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Introduction

The unification of gravity with the other fundamental
interactions of elementary particles has been a major goal of
theoretical physics for most of this century, and still
remains elusive. One obvious connecting thread is the notion
of gauge invariance. All the currently favoured theories of
strong weak and elctromagnetic interactions are gauge
theories, and it has long been known that gravity may also
be so regarded. It 1s therefore very interesting to examine
this relationaship in more detail. One of the chief reasons
for renewed interest in this subject is the advent of
super-gravity, which may also very profitably be regarded as
a gaugé theory.

The earliest attempts at a unified theory of gravity and
elctromagnetism, the only other fundamental interaction theu
known, were strongly geometirical. The object was to extend
general relativity to a complete geometrical theory of all
interactions, the holy grail of a unitfied field theory so
long sought by Einstein and others. Though gauge theories
have developed from the other end, starting from particle
physics rather than gravity, they are clearly in this
geometrical tradition.

Notablé among early proposals for a unified theory was
Weyl's (1918) theory of gravity aud electromagnetism, where
the gauge principle (Prinzip der lichinvariane) first
appeared. The transtormations he considered were in one
respect very diffcerent from what we now understand by gauge
transformations. Weyl argued that since physics is unchanged

by a change of the length scale it should, in a relativisitic



theory, be possible to make space-time-dependent scale
changes. His gauge group was therefore not U{l), but the
non-compact Abelian group R (the additive real line), and he
tried to associate the electromagnetic field with these
transformtions. It became clear, however that this theory
is incompatible with quantum mechanics. In a later work
(Weyl 1929a,b) Weyl introduced the crucial factor of i, and
proposed for the first time to associate electromagnetism
with phase transformations of the electron field. Remarkably
enough, in these same papers he developed alsoc the vierbein
formalism which is needed in gauge theories of gravity. (He
did not use the term Vierbein, i.e. four-leg, but rather
Achsenkreuz , or axes-cross).

The crucial step in developing a gauge theory of gravity'
was taken by Utiyama (1958). The gauge principle had been
applied for the first time to a non-Abelian gauge group by
Yang and Mills (1i954), specifically to the SU(2) isospin
group, Utiyama considered gauge theories of a general group,
and then showed how gravity might be regarded as a gauge
theory of the Lorentz group 850(3,1). His formulation was not
entirely satisfactory, because the vierbein had to be
introduced in an essentially ad hoc manner. This defect was
at least partly remedied by Kibble (1961) and Sciama (1962),
who considered not the Lorentz group but its inhomogeneous
counterpart, the Poincaréd group.

The basie problem is that the analogy between gravity
and any other gauge theory is necessarily less than perfect.
This is because of the intimate connection between the
"gauge" transformations and the space-time co-ordinates,
which is of course peculiar to gravity. A considerable

variety of approaches is possible, each with its own

particular virtues. Many authors have contributed to our
present understanding. Theilr work has been very fully
reviewed by Hehl et al, (1976), and we shall not attempt a
complete coverage here. .

General relativity need not be regarded, however, as a
theory in & class by itself. Considerable benefit is
obtained, even in regard to our understanding simply of
general relativity itself, by considering it as a member of a
wider class of theories, including in particular the
super-gravity theories, of which the simplest may be regarded
as the gauge theory of the graded Poincaré group. 1t is also
helpful in some circumstances to regard general relativity
itself as a gauge theory not of the Poincaré group but of the
de Sitter group S0(3,2), with & similar extension for
supergravity to the corresponding graded group.

In this article, we shall review the treatment of
gravity as a gauge theory of the Poincard group, and of the
de Sitter group, and go on to discuss the analogous
formulation of supergravity theories. It will be useful to
begin with a brief review of the gauge principle, applied to
electromagnetism and to more general non-Abelian gauge

theories.

The Gauge Principle

The transformations considered by Weyl in his original
formulation of the gauge principle (1918) were scale

transformations, of the form

q(x) =+ @(x)a(x) &)
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where q(x) is some quantity with the dimensions of length,
and x denotes space-time position.

Unfortunately, Weyl's theory in its original form turned
out to be incompatible with quantum mechanics. In 1929 he
put forward a new version of his idea, in which the
transformations incorporated a crucial extra factor of 1i.
This (Weyl 1929a,b) is the first statement of the gauge
principle in a form we should recognlze today.

Let us consider a theory described by a complex field
variable ¢(x). Supose that the theory is invariant under the

phase transformations
ix
b(x) -+ e T¢(x), (2)

where A is a constant real parameter. Often it is easier to

consider the infinitesimal form of the transformation, namely
6d(x) = 18r(x), (3)

where 6A is a constant infinitesimal parameter. 1If the
theory is described a Lagrangian function L of ¢ and its
space-time derivatives, that function is required to be
invariant under the transformation (3). A simple example is
provided by the lLagrangian function for the Dirac equation,

namely
1, .- _ .
Ly = 3 i(w“auq: - 2,0 o) - imd 4. (4)

Now one can argue that in a relativistic theory

invariance under the global transformations (2) or (3) is

unnatural. We expect that parts of the system wilh spacelike
separation should be completely independent, and that if
there is a transformation under which the eyuations are
invariant, then it ought to be possible to make a similar
transformation but with a parameter that varies from one
region to another, Thus we are led to ask whether the system
possesses an invariance under the local transformation

corresponding to the global transformation (3), wamely
4{x) = 15MX)IdB(x), (3)

where now &h is an infinitesimal function of space-time
position.

It is easily seen that in general the Lagrangain is not
invariant under the local transformation (5). The trouble
cones from the space-time derivatives of ¢, which traustiorm

non~-linearly
6(d ¢} = B (64) = 1ib6xr i .
( p¢) u( 4 1600 ¢+ 1(696A)¢ (6)

Because of the term invelving the derivatives of &ix, the
Lagrangian is not invariant under this transtormation.
Indeed there is no way of constructing a non-triwvial
Lagrangian depending only on 4 and its derivatives that is
invariant. It can only be done if we are willing to
introduce other tield variables besides .

However, the nature of the problem suggests the mode of
solution: what we have to do is to replace the derivatives
au¢ in L by new "covariant derivatives" Du¢ with a simple

homogeneous traustformation law, namely



6(Dp¢) = lbhﬂuw. (7)

exactly as for ¢ itself. To construct the covarlant
derivative, we need to introduce a new field, with an

inhomogeneous transformation, 1f we write
D = 8 + 1A 9, 8
pw u¢ u¢ (8)

then we obtaln the correct transformation law provided that

the new field Au(x) transforms accoerding to
SA = -8 8k, 9
" 1 (2)

If Ap is interpreted as the electromagnetic vector potential,
then (9) is the familiar gauge transformation. Thus by
seeking to make the theory invariant under the local
transformations (H), we are led to introduce the
electromagnetic field. This is the basic point of the gauge
principle.

1f in the Lagrangian (4) we substitute an for the
ordinary derivative au¢. we obtain a new Lagrangian that may

be written
L o= L. - A 5y"¢. (10)
0 1

This is essentially the Dirac Lagrangian in the presence of a
classical external electromagnetic field. Actually to make
the analogy precise, we ought to identify AuHOt with the
vector potentiml. but with e times the vector potential,

where e is the electronic charge.

It is useful to note that the covartant derivatives,

unlike ordinary derivatives, do not commute. Instvad we find

DuDv¢ - D“D"¢ = iF 4 , (11)

A very important property of Fllv is that, untike Au' tL is
invariant under the trausformations (9). Moreover, it is

also clear that any gauge-invariant, local function of A“

must in fact be a function of Fuv only.

Now in complete theory, Au ags well as ¢ must Le regardod
as a dynamical variable. the Lagrangian ought to contain
kinetic terms for it, but clearly In adding such terms we do
not want to spoil the gauge invarlance. If we impose on the
Lagrangian the natural requirements of locality and gauge
invariance, then we are restricted to fucntions of F alone.
The simplest Lorentz-invariant function of this kind is of

course

- _ 1 SHY
L = 1a? Fuv(x)r (x) . (13)
where e 1s an arbitrary constant, By redefining the field A
(and hence I}, setting the originagl A ecqual to ¢ times & new

A, we can cast the Lagrangian compoused of (10) and (13) into

the form
= o M 1 - - - PR i
L= =g Pl o M R4t d v e) - Imgeed gy Te,

(11)
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yhich may be recognized as the standard Lagrangian of quantum
electrodynamics.

Thus starting from a Lagrangian iavariant under the
global phase transtormation (2) the gauge principle leads us

to iutroduce the electromagnetic field.

Non-Abelian Gauge Fields

It is easy to extend the argument to a non-Abelian
symmetry group, G. Although it is by now rather well known,
it may be useful to review the formalism briefly, to provide
a basis for the comparison with the special case of the
gravitational field, discussed below.

Consider a field ¢ transforming according to

80(x) = sub(x) = 86T 4(x), (15)

where the matrices ’1‘a form a representation of the Lie

algebra of G, detfined by the commutation relations
= 1,57, (16)

in which t&Cb are the structure constants of the group.
As before, the ordinary derivatives of ¢ transform in an
inkomogeneous manner. We can define a covariant derivative,

Du¢, which transforms exactly as ¢ itself, by setting

= 3 4+ A4, 17
Dy p? nd (17)

where Au is now a matrix, belonging to the Lie algebra, of

the form
A = Au T, . (18>
The transformation law of A is now
oA = [6, Ap] T 8,06, (19)

or, in terms of components,

- auém“. (20)
The commutator of two covariant derivatives is given by
Dul)vq; - Dv[)utb = vatb, (21)

where now

T (22)

with
F = oA r A *, (25)

The tields F are wo longer iavariant under gauge trans-

formations, but they do have a simple linear trausformation,



6F ., = (8w, Fuv], (24)
or, equivalently,
a a c .
BFuv = tb c&w Fuv N (25)

Any gauge-invariant local function of A and its
derivatives must, as before, be expressible in terms of the

field F alone., The simplest such Lagrangian is

L= - -1y (r ., F*Yy, (26)

)
4g ny

where g is a coupling constant, analogous to the charge e,
and (., .) denotes the Lie algebra inner product,
A%,

(A, B) = - 2Ar(AB) = g,

with

gab -

It is again possible to rescale the fields so that g
disappears from the quadratic terms in the Lagrangian. Of
course, (26) is no longer quadratic, but includes cubic and

quartic self-interaction terms for the gauge potentials A.

Gravity and the Poincard Group

Let us now turn to the real subject of this review, the

incorporation into the framework of gauge thcories of the
gravitational field. 1In a qualitative, heuristic scnse it is
ohvious that there is a close analogy between the transition
from local phase transformations to global gauge trans-
formations on the one hand and that from Lorentz or Pdinc&ré
transformations to general coordinate transformations on the
other. However, it is far from trivial Lo formulate the
analogy in a precise and useful way.

There are of course two complementary ways of looking at
space-time transformations: the active point of view iu which
the coordinates are held fixed and the state of the system is
rotated, translated, etc., and the passive view in which the
same state is described in terms of a different coordinate
system. To be specific, we shall adopt an active viewpoint.

Under a Poincard transformation

P AL Auvxv + gt
a field ¢ belonging to a representation 8 of the Lorentz
group {(or, more precisely of its two-fold covering group)

transforms according to
B (x') = S(A)B(x).
Under the infinitesimal transformation x + X + 6x, with

v

sx" = L‘n:“vx + ¥, (27)

we have ¢ + ¢' = ¢ + 8¢, with

11
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by = 26e™0s, ¢ - sx*s 4, (28)

il

where Sab - Sba are the generators of the representation
S(A)., (We use Latin indices for what will be local Lorentz
indices.) Comparing (28) with {(15), we find the major
difference between this and the previous case - namely the
fact that the role of the generators Ta is played in part by
the differential operators bu.

A closely related problem is apparent from (27). If we
seek to generalize these transformations by allowing 8¢ and
6a to become functions of space-time, we lose the distinction
between Lorentz transformations and translations. The trans-
formations with 6 = U and arbitrary 6a{x) already include
all general co-ordinate transformations, and nothing further
is apparently gained by including &e also. On the other
hand, if we choose an arbitrary general co-ordinate
transformation, specified by ﬁxu(x), the transformation of ¢
is not in general well-defined, until we specify what is
meant by &c"° in (27).

Let us nevertheless proceed to consider what happens if
the parameters 6e¢ and da are allowed to become functions of
spuce-time position., Since the specification of & depends
on the choice of origin, it is more convenient to use instead
as independent variables ﬁsab and &Y., To keep a clear
separation between the terms involving these two independent
parameters, we shall, as in (28), use Latin indices for 6¢,
and Greek for &x.

We assume that the action integral is Poincaré-

invariant., Then as before the main reason for non-invariance

under the more general transformations is the behaviocur of
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the derlivative of ¢, namely

1_ab X
6u6¢ = 26£ Sabap¢ - 8x ahau¢

1 ab A
+ 2(au55 )S&b¢ - (bpéx )bk¢‘ (29)

The third term on the right hand side is precisely of the
same form as those we have eliminated previously by defining
covariant derivatives. We can do the same thing here. If we

write
(30)

where the new field w is ascribed a transformation law
containing the inhomogeneous term, -auﬁeab, we can arrange to
cancel this third term. (The transformation law must also
contain a homogeneous term containing the structure constants
of the Lorentz group.)

The last term in (29), however, cannot be removed by
exactly the same procedure. In it the rolé of the matrix
generator Ta is played by the differential operator ak' Thus
it we are to remove it by adding an extra term to the
derivative, that term must be proportional not to ¢ but to
its derivative al¢' In other words the modification to the
derivative is not additive but multiplicative: the new
covariant derivative may be cbtained by multiplying (30) by a

new field with a suitable transformation law. We write

—
D= e an‘dJ. . (31
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with a suitable choice for the transformation low of o ¥e

2t
then arrive finally at a transformation law for the covariant
derivative that is free of derivatives of the parameters,
namely

8(D, 4) = %aebcsbcna¢ - ﬁeban¢ - 5x"auna¢. (32)
Substituting (31) for the derivative of ¢ In the original
Poincare-invariant action integral cures part of the problem,
but there is one further complication. The Lagrangian is not
in fact invariant - even under the original transformation
(27) - but rather transforms as a scalar, 8L = -ax“apL. What
is required, however, is that the action integral be
invariant. The necessary and sufficient condition for this
is that the Lagrangian itself transform as a scalar density,

i.e.
5L = —ou(ax“L).

To achieve this, 1t is not necessary to introduce any new

fields: all we have to do is to multiply L by
0 -1
e = det{e a) . (33

In particular, if we start with the free Dirac

Lagrangian (4), we arrive in this way at

- aflin (7 2 O
L, = elgle’ (br 7,0 - 7 34y ¢) - imde], (34)

where
1 a b
LRI TR L o [

The Gravitational Lagrangian

As before, the covariant differential operators do not

commute. From (30) we easlly find

- ip ab
V"Vv¢ - VUV"¢ = ZRuv S&b¢’ {356)
where R, = 3 w - 2w + [0, w ], i.e.
v [Tt v I v
a _ a a a © _ . a ¢
va b~ apmu b~ bvmu bt “u e b “v "y b (36)

It is not quite so straightforward to evaluate the commutator
of the differential operators Da' This is bhecsuse, according
to (32), Da¢ does not transform precisely in the same way as
¢ itself, but with an extra term reflecting the extra index,
so that when it in turn is differentlated, an extra term is
required in the deflnition of the second covariant
derivative. However a simple calculation shows that

ed c
Scd¢ + Tab DC¢, (37)

1
DDpd = Bpba b =5Ryy,

with

R = el oV ©od (38)
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and

c o B v
T (e avue

p v v
ab - e Ve Yo . (39)

b b'p a c

Here eua igs the inverse of eua, 1.e.

(40)

We must now find a Lagrangian for the new fields w and
e, If it is to yield an action integral invariant under the
local form of the Poincare group transformation, it can only
involve w through the covariant combination R. There is no
such restriction on e, but 1lts derivatives can appear only
through T. Unlike the case of an ordinary gauge theory, it
is in this case possible to construct a& Lagrangian that is
only of first order in the derivatives, namely

- g B.b
Lg M2eR,, "7, (41)

where M is a constant with the dimensions of mass related to
Newton's constant G by G = 1/8aM%, The next simplest terms
are those in T2 and RZ,

It is of course possible to give & geometric

interpretation to the resulting theory. The fields ep‘a ma.y

17

be interpreted as the components of a vierbein, defining four

independent tangent vector fields,

The dual one-forms are

They can he used to define a metric

2 a b _ B v
ds™ = Nai® B e = gpv dx" dx , (42)
where n = diag (-1, +1, +1, +1) is the Minkowski metric

tensor, which we use to raise and lower the indices a, b,

«ss, and
o4 = e e (43)

Note that in terms of this metric the vector fields e, form
an orthonormal tetrad.

The theory defined by the Lagrangian (41) together with
(34} is very nearly the standard Einstein theory. The only
difference is that it incorporates Cartan’'s torsion, T
(Cartan 1922). The Euler-Lagrange equation obtained by
varying e is essentially Einstein's equation, with the
energy-momentum tensor of the matter field on the right; the
equation for w provides the relation between w and e, and
relates the torsion to the spin angular momentum of the

matter. (See Kibble (1961) and Hehl et al (1978) for a full
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review.)

Spontaneously Broken 50(3,2) Gauge Theory

¥e have seen that it is possible to use the gauge
principle, though in a somewhat modified form, to arrive at
essentially the Einstein theory, starting from a theory
tnvariant under the global Poincaré group. However the
analogy with other gauge theories is less than perfect,
because of the special way we had to handle the translations.
S50 far as the Lorentz transformations are concerned, we have
a theory with tull local gauge symmetry, but this 1s not the
cage for the translations, 1t is possible, however, to
formulate gravity in a way that treats the whole Poincaré
group in a more unified way. The physical distinction
between the Lorentz and translatlon generators arises, in
this formulaticn, through spontaneous symmetry breaking,
which leads to a nonlinear reallization of the translationsal
part of the group.

This model provides a particularly interesting example
of the phenomenon of dynamical rearrangement of symmetry,
first studied by Professor H. Umezawa, to whom this volume 1s
dedicated (Umezawa 1965; see also Matsumoto, Papstamatiou and
Umezawa 1975).

It is convenient, following Stelle and West (1980), to
begin not with the Polncare group itself, but the de Sitter
group 350(3,2). This has the advantage of being semi-simple,
50 that all the generators are initially on a manifestly
eyual footing. (1t would be equally possible to use the
group S0(4,1), but the cholce of 80(3,2) will be useful later

1n connection with supersymmetry.) The 850(4,2) group is then
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broken spontaneously down to its Lorentz subgroup S0(3,1).
In the process the local gaﬁge symmetry corrvesponding to the
'‘translation' generators Is preserved, but becomes
noalinearly reallzed.

¥e begin with a pure S0(3,2) gauge thecory, described by
the gauge potentials muAB = —mu“A, where A and B run over the
indices 0,1,2,3,5. These indices are raised or lowered with
the metric LI with oo T g5 T -1 and "iJ = 61j for i,j =
1,2,3. The corresponding gauge fields are

A . A A A C

Fuv B~ [} w

'l 3, p B * ATt [ muACNuLB' (44)
Note that at this stage the internal lndices and the
space-time indices are quite unrelated.

in constructing an invariant action integral, we may
use, 1in addition to F, the invariant S0(3,2) tensor EARCHE
BYOU - With

and the invariant tensor density ¢ these

ingredients, the only polynomial Lagrangian one can construct

VPO A 3

is the integrand of the Pontryagln index, v BFpu Iz

which is of course a total divergence.

It is possible to construct an appropriate Lagrangian in
terms of these variables, but only by going to a
non-polynomial Lagrangian., A simpler form is obtained by
introducing in addition to the gauge field an auxiliarvy tield
yA, which satislies a constraint equation. In either torm
the resulting theory exhibits a spontanecus breaking of the
de Sitter symmetry down to the Lorentz subgroup S0(3,1).
lHowever, this is much clearer in terms of the auxiliary lield
¥

The Luagrangian we choose is
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L = mepvpoF, ABF, COeppepeyE -~ AM(yAyy + m~2). (45)

Here m is a constant mass, and X is a variable that plays the

role of a Lagrange multiplier, imposing the constraint
YAYA = .m-2,

{(The egquivalent non-polynomial form is obtained by
eliminating y and » from (45).)
We can always choose a gauge in which

y =% = (0,0,0,0,m 1y, (46)

so that the effective Lagrangian becomes

F

_ _BVpOU ab cd
L € Fuv pa  Sabeds”

(47)

(We use a, b, ... to denote internal indices restricted to
the values 0,1,2,3). In this form it is clear that the
nonzero value of y5 corresponds to a breaking of the gauge
symmetry group G = 80(3,2), down to the isotropy subgroup of
Oy, the Lorentz subgroup H = 850(3,1).

In the special gauge (46) only the S0(3,1) symmetry is
manifest. To see what has happened to the translational part
of the symmetry group, one must relax this condition.

Let us denote the 80(3,2) geuerators by MAB’ and in

particular define

(48)

Note that these generators are defined here to be
anti-hermitean. These 'translation' generators then satisfy

the commutation relations

2
[Pg,PL] = m™M, . (49)

In the limit m + 0, the group G = 80(2,3) goes over into its
Wigner-inonu contraction, the Poincare group. The little
group H is generated by the Mab' An element g in the
neighbourhood of the identity in G may be parametrized in the

form
— a
g = exp(L7P )h, (50)

where h ¢ H and the ca parametrize the guotient space G/Hl.
Now if a5 denotes the five-vector representation of 80(3,2),

we may write

Oy + ¢ + o(me?y, (51)

y = 05(B)OY =
thereby establishing a one-to-one correspondence between
values of the field y and the coset label . More
explicitly,

v o= m‘l(ca/c) sinh (mg), y5 = m ! cosh (mg), (52)

with ¢ = (£%¢,) .
The field I is the Goldstone field associated with the

spontaneous breaking of G down to H. It transorms

21
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nonlinearly with respect the G: under the element go e G,

t + L', where

By exp(8P,) = exple' M (gy, 0IP, ] b (gy. ). (53)

with h1 e H. In general, ' and h1 are nonlinear functions
of gO and .

Now consider any other field ¢ , transforming according
to some designated representation ¢ of 30(3,2). In general,
¢ will of course break up into several distinct S0(3,1)
representations. Using the 'Goldstone' field ¢ introduced

ahove, we can define a corresponding field ; carrying a

nonlinear realization of S0(3,2) by
- a
#(x) = alexp(-2"(x)P )] a(x). (54)

The transformation law of § is easily found. Under the

transformation go(x) e G,

ox) + 9'(x) = o[h (5o (x), 0(x))] W(x). (55)

Note that since the argument of o is an element of H for all
By» the parts of ¢ belonging to distinct irreducible
representations of H transform independently. Under a
transformation gO restricted to the Lorentz subgroup H, the
transformaztion is linear. But for transformations including
nontrivial 'translation' parts, 1t is nonlinear. What we
have done is to exchange the original fields ¢ transforming
according tc a single irreducible (linear) representation of

G for a set of nonlinearly transforming fields in which the
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components with different Lorentz indices transform quite
separately.

In particular, from the S0(3,2) gauge potentials quB we
may construct two separate fields carrying nonlinedr

realizations of G - the spin connection Gpab and the

{inverse) vierbein field

e a _ m_la 3.5.

[ [ (56)

which serves to relate the internal and space-time indices.

Under an S50(3,2) transformation, © transforms as in (55), but

-1

y » while e transforms

with an extra inhomogeneous term h1

3 h
I
exactly as in (55).
The curvature constructed from w splits in a similar
way. From (44), we have
F ah = ah b -a - b

. Ruv m (eIl e, e’ 2, ), (57)

where R is the curvature tensor constructed from the gauge

potentials Eu pe and
F 8 -om@s®_.v:8% (58)
pv powv vop !
with
- — a - a - a-»bh
Vue\J = auev + wu ey * (59)

We can now see how the theory yields Finstein's general

relativity. 1In a general gauge the Lagrangian takes the same
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form as (47) but with barred fields F in place of F.
Substituting (57) into (47), we obtain three terms,
symbolically RE, m2eell and mqéééé, respectively. The first
of these is the integrand of the Gauss-Bonnet topologlcal
invariant, and so gives no contribution to the equations of
motion. The second is the usual scalar curvature lagranglan
of the Einstein theory. The third represents a cosmological
constant, of order m4. Hecause of this constant, the
maximally symmetric solution of the field equations 1s an

= &
anti-de Sltter space with va b 0, or

R = mz(spﬂavb - 8,28 ) (60)

We have seen therefore that one can construct a gauge
theory of gravity in which not only the Lorentz
transformations but also the translations appear as true
local gauge symmetries, provided that the translation part of
the group is sponf&neously broken (and hence nonlinearly

realized).

Local Translations & General Coordinate Transformations

In the above discussion of the vierhein as the gauge
fleld of the translations, it was essential to recognise that
the local translations are a spontaneocusly broken part of the
Poincare or (anti) de Sitter gauge group. The familtar
vierbein and spin connection are then nonlinear comhinations
of the original gauge flelds and the Goldstone field. One
can also ask whether there is any relation between the broken

local translations and the general cocordinate
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transformations. Of course, the structures of the local
Poincare or de Sitter groups and the diffeomorphism group are
greatly different, so there can be no exact relation.
Nonetheless, there is at least an Infinitesimal rélation that
has proven heuristically useful.

It is suggestive to rewrlite the effect of an active

general coordinate transformation on the vierbein as

follows:
1 v a v a
6gc(t:)ep tiae, * o Le,
=D (Cve a) _ Cum a e b - ch a
N v v bhp py
- v, I, v a (61)
(b, (e " - " F
where
E Lo 0 A =
)] = 2
wP P hu Pty (62)
E_ £ - L A, 0O, ¢
va ) hu auhv h'-t h\_| tA n (63)

and £ N A rup over all the Indices of the Poincare/de Sitter

group, with hpa = e a. huab = muab‘ The Lorentz rotation

term with fleld dependent parameter cvmvab has been absorbed
cd, qa
v )]'

into the nonderivative term in [nu (cvm The identity

(61) is due to llehl et al. (1976). The second term in (61)
vanishes if the translational curvature vanishes, but this is

just the torsion, which 1s zero if wpab is the usual spln
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connection constructed from the vierbein; 1i.e.

F =0 (64)

€
1]
B3 |
1]
—
%
o]
|
=%
1]
A
]
09 [
[+]
—-
=
o]
|
o
Lo+ ]
S

- % e e (ape - de e 7, (65)

Thus, 1f the torsion vanishes and the spin connection takes
its standard form, there is an infinltesimal relation between
a general coordinate transformation with parameter cu and a
set of Peoincare/de Sitter transformations with
field-dependent parameters Cveva, Cvmvab (i.e. cvhvﬂ)_

¥riting a general coordinate transformation as Dppﬂ
implies only an infinitesimal correspondence to a
translation, as can be seen by taking the commutator of two
such transformations, which ylelds & curvature instead of the
group relation, as can be seen in eq. (37). Nonetheless, the
notion of such an 'open gauge algebra', the softening of a
Lie algebraic structure by allowing curvature terms in the
commutators, has proven to he a useful generalization of the
notion of a local symmetry (see Regpge (1985) and Schnius
(1983) for reviews). The curvatures occuring in the
commutators of gravitational covarliant derivatives are just
one example of such a softening. In supergraviiy, one

encounters also commutators giving local transformations that

are field dependent. Thus, in an open gauge algebra, instead
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of structure constants, one may have structure functions,
depending on gauge filelds and their curvatures.

Although only an infinitesimal correspondence, viewing
the general coordinate transformations as local translations
Dpp& has been heuristically useful in supergravity., The
curvatures for gauged graded extensions of the Poincare
[Chamseddine and West, 1977], anti de Sitter [Machowell and
Mansouri, 1977] or conformal groups {Kaku et al. 1978;
Townsend and van Nieuwenhuizen, 1979] turn out to have useful
structures for building actions, even though the
translational and super-translaticonal (i.e. supersymmetry)
parts nof these algebras are spontaneously broken. An example
of such usefulness is the quadratic form of the Lagrangian
for general relativity with a cosmological constant given in
eq. (47) [MacDowell and Mansourt 1977]. There, the anti de
Sitter curvature (57) contains bilinears in vierbeins that
give the Hilbert action from cross terms and also the
cosmological term, while the Lorentz curvature-squared torms
integrate to zero by the Gauss-Bonnet identity.

The usefulness of the 'group' curvatures in bhuilding the
actions for general relativity, ordinary and conformal
supergravity theories derives from the infinitesimal
relations between the true 'world' local symmetries (1l.e.
general coordinate transformations and supersymmetry
transformations) and the pgauged versions of ‘group’
transformations. Thus, although the translations are
spontaneously broken and conseguently nonlinearly realized,
it can still be useful to retain the full groups's curvatures
such as (57) without breaking them into parts covariant under

the little group H.
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1f an iafinttesimal local world transformation can be
interpreted as a group gauge transformation subject to some
constraint such as (64), then the full group curvatures will
transform simply under the world transformations. The world
transformations consist of two components: the full group
transformation laws for curvatures plus certain corrections
due to the noncovariance of the constraints imposed under the
broken parts of the group. Thus, (64) is only covariant

under local Lorentz transformations and not under the group

ab

translations. Consequently, the field mp which can be

solved for in (64) transforms now by the chain rule, starting

from the transformation of the field epa

in terms of which it
is solved, and not by its original group transformation.
The diff ' = -

e erence & 6chain rule égauge law enters into the
transformation of the curvatures via a generalization of the

Palatini identity
5'F T = Dua'hvz - Dva'huz. (66)

A particularly simple situation arises when the constraints
imposed to link world and group transformations can be viewed
as some of the fileld equations of the action to be
constructed. Thus, (64) can be viewed as the field equation
for the field muah following from the Lagrangian (47).
Consequently, 1f one ilmposes (64) prior to variation of the
action, all terms in é’muab must cancel. This simple
observation leads to an enormous simplification in verifying

the supersymmetry invariance of the N=1 supergravity action

[Chamseddine and West, 1977, Townsend and van Niewenhuizen,
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1977].
The program for constructing locally invariant theories
starting from some rigid symmetry group comprises then the

following elements:

1. expression of the world symmetry transformations in
terms of the broken group transformations by imposing
appropriate constraints covariant under the 1ittle group
H,

2. construction of an action that is invariant under the
1ittle group H and the world transformations, taking
tnto account the group form of the world transformations
resulting from 1) and the changes &' in transformations

of fields that have been solved for in the constraints.

Parts 1) and 2) are not completely independent, for
untll the construction is complete, some world trans-
formations (e.g. supersymmetry) are not completely known.

So one starts writing an action manifestly invariant under H
built from curvatures and searches for H covariant
constraints to lmpose in order to get the remaining world
invariances.,

It should be emphasised that the above programme
proceeds by analogy only with the structure of Yang-Mills
gauge theories and is not uniformly successful in all cases.
1t works well in the case of N=1 anti de Sitter (adS) and N=1
conformal supergravity. In ¥=2 ad8 supergravity the
curvatures alone are not sufficient to build the action, and

one must use the vierbeiln explicitly in order to write the
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spin-one graviphoton's Lagrangian, eFqu"“; likewlse, the
spin 3/2 fields need terms involving vaei in their
supersymmetry tranformations (with spinorial parameters ei)
that do not follow from group theory alone [Townsend and wvan
Niewenhuizen, 1977]. Extended conformal supergravities can
be built using such techniques, but with yet further
modlifications, since in that case even the spectra of the
theories must be completed by non-gaupge fields [Bergshoeff et
al. 1981]. Nonetheless, & range of impressively complicated
theories has been constructed along these lines, so 1t is
clear that the analogy is a powerful one. Here we shall
focus on just the two most successful cases: N=1 adS

supergravity and N=1 conformal supergravity.

N=1 Supergravity

In N=1 adS supergravity, the graded group from which one
starts 1s the simplest supersymmetric extension of the anti
de Sitter group, 0Sp{(i/f4). This group has an even (bosonlc)
sector Sp(4) = 30(3,2) and an odd sector generated by a
splnor under Sp(4), denoted Qa' Rescaling the translational
parts of 8p(4) by the inverse radius m of adS space as in

(48), we have for the Qa the anticommutation relation

@, Qg = - 51,0 5 P - im(o,0) M7, (67)

where C 1s the charge congugation matrix.

Consldering now local 0Sp(1/4) transformations, we

introduce gauge flelds eua, W ab' ¢ %, From the commutators

[ [
of covariant derivatives defined with these we obtain the
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curvatures:
ab - ab .2 a a - ab
Fuv M Ruv (M) m (eu e, - eu e, ) + iw(wud ¢v)
(68)

where Ruvab(M) is the usual Lorentz curvature constructed

ab
from wu s
a _ a a a b a b i- a
Fu“ (PYy = e, - aveu + mu B Sy "W, heu + 2¢uY ¢v
(69)
and
a _ - - @ m,- =
Fav @ =D % =D %+ 5y, - ¥ (70)
where
_ 1 ab
Dpk = (au + zmu aab)k. {(71)
The action can be written as an expression of the
Yang-Mills type, guadratic in curvatures
I A . pvpo
- l' d 72
I fdxFqupd 0 "y (72)

where the ON;D: are in this case independent of fields, and

are numerically invariant under the little group H =

SL(2,C).

ol
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The selection of constants Ou;p: and of constraints
proceeds straightforwardly, as in the case of general
relativity with a cosmological constant discussed before. In
order to have the local translations infinitesimally

equivalent to general coordinate transformations, the

translational curvature must again be set to zero,
a —_—
Fuv (Py = 0 . (73)

As in (65), this equation can be solved algebraically for the

spin connection. However, the solution now involves

L 4

bilinears in the spin 3/2 field,¢u as well:
ab ab i - ab —8 b - b.a
= + + - T4
w, w, (e) 4(¢u1 b ¢y, by 4 (74)
_ v _ a
where 4= € P, L eu Yar The action is a sum of terms

quadratic in Fuvab(M) and in vaa(Q)' The bosonic part must

have the same structure as (47) (with ¢ instead of

abed

Eabcdﬁ)' and the only avallable matrix with the right parity

for the fermionic part is 150, so the action is

= 4. BVpC
I = [d%xe {Fu abed

ab cd
v (M)Fpo (M) ¢

a p
e @F s, (75)

ol

< JavgehvpolFSPO0T ST e g BL@)rg B @)

(786}
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The apparent higher derivative terms in (76) are once
again total derivatives, hoth in the bosonlc sector as in
{47), and also in the fermionic sector. The m dependent
terms 1n F(Q) and F(P) glve rise to the Hilbert and
Rari ta-Schwinger (spin 3/2) actions through cross terms and
give rise directly to a cesmological term and a mass-like
term mapa"v¢v for the spin 3/2 field. Onece again, in (768) we
have the simple situation where the spin connection wuab can
be treated as an independent field, and vartation of it
produces the constraint (73) as a field equation. Thus, in
checking the supersymmetry invariance of the action (76), no

ab

account need be taken of the difference 6'mu from the group

transformation law for muab that arises upon solving the
constralnt. Conseqguently, the transformations of the
curvatures F(M) and F(Q) can be taken directly from the group
theory. Supersymmetry invariance follows even though the
indices on the curvatures are contracted only with respect to
the Lorentz group. This is easily checked using the
commutation relations of the group, which determine the
transformations of the curvatures. A term that descrves
speclal notice is that arising from the p® term on the right
hand side of (67); this indicates that under an 0OSP (1/4)
supersymmetry transformation, F(Q) transforms into F(P).

This term is not cancelled by the variation of the [F(M)]?
term. 1Instead, it vanishes by the constraint (73). Thus,
the constraint which is required to make an infinitessimal
relation between general coordinate transformations and the
local translations is also essential for the supersymmetry

invariance of the action.
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Conformal Supergravity

Conformal supergravity is derived from the graded group
8U(2,2/1) (Kaku et al, 1978; Townsend and van Nieuwenhuizen,
19792). This group extends the 15 parameter conformal group

{translatiocons Pa, Lorentz rotations Ma dilatations D and

bl
conformal hoosts Ka) with two types of spinorial generators,
1.e. Q- and S- supersymmetries, plus an additional bosonic

generator of chiral rotations A. The Q-supersymmetry 1is the

square root of the translations Pa'
% @} = - Lo P p (17

and the S-supersymmetry is the square root of the conformal

boosts:
(s%s" - 3o Pk . (78)

8- and Q- supersymmetries anticommute to give D, Mah and A:

Q% sPy = -1 % 4 i(*PcyP M,

«p
3 + 1(vgC) A,

b

(79}

Under the dilatations, Q@ and S have opposite welghts, i.e.
[Q,p] = %Q, [§,0] = - %S, and similarly under the chiral

rotations A, [Q,A] = - %YSQ' [5,A] = %yss. There are

also the additional commutation relations [S,Pa] = YHQ,

[Q,Ka] = - v,5, and the usual commutation relations of the
canformal group, [Pa,D] =P, [Ka'D] = - K. [Ka’ph] =
“20ngpD + Mayde

The construction of conformal supergravity starts as
before, by introduclng gauge fields for all generators of the
group; the general Lie-algebra-valued gaupge field is

ab $0Yr® +bpD+3SstaAn.
TR} B n u

(RO)
The corresponding curvatures are
ab - ab ac b a_ b b_ a
Fuv (M) = 2 w, + wp Woe - 2(ep r, - e, fu )
- 1% &Py —(a-b)

a _ 8 & ab i- . a _ -h
Fuv (P)y = @ e, mu € b + 1 ¢py ¢v ell bv (a-h)
a _ a ab i- a = R
va (K) = au fv + mu fvb -4 ¢u7 tv - fp bv (a-b)

F (D) =ab + 2 £ +L % 4 _ (aeb)
nv [TRERY] na v 2 Tp Tv

Fo(Q) =D 3, ¢+ ¢y, -2 4+ 2 ATy, - (ash)
pv g qu 2 p'v 4 Tpiv'sh



-,

36

Fu () XN

i
=]
-l
|
al
-
=
+

1,3 _3,473 - (A=
pfaty 2 bp¢v_ 4 Ap¢v75 (a-b)

[}
=
-

Flu(d) phy — 1 dyrgey . (81)

The action of conformal supergrvity is once more
quadratic in curvatures, only now we really do have a higher
derivative action, for the theory to be constructed is the
supersymmetric extension of the Weyl invariant theory with
Lagrangian e C vaaﬁ. Written in terms of the

pvap
curvatures (81}, the action is simpoly

= L, KRYpa ab cd
Loonf SG Jd4xe [Fp (M) Fp (M) ¢

v o abed

_8Fuv(Q) vy © Fpo(S) + 41 Fuv(A) FPG(D)} (82)

The particular coeffleients Iin this action are determined by
the invariances, as we shall see.

In order to have a full world superconformal invariance
of (82), constraints are again needed. Once more, these have
the significance of turning infinitesimal P-gauge
transformations into general coordinate transformations. On
a general member of the multiplet hux, an infinitesimal
general coordinate transformation with parameter cu is given
by the generalization of the identity (61):

Lo v ILEL v b _
6gc(t:)hu =D (t’h ) LF (83)

For the P gauge field epa itself, this takes the form of a

local group transformation with parameters thvﬂl by virtue

37

of the generalization of (64), which can be solved to give

w ®P in terms of the other fields,
N

a = T (84)
Foy (P =0,

For the other fields, however, the curvatures Fuvz are not
all set to zero - if they were, there would be no remaining
degrees of freedom in the theory. Instead, there are just
two more constraints that need to be imposed, each allowing
for the algebralc solution for one of the 30(2,2/1} gauge

fields:
= 85)

which can be solved to give ¢u in terms of the other fields

and
Mo PP L pMB) = 0 (86)
where
ﬁpah = muab + % e“c €abed a4, (87)
d

involving the chiral gauge field A”. The constraint (86)

allows for the K-gauge field fua to be solved in terms of the

a
remaining independent fields ep , ¢u, bu and Au.

The constraints (85) and {86) give rise to changes in

, as compared to

the transformations of the fields ¢u amd fua

their original gauge group transformations. Thus, there is
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now a 5'¢p and a 6'fpa for those transformations under which
(85) and (86) are not covariant, viz. under P and Q
transformations. The set of constraints (84,85,86) is fully
covariant under K,M,D,S and A transformations. The changes
6'Q¢u and G‘qua are needed to make the algebra of
transformations upon the remaining independent flelds close
to give general coordinate transformations in the form (83)
instead of the original local P transformations. Thus, eg.
for the chiral gauge field Ap, introducing anticommuting
parameters & and €q for Q transformations, one has the

algebra

= l— a - '
[8qte))s bqleg) A, = 8p(5ear €dA, - (e ;3 ¢, = (1-2))

(88)

The correction 6609 turns the second term in (88) into an

expresslion with Fuv(A)' so that the right hand side involves

not épAu but § in the form (83). Thus, for all flelds

gCAu
of the theory, and not Just eua, the constraints have the
significance of turning local translations into general
coordinate transformations.

The constraints also guarantee the invariance of the

superconformal action under all the world symmetries. 1In

ab

checking this, the change in the mu transformation

5%

equation of motion of the action with muab varied

muab must now be taken into account, for (84) is not an

independently, unlike the cases of general relativity and AdS

supergravity. On the other hand, the constraint (86), which
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allows fua to be solved for, is obtained hy varying the
action (82) with respect to fua, s0 56fua does not enter into
the check of Q invarlance. The other symmetries M,K,D,A and
8 leave the constraints (84,85,86) invariant, so iﬁvariance
under these symmetrles can be checked by the group theory
transformations alone. The particular coefficients in the
action (82) are unliquely determined by the requirement of
invariance under S5- supersymmetry. Invariance under K
follows using the constraints (84) and (85), while the M,D
and A invarlances are manifest.

Invariance of the action under K transformations has the
consequence that the dilatational gauge field bll drops out of
the action, since 1t transforms inhomogeneously under K

transformations,
k)
5bh =2 ( . 89
1P Cu (89)

Thus, the remaining propagating fields in the theory are eua,
¢pa and the chiral pgauge field Ap.

Conformal supergravity provides s rich example of the
interplay between ordinary gauge invariances and the local
world symmetries of a theory incorporating the gravitational
field eua. In its derivation, the role of the constraints
{(84,85,88) in effecting the conversion of the local
translations into general coordinate transformations is
crucial. The final action (82) is quite simple in structure
when written in terms of the SU(2,2/1) curvatures, hut
becomes impressively complicated when written out fully in

a a

terms of e 7, ¢p and Au. This construction is thus one of

3
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the most successful applications of gauge theory ideas to a

gravity theory.
Conclusion

The analogy between general relativity and gauge
theories has been most useful in the attempt to formulate a
quantum theory of gravity. Indeed, Feynman (1963a,b)
explicitly took Yang-Mills theory as & kind of ‘finger
exercize' for the real problem of quantizing gravity. In the
course of history, this finger exercize has developed into
the core of our understanding of the strong, weak and
electromagnetic interactions. The solution to the original
problem of quantum.gravity remains elusive, however.

The cross-fertilization that has taken place between the
subjects of quantum gravity and gauge theories illustrates
hoth the strengths and weaknesses of the analogy. All of the
perturbative approach te guantizing gravity has been lifted
from gauge theories. Moreover, gauge-theoretic ideas have
played a central role in the modern understanding of all
interactions of gravity with spinors. The vierbein formalism
was elucidated through the gauge theory analogy. Later on
came supergravity, which developed through a heavy reliance
on gauge-theoretic ideas. Supergravity has provided at least
a crack in the otherwise impregnable barrier of the terrible
ultraviolet problem of guantum gravity. Although it is by
now pretty clear that supergravitiy in itself does not lead to
an acceptable quantum theory, the general expectation remains
that local supersymmetry will play an essential role in
future developments, Thus, 1t seems likely that space-time

and internal symmetries must in the end be united

41

in a future 'super' grand unificatinn;

The weaknesses of the gauge theory-gravity analogy are
also made apparent by the history of quantum gravity. For,
despite many useful insights, we are still left wiéhout an
acceptable quantum theory of gravitation. The differences
hetween gravity and gauge fields are clearest in the area we
have explored in this article: in the natures of their
respective local symmetries., The diffeomorphism group is not
simply a finite dimensional Lie group glven & local
interpretation. The perturbative approach to quantum gravity
brushes aside this essential difference, and the price to be
pald is the nonrenormalizability of perturbative quantum
gravity. In the end, the answer may entail revising our
concepts both of space-time and of guantization of such a

highly nonlinear theory.
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