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1. You may quote the Baker-Campbell-Hausdorf formula or special cases derived from

this as required.

The time evolution of any any operator ÔH in the Heisenberg picture is given by

OH(t) = expf+i ĤHtgOH(t = 0) expf�i ĤHtg ; (1)

while states are time-invariant in the Heisenberg picture. The operator ĤH is the

Hamiltonian in the Heisenberg picture and it is assumed to be independent of time.

(i) A free real scalar �eld in the Heisenberg picture is given by

�̂H(t; x) =

∫
d3p

(2�)3
1√
2!p

(
âpe

�i!pt+ip�x + ây
p
ei!pt�ip�x

)
; (2)

with !p =
∣∣∣√p2 +m2

∣∣∣ � 0 : (3)

The annihilation and creation operators obey their usual commutation relations[
âp; â

y
q

]
= (2�)3�3(p � q) ; [âp; âq] =

[
ây
p
; ây

q

]
= 0 : (4)

Assuming that classically the conjugate momentum � to the �eld � is given by

� = _� = @t�, write down the momentum operator �̂H(t; x) conjugate to the

�eld �̂H(t; x) of (2).

State the equal time commutation relations for a real scalar �eld.

Calculate the equal time commutator [�̂H(t; x); �̂H(t; y)] and show it has the

expected value. [10 marks]

(ii) Show that the commutator of the free scalar �eld in the Heisenberg picture,

�̂H of (2), at di�erent space-time points x and y (not just at equal times) may

be written as

�C(x � y) =
[
�̂H(x); �̂H(y)

]
(5)

=

∫
d3p

(2�)3
1

2!p

(expf�ip � (x � y)g � expf+ip � (x � y)g) :

(6)

Show that this commutator �C is consistent with the equal time commutation

relations. [8 marks]

(iii) The advanced propagator (two-point Green function) for the real scalar �eld

�(x) (in any picture) is de�ned as

DA(x) = ��(�x0)h0j
[
�̂(x); �̂(0)

]
j 0i : (7)

Show that advanced propagator DA(x) can be written as

DA(x) =

∫
d4p

(2�)4
i

(p0 � i �)2 � p2 �m2
e�ip�x 1� � > 0 (8)

where the integrations are all along the real axes of the four p� components.

The parameter � is a small positive in�nitesimal which is taken to zero (from

the positive side) at the end of the calculation. [12 marks]

[Total 30 marks]
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2. The full Hamiltonian Ĥ in any picture is split into two parts: Ĥ = Ĥ0 + Ĥint where

Ĥ0 is the free Hamiltonian and Ĥint is the interaction Hamiltonian. The relationship

between the Schr�odinger (subscript S) and Interaction pictures (subscript I) for any

state  and for any operator Ô is given by

j ; tiI = expf+i Ĥ0;Stg j ; tiS ; (1)

ÔI(t) = expf+i Ĥ0;Stg ÔS expf�i Ĥ0;Stg : (2)

(i) Starting from the Schr�odinger equation

i
d

dt
j ; tiS = ĤS j ; tiS (3)

show that

j ; tiI = expf+i Ĥ0;Stg expf�i ĤStg j ; t = 0iS ; (4)

where ĤS = Ĥ0;S + Ĥint;S is split of the Hamiltonian into free and interacting

parts in the Schr�odinger picture.

Show that the Schr�odinger equation (3) implies that the time evolution of

states in the interaction picture is

i
d

dt
j ; tiI = Ĥint;I j ; tiI ; (5)

where Ĥint;I is the interaction Hamiltonian in the Interaction picture.

[10 marks]

(ii) The time evolution of interaction picture states can be expressed in terms of

an operator Û(t1; t2) where

j ; t2iI = Û(t2; t1) j ; t1iI : (6)

Assuming t2 > t1, �nd an expression for Û in terms of the exponential of the

interaction Hamiltonian in the Interaction picture, Ĥint;I. You may assume that

T
(
expfÂg expfB̂g

)
= T

(
expfÂ+ B̂g

)
where T(: : :) indicates the operators

are time-ordered . [10 marks]

(iii) State without proof Wick's theorem for a theory with a single real scalar �eld,

de�ning any notation you use.

Consider a theory with a single real scalar �eld �̂ of mass m and an interaction

Hamiltonian of the form Ĥint = (�=4!)
∫
d3x �̂4. Derive an expression for the

two-point Greens function

G(y ; z) = h0jT�̂I(y)�̂I(z)Ŝj 0i (7)

up to and including �rst order in � in perturbation theory. Your expression

should be in terms of � and in terms of a propagator �, which you must de�ne

in terms of a free �eld expectation value. Here j 0i is the vacuum of the free

(non-interacting) theory and the S matrix is Ŝ = Û(+1;�1).

[10 marks]

[Total 30 marks]
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3. The scalar Yukawa theory for real scalar �eld � of mass m and complex scalar �eld

 with mass M has a cubic interaction with real coupling constant g (a measure of

the interaction strength) with Lagrangian density given by

L =
1

2
(@��)(@

��)�
1

2
m2�2 + (@� 

y)(@� )�M2 y � g y(x) (x)�(x) : (1)

In the interaction picture, the �eld operators take the form

�(x) =

∫
d3p

(2�)3
1√

2!(p)
(âpe

�ipx + ây
p
e+ipx) ; p0 = !(p) =

∣∣∣√p2 +m2

∣∣∣ ;(2)
 (x) =

∫
d3p

(2�)3
1√

2
(p)
(b̂pe

�ipx + ĉy
p
e ipx) ; p0 = 
(p) =

∣∣∣√p2 +M2

∣∣∣ ;(3)
where the annihilation and creation operators obey their usual commutation relations[

âp; â
y
q

]
= (2�)3�3(p � q) ; [âp; âq] =

[
ây
p
; ây

q

]
= 0 : (4)

Both the b̂, b̂y pair and the ĉ and ĉy pair of annihilation and creation operators

obey similar commutation relations to those of the â and ây pair. Di�erent types of

annihilation and creation operator always commute e.g.
[
âp; b̂

y
q

]
= 0.

Consider the case of   !   scattering with incoming  particles of three-

momenta p1 and p2 while the outgoing  particles have three-momenta q1 and q2.

We will de�ne the matrix element M in terms of the free vacuum state j 0i

M = hf jSj ii =

1∑
n=0

Mn ; Mn � O(g
n) (5)

= Ah0jb̂(q1)b̂(q2)Sb̂
y(p1)b̂

y(p2)j 0i (6)

where A = (16
(p1)
(p2)
(q1)
(q2))
1=2 for the normalisation of operators and

states used here. Also ap = a(p), j 0i is the free vacuum state and all quantities are

given in the Interaction picture (so no subscript is used in this question to indicate

this picture).

(i) What is the relationship between the matrix element M of (5) and the corre-

sponding Green function for this  2 scattering in Scalar Yukawa Theory,

G(z1; z2; y1; y2) = h0jT (z1) (z2) 
y(y1) 

y(y2)Sj 0i (7)

=

1∑
n=0

Gn ; Gn � O(g
n) (8)

Note we will de�ne Gn as the order g
n term in a perturbative expansion for the

Green function. [6 marks]

(ii) Write down the Feynman rules needed for Green functions in coordinate space

in this theory. No derivation is required. [6 marks]

(iii) Use the Feynman diagram rules for this theory to demonstrate that Gn;Mn = 0

if n is odd. [6 marks]
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(iv) Draw all the Feynman diagrams which contribute to   !   scattering

Green function G2(z1; z2; y1; y2) of (7) containing two powers of g. In particular

you do not need to consider diagrams with no factors of g or one factor of g.

For each of these diagrams specify

(a) the symmetry factor

(b) the number of loop momenta.

(c) state if they contain a vacuum diagram contribution,

(d) state if represent self-energy corrections to propagators in lower order di-

agrams.

[12 marks]

[Total 30 marks]
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