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SECTION A: Particle Symmetries

1. This question is about representations of the unitary symplectic group

USp(4) = {M € GL(4,C) : MM = 1,det M = 1, MQM" = Q},

where
0O 1 0 O
-1 0 0 O
2= 0O 0 0 1
0O 0 -1 0
(i) What is meant by a representation p of a group G? What does it mean if two

(it)

(iii)

(iv)

representations p and o’ are isomorphic (denoted p ~ p')?
The dual p* and conjugate p representations are defined by

pi(a) =p(a )", p(a) = [p(a)]".
for all a € G, where [p(a)]* is the complex conjugate of the matrix p(a). Show
that p* and p are representations. [4 marks]

What is the “defining representation” ps of a matrix group G7? Show that
PUsp(a) ~ PUSp(4) ™~ PUSP(4)-

Show that every SU(4) representation is also a USp(4) representation. How
are the defining representations psy) and pysp(a) related? [4 marks]

Let V' be the vector space on which psy@) acts. Discuss briefly how Young
tableaux encode irreducible representations p of SU(4) as the action on a
tensor utr eV ®@---@ V.

Show that the Young tableaux with one, two or three boxes give representations
4,6, 10, 4, 20, 20’ where we are denoting the modules n by their dimension n,
with n denoting the conjugate representation, and 20 and 20’ are two distinct
20-dimensional representations. [5 marks]

By considering 2 as a V ®V tensor show that it is invariant under the action of
USp(4). Hence show that the SU(4) module 6 decomposes into two USp(4)
modules

6=501,

and that one of the 20-dimensional SU(4) modules decomposes, as a USp(4)
module, as 16 @ 4. [5 marks]

Hence calculate the decomposition of the USp(4) tensor product 4 ® 5 into
irreducible USp(4) modules.

[You may assume that none of the other SU(4) modules given in part (iii)
decompose as USp(4) modules and that the 5 and 16 modules in part (iv) are
irreducible.] [2 marks]

[Total 20 marks]
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SECTION B: Unification — the Standard Model

2. Consider an SO(3) gauge field theory with a three-component real scalar field ¢ in
the fundamental representation and the Lagrangian

1 1 1 A
L= —STrFuF* + 5(0,0) D¢+ 502079 — 5 (¢70)”,

where D, = 0, + igAu, A, = Ajt? is the gauge field, g is a real constant, and
Fuv = —5[Dy. DJ] is the field strength tensor. The generators of SO(3) are
0 0 O 0 0 i 0 —i
tt=(0 0 —i)], =0 0 0], =|i
0 00 0

0
0
0 —1 0

0
0
(i) (a) Assuming ¢ — M¢ under an SO(3) gauge transformation M, how does
the gauge field A, have to transform for the Lagrangian to be invariant?

(b) Express the field strength tensor F,, in terms of the gauge field A,,.

(c) How does F,, transform under gauge transformations?
[10 marks]

(ii) Assume u? > 0.
(a) What is the vacuum state of the theory?

(b) What is the residual symmetry group?

(c) Using a suitable gauge choice, identify the physical degrees of freedom and
their masses.

(d) Comment on your results in light of Goldstone's theorem and the Higgs
mechanism.

[10 marks]

[Total 20 marks]
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