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1. Consider the classical fields ¢(x) and ¥/(x) with actions
SI61 = [ dx (30,0040 — 1nie?).
STl = [ &' (Pro - mldy).
Under a Lorentz transformation x* — x’* = (A71)#,x" the fields transform as

B0x) = ¢/() = 9(x),
Y(x) = P(x) = Ay P(x),
B0 = 90) = DAL

where 9 = 9ty° and Ay satisfies /\Ilfy"‘/\% = A\H qv.
2

(i) What are the spins of the two fields ¢(x) and ¥(x)? What is the spin of
a vector field A*(x)? Give the transformed vector field A’*(x) induced by a
Lorentz transformation x* — x’™* = (A71)#,x". [3 marks]

(ii) Give expressions for the transformed fields ¢'(x) and 9/(x) induced by a trans-
lation x* — x™* = xH — a*.
Hence, by calculating 8], = 8/0x™ and d*x’, show that both actions are invari-
ant under translations. How many corresponding conserved charges will there
be and what do they represent physically? [5 marks]

(iii) Show that the actions S[¢] and S’[¢] are also invariant under Lorentz trans-
formations. (You may assume that d*x = d*x’ in this case.) How many
corresponding conserved charges will there be? [8 marks]

(iv) Now consider a conformal transformation x* — x* = X71x*, where X is a
positive real number, together with

P(x) = P'(x) = MP(X).

Show that if m" = 0 then S’[¢] is invariant under a conformal transformation
provided p = —3. [4 marks]

N|w

[Total 20 marks]
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2. A non-interacting quantized scalar field can be expanded as

d(x) _/_d3p . (ape P + ale™™)
— ) (em)® \2E, \7° pm

where £, = \/p?> + m? and p* = (E, p). The operators a, and a}, satisfy the
commutation relations

ap, a}] = (2m)*6® (p — q),
T

while [ap, ag] = [ap, aT] = 0. The energy-momentum operator can be written

~ d3p
P’“‘:/(zwpp“azap.

(i) Which picture, Schrédinger or Heisenberg, is being used when we write the
scalar field operator ¢(x)? Why is it more natural to use this picture when

considering a relativistic theory? [2 marks]
(ii) Describe how states in the free-field Hilbert space are built using a, and aj,. In
particular define the vacuum |0), single-particle |p) and n-particle |p,, ..., P,
states. Show that the particles are bosons. [4 marks]

(iii) Show that one can normalize the one-particle states such that

(pla) = 2E,(2m)*6® (p — q).
Show also that
[P af] = g"aj,

and hence that |p;... ., p,) is an eigenstate of PH. [8 marks]
(iv) Defining |x) = ¢(x)|0), show that |x) is a superposition of one-particle states

and that (x|p) = e'P*.

Defining a general superposition of one-particle states by
d*p 1

V1= ] enyE,

V(p)lp),

calculate W(x) = (x|W) and show that W(x) satisfies the Klein—Gordon equa-
tion (82 + m?) ¥ = 0. [6 marks]

[Total 20 marks]
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3. A quantized, complex scalar field ¢(x) with Lagrangian density

L=0,p0"¢p" — m*epe!,

can be expanded as

d®p 1

¢(x) = (o) J3E,

(ape P + bheX)

where E, = \/p?> + m? and p* = (E,, p). The operators ap, aI,, bp and bf, satisfy
the commutation relations

[ap. a}] = [bp, b}] = (21)*6®)(p - @), (1)

with all other commutators vanishing.

(i)

(it)

Treating ¢ and ¢' as independent fields, find the conjugate momentum densities
m and w'. State all the equal-time commutation relations between ¢, ¢,
and 7. [3 marks]

Given the relations (1), show that the unequal-time commutator can be written
as " .
f _ b+
Show that this expression implies the equal-time commutator for ¢ and .

[6 marks]

Show the [¢(x), ¢'(y)] vanishes when (x—y)? < 0. Briefly discuss the physical
significance of this result. [4 marks]

(e—ip'(x—y) _ eip'(x—y)) .

Consider the Feynman propagator

Dr(x —y) = (0T $(x)8'(y)[0).

What does “T" denote? Write an expression for T¢(x)¢'(y) using the Heav-
iside step function 8(t) and argue why T¢(x)¢(y) is a properly Lorentz co-
variant operator. [3 marks]

Given that (8% + m?) ¢(x) = 0 and df(t)/dt = &(t), show, using the equal
time commutation relations, that

(87 + m?) De(x) = —i6™(x).
[4 marks]

[Total 20 marks]
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4. The free spinor field ¥(x) satisfies the Dirac equation
oY —mp =0,

where {’y“,fy”} = 2n*1,4 and 1, is the n x n identity matrix. In the Weyl basis the
gamma matrices can be written as

(03 (3 9)

where o' are the Pauli matrices satisfying o'c? = §" + ie’*o*.

(i) We define S# = Li[y# 4*]. Calculate the components S and S” in the
Weyl basis. What type of transformations are associated to S¥? What about
507 [4 marks]

(i) By considering (iv*0, + m)(iv*8, — m)1, show that if ¥ (x) satisfies the Dirac
equation then it also satisfies the Klein—Gordon equation.
Assuming a plane-wave form of 9(x) = u(p)e™P* or ¥(x) = v(p)e> where
p® > 0, give the condition on p? and show that the Dirac equation implies

(P —m)u(p) =0, (p*v, + m) v(p) = 0.

[5 marks]

(iii) Show that, in the rest frame where p* = (m,0), the general solutions for
u(m,0) and v(m, 0) in the Weyl basis are

u(m,0) = (g) , v(m,0) = (_é,) :

where £ and £ are two-component vectors. To what do the four independent
states, two for £ and two for £, correspond physically? [5 marks]

(iv) The Pauli-Lubanski vector W, is used to characterize the spin of a field. As
an operator on ¥(x) it has the form

__ 1 vp o
Wy = 51€u0p0 570

where €,,,, Is a totally antisymmetric tensor with €p103 = 1.
Show that, in the rest frame where ¥(x) = Yoy = u(m, 0)e™"™, we have
1070
Wodo) =0, Wity =m <2o lgf) V(o)
2

Hence show that o) is an eigenstate of W? and calculate the eigenvalue.
[6 marks]

[Total 20 marks]
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5. The free Dirac field 1(x) has a Lagrangian density
L= 7»5 (ifyuau - m) 1/*
where 9 = 9140.

(i) What is the momentum density 7 conjugate to ?

Give the canonical equal-time anti-commutation relation (ETAR) between 9
and 7 and show it is equivalent to

{7(t. %), ¥(t.y)} = 6% 6P (x — y),

where a, b label the spinor indices. What are the ETARs for 4 with ¢ and '
with 17?

The fact we take anti-commutation relations is an example of the spin-statistics
theorem. What does it imply about the corresponding particle states? What
kind of equal-time relations would one take to quantize a non-interacting spin-
two field? [5 marks]

(i1) There is a conserved charge for 1 given by
Q=[x

What are the corresponding conserved current and corresponding symmetry of
the Lagrangian density £? [2 marks]

(iii) Show that
[AB,C] = A{B,.C} — {A C}B,

and hence, using the ETARSs, that
[Qu(x)] =—v(x),  [Q¥'()] =v'(x).

How is this related to the symmetry transformation discussed in (ii)?
[7 marks]

(iv) The Hamiltonian associated to L is
H= /d3xzﬁ (IV'V; 4+ m) 9.
Given the results of part (iii) show that [H,Q] = 0. What does this imply

about the possible labelling of states, such as the one-particle states, in the
Hilbert space of the theory? [6 marks]

[Total 20 marks]
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6. Consider the interacting A¢* theory with Lagrangian density
L=30,00"¢ — 3m°¢” — ;2¢".

In the interaction picture the S-matrix is given by

S=Texp <i /d4x - Lint(x) :> .

(i) Define the free Lo and interaction L;: parts of £. Explain how S can be
regarded as a perturbation expansion and write down the first three terms in
the expansion.

What is that meaning of the symbol “: ;"7 In particular, what are : akaf, :and
T

D apak ! [5 marks]
(ii) Consider the scattering of four incoming ¢ particles with momenta ki, ko, k3

and k4 to two outgoing ¢ particles with momenta p; and p».

Use the position-space Feynman rules to calculate the contribution of the fol-

lowing Feynman diagram to (p1, po|S|ki, ko, k3, Ka).

k1
D1 ko

k3
2]

k4

At what order in the perturbation expansion does this diagram appear?
[5 marks]

(iii) By doing the position-space integrals and using
d4p e_ip'(x_y)
D —y)=i .
Fx =) I/ (2m)4 p2 — m? + i€
show that the contribution can be written as
—iX?
(p1+ p2— ka)? —m? +ie

(2m)*6™ (1 + po — ko — ko — ks — ka).

What is the physical meaning of the delta-function? [5 marks]

(iv) There are three more connected diagrams with a topology similar to that in
part (ii) and six further connected diagrams with a different topology all of
which contribute at the same order in A.

Draw one further diagram of each type and use the momentum space Feynman
rules to write down the contribution of each to (p1, p2|S|k1, ko, kz, ks).
[5 marks]

[Total 20 marks]
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