
EXAMINATION

MSc IN QUANTUM FIELDS AND FUNDAMENTAL FORCES

TP.7 — Supersymmetry

Friday, June 3rd 2005

14:00 — 17:00

Answer Three of the following Four Questions

Use a separate booklet for each question. Make sure that each booklet carries your name, the
course title and the number of the question attempted.



1. Consider a superspace for supersymmetric quantum mechanics with a Grassman even real
co-ordinate t and a Grassman odd real co-ordinate θ. Define Q = ∂θ + iθ∂t and D = ∂θ − iθ∂t.

a) Determine {D,D}, {Q,Q} and {D,Q}.
b) A superfield F (t, θ) is either Grassman even, [F ] = 0, or Grassman odd [F ] = 1, and

transforms under supersymmetry via δF = εQF . It has the component expansion
F (t, θ) = F1(t) + θF2(t).

i) Determine [F1] and [F2].

ii) Determine how the components Fi transform under supersymmetry. Also determine
the commutator of two supersymmetry transformations, [δ1, δ2], acting on both F1

and F2.

iii) Explain why
∫

dtdθF (t, θ)

is a supersymmetric invariant.

c) Consider N real superfields X i(t, θ) = xi(t) + iθλi(t), i = 1, ..., N , and the action

S = i

∫

dtdθDX iẊjgij(X)

where gij are the components of a metric. Derive the component form of the action
and write it in a way that makes its covariance properties manifest.
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2. The non-trivial bracket of the N extended supersymmetry algebra with vanishing central
charges is given by

{QI
α, Q̄β̇J

} = 2Pm(σm)
αβ̇
δI
J

where (σm)αα̇ = (−1, σi), (σ̄m)α̇α = (−1,−σi) and σi are the Pauli matrices. The super-
Poincaré algebra has the additional generators Mmn and Pm of the Poincaré group. The
commutator of the supercharge QI

α with the generators of the Lorentz group Mmn is given by

[Mmn, Q
I
α] = i(σmn)α

βQI
β

where σmn = (1/4)(σmσ̄n − σnσ̄m), while [QI
α, P

m] = 0.

Consider representations where the generators act on positive norm Hilbert spaces.

a) Show that an irreducible representation of the superPoincaré algebra contains states with
equal mass.

b) Show that states in a representation have P 0 ≥ 0 and that states can have P 0 = 0 if and
only if they are annihilated by all supercharges.

c) Analyse the massless representations of the supersymmetry algebra. Work in a frame where
Pm = (−E, 0, 0, E) and use the fact that in this frame the helicity of the states are given
by the eigenvalues of M12.

i) First show that QI
2

is realised trivially (i.e. as zero). Hence show that the problem boils
down to finding representations of the algebra

{aI , a†J} = δI
J

with {aI , aJ} = 0, a†I = (aI)† and where aI lowers the helicity by 1/2 while a†I raises
the helicity by 1/2.

ii) Show that the irreducible massless multiplets have 2N−1 bosons and 2N−1 fermions.

iii) For the N=1 case, why is it that reducible massless multiplets appear in physical the-
ories? Construct the multiplets corresponding to a massless chiral superfield. Repeat
the construction for a vector multiplet.
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3. Consider D = 4 superspace with coordinates (xm, θα, θ̄α̇). The supercharges and su-
perspace derivatives are given by Qα = ∂

∂θα − iσm
αα̇θ̄

α̇∂m, Q̄α̇ = − ∂
∂θ̄α̇

+ iθασm
αα̇∂m, Dα =

∂
∂θα + iσm

αα̇θ̄
α̇∂m, D̄α̇ = − ∂

∂θ̄α̇
− iθασm

αα̇∂m,

a) Prove that θαθβ = −(1/2)εαβθθ where θθ ≡ θαθα.

b) Solve the chiral superfield constraint D̄α̇Φ = 0, showing thus that Φ(x, θ, θ̄) may be
represented as

Φ(y, θ) = ϕ(y) +
√

2θψ(y) + θθF (y), ym = xm + iθασm
αα̇θ̄

α̇ ,

Chiral fields transform under supersymmetry via δΦ = (εαQα + ε̄α̇Q̄
α̇)Φ. Determine

the supersymmetry transformation of the component field F .

c) Consider the chiral superfield action

IWZ =

∫

d4xd2θd2θ̄Φi†Φi +

(
∫

d4xd2θW(Φi) + h.c.

)

,

What is the potential for the scalar components ϕi of the chiral superfields Φi? What
are the conditions for this theory to have a supersymmetric vacuum?

d) Consider a model with three chiral superfields X, Y and Z with superpotential W =
gXY Z. For g 6= 0 determine the supersymmetric vacua. Does this model have an
R-symmetry?

4. a) Write down the fields in the standard model, including the Higgs sector, with their
SU(3) × SU(2) × U(1)Y quantum numbers, using a normalisation such that Qem =
I3 + Y .

b) Write down the fields of the minimal supersymmetric standard model (MSSM) with
their SU(3) × SU(2) × U(1)Y quantum numbers, using the same normalisation. Make
clear what kinds of supermultiplets the fields lie in. Briefly explain why supersymmetry
requires the introduction of additional Higgs doublets.

c) Discuss the presence of the soft supersymmetry breaking terms of the MSSM. You
should mention the hierarchy problem, supersymmetry breaking and describe the form
of the soft supersymmetry breaking terms in the Lagrangian and provide one concrete
example.
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