
Spherically symmetric collapse a the
Schwarzschild b lack ho le

-

Cons ide r a b a l l o f pressure free d u s t tha t undergoes
gravitationalcollapse: a n i d ea l i s ed m o d e l o f a
s t a r .
R e c a l l Birkhoff's theorem, spherical symmetry
comb ined w i t h E i n s te i n ' s equations ⇒ o u t s i d e
t h e s t a r w e have S c hwa r t s c h i l d geometry
d 5 = - (i-211A t ' + f-Iff'dr ' t r ' d R

D D = d i d + s i n20442
r o u n d m e t r i c o n 5 '

killing vectors?
• 5 : d4 i s o b v i o u s . 3 2 m o r e t o the

algebra u n d e r 1 , 3 i s S O (Ex)
• I t i s a n o t h e r k . t l . I t i s t ime l i ke
( i e . I l d e l l ' < 0 ) f o r r > 2 M

⇒ stationary spacet ime
A l s o t → - t i s a discrete symmetry

⇒ s t a t i c spacet ime



Interesting fact that sphericalsymmetry⇒ s ta t i c .

Ou t s i de s ta r w e ha ve Schwar t sch i l d .
S u r f a c e of S t a r a t r = R H 1 i s a l s o Schwartschild

by continuity.
A- point o n t h e s u r f a c e follows a r a d i a l t i m e l i ke
geodesic

⑥ = i f = 0

X " H = I t ( t ) , M t ) , Oo, ¢ } t proper
1 t i m e

We w a n t R H 1 = r ( T H )
+" "at'=-as'

!

' = ff-aff-Kaffir

"☹

⑦

Also, a t i s a killing v e c t o r a h a v e

Q = P u k " = P t = e -' I t t d t i s c o n s t a n t
d E o f mot ion

w i t h e cons tan t (since using E ) w e have

E = - I t t d t i s cons tan t o n the geodesic

I t i s the energy1u n i t m a s s .
w e c a n s u b s t i t u t e i n t o ⑦ &

rearrange t o get



R'='z\i-dM)(2M-ttT pi=ddI

W e take 0 4 4 t o have gravitationally bound
m o t i o n

. 2 A

R ☹

!☹☹

÷.

i2=o a t Rma×.. particle s t a r t s from res t here

R then decreases a approaches 2 M a t t → •

T o see this: tan = I 'm a t

= - E sina.IR/tarfjIarf-its'fk

→ a ( E x )



According t o a n observer a t asymptotic w , using
t a s t he i r proper t ime , they s e e the sur face
o f t h e s t a r approach R → 2 M t stay the re
( a " f r o z e n S t a r " )

However, f o r a n observer o n the surface ofthe s t a r
w e a r e i n t e r e s t e d i n R F )
s i n c e dat = (date)

-

'da, = e - ' 1 the)ddI
⇒

"☹

=

f - E ) (Ramy-1)

"☹

!!

☹☹

Proper t i m e t o reach R = a m i s f i n i t e !
As i t proper t i m e t o r e a c h R = o . .

t o = SIDE = -sina.dk/toiYhfRma#-1) " t

= TMI ( to i ) 3 k



Th i s i s correct, b u t the de r i va t i on i s rough
because c o o rd i n a t e s b r e a k d o w n a t F - 2 M .

So, w e i n t r o d u c e n e w c o o r d i n a t e s - w e u s e

them t o e x a m i n e sphe r i ca l collapse A N 1 a t

t h e s a m e t i m e , t h e geometry o f t h e
S c hwa r z s c h i l d geometry.

ETton-F.nl/esteinoordnates
I d e a : Replace t by a c o o r d i n a t e d adapted t o
ingoing r a d i a l M a l l geodesics.
O n s u c h ageodesic:DS ' = o ⇒ d t ' = f-21)

- ' d r ' = D ☹

Ta k e r * = r + 2 M I n F L Y
2 m s r a N ← - O c r # •

O n a r a d i a l n u l l geodesic
d f t ± r * ) = o

U I t - r * lines o f → Outgoing r a d i a l
c o n s t a n t u n u l l geodesics

4 = t t r * lines o f U → I ngoing r a d i a l
c o n s t a n t n u l l geodesics



f tp.o, 4) →
"

,n o , 4 ) I n going E - F Coo rd i n a t e s

d s ' s - (i-2ft) d i e ' + 2 d u d r + A d d ⇐x.)
Initially me t r i c only defined f o r r > 2 M . B u t i t
c a n n o w b e analytically c o n t i n u e d t o r s o !
I n pa r t i c u l a r i n E - F w o r d ' s the m e t r i c
i s non-singular a t r = 2 M

o r a 4Indrani %µ§qI☹%d)
i s finite t invert ible

, detglr.am t o

the star does indeed collapse through f - 2 M down t o f - o

Reca l l k = de f o r r > 2 M

= ☹ ' ¥ . " ☹☹

!

☹

= I
d i e 4

a . th is ex tends definition of
killing vec to r t o o a r a -



Note: 11h42 = guv b i t s ' = g o o = - f - I f )
h i s t imel i ke → 2 M

n u l l r = 2 M

s p a c e l i k e r a 2 M

E - F diagram fo r Schwartschild

t *⇒ I +

ihitg%1e.si.
• 7
N{it¥

$

¥

!

:÷./ i ngoing n u l l\ geodesics
curvature
singularity

t o increasing p
a t r = 0

Ingoing r a d i a l nu l l geodesic: U = const
outgoing r a d i a l nul l geodesic.. u=t-rI= const.

⇐ i t - 2 r - 4 M I nfjdmM/=const.



Radial timelike c u r v e , have tangent v e c t o r s t h a t

l i e i n s i d e the light c o n e a t a n y po i n t .

F o r r > 2 M outgoing rad i a l n u l l geodesics have

increasing r

F o r r a 2 M Both i ngoing to "outgoing" r a d i a l
n u l l geodesics h a v e decreasing r

- -

(even thoughf - 2 M i s a n u l l surface
n r =

constant")

N o r a d i a l t i m e l i k e c u r v e s c o m e f rom R a m t o
a point w i t h

❤

2 M . (septate)
I n f a c t w e c a n r e l a x t he r a d i a l c o n d i t i o n & c a n

Conc l ude t h a t n o signal emerges f r o m r < 2 M

t o r = x : w e have a b l a c k h o l e .

E - F diagram o r
f o r spherical

t * = n t
y

collapse: $

!$☹!!!

☹☹A☹☹☹N'\,



Definitions
A vector i s ☹ l i f i t i s t ime l i ke o r n a i l

A c u r v e i s caused i f i t 's tangent vec to r i s
-

everywhere c a u s a l

Definit ions
A- spacetime i s timeorientablef i f i t a d m i t s a
t i m e o r i e n t a t i o n - a c a u s a l v e c t o r f i e l d T "
-

Another causa l v e c t o r X " i s future-directed
i f i t l ies i n t h e s a m e light c o n e a s T -
( i .e . X " T " g u v E o ) a p a s t d

!

d

otherwise.

For Schwarzschild §%hoid's{ E . F . c a r d ,
o r 7 2 M choose & = O f = d o a s a Ti n i e

o r i e n t a t i o n
✓ a 2 M c a n n o t choose d ie a s i t i s space l ike

However, c a n choose ± 2 r I☹End's)
a s these a r e n u l l .
N e e d t o choose sign t o agree w i t h
t i m e o r i e n t a t i o n f o r r > 2 M

k.to#=kY-ofrYgnv=-gar=-I



Henie: C a n choose -§, ( i n E . F . word's)a s

global t i m e o r i e n t a t i o n f o r r > 0 .

(warning: Is.in?IrE.r-.!
a s holding d i f f e r e n t c o o r d i n a t e s constant .
I n f a c t

I . E E# . i I i I r e . i . ⇐

!

Proposition L e t X Y N b e a f u t u re d i rec ted
-

C a u s a l c u r v e . A s s um e H 1 D 5 Z M .
T h e n H d ) 5 2 M h t I > t o

Proof.-
Tangent v e c t o r V " = I ☹

Fu tu re d i rec ted ⇐ V . fjfe.fi) s o

⇐ - V " G r , s o

⇐ - V " I 0

⇐ d i e
d T

I 0



Also h a v e
✓'=-Ii-2¥)d¥)'t 2dg,☹ + r '

"☹

I sinto

"☹

I

⇒
- adder☹=-V. + fare-i)☹I't r'fd☹Isin☹☹I
④ -

7 0 i f R E 2 M
⇒ dair

y
s o f o r R E 2 M

Now, i f R S 2 M , d#so (If no t , ④ wi th dair
y = o

⇒ i t = ① = ¢ = 0

⇒ ✓ " = o , a
contradiction)

Hence, i f r o o k 2 M ⇒ r

"

a 2 M f ) 3 1 .

T h e r(to) = 2 M c a s e c a n a l s o be shown fe.g.Realtp.io/

×
Consider

any particle (not necessarily o n a geodesic) i n
region r a 2 M . Using Schwarzsch i l d w o r d s . :

d t ? -off-1) I t ' t (21-1)
- ' d r ' - ryde' + sinbad

"

Proper t ime t o reach r = o i s maximised i f

☹ = doff = date = 0



⇒ a t =-ftp.ifkdr
+ f a t = - SIT d r (21-1)

- "
' = A M

I to-5

"☹

second s !

Note: this i s achieved f o r a geodesic l i e . i f y o u f a l l
i n t o a b l a c k h o l e . . . j us t re lax ! ) . .

I f =-f i f ty 1 h

%☹)=fI-if"M=. ☹=-Mln'
T i r %)? I s " 2%(21--1) = M I R '

+ %☹

$

+

Me d¥da¥=o.
Can also n o t e t h a t E E f-21)did = 0

Wh i t e holes
- Wh a t happens i f w e u s e outgoing
E - F G o r d ' s i n s t e a d o f ingoing?

-



u = t - r * - • a u s -

D S I - (i-arf)d u ' - 2 d r d u + H d r (Ex.)
Initially w o r d ' s defined f o r r > 2 M . However, w e
c a n n o w analytically c o n t i n u e t o a l l r > o .

t h e region n a a m i s n o t t h e s a m e a s I

❤

Mi n
-

outgoing E . I . i ngoing E F .

This i s re vea l ed i n (outgoing) E . F . diagram

U t r a ¥ 7
I

"

I t

"

µ lines o f cons t an t ~

$☹!☹

/ I / lines o f
c u r v a t u r e cons tan t u

singularity
a t F - 0



Note ingoing r a d i a l n u l l geodesic, I u=coast) approach
F - 2 M .

Outgoing r a d i a l n u l l geodesics I u = coast)
e s c a p e t o o o .

This i s a w h i t e .
I t i s the t ime r e v e r s e o f the

b l a c k h o l e 1 n o t e E i n s t e i n equations a r e t . m e
r e v e r s a l i n v a r i a n t ) .

Can w e u s e this a s a model of a k i n d ofexploding star?

$!$!

Note i t starts w i th a singularity!
Also, b l a c k h o l e s a r e s t a b l e - s m a l l perturbations
a r e expected t o decay. t h e t i m e r e v e r s e o f
t h i s s a y s t h a t perturbations o f wh i t e holes
w i l l grow t hence a r e uns tab le .

⇒ Wh i t e holes a r e n o t physical!



kruskat-Gekeres-oord.to
Have seen there a r e two wayst o extend Schwarzschild pas t
F - 2 M . T o r e l a t e t h e m w e i n t r o du ce n e w coord 's .

F i r s t no te , for r > 2 M w e c a n u s e 4 , 40 ,

"

d s ? -It-2¥) d u d e + H d r ( Ex )
- . . n o t good a t r = 2 M .

Define K 5 c o r d ' s f o r r > 2 M

$

= ← e -
" 14M

µ =
EH4M

☺

s o
r > 2 M

✓ 7 0

Note

☺

i f =
- e r * 12M = - e r 12M{

!

=-etiam

'Em") ⑦

wh ich give t a r i n t e rms of t r a V

d 5=-32,13 e -
M 2 " d

☺

d ' t t r ' d r

w i t h r - - r t

☺

,

☺

)
Now define rfv.tt/for-VzoorVeouia ④



The metric c a n be analytically extended through
- 0 = 0 a V - - 0 t o n e w regions

No t i c e r = 2 M i n ④ ⇒ - 0 = 0 o r V = o
d r = o i n ④ ⇒

☺ ☺

= /

Also, r a d i a l n u l l geodesics h a v e

☺

o r V = constant .

Kruskal diagram F - 0

i t

!

j r = 2 M

I T - 7

i ~ h . I R > a m

\
I

' ① I

!!!!

⇐ " " "

/ f - 2 M → I

r¥↳fzg☹µ→
'

⇐ o f
Ingot
-

.

ng outgoing
r a d i a l nu l l r a d i a l nu l l
geodesic geodesic



Regions I a I c o v e r e d by ingoing E - F- G o r d ' s .

I 9 H I " " outgoing " "

Region

!

i s n e w ! I i t c a n b e ob ta i ned f rom

region I by taking
☹ T ) → - f u .

☺

) )
wsechnaja.IS?IIIf%1fmggimally ex tended eternal

Regions#a#are n o t relevant f o r gravitational
collapse:

r = O

if
← f - 2 M

☹☹☹-⑦

$☹$☹!☹

←

$ !

\ interior
o f s t a r



Notice that falling i n t o a b l a c k hole, t h e

singularity happens
-

k = 4 i n region I

= Im

"

dy-Ud-u )

defined everywhere

11h11? - ( t 2¥) ⇒ n u l l o n - 0 = 0 o r 7 = 0

O r b i t s o f k :

'☹☹ '☹

!!!!

÷::

E ins te in-Rosen bridge✓

Consider a slice of constant t - a l ine throughthe origin
I n region I , t h e i n d u c e d m e t r i c o n th is 3 - d sl ice
i s

DS2 = I1-2IT'df e r ' d r r 7 2 M



change radial coordinate.. d f= f-off'kdr
⇒ 5 = f-of)"rtmlogff.it full-If)")
5 = 0 a t ✓ = 2 M

•

d 5 = d e ' t r '

"

a t r = 2 M DS2 = 4 M ' d n

- -1 - :

! ! !!

[↳ r = a m min ima l 2 - s p h e r e

I V :

! !

i n region i n the re i s a n identical
s l i c e . Theyj o i n precisely a t the
b i f u r c a t i o n 2 - sphere a t 0 - - 0 = 0
forming a n E - R bridge:

! ! !!

Topology 112×5
A n example o f a wormho le

µ¥¥ I t i s (clearly! I n o n -
t r a v e r s i b l e .



Penrose Diagrams
- A powerful way t o rep resen t
t h e c a u s a l s t r u c t u r e o f spacetime.

Definition: A conformal t rans fo rmat ion i s a mapfrom
a spacetime (M,g ) t o ano the r 1M,f ) w i t h

I n l a ) = Me,guv
NX1 smoo t h a next t o t h e M

Conformal transformations preserve causa l s t ruc tu re .
L e t V b e a v e c t o r

8 m m . (I;) ⇒ I n r v (I;) since i t s

Curvature i s not preserved! -explore o n problemsheet

Idea o f Penrosediagram
1) D o a coo rd i n a te transformation o n (M,g) s o t h a t
infinity i s brought t o a f i n i t e c o o rd i n a t e location.
2) D o a c o n f o r m a l t r ans fo rma t i on → (Mig) w i t h
& regular o n the boundary.

3) A d d points a t • t o M → (riff) wh i ch i s
c a l l e d the conformal compactif ication of
(Mor)



E I . Minkowski spacetime i n D =k i -' = - d - ' e d n ' - • a - t . s e < t o

u = t - k
• = f + × { d s ' = - d u d u - o c u , • a •

U = t a n i t

u = t a n i f - t h s I E e i t h
t h e range i s o p e n since 4 0

= t o

a r e hot points o fM -f - a L - d i d i t ]
Cos i t c o s i t )

Conformal compactif ication (Mig)
• Choose A = C o s I c o s I

⇒ d 5 ' = - d i d i t

• arid - IT12 E i t , I E T 1 2
i t

I " t i t
A l l . I , A l l☹☹☹

!

"☹statute

i - 0 - i o

!

☹

!$

lines

o fconstant ×I 1

- Ah
, i i - I T I ,

!



• I I . E ) = (Th,Th) ← I I☹ i t e futuretemporal • i t

• ( I i i ) = f-Think) ⇒ I☹

$

e

past temporal • i -

- fu,it) = (Th,Th) ⇒ t f i n i te s p a c e l i k e a i °

N → t o

4Th, -IT12) - a

° i t = IT12 ←
U → a

↳ k i t h 0 f i n i t e f t

☹

$

i n . : *

I☹☹i:÷.
• i t = - T I L ←

U → - a

↳ k i t h a f i n i t e p a s t g -

☹☹☹i ⇒ I☹:} "sori:L:
Nu l l geodesics s t a r t a t g - t o e n d a t S t

timelike geodesics s t a r t a t i - a e n d a t i t

Fo r a mass ive particle t o e n d a t I t i t w o u l d n e e d
t o b e continuously acce le ra ted .



E x . Minkowski spacetime i n D = 3 T '
choosed s ? - d t ' t D X ' t dy't d ' t ' a rb i t ra ry

= - d t ' t d r ' t r ' d R
t
P t . a s or ig in

First, o f polarcord's.
✓ = t - r

U = t + r
- • s u s u - •

4 s i n c e F 7 0

d s ! - d u d u + @-UF
4 -

d R

Next,
u = t a n i t - T h < i t I I < T h e

• = t a n k 4 J
n o t e : u . i e = ± • a r e n o t

points i n

M -µ

$"

g)

2/-4d i d i t + s i n f u l dr]
Confo rma l compact ifiiatueinfm.gr):

T a k e A = 2 C o s i t c o s I

d 5 ' = - 4 d l tdu ts inYE . i t /dA
a n d - T h E I E I I I T I L



I t

☹
i n g tcohesion

!! !☹

' I I #
r -

!$

io

Every pointI '

→ 1 , ' 9 - rep resents a n

F - o y s a
i -

④ A,:{dial n u l l

"

Ano the r picture:{II. If.tn i e
X

p
^ I t

X=Tl • @ I ☹I > i t ⇒ -☹

!

,

⇒ #¥%
•

I = - I T

X = O

d

"

= - A t ' t D X ' + s i n ' × d R
-
r o u n d s ' s m e t r i c egs' ÷ ÷ a

E i n s t e i n static Universe e s s ' : . #
Me t r i c



i t
[ = I T

$

g t

-
+

"

!!☺! !$!

. .
- -

- g -↳

!☹

.

ii.a

f -☹☹

$!!

1%1:*::%. ☹
E x . Kaushal spacetime

I n region I d s ? - I t 21)d u d u t r ' d r

n = t a n u - I t , s t , I s I T 12
u = t a n o

d

$$☹

say

I-4I t 'f) duidttrkoshicoio.de/



r * = the-a) = sin(u reca l l -wa r* s o

2 Cos I C o s I

D52 =

❤

cost c o sE ) ' d s '

=-411-221d i d I 4¥)'s i n '

"

- I ) d D

Th i s i s a n example of a n asymptotically f l a t
-

spacetime. A s r → o ( f o r a n y f ) w e approach
M i n k ow s k i spacetime. T h u s , w e c a n a d d i ° , I ±

a s b e f o r e .
N e a r f - 2 M introduce kruskal-ftekerescoo.ro's.
T h e n define i t = f a n

☺

,

☺

= t a n

☺

w i t h - t h a t , ☹ T h
e t c . t o d educe . .

\Thhma÷

$

" "Ionstant

☹

! !

i . 1 - i o

$ ☹

.

T h rm sm a n sm a n n ' o f
i . i - cons tan t t



Notes:1) Note r = o ⇒

$

i t
= I ⇒ t a n

$

t a n

☺

= ,

⇒ c o s ☹ t F ) = o

⇐

☺

+ I t = t .TK a s i n t h e figure

2 ) A l l r = c o n s t . s u r faces m e e t a t i t , including
the singular r = o su r face . T h u s i t i s

singular a n d c a n n o t b e a d d e d .
S a m e f o r i -

Pen rose diagram f o r collapsing s t a r

←
i t

!☹☹

☹

!!☺

.

: / g -

÷i f
i -



Asymptotically

"

a t
spacetime- "looks l i ke

M i n k o w s k i a t •
"

the K r u s k a l example with singular i t m e a n s t h a t
w e c a n only d e m a n d t h a t asymptotically f l a t
h a s s a m e s t r u c t u r e a t n u l l infinity. I t ,
a n d space l i k e infinity i °

¥.io "fffhdegg asymptotically

subtlety. n e e d t o b e care fu l aboutsmoothness
o f i t - i t i s n ' t smooth f o r K r y s t a l .
S e e Wa l d .

Comments: 1) 3 vectors which approach killing
vectors n e a r i o

2) symmetries of9 ± known a s

t h e Bond i -Me i tne r-Sachs (BMS)

group.



Blackholesteven-thoritons

Det

!

. * c h i r p y ftp.t#Iotappoimtxe (II

!☹☹☹

f )
i s

-

the set off points wwlhidhcanmnb.be i readded Froman o n byyaa
fu ture d i rec ted t ime l i ke c u r v e(p
p ast) - -

* Causal☹☹) o f a point n (J☹f) i s-

-
J -

the set of points which c a n b e reached from n bya
fu ture d i rec ted t i m e l i ke a n u l l fire. causal) c u r v e(past) - -

clearly I t

"

a . J±

Fo r a s e t 0 c m define I t (u ) = ! # (Xi) VK.eu
J I (u) = 4.J I (Xi) VXieV



F o r a given asymptotically. that region, define t h e
future e v e n t horiton H t t o b e t h e boundary
( F f t ) T o t ☹ I t t h e b l ack hole region t o
1 be M1J-1GH

define
l a t e r

.

$

xmmmnn-☹%☹☹

$$☹☹$

±:

region - m m m m m m m m m

F o r a given asymptotically. that region, define t h e
Pas t even t horiton H - t o b e t h e boundary
( J t fg - 1 o f JH71 t t h e white hole region t o
\ be M 1 JH9Y

define
l a t e r

" !

÷ :

☹

$☹☺☺

☹region - m m m m m m m m m



Singularities
- Coordinate singularities c a n b e removed
by coo rd i n a te transformations. No t physical. e .g .
F - 2 M i n K r u s k a l .

Curvature singularities- e .g . s o m e scalar constructed
f rom R " ugo diverges a s i n K r u s k a l a t r = o .
A l so possible t o have singularities i n which n o

s c a l a r diverges, yet § coordinates i n which a l l

components of R " v g o r e m a i n f i n i te → i n f i n i te
t i d a l forces.

Conical singularity: e .g . d r 4 t r i e dof a r a w

O E 4 A2IT
1 = 1 : change coordinates t o get dx4dy'
7 f t 4 ' E 1 4 0 E I a 21T'd

d r ' t r ' d 1dL
cons i d e r a c i r c l e o f r a d i u s E n e a r r = o

circumference = 2

!!

=

2 1 T7 f - Z1T 9 S E → 0
r a d i u s

e g . s o , §
⇒ singular a t r ⇒
s ince neighbourhood

afr=o i s n o t
* locally I R L



More generally. u s e the idea t h a t a singularity i s
captured by having geodesics tha t c a n ' t b e extended
t o arbitrarily large a f f i n e parameter.

D e t :
A geodesic i s complete if a n affine parameter

e x i s t s extending t o I o .

A spacetime i s geodesically complete i t a l l
maximally e x t e n d e d c a u s a l geodesics a r e complete.

Examples: 1 M (Minkowski spacetime) complete

M-Gpt! - i s geodesically incomplete
C o n e - incomplete
Kruska l -incomplete.

⇐
☹☹

!☹!$

sins☹☹☹☹

" h e d bathe

- m m y m y

! "

singularity is naked: i t

µ c a n b e s e e n a t g t

- m m m m s m m m m m



Negative m a s s Schwarzschild
d s ' = - f t 21ft)' a t ' + (1+11)''dr ' t r ' d R

"!

i.

Naked singularity.

C a n n a ke d singularities form?

e .g. §☹
g÷.

Egg:p:p:{☹☹III.☹data

Cosmiccensorshipy Roughly: Naked singularities
C a n n o t f o r m f r o m generic gravitational
collapse i n asymptotically f l a t spacetime
t h a t i s non-singular o n s om e i n i t i a l space l ike
hypersu r face . (Penrose)

comments: 1) Need t o exclude finet u n e d situat ions
e -g . S c a l a r f i e l d t spherical symmetry.
2 ) Exc ludes cosmological singularities



3) Need s o m e assumptions o n n a t u r e ofm a t t e r
( " d o m i n a n t energy condit ion" s e e l a te r.

a ) 3- a "strong"o r a "weak"form ofc o s m i c
censo rsh ip w h i c h a r e logically d i s t i n c t .
5) Unp roven- major goal i n classical G . R .

SingularitytheoremT Penrose t Hawking c . 1965

Powerful r e s u l t s t h a t show singularities (notn e c -c u r v a t u r e singularities) w i l l o c c u r i n
c e r t a i n s i t u a t i o n s , including gravitational collapse.

Combined w i t h cosmic censorship w e expect t h a t these
w i l l always b e clothed by e v e n t ho r i zon s .

Black holes provide a be au t i f u l + cons i s ten t

picture t o the f ina l s t a te ofgravitational
Collapse.

Moreover, G . R . predicts tha t b l ack holes
(to the big bang) a r e places t o look f o r
n e w physics → quantumgravity



Reiss-rdstromblackholes

Einstein-ME☹☹☹III.
FT1R.☹

$

It

!

realisati on
Far = d u Au-du Aµ Also have s e t

=

"

A v - P v
Au (Ex ) G-= c = I

Equationso f mo t i o n :
Renu-ER g u v = 2 { F u s Fue-¥g~EoFSo}{17mF"

- _ 0

Generalisation o f B i rkhof f,
t h e unique spherically symmetric solution ofE . Maxwell

(w i th n o n c o n s t a n t r a d i u s function) i s t h e R-N solution

d s '= - (i-2¥ + I ) d t ' t f -after)'dr4rtdr
A t = - ¥ F r t = Q Q electr ic charge

p h
A-¢ = - P a s o F o o k psi.no P magnetic charge

s t a t i c : k = o f killing
e = O F 7

Asymptotically f l a t a s r → •



T o analyse, define N = r ' - 2 m r + e '

!

f - 1 ) ( r - r . )

r±=M±M ' - e F
wha t happens a t r = r ± ?

Singular a t r = o . . Durga R T 0 → •{Fav
F ' → a easy ca tch . !

3 Cases: 1) s u p e r ex t rema l e > M NO coord.sing.gs.
2) s u bextremalecmrt-tr.rs/

extremde--Mr+=rI)e7M-ift,r,-0,4) good H R 7 0
r = o i s a t imel ike singularity a s f o r - V e
m a s s Schwarzschild.

☺☹

i.
I:%i☹%☹%:%%%;
c o sm i c censorship)

Note: a n electron has e > M but i t
i s quantum me c h a n i c a l .



2) e s M
-

0 = 0 a t r = r + , r ,
Proceed a s w e d i d f o r Schwarzsch i ld . s t a r t w i t h
→ r t t o de f i ne

d r * =☹ d r ⇒ r*=rt☹oglrjfttfk.bg

! !

+ const.

whe re k ± = r ± - I
2 ¥

Define u = t - r *
u = t + r *

• Ingoing E - F coordinates µ , r , 0,4) w . r > I

d s ' = - f i d a t e 2 d i e d r t r ' d n fEx.)

Smooth H r > o , hence c a n e x t e n d t o o a r s o f

• Outgoing E - F coordinates (U, r , 0,4) w . r > I

d s ' = -§z d u ' - 2 d i e d r t r ' d n fEx.)
• c a n e x t e n d t o a different region o c r s r +



Kruskal coordinates:
U ± = - e - k ± u{v. ± = ± e k ± u

I n region r > r + u s e fut, V t , 0 , 4)

dst-fgf.e-2ktrfr-r.TT#id-u-
tdVttr'drr-Ut,

☺

t) def ined v i a

- o u t =eaktrf-fffffrjkthk.IM
o k RH5 is monotonically increasing f o r

❤

I

Initially U t s o ⇐ r > r t
✓+ 7 0

b u t n o w w e c a n h a v e i t > o o r V ' E o

④ f - r t '

⇒ ☹

!☹!

const.F-r + '
⑦

← F - cons t .

Again 3 E . Rosen bridge for t = const. slides
Also, 3 t w o n u l l su r faces generated by killing vec to r k

& they in te r sec t o n b i fu rca t i ons ' a t

$

t . V E 0



Major difference t o K rus ta l c a s e i s t h a t h e r e there a r e
n o singularities i n regions I a # s i n c e r i o t , U t ) > r -

f r I u t , U t ) = I ⇐

☺

+ v t
= a )

Now w e know fromI . E . F. coordinates that w e c a n extend t o
r a r -

. Hence, w e m u s t b e ab l e t o further extend. Said

differently.. r a d i a l n u l l geodesics reach r = r - i n f i n i te
a f f i n e parameter d hence they w i l l reach

$

t u t = a n

i n f i n i t e affine parameter. So w e n e e d e v e n m o r e

c o o r d i n a t e s .
S t a r t i n region#a u s e 4 , n o , 4). t hen define u

i n region I a s follows. F i r s t define t = u - r * i n

reg ion# .
t h e n i n region I w e c a n u s e I t , r , o , 4) +

m e t r i c i s i n t h e original R - N form b u t n o w

r - t r a r t .
Now define u - t - r * = U - a r * t

w e h a v e g o t u , u i n reg i on I I . N ow w e c a n u s e

$

- s o a t - s o i n regionI :

ds'=-☹☹e""rf¥)" "

!

d i r t y I n ' d r

w i t h r f u - , f ) o f t g i v e n by

D - - V

!

e -

" k - t r
rn

!

(I÷)lkVKt
This c a n n o w be cont inued t o V - z o o r V - z o



~
I I 9 - r = r ,

!!$$$☹

f÷⇒u⇒=.

5 = 0 I

n o t i c e r = o singularity i s

Thus w e have deduced..
n o w t ime l i ke

% ) 1 Next: the t ime reversal o f
I ' I I I ' i s I . w h i c h i sf

"!

h

! ☹ ! ☹ ☹

☹

!

t o something s i m i l a r &

I I w e d e d u c e t h r e e m o r e☹☹☹

!

r e s i n s . ☹
i .

! $

↳

$☺ ☺

I I I '

DN
I☹☹☹

!

☹☹☹



And w e c a n keep going i n both directions!

t h t 1ä15ä11☹☹☹*.
☹ ☹ ally Hat regions.

i . . i o

I

☺

DA v

☺ ! !

a-
I 1 s t

!

☹

" d '
i .

!!☹!

. I

""

i i . *
'

'

.☹☹☹HA '
☹

$$$

* Into

!

☹¥§/

$☹

odds

. I



×
☺☺☺

#
t h i s c u r v e i s a n ingoing r a d i a l

✓ n u l l geodesic- w e mightftp.
T

Tien.☹☹☹☹☹☹" i s
☹

!

Ngively i t h i t s r = o i n region

i .

N t 3%11%5.☹

!

¥1 .

I t m u s t c r o s s acauchyh-orito.is

L e t IN,g) b e a t imel i ke orientable spacetime. A
portialcauchs-rfa.ae I i s a hypers u r f a c e
f o r w h i c h n o t w o po in t s a r e c o n n e c t e d by
a c a u s a l c u r v e i n M .

The futuredomai.no/dependence-ot8.Dtf)
i s the s e t o f Pe M s u c h t h a t every past
i n extendible c a u s a l c u r v e through p
i n t e r s e c t s 5

(causal c u r v e i s past i nextendible i f i t h a s n o

past endpoint.)



the pastdomai.no/rdependence-D- (E) i s defined
i n a s i m i l a r way.

0 :

!$!!

b u t ,
☹☹☹

!!

i n Minkowski 8
space t ime

•

w i t h po int
removed)

D o m

! ☺

e

D

"

=
D t

"

u
D - I E )

D

"

i s
t h e region of spacetime w h e r e w e c a n

de te rm ine w h a t happens f rom d a t a giveno n 8
e g so lu t ions o f hyperbolic p . d . e . i s a r e

uniquely dete rm ined i n D 8 ) by i n i t i a l
d a t a o n 8

A spacetime M i s gIoballyhyperb

!

i t i t has
a cauchysvrface-i.ie. a par t ia l Cauchy
su r fa c e w i t h D

"

= M



E x a m p l e 1

m m .

☹: ☹☹☹☹

$☺☹!!! !!!!

Minkowski

H M is n o t globally hyperbolic, then fo r any &
D t§ ) and/or D -

"

w i l l

h a ve a boundary cal led
the future , past Cauchy horizon, respectively.

☺!""

futuregcag.ch?=hgri on f o r

☹

$☹! ☹"!

I # D - ④"I¥tEEeg.f
past Cauchy horizon/ y

$ $



The existence o f Cauchy hori tons m a k e s most o f
th i s Penrose u n physical. R e c a l l w e a s s u m e d

spherical symmetry a analytici t y . I f w e r e l a x these
w e c a n e x t e n d beyond Cauchy h o r i z o n i n

infinitely many d i f f e r e n t wa y s given d a t a o n 8

\ ] Als
o:Bsends light signals t o A4×4 In☹☹☹☹

$☹

I:c☹☹

!! !!

s☹☹☹t.si?si?eiinderso

I . Hence a s m a l l perturbation i n

Mt ☹☹☹1%111%1%1
(eg N frequency) a t Cauchy
h o r i z o n a s m e a s u r e d by A .

One possibility i s t h a t f o r rea l i s t i c setups the r = r _
Cauchy honiton i s replaced by a singularity a i f s o
the resulting spacetime wou l d b e globally
hyperbolic.



Possible Penrose diagram f o r collapsing chargedmatter
ihmm☹

!! !!

" u " ? space l i ke?

I

3)E x t r e m e Re issue-Nords t rom: e = M
Now
I = f - = M

d g = - I tm)dt'+ f-M☹drier'dR
S t a r t with r > M : d r * = D =

f - Mtr)
→ r * = r t 2 M logk¥1-MI

r - M

v = t t r *
d s ' = - (i-E) 'd i e '- 1 2 d i e d r t r ' d r

a n d w e c a n n o w e x t e n d t o o a r s M

t o f i n d b l a c k ho l e .

I n s t e a d u s e u = t - r * t o e x t e n d t o f i n d
w h i t e hole.



✓ o<ram
3. /

<§#¥ taut;de%IfI☹☹lyhoriton
- 2 i .

"p☹
I§f¥µ
.

p . , , , , , ,}¥µ a n d pas t Cauchy ho r i zon

}
E§ocr<M R e g i o n s # a # a r e isometr ic ⇒
n e w asymptotically f l a t reg i o n , t o f u tu re o f #
+ past o f I I I . Hence . .

• Notes

" !

1) k = I t = d i e O u t . E - F

Eg
g

. i ° = d i e I n . E - F#¥
¥.

""

!☹

mm

3 ¥* i.e . i s t ime l i ke everywhere{ A t except when r = M w h e r e• "

i dEE4Y. i t i s n u l l .

{ ° .



2) Novel fe a t u re : the t = coast . su r face i s

n o t a n E - R . bridge connecting t w o

asymptotically H a t regions, b u t a n i n f i n i t e
t h r o a t :

1 - = const, & , 4) = const .
p r o p e r length f r om f . t o r = M i s

I i i

!

mr→ .

! "

-

y ,
ffs.

3) There exists mu l t i - e xt r e n d R - N black holes
Majumdar-Papa petron 4947)

S e t P = o s o e = ① . I n t r o d u c e n e w r a d i a l
c o o r d i n a t e f = r - M f o r ex t reme R - N i

d s ' = - H - L a t ' t H ' (DS21-5DN E x .{Aw,
☹

"☹☹Im☹← gauge transformation.



Special c a s e o f
d s ! - H - ' a h t ' t H ' @Xn.dk){A = - t h a t

w i t h H = H

"

4
d i d : H I E ) = 0

wh i c h o n e c a n show so l ves E ins te in-Maxwe l l

equations o f mo t i o n . I E × . s h o w theF I o )
Choose N

H = I + & M
i t ' I I - I t

* Sta t i c s o l u t i o n
* D e s c r i b e s N e x t r e m a l R - N b l ack holes

w i t h m a s s f - charge) = M i a t "posit ions"
I i ( I n f a c t I = I i i s a n 5 ' n o t a

po in t i n t h e s p a c e t im e )
* 3 a cance l l a t i on o f gravitational
a t t r a c t i o n a electromagnetic repulsion
precisely f o r e = M

* Can e m b e d these i n D = 4 supergravity
+ t h e solutions a r e "supersymmetric"!
⇒ 3- killing spinors E satisfying

17µL + Fg, 808µs = 0


