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1. You may quote the Baker-Campbell-Hausdorf formula or special cases derived from
this as required.

The time evolution of any any operator @H in the Heisenberg picture is given by
Ou(t) = exp{+iHut} Ou(t =0) exp{—iHyt}, (1)

while states are time-invariant in the Heisenberg picture. The operator ﬁH is the
Hamiltonian in the Heisenberg picture and it is assumed to be independent of time.

(i) A free real scalar field in the Heisenberg picture is given by

n d3p 1 a A—iwpt+ip-x at Alwpt—ip-x
du(t.x) = e ——— (8pe + ale'r ), (2)

(2m)3 | /2w,
with wp:‘\/p2+m2‘20. (3)

The annihilation and creation operators obey their usual commutation relations
[aAp: aA:r;] = (21)°6°(p - q), [, aq] = [aA;r), aA:r;] =0. (4)

Assuming that classically the conjugate momentum 7 to the field ¢ is given by

T = ¢ = 0;¢, write down the momentum operator 7iy(t, x) conjugate to the

field ¢u(t, x) of (2).

State the equal time commutation relations for a real scalar field.

Calculate the equal time commutator [¢pn(t, x), T (t, y)] and show it has the

expected value. [10 marks]

(i) Show that the commutator of the free scalar field in the Heisenberg picture,
¢n of (2), at different space-time points x and y (not just at equal times) may
be written as

Ac(x—y) = [fn(x), du(y)] (5)
d3p 1 . .
= @) 2—% (exp{—ip- (x —y)} —exp{+ip- (x —y)}) .
(6)
Show that this commutator Ac is consistent with the equal time commutation
relations. [8 marks]

iii e advanced propagator (two-point Green function) for the real scalar fie
i) The ad d int G f ' for th I lar field
d(x) (in any picture) is defined as

Da(x) = —6(=x"){0] [$(x). $(0)] | 0) . (7)

Show that advanced propagator Da(x) can be written as

d*p i -
Da(x) = e
{0 = | G =i Fex0 B

where the integrations are all along the real axes of the four p* components.
The parameter € is a small positive infinitesimal which is taken to zero (from
the positive side) at the end of the calculation. [12 marks]

[Total 30 marks]
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2. The full Hamiltonian H in any picture is split into two parts: H= ﬁo + ﬁmt where
ﬁo is the free Hamiltonian and I:/\int is the interaction Hamiltonian. The relationship
between the Schrodinger (subscript S) and Interaction pictures (subscript I) for any
state 9 and for any operator Ois given by

W, t) = exp{+ifost} [P, t)s, (1)
O(t) = exp{+iHost} Osexp{—iHyst}. (2)
(i) Starting from the Schrédinger equation

d R

d _
Idtw" t)s s Y, t)s (3)

show that

W, th = exp{+iHost}exp{—iHst} [t =0)s, (4)

where ﬁs = ﬁo,s + ﬁmt,g is split of the Hamiltonian into free and interacting
parts in the Schrodinger picture.

Show that the Schrodinger equation (3) implies that the time evolution of
states in the interaction picture is

d ~
IEW)' th = Hinw |¥, ), (5)

where ﬁinu is the interaction Hamiltonian in the Interaction picture.
[10 marks]

(i) The time evolution of interaction picture states can be expressed in terms of
an operator U(ty, t) where

Y.e) = Ut ) 19t (6)

Assuming t, > t;, find an expression for U in terms of the exponential of the

interaction Hamiltonian in the Interaction picture, Hj. . You may assume that

T (exp{ﬁ} exp{é}) =T (exp{AAJr §}> where T(...) indicates the operators

are time-ordered . [10 marks]

(iii) State without proof Wick's theorem for a theory with a single real scalar field,
defining any notation you use.

Consider a theory with a single real scalar field $ of mass m and an interaction
Hamiltonian of the form Hi,e = (A\/4!) [ d®*x ¢*. Derive an expression for the
two-point Greens function

G(y.2) = (0[Thi(y)i(2)5]0) (7)

up to and including first order in X in perturbation theory. Your expression
should be in terms of X and in terms of a propagator A, which you must define
in terms of a free field expectation value. Here |0) is the vacuum of the free
(non-interacting) theory and the S matrix is 5 = U(+o00, —0).

[10 marks]

[Total 30 marks]
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3. The scalar Yukawa theory for real scalar field ¢ of mass m and complex scalar field
9 with mass M has a cubic interaction with real coupling constant g (a measure of
the interaction strength) with Lagrangian density given by

L= ( 0u)(8"¢) — m2¢2 + (0,91 (0%9) — MY — g9 ()P (x)p(x) . (1)

In the interaction picture, the field operators take the form

d3p 1 e ipx +ipx — 2 2
$(x) Gn)? 2w(p) (dpe P+ 8let ™), po = w(p) = ‘\/p T m ‘

d3 —ipx ipx 2 2
P(x) = ) m (bpe™ + &le™), po=Q(p) = ’\/ + M

where the annihilation and creation operators obey their usual commutation relations
(4, 8)) = @2m)*6*(p—a),  [4,,4,) = [3},4}] =0. (4)

Both the b, bt pair and the & and &' pair of annihilation and creation operators
obey similar commutation relations to those of the 4 and 4" pair. Different types of
annihilation and creation operator always commute e.g. [4p, b}| = 0.

Consider the case of ¥Y — Y scattering with incoming 1 particles of three-
momenta p; and p, while the outgoing ¢ particles have three-momenta g, and qs.
We will define the matrix element M in terms of the free vacuum state | 0)

M = (fIS]i) ZM M, ~ O0(g") (5)

= <O’b(Q1) (qz)SbT(Pl)BT(Pz)’m (6)

where A = (16Q(p1)Q(p2)2(q1)2(g2))Y? for the normalisation of operators and
states used here. Also a, = a(p), | 0) is the free vacuum state and all quantities are
given in the Interaction picture (so no subscript is used in this question to indicate
this picture).

(i) What is the relationship between the matrix element M of (5) and the corre-
sponding Green function for this 12 scattering in Scalar Yukawa Theory,

G(z1. 2. 51.10) = (OTY(2)%(2)%" (v1)¥'(12)S]0) (7)
= ZG”’ GnNO(gn) (8)

Note we will define G, as the order g” term in a perturbative expansion for the
Green function. [6 marks]

(i) Write down the Feynman rules needed for Green functions in coordinate space
in this theory. No derivation is required. [6 marks]

(iii) Use the Feynman diagram rules for this theory to demonstrate that G,, M, =0
if nis odd. [6 marks]

[This question continues on the
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(iv) Draw all the Feynman diagrams which contribute to 11 — ¥ scattering
Green function Go(z1, 2, y1, ¥2) of (7) containing two powers of g. In particular
you do not need to consider diagrams with no factors of g or one factor of g.

For each of these diagrams specify

(a) the symmetry factor

(b) the number of loop momenta.

(c) state if they contain a vacuum diagram contribution,
)

(d) state if represent self-energy corrections to propagators in lower order di-

agrams.

[12 marks]

[Total 30 marks]
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