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Solutions 4: Free Quantum Field Theory

1. Heisenberg picture free real scalar field

We have

(i)

¢(t gc) = /d3p 1 <CL e*iwthrip'w +GT eiwptfipa:) (1)
’ (27‘(’)3 2Wp P D

By taking an explicit hermitian conjugation, we find our result that ¢! = ¢. You need to note that
all the parameters are real: t,x,p are obviously real by definition and if m? is real and positive
semi-definite then w), is real for all values of p. Also (a")" = @ is needed.

Since ™ = ¢ = 9,¢ classically, we try this on the operator (1) to find

d3 . , . .

In this question as in many others it is best to leave the expression in terms of commutators. That

is exploit
[A+B,C+ D] =[AC]+[A D]+ [B,C] + [B, D] (3)

as much as possible. Note that here we do not have a sum over two terms A and B but a sum over
an infinite number, an integral, but the principle is the same.
The second way to simplify notation is to write e ~“rp!HP® = ¢~ 5o that we choose py = +wp.

The simplest way however is to write /Alp = dpe_iwpt+ip’m and flT = aJr e~ wpt P T You can quickly

check these satisfy the same commutation relations as a, and d;r,. In fact Ep = ettgLe 1t = §,(t)
for a free field, i.e. we have just applied time evolution to the free field Heisenberg picture operators.

We have the usual commutation relations for the annihilation and creation operators with contin-
uous labels (here the three-momenta) !

[ap.ay| = @n)6*(p—a),  apaq] = [afoa}| =0. (4)

The first field commutation relation is then

b(t, @), 7(t,y)] = /27T \/@/ \/E

[(ape—zwpt—i-zp-m + a;rjezwpt—zpm)’ (aqe—iwqt—i-iq-y . ageiwqt—iq-y)} (5)

) / @p dq [y
Y] @m)3 @2r)3 )\ 4w,

(
(_e,i(wpqu)tﬂp-mfiq-y [ap, T} 4+ ¢ilwp—wq)i—ip-wtiqy [ T aq]> (6)

. d3p d3q w —i(wp—w, ip-T—1q-
= (—Z)/(%)g (QW);),\/ZJ](—@ (wpmwa)ttipe=iay (97)35% (p — q)

+¢'Wpmwaltmipaetiay (93 (53 (p — q))) (7)

3 , ,
[ S (e g ctew) ®)
— %253(m -y) 9)

!Note that this gives the annihilation and creation operators units of energy ™ (in natural units). The usual [ai, a;r.] = idi;

is for the case of discrete labels.
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Thus we find the canonical equal-time commutation relation

[¢(t,$), TF(t, y)] = 153(m - y) . (10)
For the commutators
[6(t.2). 6t y)| = [7(t. @), 7(t,y)] = 0. (11)
we see that they are of similar form
~ ~ d3p 1 N 1/ . ~ _1/ .
Bt =0.2). 6t =0.9)] = [/(QW)g\/ﬁ(ape‘*‘pw—l—aLe -
P
d¢ 1 +igy | 5t o—iay
/ o m(aqe +afe )} (12)
A ~ d3p . Wp . ip- At —ip-
[7(t=0,z),7(t=0,y)] = [/ 2n)? (—1i) ?p(apeerw — a;‘,e Py,
d3q N [Wq oo iq- At —ig-
| it age iy — i)
(13)
Thus all we need to show that
d3pd? « A A ,
Cs = /(w 5 )3/2 [(ézpe“p'sc + safe P, (age Y —i—sdfleﬂq'y)] : (14)
pWq

is zero where s = +1 as the field (momenta) commutator is proportional to Cy (C_). Using (3)
and (4) we find exactly as before that

dPpdq __ o
Cs = / —_— ( [dlh dq] eTPTHQY | o |:dp7 dT} etiPz—iqy
(wptq)®/? K
+s [&L, (Alq} e PEHQY [&L, &H e*ip'm*itry) (15)
d3pd® . ‘
= / (p )Sq (8(5(p . q)eJrZP'(w*y) _ 8(5(}7 _ q)efzp-(wfy)> (16)
Wp
a3 A ,
= 3/ o ])78 (e+2p'(w—y) _ e—zp(az—y)) an
D
If you now change integration variable in the second term to p’ = —p you will find it is of exactly

the same form as the first term and these cancel giving zero as required.
Aside - Trying to be Careful

This is really rubbish isn’t it! The integrals here look divergent as they scale as energy (=momen-
tum=mass) to the power (3 — s). The oscillatory factor just means we are adding +oc and —oco as
we integrate out at high energy scales, at large |p|. The whole thing looks (and is) badly defined.
QFT is not very reasonable about divergences.

Riemann-Lebesgue lemma? is the real answer here but unlikely to be helpful to Imperial Physics
students who aren’t given the relevant mathematical tools. If we set up the problem more carefully
we could apply this lemma and you’d be happy. In practice I haven’t set up the maths carefully. I
think you will find most QFT text books are the same. We really should define everything carefully
to make sure that such integrals are always defined properly.

’See https://bit.1ly/2K0sAkA.
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The quick and dirty way here is to remember that these integrals here are part of an operator
expression coming from commutators even if it is a unit operator. To evaluate these expressions the
operator must act on something. So you should let your expression act on a dummy function f(p).
Now this dummy function has to be of the right type, some well behaved function. Basically that
has to be something that falls off for large |p| “nicely”. The functions needed will always respect
our space-time symmetries, so here will always be functions of |p|. A suitable example might be
something that falls off as exp(—p.p/(20?)) where you can choose sigma to be as big as you like
(take it to infinity only after everything else is done). Now your integrals are of the right form for
Riemann-Lebesgue lemma to apply. Alternatively, as each integral is now well behaved and finite,
you can start to manipulate them. In our case we would need f(p) = f(—p) for our odd/even
arguments to work but the space-time symmetries guarantee that any function we have in practice
will have that symmetry.

To be more precise we should set everything up carefully. This is what the Axiomatic QFT? is very
careful about.

(iv) Given wp = \/p? + m? then wp = w_p and hence

/d3:v ot =0,x)e"d® /dgx (a P 4 qf e‘”"”’) e'd® (18)
(27)3 \/2wp P P
g dp 1 ilpta)z | ,toila—p)=
= [ @ Ve <ape +ahe ) (19)
p
dBp 1
_ / ap(27)*5 (@ + p) + al(2m)*0@ (@~ p)) (20)
(2m)3 | /2wy ( P P
1
= %0 (a_q + ajl) (21)
V q
. 3 . . .
L e
3 . )
— —i/d3a: ((21 1)’3 %P (ape%(erq)-fc — a;r)e%(q—p)-$> (23)
71_
. a3 w
S / o\ 2 (a(2n)60 @+ p) - a2 6@ - ) (24
. W,
= —1 ?q (a,q — aa) (25)

Thus solving for a_q and ail gives

aq = /d?’xe_iq’m< %(ﬁ(O,w)—i-ii

= /d?’aceiq'”c ( %qﬁ((),w) —i\/;w—qﬂ(oaw)> (27)

£Q—

3See https://bit.1ly/2urglID.
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Hence since [¢(z), ¢(y)] = [r(z), 7(y)] = 0

{ap,ail] = /d3x e PE3y laY

(29)

1 o1
[\f 5(0,) + i—— F \/;b(o,y)—z mwm,m] (30)

_ dS dS —ip-T+iq-y
/ zdoye 4wq

~(0,9)] + \/f (70, ) ¢<o,y>]) (31)

_ /d3IL‘ dSy e—ip~:):+iq~y ( 5(3 + ﬁé(i’)) (,y _ m)) (32)
\/ dwg Wp
_ 3. oi(a—p):
/d ze < [+ ,/4%) (33)
= (2n)°%%(p—q) (34)
(v) Taking the derivative we have
dgp p ip-x T —ipx
Vo(x) = / @n)? 2y <ape —ale ) (35)
sot
P - — / & (@) V() (36)
&p d¥q¢ fw q
— 3 4 ipx T, —ipx iqxr T ,—iqx
/d a;(27r)3 onF\ 2 (ape ale ) 2o <aqe ale ) (37)
3 3
_ _/d3 d’p d°¢ VWpq (38)
2n)? (2n)7 2
% {ez‘<p+q)- apiq — P~ VTq 0l — eI P-DTG g 4 emiPrRT ol } (39)
d’p dq wpa
_ (40)
(27)3 (27)3 2, /wg

x {(2m)*69) (p + q) (apaq + aha

_ [ A
(27)3 2 pep

Now p <apa_p + a;r,aT_p> is an odd function under p — —p and so integrates to zero. Thus

b

/
/
/

T

a
N % T _ gt
apal, — apay, — ay,

) — 2m)36®) (p — q) (czpajjl + a;r,aq) } (41)

ap) (42)

&’p p

2m)3 2 (apai) - alwap) (43)
&p p

iy (20 + (270 (0)) (44)
d3p

(27T)3p a;f,ap (45)

since again pd®(0) is an odd function (albeit it poorly defined!).

ANOTE THIS IS FOR t = 0 should add in more exponentials for non-tirvial times!
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The interpretation is that a;[,ap d3p is the operator giving the number of quanta in a small volume
d?p centred at momentum p. This will indeed contribute p to the total momenta. We see the same
type of term for the energy, the Hamiltonian operator H, but we get a factor of wp not p in that
case.

(vi) From (2) we have

3
/d3a: m — /d% _Z-/ (;1 1)93 /% (ape—iwpt+ip-m _a;r)ez‘w,,t—ipm)
s
Wq
2

. d3q iwgt+ig-x T Jiwgt—ig-x
) ey <“"e o~ ajplentae) (46)

/d3 / /wp‘*’q zwpt+ip~:1: _ a;[)eiwpt—ip-m)

(aq —iwgt+iqx Tezwqt—zq-w) (47)

Using that
/ d’ze®® = (27)°5(p) (48)

we apply the [ d3x and use the resulting delta function of 6%(p & q) to eliminate the g integral.
This gives us

3 2 d®p Wp —2iwpt i i T o 2iwpt
d’z Il = — @) 2 (apa,pe PL— apay, — apap + a P ) (49)

From (2) we have
d3 1 o o
/dgm (V¢)2 = /d?’:c / (27.[.]))3 /Tup (z’pape_mpt“p'm — ipa;f)ezwpt_zp'm>
3
/ d°q 1 (iqaqe—iwqt+iq-w an‘f twgt—iq- :c) (50)

_ 3 - —iwpt+ip-x _ ;T iwpt—ip-x
= /d / /(27r)3 T (zape P ia,e’ P )

. —iwgt+igx _ ; T  iwgt—iq-x
iage” " iag e (51)

Again we apply the [ d®x and use the resulting delta function of §2(p4q) to eliminate the g integral
to find

d3 2 ) A
/‘1331c (Vo) = / (273)?3 % (apafpe_mw”t + @paia + ai,ap + aLaipeZMPt) (52)
P

Finally, in the same manner we find that

dp 1 . ,
/d?’x (¢>2 — / (271-]))32%) (apa_pe—Q%upt +apai) + ai)ap + a;r)aJLPQszpt) (53)
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Putting this together we find

H - % / P I + (V)2 + m2e? (54)

- % / (;17?))3 “ +2pjp—|— m’ (CLPCLL + ai)ap)
% / ((21;]))3 a: J;f:: o (apafpe_%wpt + a;f,aipe%“”g (55)
= 5 [ o (wh + ) = [ 3w (dhap+ 3000) G0

with w, = + p? + m?2
(vii)

[H, a};ak] = [/ (;ijrp;:iwp <al,ap + ;) ,a;fcak} (57)
- [/ (;i];))wpa;ap,afcak] (58)
T -

Note that this result is not true for any interesting i.e. interacting theory. The interactions mix the
modes of different momenta leading to a lack of conservation of particle number. Only a continuous
symmetry can guarantee conserved numbers and those are usually linked to total numbers of various
particles, not the individual quanta of one particle at one momentum.

2. Time evolution of annihilation operator

(i) From (56) and using the commutation relation

|ap.a}] = @m)Pop—a),  [ap,aq) = [a},aj| =0, (60)
we have that
[H,ap] = /(gjf)g [wqagaq + ;,ap] (61)
-/ (j;lgwq (ahat — apalay) (62)
= / (;1:33% (a;aqap — (afaqap + (27)°6(p — q)a_p>) (63)
=~ [ i - a)ap = - (64)

as required.

(ii) We want to prove that
(itH)"ap = ap [it(H — wp)]" (65)
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using [H, ap] = —wpap. First note that trivially the relation holds for n = 1. Now if we assume the
relation holds for n = m then

(itH)"a, = (itH)(itH)™a, (66)
= itHap [it(H — wp)]™ (67)
= it(apH — wpap) [it(H — wp)]” (68)
= aplit(H — wp)™ | (69)

So the relation holds for n = m + 1 if it holds for n = m. Thus, by induction, it holds for all n > 0.

(iii) Start by expanding the first exponential

0
eth —th _ Z l ZHt —th
n' K
n=0
n

= ape
= a e it(H— Wp— H)
= 0Op
Thus we see that®
iHt  —iHt _ —itw
e ape = ape p

where we have used the obvious facts that [H, H] = 0 and [wp, H] = 0.

The corresponding equation for a;, follows from hermitian conjugation

(ez'Htapefth)T _ (apefitwp)T
N (e—th)T (ap)T (ez‘Ht)T _ (efitwp)T (ap)T
= otilltglonilt . titupgh
o Giltgte—iHt ot Fiwpt
P P :

3. Delta Functions

The Dirac delta function is defined through

“+oo
/ dz 6(x — o) f(x) = f(zo) .

—0o0

You should always start from this equation when using a delta function.

(82)

5 Another neat way to prove this by taking the derivative of the equation with respect to ¢ and solving the resulting

operator valued differential equation.
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(i)

(i)

Consider
— [ayst6nsw). (83)

Assume that the zero’s of g are at Z = {yo|g(yo) = 0} and are widely spaced. Then the only places
where the integral (83) has a non-zero contribution is in the region of one of these zeros as we need
the argument of the delta function to be zero from (82). So we can write J as

1= [T dvstewse). (84)
yo€Z Y Y0T€

So consider one of these zeros, say g, and expand the function g around this zero to find that
9(y) = g(yo) + (v — v0)9' (yo) + O((y — yo)?). By definition G(yp) = 0 so we have for small ¢ that

1= [ st - w0 ). 5
yo€Z Y Y0¢

Now change variable to z = (y — y0)¢'(y0) to match the form given in the definition of the delta
function (82). The change of variables is gives us

J—Z/

YoE€EZ

(W),  n=4g(o)e. (86)

Now in order to apply the formula (82) we note that we must be running from below the zero of
the argument of the delta function, from below z( in (82), to above it. For the case of ¢'(yp) > 0
there is no problem as 7 is positive and we have the same form as (82). The range of integration
can be extended to infinity without any problem. When ¢'(yo) < 0 however, 7 is negative and we
are running past the zero in the wrong direction. However easy to switch direction but we get an
overall minus sign in this case. This then cancels the negative sign of ¢'(yo) in the denominator.

Thus we have that
=3 /

Now we apply (82) to find that

7= [y steni) = 3 L (88)

7D y0, @) f@), 0" =ldo)le. (87)

By inspection

d*k 2 2 2 2 2

I'= [ =7 0(k" =m”)f(k",p", (k = p)) (89)

(2m)
must be Lorentz invariant if k& and p are four vectors as the expression is made up of Lorentz scalars.
The arguments k2, p?, (k—p)? and m? are all Lorentz scalars. The measure, d*k is Lorentz invariant
because any boost to new variables k' = ALk" produces a Jacobian factor in the transformation
|A| but this is 1 by definition of the Lorentz transformations. Thus all elements of this integral are
invariant.

There is only one variable p in this problem so we can only be a function of the only remaining
variable p (and of course it can depend on m or other constant parameters). The only invariant we
can build out of this is p? so the result must be a function of p?.
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(iii)

The result

3
I= Z /if f(m?,p%, (k —p)?), w=|M|. (90)
ko==dw

follows from (88). Consider the ko integration where we have that g(ko) = (ko) —w?. This has two
zeros at ko = tw. We find that ¢'(ko) = 2ko so at the zeros we have ¢'(ko) = 2|ko| = 2w.

Since I is Lorentz invariant as a whole, and all the other terms in the form (90) are Lorentz invariant,
we deduce that d®k/(2w) is also Lorentz invariant. You could also prove this directly by changing
variables to a boosted frame k* = ALEY.

Consider the integral

oo i i
K = d; - 91
/_OO Po f(po) (pg—w—i-z'e po—w—ie) (91)

The poles and contours used in the two terms are shown in figure 1.

For the first term we can distort the integration path so that near the pole at pg — w + i€ we run
along a semi circle centred on w of radius n > 0 running above the axis (positive imaginary part),
see figure 2. We will assume 7 is infinitesimal so that we do not encounter any poles in the function
f- We run along the real axis for the rest of the path. We can now take the limit ¢ — 0 to place
the pole on the real axis as for n > 0 the path does not run through the pole.

K+:/C dpo f(po) (92)

bo—w

For the second term we move the contour of integration so near its pole at pg — w — i€ so that now
this path runs along the real axis except for a semi-circle centred on w of radius 7 > 0 but this time
the semi-circle is below the axis (negative imaginary part), see figure 2.

i

Po —w

K== [ dmfn) (93)
Cc_

If we reverse the direction of integration in this second case we absorb the overall minus sign. Since
the whole result is K = K + K_ when we put the two together, the contributions coming from
two integrations along the real axes now cancel. The only part remaining is an integration around
a small circle of radius n centred on the pole at ky = w, see figure 3. Note we are running round
this pole in a negative sense so that the residue there tells us this integral is equal to —27i times
the residue. The residue is simply if(pp = w) with the the factor of ¢ coming from the numerator.
Thus we find that we have

K = 27 f(po = w) (94)

However using the definition of the Dirac delta function (82) we also have that this may be written
as
+o0
K= 2’7['/ dpof(po)(s(po — w) (95)
Now comparing (91) and (95) we can identify that
2md(py — ) = — " (96)
motpo Cpo—wHie  py—w —ie




QFT PS4 Solutions: Free Quantum Field Theory (22/10/18) 10

A A

w-ig o-ig

Figure 1: Figure showing two contours used for two terms in the delta function representation K. Here
the poles are placed off the real axis and contours run along the real line.

A A

YY
4
\

Figure 2: Figure showing two contours used for two terms in the delta function representation, K of
(92) uses C'y shown on the left while on the right is C_ used by K_ of (93). The poles of the integrand
are now on the real axis but the contours follow semicircles above or below the real line to avoid the the
poles.

Figure 3: Absorbing the minus sign of the second term of (91) by reversing the direction of the countour
C_, the only non-zero contribution now comes from a small circle around the pole running in the negative
direction..



QFT PS4 Solutions: Free Quantum Field Theory (22/10/18) 11
4. The Advanced Propagator

We have

(i) We start by evaluating D 4. We have

d3 d3 1 —ipT ip-T
0@.00] = [ GFr5ms i ([ [iho )| )
d3p d3 1 . .
- | e e e =,
— d3 1 —ip-T ip-T 100
a /(2 )2 2wp CR )‘pozwp (100)

Hence since (0]0) = 1 we have®

Da(z) = —0(=2){0|[¢(), ¢(0)]|0) (101)

_ 9(:1;0)/(;1;261 (e—ip-:r 7eip.fﬂ)‘p0:wp (102)

d3 ]. ; 0 . . 0 .
_ _pn(_.,0 —iwpX” IPT _ ,WpT ,—iP-T
= —O(—=z )/ 2n)7 2, (e Pt e e'rt e ) (103)

dPp 1 : . . ,
= —0(—2%) / (e_wpxoemx — e’wpxoe’p'x) p <> —p in second ternl104)

(2m)3 2wp
5 .
= —0(-2" / (;17:)93 (2;63—1]7.1 po_w> (105)

We now need to introduce a pg integration and rewrite the expression in terms of a contour inte-

1 .
+ 76—117(17
PO=wp (_QWP)

gration. There are two standard ways to do this. In the first approach we shift the poles of the
integrand, introducing a small positive infinitesimal € into the integrand which is taken to zero
(from the positive side) at the end of the calculation. This is the approach used in the lectures and
it is common practice to use this notation, especially in the case of the time-ordered (Feynman)
propagator. The second approach is to make small distortions in the contour away from the real
po axis near the poles. This is used by Tong in his derivation of the Feynman propagator (sec.2.7.1
page 38) though Tong reverts to the first and standard notation later on (see Tong equation (3.37)).
Both methods are equivalent in the € — 07 limit.

First approach

Consider
d*p i .
T — —ip-x 1
@ = [ iy (106)
d3p dp 1 i
_ !l —px 107
/ (2m)3 /—oo 2mi (p° — wp — i€)(p + wp — ic) ‘ (107)

SFor the p +» —p in second term don’t forget that in changing variable in each momentum component f dp; means
the range of integration changes from —oo to +oo to the other way round giving another minus sign.
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where, as usual, wp = /p?+m?. The py integration is along the real axis with poles in the
integrand as shown here

A
- t+ig +om +ig
}Xp x P
= >
(108)
The dp° integrand
1 .
0 .\ — —ipw 109
N o)
has simple poles at
P’ = twp + e (110)
Near these poles the integrand looks like f ~ Ry /(p° F wp + i€) with residues R4 given by
Ri— 4+ B (111)
£ 2wy ¢ pO=twptic

The idea is that we think of our expression for the advanced propagator in (105) as being of the
form
Da(z) = —6( 0)/ % (r, 4R (112)
x)=—0(—x — _).
! (2m)?
In order for this to match I1(z) of (107) we need to find a closed contour C' such that by using the
residue theorem we can deduce that

d 0
[ 516 p) = 0(-a") (R + ) (113)
c 2mt
If 20 > 0 then e~#"%" — 0 as J(p%) = —ico. This means that an integration of this integrand f

round a large semi-circle running around the lower half plane is equal to zero
dr’ . g ; 0 :
—f(p°,p) =0 ifzg>0as J(p°) - —ioco. (114)
c._ 2mi

We can therefore add this integration of f around the C_ semi-circle to our pg integration along
the real axis in I} without changing the result for I;. So we produce an expression for I; which uses
a closed contour for the pg integration by adding this lower semi-circle. Now no poles are enclosed
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within this closed contour so the residue theorem tells us the result is zero

A

-0 +ig +o +ig
P P

- " /dpo (°,p) =0 if 20> 0. (115)
C27T’i ’

Y
v

If 2° < 0 then e #"*° — 0 as 3(p®) = +ico. This means that an integration of this integrand
f round a large semi-circle running around the upper half plane will give zero. We can therefore
add this to our existing py integration along the real axis in I; without changing the result. So we
produce a closed contour by adding the semi-circle above and now the residue theorem tells us that
we pick up contributions from both poles. This gives us

. dpo 0 e 0
c 27

Putting the two cases together gives us the desired result

0
/Cgiif(po,p) =0(—2") (R"+R") . (117)

Alternative approach

The second approach to these types of problem is to distort the contour away from the real pg axis
near the poles by a small amount. So now consider
Pp [dp® i :
1 = — e T 118
@ = [ ok L (118)
_ / & / dp’ !

(2m)3 Jo 2mi (p° — wp) (P + wp)
where, as usual, wp = \/p? + m?2. The dp® integrand
1

0 _ efz'p-:):
fep) = (P° — wp) (P” + wp) (120)

e P (119)
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has simple poles at
P’ = +w, (121)
with residues f ~ Ry /(p” F wp) near p’ = +tw,, given by
| I,
Ry = i@ e M\poziwp (122)
Observing that we can rewrite
Da(a) = —0(—a") [ &2
a(w) = =0(=2) [ 5 (R + ) (123)
in order for this to match I(z) we need to find a contour C' such that
dp° 0 0 + -
5 [(0%p) = 0(—") (R* + R") (124)
c 2mi
Consider the following contour
~E, E,
N\ N\
C
(125)
If 20 > 0 then e~"?" — 0 as 3(p?) = —ioco and we close the contour below and pick up no poles
~E, E,
Y > Y
C
dp®
/ Tf(po, ) (126)
Cc &7

If 2° < 0 then e~ #°*° — 0 as 3(p®) = +ioco and we close the contour below and picking up both

poles

-/ N %

C

so that indeed
dp° 0 0 + -
Cf.f(p ,p) =0(—2") (R* + R™)

21

AT
| 55 16p) = R+ R

(127)

(128)
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To give a bit more detail on how we close the contour, consider z > 0. We have (remember p° is

complex)
1 00 Imp z0 Imp 29
——e P = 129
(»)? —wp ) - w2| P°)? —wp (126)
where the last step comes from writing [p"|?> = \(p )? —wp 4+ wi| < 1(p°)? — wi| 4 |w3| using the

triangle inequality. Closing the integral below we have Imp” < 0 so that elm’0 ¥ <. Thus,

evaluating first at finite [p"| we have, for the infinite semi-circular path C_ on the lower half plane

C-
(130)
we have
1 -0 ,.0
dp® e T < / dp? e P (131
/— (p°)? — w - (P°)? —wp )
eImpoaco
< dp? ————— 132
/c P°]* — wp (132)
1

< dp’ ————— (133)

/c P°]* = wp

m|p°|

= ] — o2 (integrate on C'~ with dp° = |p%|d) (134)
p

- 0 asp’— o0 (135)
Hence we see that the contribution from the integration along C'~ is zero and we can close the
contour C' along C'~ in order to evaluate I(z) when 2 > 0. A similar argument holds for 2° < 0.

ip-x

(ii) We have, taking the derivative of e~

4 i )
@4 Datw) = [ Gt () e (136)
4 .
= —is®W(x) (138)

(Note the integrand has no poles on the real axis, so none of the subtleties in the path C relevant
when defining D 4(x) appear.)
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5. Time evolution and propagators of a complex scalar field

1 onsider two Sets oI anninilation and creation operators aq, a,, a1 and ag obeying
i) Consider two sets of annihilation and creati tors al, ab d ay obeyi

(sl = @08 (P —a)dy,  [a sl = |alaly| =0, ij=12.  (139)

We define A 1 1
bp = 5 (i +ig) . = 5 (arp —diap) (140)

so that 1 1
bl, = > (alp —ial,) . &= % (al, +ialy) - (141)

We require several commutators to be proved. The key identity here is that for any operators
A, B,C, D we have
[A+B,C+ D] =[AC]+[A D]+ [B,C] + B, D] (142)

which you should prove if this is not familiar.

The commutators between a b or ¢ annihilation and a b or é creation operator are all of the form

1. .. A
5 [ap + isping) , (al, + isgil, )| (143)

where s, s, = £1. Expanding we have that

% [(arp + ispiaap) , (alg + isql, )| (144)
- % [alp,a{q] + isq% [alp,agq] +7;sp% [azp,a{q} - spsq% [&21,,&;(1} (145)
= %53(p—q) +0+0— spsqéﬁ?’(p—(I) (146)
= %(1 — 5,5,)8%(p — q) . (147)

So we find

>

=0 sp=+1,8=+1 (148)
= (p—q) sp=+1,5,=—1 (149)
Pp—q) s =—ls, =+l (150)

(151)

= 0 sp=—1,5,=-1

>
|
> O

S
|

= 5 = =
>
_Q—+ Q—+ Q—+ Q—+

>
o]
>

Note the last is the hermitian conjugate of the first so you could avoid calculating it for that reason.

The commutators between a pair of b or ¢ annihilation operators are all of the form

L. . o . .
5 [(a1p + ispazp) , (A1q + iSql2q)] (152)

where s,,s, = £1. Since annihilation operators commute with each other even if they are of the
same type and at the same momentum, all these commutators are clearly zero. Taking the hermitian
conjugate, (or using a similar argument for the creation operators), we see that all the commutators
between a pair of bi or ¢ creation operators are also zero.
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(i)

(iii)

Given the question below for () we can save time by considering I;;r,l;p + sé;f,ép where s = +£1. We
then have that

b +schin = 5 (al, — iady ) (anp + ap)
S (. A ~ A
+5 ( J{p + za;p) (G1p — iao2p) (153)
Loy - ot ot ot
= B (alpalp + 101, 02p — 109,01p + a2pa2p)
S (ot o it oA af s af s
+§ < 1p1p — 1) ,A0p + idy,d1p + a2pagp) (154)
1 S PSP , P
= 35 ((1 + s) (alpalp + a2pa2p> +i(1— ) (alpagp — a2pa1p>> (155)

d1p + Ghyinp - (156)
From this we see that (here Z, is the zero point energy for mode p)
=3 / @ wp (alyip + Zp) (157)
i=1,2

- / @*p wp (B + iy + 22, ) (158)
With the Hamiltonian given by (158), to show that

2 d3p 1 7 _—ipx AT +ipx
@H(t, .'I/') = WT%(bpe + Cpe ) (159)

given the form at ¢t — 0 (where px = p,a# and py = +wp) we can use the same method as used for
the real field. That is since like all operators’

Sy (t, @) = exp{iHt}®y(t = 0, ) exp{—iHt} (160)
all we need to do is look at the behaviour of
exp{iﬁ]t}l;p exp{—iHt} and exp{iﬁt}é;; exp{—iHt}. (161)

As the ¢ and b operators commute, the only part that matter that matters is the bTh term in the
first case and the éfc term in the second case. More formally we can commute one part of the
Hamitonian through the i)p or the é;, operator to be cancelled. The problem reduces to that of a
single type of operator, i.e. we are left with

exp{iHyt}bpexp{—ilyt}  and  exp{iH.t}e} exp{—iH.t}, (162)
where
H, = / d*p wpblby,  H.= / d*p wpchép . (163)

We have already derived these so from (77) we know that

exp{iﬁbt}i)p exp{—iHyt} = exp{—iwpt} and exp{iﬁct}éL exp{—iHt} = exp{+iwpt} .
(164)
and we find the desired time evolution for the free complex scalar field in the Heisenberg picture.

"As this is a free Hamiltonian it is the same in Heisenberg and Scroddinger pictures and so it needs no subscript.



QFT PS4 Solutions: Free Quantum Field Theory (22/10/18) 18
(iv) (No answer for this part so far).

Consider two real® scalar fields

3
dp 1 (dipe—iwpt—i-ipm T

oui(t,x) = /(%)3 oy

agpeiwpt—ip-m) (165)

where a;, and &}Lp are the operators given in (139). Show that if (??) is true then the field operators
obey

byt x) = \2 (bt @) +iduolt,2)) . Bf(t.) = \}5 (i (t, @) — idualt.2)) . (166)

(v) The Wightman function for a complex scalar field is defined as
D(z —y) = (0](x)d' ()| 0). (167)

Substituting (159) into (167) give us

dp 1 dq¢ 1 s o i 4 :
D(r — — —ipr | af o TP (pl oHiqy o o o—iqy 1
@ = [55 o e s Ol e e g ] 0) (169
d3p 1 d3q 1 A .
= 0|bpbl| 0)e~tPetiay 169
/(2#)3 V2w (27)3 ‘/2wq< 1bpbyl O)e (169)

as the ¢ (¢7) operator annihilates the ket (bra) vacuum. Commuting the two b operators gives a
non-zero term containing a delta function in momentum (which will kill one integral) plus a second
term bl;bp which again annihilates the vacuum states so does not contribute. This leaves us with

d’p 1 —ip(z—y)

exactly we found before for real scalar fields.

Note that from the definition we have that for any type of field
(D(z —y))" := (0]@(y)'(2)[0) = D(y — z). (171)
For the free field case in (170) we can see this explicitly.
(vi) For free complex scalar fields by substituting (159) into (0|®(z)®(y)| 0) gives us

dBp 1 dq¢ 1
(2m)3 \ /2wy (27)3 | f2g

d3p 1 d3q 1 “ N
= 0|bpél | 0yePriay 173
/(2%)3 2wy (2m)3 2wq< ol e (173)

as the b (¢) operator annihilates the ket (bra) vacuum. However the two remaining operators

(0] (bpe™ " + é;,e“m)(i)qe—iqy + ehetia)| Qyr2)

018 ()0 (y)[0) = /

commute and again they then annihilate the vacuum so this case is zero for any time.

8These represent classical real scalar fields but their quantised versions are hermitian not real.



QFT PS4 Solutions: Free Quantum Field Theory (22/10/18) 19
(vii) The Feynman propagator for complex scalar fields is defined as
Ap(z — y) = (0] T (2)d(y)| 0) (174)

where T is the time ordering operator. We can express Ar in terms of the Wightman functions for
the complex field (167)

Ap(z—y) = 0(z0—10)(0|@()®T(y)]0) + O(yo — 20){0]®T () ()] 0) (175)
Following the same steps as above we can show that
dBp 1 dq 1
(2m)? \/2wp (27)3 | /2wq
_ / (dsp L &g 1 (0]qeh | 0eiavripe (177)

2m)3 2wy (27)3 | S2wq

(0|(bh ™Y + cqe™ ') (bpe T + cleTPT)| (1)76)

0181 (y)d(x)[0) = /

dp 1 dq¢ 1 3.3 —
— 2 _ —1qYy-+1ipx 1
/ @r )7 /2y )7 o ) 04T (178)
d’p 1 —ip(y—)
— K3 xr 1
/(2ﬂ)3 2wpe (179)

By comparing with (170) we see that
(0[@" (1)@ (2)[0) = D(y—2). (180)
This means that the Feynman propagator for complex scalar fields is
Ap(z —y) = (0|T(2)d1(y)|0) = B(xo —yo)D(x —y) +0(yo — z0)D(y — ). (181)

This is exactly the same form as we had for the real free field scalar propagator so the Feynman
propagator is of exactly the same form i.e. in momentum space it is equal to
7

A == 182
F(p) pg —m2 + e ( )
Clearly these are also solutions of the Klein-Gordon equation as they were in the real free scalar
field case. Again the poles at p2 = m? indicate that we have particle-like solutions of mass m
dominating the behaviour. The presences of two distinct types of annihliation/creation operator in
this complex field indicates there are two independent degrees of freedom with the same mass, here

distinct particle and anti-particles.

Note that (0|T®f(y)®(z)|0) = (0]Td(z)dT(y)|0) if the times are unequal because the T operator
defines the order so how we write the fields under the T operator has no effect.
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6. Charge of a complex scalar field

We have by definition

Q=i [ d (@THT - ch) (183)
(i) We have
d3p d*q /
. 3 — 3 3t —ip iq-x —iq-x
z/d x1(x)®(x) /d 5 2y cpe bpe ) (b e +c ) (184)
= /d?’g; d3p d3q \/(;p
3(2m)3 |\ /Awq
X {ei(p+q)-wcpbq+e%(p Q) meCT e~ iP— q)wab —i(p+aq)- mbT T}(185)
_ / d&’p dq¢ wp
(2m)3 (2m)3 | /dw,
«{(2m)*69) (p + q) (cpb —chT) +(2m)%6 (p — q) (cpc —bih )(}86
1 d3p
) / (2m)3 (Cpb—p — bl + epcl, — bb ) (187)
Now
T
i / Bz ol (x)If(x) = — <z / d%H(w)(I)(w)) (188)
1 d3p t
= 5 / W (Cfpbp — Cipb;, — CpC;:7 + bpr) (189)
and hence
1 d3p
- 5 / B (c-pbp — cpbp + ity — el b + 20y — 265} ) (190)
d3p
_ /(%)3 (bbb — cpch) (191)
d3p
- / o (b;,bp — chep — (27r)35<3>(0)) (192)
d3
= /(2 E (b bp — ¢ c,,) + infinite constant (193)
s

where we have used the fact that odd functions integrate to zero.

(ii) Substitute in the form of the fields

[@(2), T(Y)] 5=y

d3 1

d(x) = (bpe™™ + cle PT) (194)

A /2wp

) = / - )< I e — the ) (195)

and hence confirm that the ETCR (equal time commutation relations) for complex scalar fields are
[Tong (2.71), p.34]

—en)*P@-y), |o@.y|  =en@-y,  (19)

ZT0=Y0
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along with the other zero commutators of the ETCR:

0 = [2(), 2W)ymy, = |22 W)] (197)
= [(). M)y, = [0@). @) (198)
= [‘b(z),HT(y)]m:yO:O, (199)

and so forth.

Note that the ETCR for the complex fields should match what we found for the real field case
exactly. These ETCR are true for ANY field. Since we are meant to treat ® and (®)! as separate
fields, they should each obey exactly the same equal time commutation relations. It is trivial to
check the as we can take the hermitian conjugate of [®, 1] and should get the [®, IT] for free and it
should look the same. The factor of i is critical for that. This is really iA6%(z — y) but with A =1,
the same factor as seen in the QM [g, p] = ih commutator.

Then we can prove the charge-field commutator by calculating (not all operators are at equal times)

@.e@)] = i [dy ey - e, o) (200)
— i [ Eyle@)y) o) (201)
_ / By (—id ()5 (x — ) (202)
= —d(2) (203)

Alternatively, we can prove this as follows:

d&’p d’¢ 1 f i iqw | [ 4 t . 1] o—igw
Q,®(x)] = / @)} 2n)? /2y ([cpbp — bpCp, bq] e'T® 4 [cpbp — bpcp, cq} e ) (204)
d3p d3q 1 35(3) iq-x T —igx
S / (o3 (o o 28V P - @) (bpe +bhe ) (205)
d3p 1 ip- i —ip-
= — 1p-T 1P 2
/ o o (bpe™= + be=P) (206)

where we have used [ab, ¢] = a[b, c] + [a, ] b and hence

:bi)bpv bq: = [c;r” bq] bp = —(2m)*6® (p — a)bp (208)
bibp,bi| = 0 (209)
:CiacpabE: = o [vabﬂ = (2m)*®) (p — )b, (210)
chepbg| = 0 (211)

(iii) We have that [Q,n(x)] = gn(x) for some operator n with c-number charge ¢q. Consider

n—n = erne_wQ (212)
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We proceed exactly as we did for this type of transformation for the Hamiltonian and annihilation
operator. In fact as all we used was the commutation relation, a simple substitution into the answer
given above is sufficient to convince that indeed 7’ = ¢y.

However let us illustrate this with a different proof.

d ! . i —i 7 . —1
— = Qe 4 Qe (—iQe ") (213)
= e"99.Qn.e 9 — ieieQ.nQ.(e_wQ) (214)
ie9.[Q, n).e7 9 = ie¥9.4Q.e 79 = iqe?2Q.e 72 (215)
Loar 9] (216)
a ~ "

Integrating this and using the fact that if # = 0 we have n = 7/ as a boundary condition, we see
that we get our answer i = 9y, If integration of an operator equation worries you, note that
if you substitute the solution into the differential equation, the operators are not involved in the
differentiations, just the c-number parts with which you are familiar.



