationary w i t h respect t o k a t l a t e
t i m e s .

N o t e : the a b o v e interpretation i s possible because
the spacetime i s stationary i n the f a r past i n
the f a r f u t u re .

HawkingR-adiato.sn
Cons ide r B l a c k holes from gravitational collapse

1) I t i s globally hyperbolic ogymfhm.fm.

2 ) I t i s n o t stationary b u t i t i s ' f fi☹☹ifeng.ge?
IpkIideimcrEtion

!☹ !

a t l a t e t ime s " .

One might expect th i s i s d u e t o
/

the details o f the collapse a n d µ
b e a t r a n s i e n t phenomena. I f



However, the inf in i te t ime di lat ion a t H t ⇒ particles
c r e a t e d t a k e arbitrarily bag t o e s c a p e . H e n c e a n y
l a t e t i m e particle p roduc t ion w i l l b e d u e t o l e t

to b e independent of the d e t a i l s ofthe col lapse.
Remarkably, t he re i s s u c h a f l u x of particles ×
m o r e o v e r i t t u r n s o u t t o be thermal

.

t h i s is

Hawking r a d i a t i o n .

Consider for simplicity a masslesss c a l a r f e d

1) spacetime i s globally hyperbolic. I - u i - i s a

Cauchy su r fa ce . I n f a c t specifying d a t a o n

J - i sufficient s i n c e t h e f i e l d i s massless.

2 ) Can c o n s t r u c t m o d e s ffi.fi't) o n g -
( i n the f a r past spacetime approximately stationary)

w i t h f i t u e frequency.

3 ) I t i s n o t a Cauchy surface, b u t I t u Ht i s
D e f i n e m o d e s ( g i , 9¥) t thi, h i t ) , respectively.

3- s o m e ambiguity i n defining t h e frequency o n H t .
However, the r e s u l t w e a r e after doe s n ' t depend o n

this cho i c e : w e w i l l j u s t require t h a t t h e

G i a k i form a complete basis.



Can expand: d 1× 1 = 8 a i f i t h . c .

= & b i g i t a i h i t G. c .

Assume w e a r e i n s t a t e t o > corresponding t o t h e

early t i m e v a c u u m . .
9 i 1 0 7 = 0 ht i

Notice t h a t w e have g i = § A ii t i * Bist;
s ince (fi, fitt) complete bas is .

An observer a t late twins w i l l observe the n u m b e r of
particles i n the i th m o d e t o b e

< N D = < 0 1 bitb i tD = ④ Bt); i
& s o w e w a n t t o c a l c u l a t e B i j .

I f w e c o u l d solve t he K G equation i n the spacetime
o r e v e n Schwartschild t h i s w o u l d b e straightforward but
t h i s i s n o t possible.
I n s t e a d : c o n s i d e r a t i r e frequency solut ion 9 i t o
K G equation a t I t y a s k for i t s form o n g -
i . e . impose boundary c o n d i t i o n o n k G equation
a t g t t o d e d u c e i t s form o n d - .



Reca l l Schwartschild m e t r i c
d s ! f-2¥)(-at't dr¥) t r ' d r ,

= f - If)(-dude) + r ' D D ,
where u = t - r * a • = t t r *

E x . Solut ions t o K G equation have the form

of= e - iwtRwef*)Yem 10,4)
F - spherical harmonic

w i t h

$

*
+ w4 Rwe ( A ) = VERA Rwe ( H )

where Velr*t= f-of)(llf☹+2¥)
Notice:

A t H t f * → - o
, Ve → o

A t I t r * → t o , Ve → o

!

*

t o



Near I t . solut ions a r e plane w a v e s .
O n f - define

femur

$

=

%

fweiw" Very → outgoing{te
m w

!

= ⇐we

!

W "
term → I n go ing

O n I t define

Gemw

$

= I fwe"
w " Y¥ → outgoing{ge

m w ☹ = tweiw' term → I n go ing

We a r e i n te res ted i n gw = gemw / o ) a t l a t e
t imes o n I t i n o r d e r t o get l a t e t i m e rad i a t i on .
W e w i l l determine how i t is r e l a t e d t o f w E femur☹
o n I - - t h i s i s the key i d e a .

Subtlety, plane w a v e s such a s Sw a r e delocalised-they
have support everywhere o n I t . However, w e c a n

superpose t cons t r uc t w a v e packets o n I t t h a t
a r e local ised a r o u n d s om e w o d U . . Keeping
this i n mind , w e phrase the arguments be low
i n terms o f gw t o simplify the presentation.



.fm#ypmqfatetimau
,

I☹
%

☹, I|

!

¥/
gqy,,,,,/ s f t reflected

↳ t

µ
w -transmitted

As the w a v e g w travels i n 'words fromgt.ie.decreasing
v a l u e s ofr * , i t e n c o u n t e r s the potential b a r r i e r
i n Ve.
O n e par t of t h e w a v e w i l l b e reflected a e n d u p
o n g - .

t h i s w i l l not experience a n y of t h e
t i m e dependent geometry of the collapsing matter
a n d h e n c e gives t h e frequency M o d e
( i n f a c t t h i s i s t h e s a m e c a l c u l a t i o n a s i n

t h e S c h w a r t s c h i l d metric). Th i s gives rise t o
Bogolivbov coef f i c ien ts A i ; w h i c h a r e

n o t o u r f o c u s .

However, the transmitted w a v e enters the time
dependent geometry a hence w i l l be a mixture

of t i r e a - v e frequency modes o n 9 - .



MMfYhM

!

' @no☹
!☹☹☹!!

÷:÷÷÷:÷÷÷:÷:::÷÷:•µ;U=o Now f o r f i xed large U o t h e

µ w a v e packet i s localised a r o u n d

U 0 a 0 o n f -

Also n o t e

f☹iTf
☹

!

" ' ☹☹

!☹

- I

☹. I☹

!!

,
←

• many oscillations
o f f i e ld f o r

*µ finite range of i e : K H u o , 0)

Hence the field i s oscillating very rapidly
n e a r 8 a l l the way

b a c k t o f . thus w e

c a n u s ethe geometric optics approximation



w r i t e 41×1 = A
$

e i ' s " a a s s umed → 1

A t leading o rde r i n A , 1 724=0 ⇒ ④5)2 = 0
⇒ s u r f a c e s of c o n s t a n t 5 a r e n u l l

hyper surfaces a t h e generators a r e n u l l

geodesics.

Consider the n u l l congruence containingthese
hypersurfaces + a l s o H t (which i s l o c a t e d a t f -a)

L e t l b e a tangent v e c t o r t o t he congruence
o f n u l l geodesics to i n t r o d u c e a connecting
HU11 v e c t o r A w i t h n . l = - 1

H t
t o l " D anko

7

1 7µg SIE

!

noffsommetr y ⇒ c a n choose

"¥,
y Outside m a t t e r w e k n o w tha t
"

8 w e c a n choo s e e = % a s

affinetyparametrised generator of H t
& h e n c e c a n choose i n = c d -

8

☺

f o r s o m e cons tan t C 7 0 .

Here

%

i t a r e K r u s k a l coordinates)



Hence o u t s i d e matter, - E n " connec t s 8µ t o
a n u l l geodesic 8 l o c a t e d a t

☺

= - a e .

N o w w e k n o w f rom t h e definition of tha t
u =-☹log f-

☺

) . ⇒ a t l a t e t i m e s 8 i s a n

outgoing n u l l geodesic w i t h a =-¥ togaE )

Moreover, t he phase of t h e m o d e g u n e -
" w "

i s t h u s - i w u = i f logics) * t h i s i s

t he phase everywhere o n 8 .

Next, a t 9 -
,
i n a , u coordinates w e h a v e

l x da a n = D - ' J u f o r c o n s t a n t D 7 0

4 Thus the phasea t g - a¥§I- given by i¥ logtable)
↳ = - D - ' E

⇒ o n g - : g.I N O U > 0{eiflog.to/Uao

Where w e have ignored unimportant c o n s t a n t phase.ir
a l s o the no rma l i s a t i on ( f o r n o w )



Now w e wan t t o decompose 95 i n terms of f i f *
F i r s t t a ke the F o u r i e r t r a n s f o r m

Jj@1) = f je iw. ie g I

$

d o

= f j e x p l i c i t + i f logf -a ) ) d i e

Lemmy (problem shee t 6)

g-I f-wi) = - e x p (-TW1k ) I ☹ (w i ) W ' > 0

Ta k e t he inverse Four ier transform..

G I a ) = I n dgfe-iw.tt of☹ (wi )

= So.dgje-iwogtwcwy-
isiqwjetiw.ie I I f w y

= foodwww. f w. l u ) ftw (wt )
N wnormalis
ationfactor

+ foodw ' N I , f tw. 4 ) of☹f- w i )
⇒ A w w = N w i I I I w ' ){Bww
' = NE. I I I - w i ) I☹o'



⇒ I B w w , I = e x p f-T¥) IAww't
using the lemma.

Return t o normalisation of g I i

Fw = The = ( G I , 9 5 )

=§w. I Aww'f w ' t Bww ' f t ' , Aww" fw.it/3wwiitIi)

= § I Aww't' - I B ww i l l

= (e#W1K-1) § (Bwwith

= (e'T W 1 K- ' ) (BB't)w w

⇒ (BBt)ww = pw(e.I TW1K-1)

C a n argue t h a t P w i s t h e absorption c r o s s
s e c t i o n f o r the m o d e f w . I s e e ove r ) . Then

t h i s i s exactly the black body spectrum w i t h

temperature T = I t !



.µMwmhmn→☹ ' i . t h e modes 9 1 a f tw a r e

µ I N ' orthogonal.I, I ¥ Define¥
%%

: : : : : :
/ s

¥91 then
t i e Rui = ,

Now s t a r t w i t h a mode f w . S o m e
o f i t gets a b s o r b e d a s o m e of i t gets
r e f l e c t e d . The re f l e c t e d p a r t i s the s a m e a s

R w . Hence, P w = Tu t i s t he absorption
C r o s s s e c t i o n f o r t h e m o d e f w - i e . t h e

f rac t ion a b s o r b e d b y the b l a c k hole.

Comm-ents

I. D e r i v a t i o n c a n b e generalised t o
Do t ted f ie lds, fe rm ions a bosons

i n m t o

i i i ) non-spherical collapse t o Schwarzschild

i n collapse t o rotating a • charged
b l a c k ho l es . I n t h i s c a s e the black



hole preferentially em i t s particles w i t h the
S a m e J d Q a s the b lack hole.

2 . Ty n
6×10-8 (MMI) K

• Astrophysical b lack holes w i l l b e coo l e r

than t h e C M B & h e n c e absorbs C M B .

• D o m i c r o black holes e x i s t ? perhaps formed

after the big bang?
3 . d☹m s o ⇒ b l a c k ho l e s h a v e negative

specific h e a t i e . they h e a t
u p a s they evaporate!

4 . thermodynamics: the 1st Law of b l a c k ho le
m e c h a n i c s i s promoted t o a thermodynamic
l a w
"dE = T i e d Spy + l i e d J t E d Q

w i th Sisu = I , A .

Also have generalised 2nd L a w

Spou t 5 mat te r ou t s i de 7 , 0
black hole



5 . The de r i v a t i o n emphasises the key r o l e o f
the e v e n t Hon i t o n .
There a r e closely r e l a t e d phenomena
assoc ia ted w i t h o b s e r v e r dependent
ho r i zo n s

e .g . Kindler o b s e r v e r

- "Acceleration
h o r i t o n "

#

!

w☹☹☹☹☹
it

eg.de S i t te r spacetime

dsi.to#fdt'-
idnD::iIf:ii::""

!

µ

g -



6 . Can o b t a i n T µ by "euclidean i s a t i o n "
t → i t t o m a k e s u r e geometry i s regu la r.
W o r k s f o r bo th k i n d s of h o r i z o n s .

7 . I n a n t i - d e Sit ter spacetime ,
b l a c k

ho l e thermodynamics i s thermodynamics
of the boundary C F T

8 . Spy = kB 10774M¥

By comparison 5 , u n n kB ) 058

Entropy w o u l d b e m u c h gleatedi f a l l
m a t t e s w a s i n b l a c k holes. i e . the
u n i v e r s e i s i n a l o w entropy s t a t e .

9 . I n stat is t ica l mechan ics
5 = k B ' n W

← # o f mic ros ta tes
w h a t a r e the m i c r o s t a t e s ? T o a n s w e r

t h i s w e n e e d a theory o f quan tum
gravity.

A s t a t e counting interpretation has
been a c h i e v e d for a special c l ass of



supersymmetric a n e a t supersymmetric
b l a c k holes i n string theory. the k e y i d e a
i s t h a t the b l a c k h o l e s c a n b e b u i l t
from configurationsof i n t e lseating b r a n e ,
wrapped o n cycles of t h e i n t e r n a l

compact i f ied s p a c e .

1 0 . Hawking's c a l c u l a t i o n neglected ba c k
rea t ta i n o n the spacetime geometry. this
shou ld b e o k when d M _ ← M b u t

d t

w i l l n o t b e o k i n the f i n a l stages o fe v a p -W e again n e e d a theory ofquantum
gravity t o a d d r e s s th i s i ssue .

C a n es t imate the t i m e taken t o evaporate
using the Stefan-Boltzmann l a w f o r the
r a t e of energy loss f o r a b lack body..

daft = - 0 A T "
a - T ,

II.m e \
A rea ofeven t
h o r i z o n a(M☹

⇒ draft--team,



⇒ t e m p - FI,

$

☹

Mo?

~ 1070µ § s

~ 10-44

$☹

s

(vi.b . l i fe t ime of u n i v e r s e -lots)

I I . In fo rmat ion loss paradox.

Consider a n i n i t i a l configuration with m a t t e l i n a

pure s ta te . L e t i t collapse, form a b l a c k hole
• then r a d i a t e . The r a d i a t i o n i s thermals o
i t appea rs t h a t

pu re s t a t e → m i x e d s ta te !

this i s impossible w i th unitary evolution i n
quantum mechan ics .

Con t ras t th i s w i t h burning a lumpo f coa l . I f
o n e carefully s t u d i e d the f i n a l r a d i a t i o n
O n e wo u l d f i n d t h a t w e h a v e a

pure s t a t e evolving t o a p u r e s t a t e . Howeve r

this point of view is h a rd t o implement



f o r black holes a s the information going i n t o
making the b l a c k holes s e e m s t o b e l o s t
a t l e as t i n G-R 1 uniqueness theorems)
& f o r very long t ime , t h e r a d i a t i o n i s

exactly therma l .
A possible Penrose diagram might b e

i t

µ n o t a Cauchysurface☹☹☹☹

%☹!!!
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- I § Cauchy surfaces
.
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/

th i s w o u l d correspond t o

$

i n f o rm a t i o n being l o s t . This i s
i - what Hawking originally thought t
t h a t quantum m e c h a n i c s w o u l d n e e d

modifying i n quantumgravity.
However, M o s t physicists think there a r e
somehow 4.1 s u b t l e cor re la t ions i n the Hawking
r a d i a t i o n a t h a t in fo rmat ion i s n o t lost .

T o b e continued... . .


