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The Standard Model and Beyond: Problem Set 3

1. * In this problem, we consider charged why charged pions decay preferentially into muons instead

of electrons. The mechanism is known as “helicity suppression”.

(a) Transform the Dirac equation (7,0 +m)y = 0 into momentum space with coordinates p*.

Show that solutions to the momentum-space Dirac equation satisfy
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with ¢ = 1if p° > 0 and ¢ = —1 if p” < 0, where the p, are components of the spinor
field’s three-momentum, ¢ = 1,2, 3, and |p| = y/p’p’. The former solutions are called particle

solutions; the latter are antiparticle solutions.
The helicity A of a particle is the projection of its angular momentum 3-vector in the direction
of the spatial momentum. Given that the Lorentz generators for spinors are M, = —%fy,w =
—i(%% —7,7,) and the spatial angular-momentum 3-vector operator is .S; = %eijk.Mjk, show
that the helicity operator A can be written as
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Hence, show that the helicity A of left- or right-chirality particles satisfies

A (p) = (C VP2 +m*Yr(p) — imv%}z(p))
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Am(p) = — (C\/P2 T m2Pr(p) - imv%L(p))
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¢ = +1 for p° >0 where 752/1}2 = :I:qﬁIL% .
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Hence, show that for massless or for ultrarelativistic spinor particles, chirality is related to
helicity by
AYr(p) ~ %¢L (p)
AYr(p) ~ —SUr(p) -

(b) Consider now a positively charged pion 7" at rest, decaying into a positively charged lepton

(3)

and the corresponding neutrino by exchange of a Wj intermediate vector boson. An example

is shown in Figure 1.
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Figure 1: Pion decay into a muon

The problem is to explain the basic reason why the decay process shown in Figure 7?7 domi-
nates over the analogous decay into a positron and its corresponding neutrino. In the minimal
Standard Model, neutrinos are massless. Show that for the decay of a 7™ at rest, the charged
lepton and the neutrino decay products would have to have the same helicity if the lepton
were massless. Using the form of the Standard Model interaction between W; , the charged
lepton and the neutrino, show that the decay of a pion via the process of Figure ?? would
thus be impossible if the charged lepton were massless. For massive charged leptons, this
helicity suppression is only partially effective, but it is stronger for lower mass charged lep-
tons. Since the muon is about 200 times heavier than the electron, the helicity suppression

for decay into muons is correspondingly weaker.

2. Now consider how to evaluate the relative rates of negatively charged pion decay into muons and

electrons in the low-energy effective theory with a current-current interaction
Lo = 2V2Gp(J T + T4 J7,) (4)

where only the J j charged currents participate in charged pion decay. In the effective theory, for
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decay of 7T into a charged lepton ¢ and its corresponding neutrino vy, these are

1
TH = —ci fr0,m"
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where f, is the charged pion decay constant and c¢; is a constant that needs to be obtained

experimentally.

The relevant term in the effective action is thus

Leg = _GFclfﬂauﬂ'Jr&wf%u(l + 75)% . (6>

One obtains momentum-space Feynman rules for a quantum spinor field ¥ by expanding in
terms of bs(p), di(p) annihilation and creation operators, ¢(z) = >, [ %[bs(p)us(p)ewm +
dl(p)vs(p)e~*], where u,(p) and v,(p) are c-number (i.e. ordinary commuting-number) spinor
wavefunctions for incoming and outgoing particles respectively. The Dirac conjugates @s(p) and
Us(p) are the wavefunctions for outgoing and incoming antiparticles. The tree level momentum-

space decay amplitude for 7t is then
T = —iGrcy frk T 0,7, (1 + v5)ve (7)

where v is the wavefunction of the outgoing charged lepton, ,, is the wavefunction of the outgoing
neutrino and the four-momenta of the pion, charged lepton, and neutrino are k*, p5 and pj as
shown in Figure ??. Use then (—p5 — imy)v, = 0 and —pjyu,, = 0 (remembering that the charged

lepton and neutrino are outgoing) to show
T == _GFclfwﬂ——’—mKﬂug(l - 75)1}( (8)

so T is proportional to the charged lepton mass m,. Squaring the modulus of 7 and ignoring

normalisation factors in the 7™ wavefunction, one has

ITI? = —(Grerfame) Ui, (14 75)ve00(1 — 75)u,
= —(Grerfam)? tr((l ) oetie(1 — WS)U,,M) . 9)

Then perform a sum over spins of the final states using the spin-sum rules
Z VpUp = —]7/3 —imy (10)
> w,u, = —p (11)



to show that

Z:|T|2 = (Grey fxme)*(—=8ps - pa)

spins

= 4(Gpeyfrme)?(m? — m?) (12)

The decay rate I' is given by

ry= Lo Pl (13)
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Show that the ratio of pion decay rates into electrons and into muons is consequently
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Inputting the experimental values of m., m, and m,, one obtains R, = 1.283 x 107%.




3. The charge conjugation matrix corresponding to a mostly-plus Minkowski metric ), = diag(—1,1,1,1)

may be taken to be C' = —+%4? in notation where the Dirac conjugate of a spinor v is given by
b=y
e Show the following:
ct=cC ct=-C C*=1
R I L e

Ve = C(Y)" = —Cy* () = =gyt (y5¢) = =5

e For generic Dirac spinor fields ¢) and x, derive the following transformation rules under charge

conjugation for spinor bilinears, ignoring nc phases [so just take v < Yo = C()T]

. Cc. - _ c. -
X¢ — Xcte = ¥x XVs% — XcYs¥e = YysX
_ C. - _ c. -
XV — xer"be = —yfx X5 — Xy e = ¥ys7ix
_ v C — 1 7 v
X1 — X" v e = =y 77 Ix
Consider the Yukawa coupling —ihanﬂ%uRngga + h.c where m and n sum over the 1, 2,3 gener-

ations and gz~5a = €up¢®*®. Show that this term is CP invariant provided h,,, is real. The charge

conjugation transformation of ¢, is ¢, < Q.

4. In order to preserve covariance under both gauge transformations and charge conjugation of the
nonabelian covariant derivative (D, ), = 0,40, — igAfL(T") A1y of a spinor field 1,, the gauge

fields must transform AZ SN A;f under charge conjugation as follows:
Al = —Al for (T%),% = (T%)* symmetric
A:j — AL for (T%) % = —(T")z* antisymmetric

e Show that this charge conjugation transformation of the gauge fields AZ leads to a covariant

transformation of the field strength F* , i.e. that F liy flips sign when AZ does but stays invariant

v
if AL does.



