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1 Introduction

The possibility of neutrinos having definite mass is a long-aged issue dating
back to the first experimental observations in the fifties. The Standard Model
(the theory which describes with an incredible accuracy particle physics) was
not yet even formulated, nor were neutrino flavours different from the elec-
tron one v, yet discovered, when Bruno Pontecorvo postulated that neutrinos
oscillate, that is the state vector of a neutrino is a superposition of state vec-
tors of Majorana particles with different masses, in analogy with what was
at that time known about the K° — K© system. This hypothesis requires
neutrinos to be of definite mass and that weak interaction do not conserve
lepton charge, as well as strangeness.

In the sixties weak interactions were understood to fit well in a local non-
abelian gauge theory unified to electromagnetism, where particles interact
via massive vector bosons and the lepton masses arise from a weird yet as-
tonishingly precise mechanism of spontaneous symmetry breaking. It took a
little bit less than a decade to rule out the issue of taming the infinities crop-
ping out the weak interactions loop diagrams and eventually demonstrate
that this bewildering theory was indeed renormalizable. However, in this
major theoretical model neutrinos, although present, are not given any mass
and are thus represented by spinors of definite chirality: left-handed spinors.
A few decades before, the young italian genius Ettore Majorana (mysteri-
ously disappeared in 1938) was working over a very original theory of spinors
in neat contrast with the by then established Dirac theory. The new mathe-
matical objects the Sicilian scientist was proposing were suitable to represent
particles with the property of being invariant under charge conjugation. Ma-
jorana spinors carry two degrees of freedom only, instead of the four carried
by Dirac spinors. Since charge conjugation inverts the chirality, if neutrinos
are Majorana particles, it is also possible to have three right-handed parti-
cles from the left-handed neutrinos of the Standard Model. In this way the
electro-weak theory can be extended, including non-zero mass neutrinos.
The appearance of Grand Unified Theories (Pati and Salam 1973; Georgi
and Glashow 1974) stimulated further the interest in neutrino mixing and
oscillations, which both arise naturally in these models. However the ulti-
mate confirmation of the massive nature of neutrinos came out the neutrino
solar problem, in the 1980’s. For twenty years the world scientific commu-
nity had been puzzled by a discrepancy between the number of neutrinos
produced by the nuclear reactions inside the sun, and those flowing through
the earth. The measurements made by Ray Davies and John N. Bachall in
the 1960’s detected a flow of neutrinos that was in deficit of two thirds from
the expected amount. Where had these two thirds of neutrinos gone? The
particle physics community took it out on Davies and co., who were still
convinced of having done a good job though. Someone then suggested that
the Standard Solar Model, upon which the neutrino production inside the



sun was estimated, was wrong. This was not the case either, as it turned
out ultimately in 1998, when the Super-Kamiokande collaboration in Japan
revealed that neutrino oscillation do take place on the way from the sun to
the earth, and the detectors used to collect neutrino signals were only sen-
sible to the electron flavour, missing out the other two neutrino flavours: =
and p. For not having stubbornly lied to the world for nearly fourty years,
Ray Davies was eventually awarded the Nobel prize in 2002, together with
Masatoshi Koshiba (who worked on Super-Kamiokande).

The Super-Kamiokande collaboration showed clearly that neutrinos oscil-
late between different generations, in particular the v, < v, oscillation was
observed. The oscillations are evidence of mass differences among different
flavour, but unfortunately don’t give any information on the value of a single
mass. The only thing we can deduce is a lower bound on the mass value:
there is a mass eigenstate with a mass of at least 0.04 eV. Since the oscilla-
tions experiments results, that is in the last ten years, all the experimental
efforts have been driven towards the goal of measuring this absolute mass
value. In particular, great attention has been given to neutrinoless double-(
decay experiments, whose theory had been developed in the 1980’s. Cur-
rently many experiments are running or under construction to investigate
further these processes which are very likely to reveal in short time the exact
value of neutrino masses.

From a theoretical point of view the question is of course how to incorporate
neutrino masses in the Standard Model, or how to modify the previous the-
ory to allow neutrinos to be massive. Depending on neutrinos being Dirac
or Majorana particles, different models, thoroughly analyzed in this work,
are possible to describe the same physics. All these different frames were
developed starting from the early 1970’s, as hints of neutrinos having mass
were already present. The general picture of the Standard Model is not
modified, meaning that the neutrino mass term (both Dirac and Majorana)
arises from the same symmetry breaking pattern that gives masses to quarks
and charged leptons. A remarkable issue is the one related to the symme-
tries carried by different types of mass term. For example, would neutrinos
be Dirac particles, then the total lepton charge should be conserved and
processes like neutrinoless double-3 decay forbidden. Conversely in a theory
where neutrinos are Majorana the total lepton charge is not conserved.

All existing experimental data confirm the hypothesis that weak interactions
do conserve lepton charge of all particles different from neutrinos. There-
fore charged leptons are Dirac particles. Despite in principle both Dirac
and Majorana schemes are possible for neutrinos, nowadays the most plausi-
ble scenario is the one with neutrinos being Majorana particles with definite
mass and the lepton charge conservation violated at some energy scale higher
than the electro-weak one. The smallness of neutrino masses compared to the
quarks and charged leptons would then be naturally explained as inversely
proportional to the very large energy scale at which the lepton charge con-
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servation is violated. The framework is that of an effective theory with the
mass term arising upon symmetry breaking from a non-renormalizable op-
erator killed by the first power of the energy scale. As it is always the case
in high-energy physics, going to higher energies reveals physics that lower
scales do not contemplate.

This work is aimed at giving a general picture of what is the current

knowledge of neutrino masses and wants to be an introduction for those who
are at their first touch with the topic. It is mainly a review of some key
works in order to introduce the reader to this very challenging branch of
particle physics.
The first chapter is a summary of the main features of the mass generation in
the Standard Model, which is the background for the theory. In the second
chapter different mass terms are analyzed and discussed in relation with
experiments. The discussion merges then on the See-Saw mechanism, which
is considered to be the best theoretical picture of our current knowledge
about neutrino masses. The subsequent chapter on oscillations is inserted
only for completeness and because oscillations crop out all over the place in
the discussion, even though they are not the principal aim of this work. In
particular, oscillations help introducing the discussion on experiments, that
is the content of the last chapter.



2 The Standard Model: Quark mixing

In all our discussion we will assume that the interaction of neutrinos with
other leptons and quarks is described by the SU(2) x U(1)y — symmetric
Lagrangian of the Standard Model (SM). We will neglect the SU(3) factor
of the strong interactions, which is also present as a symmetry of the SM but
is not related to our aims. In this theory the left-handed (LH) neutrinos and
the corresponding LH charged leptons form SU(2) doublets in the following
fashion

wlL = (IZJZL> ) [ = €, 1, T (21>
L

while the right-handed (RH) components of the leptons are singlets with
respect to this group. No RH neutrinos are present in the original formulation
of the Standard Model and this is because neutrinos were still considered to
be massless and so of definite chirality. As we see, the [-index runs over the
three different generations of leptons. The LH quark fields are grouped in
SU(2) doublets of three generations (or families)

(). (=), () @2

The six RH quarks are SU(2)-singlets: wupr1,dR1;Ccr2, Sr2;trs, brs. For a
more compact notation, we shall denote these three families by

Lix = (Z,ﬁ:) . k=1,23 (2.3)

and the RH fields simply by ugk, dgi, with k = 1,2, 3. As we have mentioned
before, the Standard Model requires local SU(2) x U(1)y gauge invariance,
which is obtained by substituting in the dynamical lagrangian-terms of each
LH field the SU(2) x U(1)y covariant derivative, and for each RH field the
U(1)y covariant derivative. The U(1)y factor is known as the group of
weak-hypercharge. The theory then requires symmetry breaking

SU2) x ULy — U(Lem (2.4)

in order for the leptons, the quarks and the intermediate gauge vector bosons
to acquire masses, leaving the photon massless. The remaining unbroken
U(1)em symmetry is the proper electromagnetic symmetry, which is gener-
ated by a mixture of the hypercharge generator, denoted Y, and an SU(2)
generator, which we may take to be T3 = 1/203, that is

Qem =Y + T3- (25)
The covariant derivatives which enter the Lagrangian are for the leptons
.92 g1
Dt = 0u+i5 W+ B (2.6)
.1
Dulire = (D +i% By)lur (2.7)



where W, are the SU(2) gauge vector bosons, B,, is the U(1)y gauge boson
and g1, go are coupling constants. Analogously, for the quarks we have

DuLpx = (9, + i%WH - z’%lBu)LLk (2.8)
Dyupy = (0, — 2i%Bu)URk (2.9)
D, dpi = (0, — z‘%Bﬂ)uRk (2.10)

The dynamical Lagrangian for leptons and quarks then reads
Layn = Layn(lepton) + Layn (quark) (2.11)

where
Layn(lepton) = i), 5" Dytinr, + ill o™ Dyulig (2.12)

and

Layn(quark) = iL}, 5[0, +i(g2/2) W + (ig1/6) Bul Lk
+ ity 00, + (2ig1/3) By Jurk
+ id}yy, 00, — (i91/3) Buld (2.13)

Sums over [ and k indices are understood. So far all the fermions ar mass-
less. They are given masses through the Higgs effect, by including Yukawa
couplings in the Lagrangian. After symmetry breaking the choice of the
vacuum for the Higgs field allows all the fermions to acquire masses. Is im-
portant to remark that no SU(2) x U(1)-invariant mass terms are allowed
in principle. Any attempt to construct mass terms would indeed involve
something like Yrvr, for some spinors xg,¥r. Such a quantity fails to be
gauge-invariant because of the spinor index-structure which does not permit
a good contraction.

Let us briefly consider how the Higgs mechanism works. The scalar field
enters the theory as an SU(2) doublet

o — @;\) (2.14)

It interacts both with the fermions and the gauge bosons and is also present
in the total Lagrangian of the SM in the Higgs potential

V(®T®) = k(®TD)2 — p2(2TD) (2.15)

If we take x and p? to be positive constants, this potential is clearly degen-
erate in its vacuum, and this spontaneously breaks the symmetry. Choose
as a vacuum expectation value (vev) for the scalar field

o = ( 10 ) , v=p?/k (2.16)



Expanding ® about its vacuum expectation value (making use of the unitary
gauge to avoid mixing terms with the Goldstone bosons) we have

b = 0 2.17
“\Lw+H@) ) (2.17)

H(x) is known as the Higgs field. The SU(2) x U(1) gauge invariant Yukawa
couplings for both leptons and quarks are

Ly = —(fon®! [ 1ng® + hn Lt dpp® + kmn LY ung®) + hee.  (2.18)

with hpn, fren and K,y coupling matrices, with no further constraints. On
symmetry breaking, this gives the mass term
v

Emass = -
V2

Note that the mass term for the u-quarks has appeared because

b = (Vli(v * H<$))> (2.20)

(Frnl! g + hond! | dug + k! ung) + hoe. (2.19)

0

We have of course neglected the Higgs-fermions interactions which as well
arise in this process, as they don’t bring about any mass term.

The mass term (2.19) involves mixture of the three generations of quarks,
i.e. the form of (2.19) is not diagonal. However, any complex matrix can be
put in diagonal form by making use of biunitary transformations. From now
on disregard the lepton term and focus on the quarks only. The matrices
hmn and k., can be diagonalized as

mDpiny  kmn = UL m%Urm (2.21)

— Y Lms

Bynn = D1

Lms

with Uy, U, D1,, D independent unitary matrices and m*, m® diagonal ma-
trices. After this substitution in (2.19), the theory turns out to be most
directly described in terms of the true quark fields

dr; = Drijdr;, dgr; = DR;jdgj,

Ur; = ULijuLjy Up; = URijuRj (2.22)
The mass contribution to the lagrangian then becomes, dropping the primes
on the new quark fields

3
Lonass = — Y _[m(d}dp; + dyydrs) + mi(ulups + ulur)]  (2.23)
=1

which is manifestly diagonal.
There are further issues about the substitution (2.22), as it affects the form of



the charged and neutral weak currents (fermion-gauge bosons interactions)
and brings in the Cabibbo-Kobayashi-Maskawa matrix, but we will not in-
vestigate further this argument. Analogous to what we have seen for quarks
is the story for charged leptons masses: the latter ones arise from couplings
to the scalar field after symmetry breaking. We should remark at this stage
that because the Higgs has been chosen to be a doublet and for the absence
of RH neutrino fields, is not possible to generate masses for neutrinos in
this theory and hence, in the original formulation of the Standard Model,
neutrinos stay massless.



3 Neutrino mixing schemes

So far we have only briefly summarized the major features of the SM and the
mixing scheme for quarks, which is a good starting point for the theoretical
structure we are going to look at more closely for neutrinos. Let us start this
section saying that there are several different schemes for neutrino mixing,
whereas only one for quarks. This is because neutrinos are neutral particles,
while quarks are charged. As we will briefly see, not carrying electric charge
allows neutrinos to be interpreted both as Dirac and Majorana particles
(quarks are strictly Dirac particles).

3.1 Dirac and Majorana particles

A Dirac particle is described by a four-component spinor
Aa .
Vg = Xﬁ a,0=1,2 (3.1)

with A\, and )25 being two irreducible representations of SL(2,C). The fact
that 1, as a whole is not irreducible allows to project it in its irreducible
components by making use of the matrix

V5 1= 10717273 (3.2)

In particular
VYL = VL, VYR = —YR (3.3)

Yr = <A0a> ,  Yr= <)20ﬁ> (3.4)

are the LH and RH components of the Dirac spinor. Let us define the
Dirac conjugate as the row object

where

Yo = —i (x“ ;\5) (3.5)

We can further define the Dirac charge conjugate as

P =C(p)" (3.6)

where C is the charge conjugation matriz, which has the following proper-
ties
Cylect=—, Cic=1, c'=- (3.7)

However, neutral massive fermions can be described by simpler spinors car-
rying only two independent components instead of four, as it was originally
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proposed by Ettore Majorana in his major work in 1937. A Majorana spinor
has the following form
A
e = <Ag> (3.8)

If we now look at the charge conjugate, we easly find that, for a Majorana
spinor

wc = 7/}7 (3.9)
that is charge conjugation leaves Majorana spinors invariant. This is the
reason why, once they are given a definite mass, neutrinos can be seen as
both Dirac and Majorana particles: being a Dirac particle doesn’t require to
be charged, but being charged requires to be Dirac.

Suppose now to have as many neutrino flavours as we want, say n. It
is useful to separate LH and RH components in two n-component column
vectors

VeL VeR
Yur VuR
v v
v=| ", vr=| ""]. (3.10)

Say also there is an index [ running over the n flavours, i.e. [ =e,pu,7,....
The LH fields are those entering into the SM and representing originally
massless neutrinos, while the RH do not enter the SM and are introduced in
order to build a mass term.

For vy, and vy let us define the charge conjugates

vi=C)",  vi=Clor)" (3.11)
It turns out that v{ is a RH field, while v is LH. Indeed, using the relation
CMsC =11, (3.12)
we have ) T ;
S (=355 = Clin 5 (1= )1 (3.13)
Moreover 1
ﬁLi(l — ) =71, (3.14)
hence we find )
S =i =f (3.15)
and similarly
S0+ ) = v (3.16)

Using the fields vp,vg,vf and v, we can now start building up different
mass terms.

11



3.2 Dirac mass term

Since the RH fields v¢gr, vrg,v,r do not exist in the SM, a mass term of the
form

LP=— > varMDvs,+ He, (3.17)

a,B=e,u,T,...

known as a Dirac mass term, is in principle precluded. MP is a n x n
mass matrix, not diagonal, which mixes neutrino flavours. However it is a
straightforward extension to add the three RH fields as singlets under the
total SM gauge group, so that neutrinos become similar to the other massive
fermion fields (i.e. quarks and charged leptons). In this way, the mass term
(3.17) can be generated by the same Higgs mechanism which is responsible
of the masse terms for the other fermions.
Now proceed in diagonalizing the matrix M, with the biunitary transfor-
mation scheme we mentioned before for quarks:

MP =vmUT, (3.18)

with U and V both unitary matrices and m;; = m;d; (m; > 0). Making
use of (3.18), the mass term (3.17) becomes

n
P = - Z UaR Vai mj (UT)z’ﬂ VgL + H.c. = —Zmiﬂil/i, (3.19)
avﬂﬂ’ =1

where
v; = Vi, + ViR, i=1,...,n (3.20)
and
vio, = Y (UNigvsr
g
vin=> (VDiavar (3.21)

«

Inverting the last two relations we have

Vol :ZUM ViL, =€, lU,T,... (3.22)
7

The neutrino fields given in (3.20) are the n components of a massive mul-
tiplet

vy

V2

v =" (3.23)

12



After this definition equation (3.22) may be further recast in the simpler
form
v =Uvp (3.24)

From (3.22) and (3.24) we see that the the LH neutrino fields which are
present in the SM are linear combinations of LH neutrino fields having defi-
nite masses. Moreover (3.22) may be used to show that, with the mass term
(3.17), the total Lagrangian is invariant under the global gauge transforma-
tions

AVk

| — M, l=e,p,7,..., (3.25)

v, — €'

with A a constant parameter independent of the flavour [. This invariance
entails the conservation of the total lepton charge

L= Y L (3.26)

l=e,pu,T,...

and assures as well that neutrinos with definite masses are Dirac particles.
In fact charged leptons carry lepton charge one, thus in order for L to be
conserved, the global gauge transofrmations (3.25) require massive neutrinos
to carry a unit of lepton charge too (since A is the same for both leptons
and neutrinos). In this way the lepton charge of vy is the opposite of the
one of 7,. On the other hand, for the SM fields v, is easy to see that
(3.17) doesn’t allow the individual lepton charges L; to be conserved, unless
the matrix M? is diagonal (in that case global gauge transformations with I-
dependent parameters are still symmetries of the Lagrangian); but the theory
is nontheless invariant under the transformations

i\ A
VoL, — € ValL, Var — € VR

I — e (3.27)

which imply the total lepton charge to be conserved.
The theory of Dirac massive neutrinos hence allows processes like

pt — et 44, pt — et +e +et (3.28)

where the total lepton charge is conserved. Conversely, a process like neu-
trinoless double G-decay

(A Z) - (A, Z+2)+e +e (3.29)

is forbidden.

13



3.3 Majorana mass term

By making use of the definitions we gave in section (3.1) we can construct
different mass terms involving the fields v§ , v as well as vy, vg. In particular
a left-handed Majorana mass term has the form

1
Ly = -3 > v MMpver+ He. (3.30)

CM,,BZQ,,U,,T,...

Similarly a right-handed is given by

,Cj\él = —% Z ﬂ;RM%RV5R+H.C. (3.31)
a,B=e,u,T,...

Note that there are no global gauge transformations which leave (3.30) and
(3.31) invariant, thus no lepton charge can be conserved in a theory with
such mass terms. Hence there is no way of discerning between a neutrino
and its own antiparticle, guaranteeing that the massive fields in this case
represent true Majorana particles. Let us proceed to put the n x n mass
matrix MM in the standard diagonal form.
It is useful to take into account that MM is symmetric; in fact, using (3.7)
and the definitions of v§ and vf; we find

76 =—vic™t, %= —vhCT? (3.32)
Now (3.30) becomes
76 MMy = (@ MMup)T = —(Wlo MMy
=l HT(wM Ty, = o8 (MM Ty (3.33)
(a minus sign appears when we permute two fermionic fields) and hence
M=MT (3.34)

A symmetrical matrix can be diagonalized with a unitary transformation U
in this way:
M= UHT'mUt (3.35)

with m being a diagonal 3 x 3 matrix with positive eigenvalues. Inserting
(3.35) into (3.30) we obtain

1
Ly = _iﬁ%an - iﬁLmni, (3.36)

having put
np=U"vp, n =Cal. (3.37)

14



So the mass term can be recast in

1 n
M = -3 > mi@rer (3.38)
k=1
where

Y1
®2

eo=nr+n; =\ "|. (3.39)
Pn

Again the LH neutrino fields vy, are lineare combinations of massive neutrino
fields . By inverting (3.37) and using (3.39) we have

n
vip =Y U ¢k (3.40)
k=1

From (3.39) we also have that the fields @), are Majorana fermions. In fact,
after some easy steps (making use of the second relation in Eq. (3.37), we
get

or=Cgr, k=1,...,n. (3.41)

Being no lepton charge conserved in a theory with a Majorana mass term,
processes like (3.29) are now allowed together with the other ones. This
kind of mass term was first considered by Pontecorvo et al in 1969; sub-
sequently many experiments (as we will see) have been addressed to study
processes where lepton charge is not conserved which seem to go adrift from
the fundamental pillars of the SM.

3.4 Dirac-Majorana mass term and See-Saw mechanism for
mass generation

After having considered in detail the two different kind of mass term, the
next step is to put them together to have

1 1
LM _ —57i MMy, — S7R MM ve, —op MP vy + H.c. (3.42)

known as a Dirac — Majorana mass term. Sums over the matrix indices
are understood. Let us specify to the case of three neutrino flavours to make
calculations easier in this case. The expression (3.42) can be put in a more
compact form by defining the fields

I/l , VeL , VeR
ny = <( L ), v, = | vur |, vp=|vur |, (3.43)

Vrr VrR



and hence writing

1
£D_M::—§ﬁzA[nL+}£a (3.44)
Now M is a 6 X 6 matrix
MM (MD)T>
M = < L (3.45)
MP MM

whose entries are 3 x 3 matrices given respectively by Dirac and Majorana
mass matrices we saw before. The procedure to diagonalize the matrix (3.45)
is the same of the one we showed for the Majorana mass term, so we won’t
repeat it here. The only difference to remark is that the sum in (3.38) now
runs over 6 values (if we took into account n neutrino flavours then it would
have been a sum over 2n values, being M a 2n X 2n matrix). Hence we can
diagonalize the Dirac-Majorana mass matrix and express flavour neutrino
fields as linear combinations of fields with definite masses. Moreover, as we
saw in the case of simple Majorana mass term, the massive neutrinos are
Majorana particles, described by two degrees of freedom. Thus, as in the
previous case, we can’t distinguish between a neutrino and an antineutrino,
because none of them carry a conserved lepton charge.

This theory is very powerful in describing the smallness of the neutrino
masses and thence the difficulty in detecting them at the energy scale of
the SM. In order to better understand this we need to look closer at the
masses we get after diagonalizing the mass matrix.

As a first note, is crucial to stress that the mass block M in Eq. (3.45) is
generated by the Higgs mechanism and then its entries must be proportional
to the Higgs doublet vacuum expectation value vgy,, = 246 GeV, allowing
at most an order 10° GeV. Conversely, the RH Majorana mass block M 1]%4
is invariant under the gauge symmetries of the SM and doesn’t need to be
generated by the Higgs mechanism after symmetry breaking, but can be
present in the total lagrangian of the theory without spoiling its symmetries.
This implies that the elements of M }]y are in principle not bounded from
above. However this Majorana mass term could be generated by the Higgs
mechanism at a higher energy scale beyond the SM, as high as the grand-
unification scale of Grand unified theories (GUT) of ~ 10'° GeV.

Let us see what we get after diagonalizing (3.45) in the case of just one
flavour (the matrix being 2 x 2). The lagrangian (3.42) reduces to

1 1
LM _ —me(ﬂL)c vy, — ilejR (IJR)C + h.c.
1
= —i(ﬁL)CMnL + h.c. (3.46)

where

<"” ’”D>. (3.47)

mp Mg

= (o) M

16



Assume also that my, mpgr and mp are all real. To diagonalize, it turns out
to be easier to write M in the following form

1
M = JTrM +M (3.48)
with M defined as
1 _
M = <2(mR me) L, P > . (3.49)
mp 5(mgr —mg)

Being M symmetric is diagonalizable by an orthogonal transformation
M=0mOT. (3.50)

where the diagonal matrix m has entries

1
mi = ii\/(mR —mp)? +4m3,. (3.51)

which are the eigenvalues of M. Now we can put this result together with
the definition (3.48) to have for the eigenvalues of the matrix M

/ 1 1
m; o = i(mR +mp) £ 5\/(mR —mr)?+ 4m2D. (3.52)
The following relation holds
M=0m 0 (3.53)

where O is a different orthogonal matrix from the unbarred one. To be
consistent with what we said in (3.35) let us write the eigenvalues of M in
this way

my = n;m;, n; = £1, mi = |my] (3.54)

so that we can switch to a unitary transformation like in (3.35) by defining
Ut =,m0T (3.55)

Now the mass term (3.46) has the form
D—M 1 :
L =—3 Z; miviv; (3.56)
and the relation between flavour neutrinos and massive fields is

<(:1§)c) =U (V1L> . U=0(n)" (3.57)

VoL
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From (3.52) is easy to calculate the limit for mpr > mp. Assume mp = 0,
so that the lepton number conservation is not violated by the LH Majorana
mass term. The eigenvalues we get are
2
m
my ~ —2 me ~ mg, (3.58)
mpr
that is, if the condition mgr > mp is enforced, we have one very heavy
particle with mass msg and a light one with mass m;. This result is still valid
when we generalize to three flavours. Say we turn back to our 6 x 6 mass

matrix (3.45) and put to zero the MM 3 x 3 block. The mass matrix reduces

to
D\T
M= (A;D %}%} > (3.59)

If we assume, for what we explained before, that the entries of M 1]%/[ are much

bigger than those of Mp, then we can approximately diagonalize by blocks
the total mass matrix. This procedure leads to a light 3 x 3 block

Myigne ~ MP (M~ (MP)T (3.60)

and a heavy 3 x 3 block Mpeqpy ~ M 1{{/[ . The six masses (three heavy and
three light) are given by the eigenvalues of the two matrices Mjgn: and
Mheqvy- Note that the structure of the masses is the same of that in the
simpler case we saw before: the light mass is still quadratic in the Dirac
mass and pulled down in magnitude by the inverse of the Majorana mass.
This is what is known as the See — Saw mechanism. The smallness of
the three light neutrino masses is explained as inversely proportional to the
energy scale where the lepton number conservation is violated. The three
heavy particles we get form this model are completely unrelated to the low-
energy physics of the SM, but could show up at some higher scale. On the
other hand the three light neutrinos are predicted to be Majorana particles,
allowing processes where the lepton number conservation is violated.
It is very interesting and instructive to see how this model is related to an
effective theory, where the effective Lagrangian of the theory is given by
[,eff:ESM—i—%-i—%
Here Lgps is the original Lagrangian of the SM, while the other terms are
non-renormalizable field operators which are not included in the original
electroweak theory. These terms have energy (mass) dimensions grater than
four and thus have to be rescaled by appropriate powers of the energy scale
A. The first non-renormalizable term Oy can be taken to be quadratic both
in the Higgs and leptons doublets so that, on symmetry breaking, the Higgs
mechanism produces neutrino mass terms like in (3.30), but now the entries
of the mass matrix are of the order

MM ~ ”Zm < Vg (3.62)

... (3.61)
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This explains while neutrino masses obtained from this model are extremely
small compared to the quark’s and lepton’s masses, which are proportional
to vgm. Moreover, as we will investigate further, experiments on flavour os-
cillations give squared-mass differences, which can be used to roughly assess
the validity of this model. There are mainly two different kinds of experi-
ments: solar experiments and atmospheric experiments, with a hierarchy of
squared-mass differences between the two. From atmospheric experiments
we have

Am?,,, =2.6+0.15 x 103V (3.63)
while from solar experiments
Am?,; = 7.92(1+0.09) x 1075V, (3.64)

So if we roughly put MM ~ \/Am2,, =~ 0.05eV we get from (3.62) A ~
10™ GeV which is indeed the GUT energy scale. Hence for this model, if
neutrinos are massive, the lepton number conservation is violated at GUT
energies.
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4 Flavour oscillations and the mixing matrix U

The mixing schemes we have discussed have as their principal consequence
that of triggering neutrino oscillations. These are really important in de-
termining experimentally the massive nature of neutrinos as they give dif-
ferences of squared masses and the mixing angles upon which the matrix
U depends. The key idea of oscillations is that, because flavour fields are
linear combinations of massive fields, the state vector of any given flavour
field after time-evolution turns into a linear combination of states of all types
of neutrinos, meaning that any flavour neutrino is itself a superposition of
other flavour neutrinos. Let us briefly see how this happens. We start with
our mixing scheme

Vol — Z Uai V; (41)

with the massive fields v; that can either be Majorana or Dirac. The state
vector for the flavor neutrino is given by

Va) = Z Uai Vi) (4.2)

where the ket |v;) is the state vector of a massive neutrino with mass m; and
we consider the approximation where the masses are negligible compared to
the corresponding momenta. The time-evolution evolves the state |v,) to

va)e =Y Unie it i) (4.3)

The remarkable fact is that the evolved state is now itself a linear combi-
nation of all possible neutrino flavours. This is a consequence of (4.2) that,
together with the unitarity of U yields

i) = Usilvg) (4.4)
5
and thus can be used to re-express the state evolved after time ¢ as
V)t = Y Avgwa () [5) (4.5)
B

Avsiva (1) = Y Ugie UL, (4.6)

The quantity A, (t) is the amplitude for the state transition v, — vg,
which gives the following probability

2

,Pya—n//@ = (47)

Z Uﬂl e_iEit U:;z
)
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For this probability to be non-zero, at least two neutrino masses must be
different; in fact if the masses are all the same, for the unitarity of U the
amplitude reduces to

Avgive (t) = e " UgiUs; = e Fo0p. (4.8)

The same problem we have if the mixing matrix U is diagonal (i.e. no
mixing). Eq. (4.7) can be expanded in

2
Pro—vs = ZUﬁl Uﬁj aj€ iamGDRE, (4.9)

In the last expression Amgj = mf — m?, E; =\/p*+ m? ~p+ m?/2p and
m; < p. D is the distance between the source of the neutrino beam and the
detector and approximately equals the time ¢ (v ~ ¢ =1). Thus we see that
any experiment designed to detect neutrino oscillations cannot measure any
individual mass, but only mass differences.

The probability depends both on (n — 1) mass squared differences and on
the parameters entering in the mixing matrix U. This matrix depends on n?
parameters, which are angles and phases, as any n X n unitary matrix can
be constructed as a product of rotation matrices and unitary matrices made
up of just phase factors. Not all these parameters are independent and it
can be shown that the number of independent angles is n(n — 1)/2 while the
number of phases depends on whether the neutrinos are Dirac or Majorana:
in the first case they are (n — 1)(n — 2)/2, in the second case n(n — 1)/2.
We will come back to this to see how crucial it is for the properties of the
mixing matrix.

For completeness now briefly have a look at the oscillating behaviour of
antineutrinos. The antineutrino state-vector is given by

= Z Uai |7i), (Dirac case) (4.10)
= Z Uai Vi), (Majorana case). (4.11)

U; (v;) is the state for an antineutrino (neutrino) with mass m;. In both
cases the amplitude for the transition v, — v is

t)=> Use FilUy (4.12)
i
which yields the following probability

2
> Usie U
7
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Comparing the amplitude for antineutrinos with the one for neutrinos we
saw before, we see that the relation

Avgia (1) = Avgiv (t) (4.14)
holds, which entails for the probabilities
,Pua—u/g = Pﬂﬂ—nja- (415)

Is easy to check that expressions (4.7) and (4.13) are invariant under trans-
formations of the mixing matrix of the form

Uyi — U;Z- = e N, e (4.16)

with 7, and d; real parameters. Hence the parameters of the mixing matrix
U that appear in the probability cannot be absorbed by such transformations
and this, as we said, reduces the number of phases upon which the mixing
matrix depends to (n — 1)(n — 2)/2 in the Dirac case and to n(n —1)/2 in
the Majorana case.

One can parametrize the mixing matrix U in a very similar fashion to that
used for quark mixing (for reference see [4]). For a Dirac spinor this has the
following form

Ce25e3 Se2Ce3 Sez€ "
19 10
U= | —5e2cu3 — Ce25,35¢3 €' Ce2Cu3 — Se25u35¢3 €' su3ces | . (4.17)
10 10
Se2Cu3 — Ce25u35e3 e’ —Ce2Cpu3 — Se25u3Se3 e’ Cu3Ce3

Here ¢;; = cost;; and s;; = sinf;; and we identify the three angles 03,02
and 6,3 and the phase ¢ as the parameters of U that can be measured
experimentally.
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5 The experimental side of the medal

Many experiments aimed to study oscillations have established, in the past
twenty years, that neutrinos are indeed massive, albeit their masses are very
small. Specifically, two different mass squared differences have been ob-
served in solar and atmospheric experiments and then confirmed by other
experiments made on earth. The experiment LSND measured a third mass
difference which has not though be confirmed by subsequent experiments
like KARMEN and MiniBooNE. Two mass squared differences need at least
three different mass eigenstates identifiable as the three massive neutrino
fields. Solar experiments have given a squared mass difference involving
the masses m; and mg with [m1| > |mz|. On the other hand atmospheric
experiments involve the third mass m3. In total we have

Amgor = Am3; = [ma|* — [my]?

Ampy = Amgy = |msf® — [ma]*. (5.1)

AmiTM can be either positive or negative depending on the hierarchy of
the masses. We talk of normal hierarchy if m; < mo < mg, while the
inverted hierarchy is that where ms < mj < ms. In the following table
the experimental results obtained from solar and atmospheric experiments
are shown. From these results we may see the hierarchy between the two

Am2, (1077 eV | 7677018 | 7.65790%

Am2, (1073 eV?) 2.3970 0% 2.40T001

atm

sinZ 01 0.312707019 | 0.30470 02
sin? O3 0.4667005 | 0507008
sinZ 613 0.016 +0.010 | 0.010°3%,

Table 1: The results in the first column are taken from ref. [10], those in the
second from ref.[11]

mass squared differences which we mentioned in previous chapters, that is
the ratio between the two is

AmPry ~ 30 Amio). (5.2)

This experimental evidence matches with the mixing scheme where there are
three neutrinos and two independent mass squared differences, with Amgl ~
Am3,. From Table 1 we see that the the parameter 613 is close to zero within
the experimental error, while the other two angles are very large. If we now
look back at the mixing matrix we saw at the end of the previous chapter,
we see that substituting the values given in Table 1 within the errors, the
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matrix is well represented by the following one

Vv2/3  1/V/3 0
U= |-1/vV6 1/v/3 1/V2]. (5.3)
1/V6 —1/V3 1/V2

This matrix is know as tri — bimaximal and to obtain it we made the fol-
lowing approximations

1 1
913 = 0, Sin2 912 = g, Sin2 923 = 5, (5.4)

with the phase convention § = 0. Should not #1353 be zero, or at least to
it compatible, there would be issues in CP violation and matter-antimatter
asymmetry which have not yet been observed. In the last ten years the ma-
jority of data analysis have been made by taking the approximation 613 = 0,
due to the fact that there has not been yet any evidence of finiteness for 6;3.

Whereas many experiments have hitherto confirmed that neutrinos do os-
cillate and thus have masses, what remains still unknown is the so-called
absolute value of these masses. Oscillations, as we have already pointed out,
can’t give any information on what is the real value of a single neutrino mass
and so to probe any exact value other kinds of experiments have been car-
ried through: the most important are those on beta decay and neutrinoless
double beta decay. But still, starting from our mass squared difference we
get from oscillation experiments, we can give a first rough and rather naive
approximation of what is the lower bound for the single mass. If we consider
for example the data supplied by the MINOS experiment and published in
2006 (see ref.[15]), it was measured that Am2; = 0.0027 V2, consistent with
what measured by the Super-Kamiokande neutrino detector in 1998. From
this value, we can certainly say that at least one of the two masses involved
in the squared difference has to be at least as big as the square root of Am%3,
that is 0.04 V.

Once we know that a lower bound exists the even more interesting challenge
is to investigate whether one can put also upper bounds to the mass value.
This can be done through experiments on beta decay.

5.1 Beta decay

Measurement of the electron neutrino mass can be obtained by looking at
the spectrum of nuclear beta decay. The quantity of interest is the Curie
function, which is given by

1/2

K(T) = [(Q-T)\/(@ -1 —m, (5.5)
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in the case there is no neutrino mixing and by

3 1/2
K(T) = (Q - T) Z |Uek|2\/(Q - T)2 - m%ue] (56)
k=1

in the case of mixing. Here Q = M; — My —m,, with M; and My the masses
of the initial and final nuclei respectively. T' = E, —m, is the electron kinetic
energy. Would m,, be zero, then the Curie function would simply be a linear
decreasing line, with the point T' = ) being the so-called end of the spectrum.
Switching on the tiny neutrino mass, what we expect theoretically is that
the end-point is shifted to the value T'= @ —m,, (in case of no mixing) and
to T = Q —m,, (in case of mixing), where v; is the lightest massive neutrino
component of v., which depends on the hierarchy scheme. Another feature
expected analitically in this model with neutrino mixing is to have kinks in
the Curie function corresponding to the energies T, = ) —my; the sharpness
of these kinks depends on the value of |Ug|?. Tritium has turned out to be
the best candidate in these kind of experiments for its very small Q-value
in beta decay. This is important as the relative number of events occurring
below the end-point is inversely proportional to the cubic of Q; hence one
can maximize this number by using small Q values.

e I o ML s e
0.02 _:
Z: 0.015 S :
& oo0lf i 3
=< : T~ ]
0.005 | : ]
[ i . ]
ob v v vy [ TR BT 1 ]
18.55 18.555 18.56 18.565 18.57
7 T Tk 7 T
eV
Qp — ma [ ] Qp —my Qs

Figure 1: The Curie function is represented by the dotted line for m,, = 0;
by the dashed line in case there is no mizing and m,, = 5eV and by the solid
line for a mizing scheme like in (5.6) with m; =5eV and mg = 15¢€V..

Hence the important region of the spectrum to look at is the one close
to the end-point. With this technique experiments in Germany have been
able, five years ago, to estimate the upper bound on the electron neutrino
mass as 2.3 eV [95% C.L.] (Mainz tritium experiment) and 2.5V [95% C.L.]
(Troitzk tritium experiment), but only in the case of one-generation Curie
function given by (5.5). No kinks have yet been observed. However these
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results obtained in the framework of no mixing can be extended to the three
neutrino mixing scheme by considering the following argument: since the
impossibility of measuring any kinks in the Curie function is very likely due
to the bad resolution of the instruments, one can assume that the following
inequality holds

me < T —Q, (5.7)

so that the expression (5.6) can be exanded (taking the square) as

m2
=@M W\ 1= gy

~ Q- T}]mﬁb—l’“]

2Q-17
_ T2 1 m% - T2 m%
B 1 ] e e e i
= (Q-T)/(@-T)2-m3, (5.8)
with mg defined as
= |Uelmi. (5.9)
k

This approximation has rendered K (T') in (5.6) depend on mg the same way
K(T) in (5.5) depends on m,,. Hence the upper limit both in the Mainz
and Troitzk experiments, must be interpreted, in the case of three neutrino
mixing, as a limit on this effective mass mg.

The next important data taking is supposed to start in 2012 at KATRIN,
Miinster, where a 0.2 eV -sensible spectrometer is currently under construc-
tion. A very interesting analysis has been carried out recently where, starting
from the data measured in oscillation experiments, the values of the single
masses are plotted as functions of the lightest mass (chosen as unknown)
in both the normal and inverted schemes. Figure (2) shows the behaviour
of the masses and points out that after the lightest mass approaches ap-
proximately 2 x 10~ eV all the masses tend to be degenerate. The same
behaviour can be studied plotting mg as a function of the lightest mass in
both schemes. Figure (3) helps understand which are the contributions of
the single masses to mg and also shows which regions will be better clarified
by the forthcoming KATRIN experiment.

5.2 Neutrinoless Double Beta Decay

Neutrinoless Double Beta Decay (NDBD) is nowadays definitely the most
exciting area of research to probe neutrino properties and capture the exact
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Figure 2: Neutrino masses plotted as functions of the lightest mass in the
normal hierarchy. The region where the KATRIN experiments is giving in-
formation is also shown.
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individual masses with their 20 ranges.
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values of neutrino masses. As we have already mentioned in previous chap-
ters the decay, also referred to as 30y,, is a transition where an initial nucleus
decays to another nucleus with the spontaneous emission of two electrons:

(A, Z) = (A, Z +2) + 2. (5.10)

A transition of this type clearly violates the lepton number conservation by
two units and is possible only if neutrinos are Majorana particles. In the
frame of the Standard Model this process is strictly forbidden so it’s really
new physics the one that might come out these experiments. The (6, decay
is a second order process in G which can be seen as mediated by a virtual
massive light Majorana neutrino. Nonetheless, as it will be better explained,
is important to stress that this is not the only possible picture, as the process
could also be mediated by supersymmetric particles or by heavy neutrinos.
The value of the mass appears in the decay rate of the nucleus, which is the
inverse of the half-lifetime and is given by

Img

2
e

‘ 2

[T, (X)) = Gj, Mg, (5.11)

m

In this expression Ggf, is the phase-space integral, which is exactly calculable,
./\/l())(y is the nuclear matrix element and mg is the effective Majorana mass,
linear combination of neutrino masses, as defined in Eq. (5.9). Note that it
is also possible to have Majorana phases entering Eq. (5.11) as

mg = Z |Uek|*mue’* . (5.12)
k

To have C'P invariance one requires «; = 0, 7, but in principle these phases
could cause cancellations such to make the effective mass smaller than any of
my’s. Indirectly, then, 50y, turns out to be a possible way to also measure
the Majorana phases.

If one knows the matrix elements, once the 303y, decay is observed, it is
possible to deduce the value of the mass mg. A major problem though is
represented by the matrix elements Mécy, whose evaluation is not at all sim-
ple and actually different techniques have yielded conflicting results. The
methods implemented for computing the nuclear matrix elements are those
of many body-systems, the principal being the Quasi Particle Random Phase
Approximation (QRPA), which unfortunately has turned out to be unreal-
istic in taking correlations into account. Currently great efforts are made in
trying to modify this method in order to have more consistent results with
the other principal technique, that is the Shell Model. A cautious review of
both these two major technique is being carried on by many groups, even
though to include all the missing correlations into the QRPA seems to be a
pretty hard job, due to the many approximations one has to make.
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The picture with light neutrinos being the exchanging particles in the pro-
cess is not the only possible one though. Frameworks with heavy particles
(or heavy neutrinos) or supersymmetric particles exchange that still violate
the lepton charge conservation at high energy scales can reproduce the same
electron spectrum as the one obtained with the exchange of the light Ma-
jorana neutrino. Should these other mechanism also happen with, by now
unknown, non-negligible probability, then the possibility of extrapolating the
light neutrino mass from (0, would be in real danger. More specifically,
if we choose the lepton charge violating energy scale to be of the order of
102 eV and take mg ~ 0.1—-0.5eV, then the contributions to the decay am-
plitude of heavy particle and light particle exchange are of the same order,
meaning that both pictures are possible. Very naively, the decay amplitudes
in both case are given by

4
2MW

m
AL~ G An ~ G5

Fa (5.13)
being A the heavy mass energy scale at which the lepton charge conservation
is violated and k the typical light neutrino (virtual) momentum. The ratio
between the two, with the chosen energy scale, is ~ O(1). If we go to higher
energy scales (like 3 x 10'2¢eV), then A, becomes dominant.

So far there is no clear evidence of any (30y, observation, even though in
2002 there was a claim for an observation of neutrinoless double beta decay
of Ge with Tlo/"2 = 1.9'_%:?? x 10%° years, which has been recently confirmed
[9]. This claim has been long criticized but still there is no evidence for
ruling it out completely, so new generation experiments are expected to give
a substantial contribution to this issue. Hereafter we list the recent (g,
results, with the mass limits deduced by the authors from the half-life times.
All limits are at 90% level of confidence, unless otherwise indicated. We see

Isotope | Half-life limit (y) mg (meV)
BCa > 1.4 x 107 < 7200 — 44700
6Ge > 1.9 x 10%° < 350 (H-M)
Ge > 1.6 x 10%° < 330 — 1350 (IGEX)
82Ge | > 2.7 x 10?2 (68%) < 5000
100076 > 5.5 x 10%? < 2100
H6Cq > 1.7 x 10% < 1700
1287 > 7.7 x 10% < 1100 — 1500
1307e > 5.5 x 10?3 < 370 — 1700
136 X e > 4.4 x 10?3 < 1800 — 5200
150 v g > 1.2 x 10%! < 3000

that the most stringent bound is the one obtained in the Heidelberg-Moscow
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"6Ge experiment, comparable with the IGEX experiment result, also on “6Ge.

New generation experiments (CUORE and GERDA at the LNGS, Italy,
or MAJORANA or Super-NEMO, this last one not started yet) have as their
principal goal that of improving sensitivity in order to probe the inverted
hierarchy (IH) of neutrino masses (m ~ 10—50meV’). Such a goal is however
far from the allowance of the current technology and so phased projects have
been launched both in the USA and Europe. Also the claimed evidence for
B0y signal in the Heidelberg-Moscow experiment is one of the first goals to
be achieved in short time.

Many experiments are being carried out for the search of neutrinoless double
beta decay with different experimental techniques and isotopes. This is of
fundamental importance for many reasons; first of all the observation of a
signal may not be considered a real discovery without being confirmed by
other experiments on different isotopes. Also the theoretical uncertainty on
the nuclear matrix elements requires different experiments to get a reliable
value for the effective mass. Finally, from experiments on different isotopes
one can have deeper insights on whether the light neutrino scheme is indeed
true or not: in fact the relative matrix elements for different nuclei depend
on the exchange mechanism.

Huge strides have been made in the last ten years in developing advanced
techniques for the investigation of 88y,. It is very likely that this will be
the field where experimental confirmations on the theoretical frame we have
been discussing will soon be made. A key point, as usual, is how much
governments will be keen on spending for very expensive experiments.
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