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Abstract

The field of relativistic quantum information (RQI) has emerged from study-

ing quantum information (QI) in a relativistic context. Since its inception it

has become useful as a means of tackling problems ranging from QI processing

techniques to black hole physics. The increased use of quantum fields in RQI

research has necessitated a better understanding of measurement in QFT. An

analysis of possible operators in QFT demonstrates that causality limits the

number of possible quantum operations, arriving at definitions of operations

which are causal, acausal or semicausal, and localisable, semilocalisable and

nonlocal. Then an example is given where an idealised measurement, gener-

alised from nonrelativistic quantum mechanics to QFT, produces superlumi-

nal signalling. Furthermore this problem persists even with arbitrarily long

measurement times on spatially localised Gaussian-like wavepackets. Finally

arguments are presented for strategies to avoid such unphysical behaviour

before concluding that the path integral formulation of quantum mechanics

is the most suitable for working with relativistic quantum field theory.
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Introduction

The link between physics and information can be traced back to the origins

of statistical mechanics. Searching for the correct mathematical definition

of entropy and building on work by Boltzmann and others, Planck arrived

at the equation, S = k log W , in 1901 [1]. This now familiar result states

that the entropy of a system is logarithmically related to the number of mi-

crostates corresponding to the same macrostate. As the microstates specify

the possible positions of particles in the system, one can see that entropy is

a form of information. Contemporary investigations discovered that if the

probability of the i’th microstate of some system is pi then the entropy is,

S = kB(−
∑

i pi ln pi). The term,
∑

i pi ln pi, has since appeared in similar

form in the seminal paper on information theory as the Shannon entropy

which quantifies the expected value of information of a message [2]. It also

appears in the von Neumann entropy in that formulation of quantum me-

chanics [3].

In order for S to be finite there can only be a finite number of microstates

(without some regularisation scheme). For classical physics this is problem-

atic as a particle may inhabit an infinite array of positions. One consequence

of this is the prediction that a black body radiates an infinite amount of

energy. Planck famously solved this problem by proposing that energy is

discrete and proportional to the Planck constant, h [1]. In this first paper

on quantum theory entropy written as, S = k log W , also appears for the

first time so information and quantum mechanics have had a long association.

Quantum information as an independent research area gained prominence in

the 1990’s inspired by earlier work in applying quantum mechanics to com-

munication and computation. In the 60’s J. P. Gordon [4] and Lev Levitin [5]
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conducted analyses of capacity in classical communication channels while in

1973 Holevo derived the capacity for quantum mechanical channels to trans-

mit classical information [6]. This lead to studies of the properties of quantum

information channels [7], [8] and the use of teleportation as a means of trans-

mitting quantum information [9]. Teleportation has since been demonstrated

experimentally for photons and atoms [10], [11]. Quantum computing has

its origins in Benioff’s 1980 study that showed quantum mechanical systems

could perform classical computations [12]. In 1982 Feynmann postulated

that quantum systems would be better simulated using quantum mechanical

simulators [13] and in 1985 Deutsch developed the first model of a quantum

Turing machine [14]. Without practical applications this research remained

a curiosity until Shor’s algorithm demonstrated that a quantum computer

could efficiently factor large numbers [15]. Since the difficulty of number

factorisation ensures the security of public key encryption protocols research

into quantum computation acquired much greater interest. Subsequently

other useful quantum algorithms have been found [16] and prototype quan-

tum computers and logic gates have been built [17], [18]. While quantum

computers have the potential to break contemporary codes, quantum me-

chanics provides a solution to secure communication. In 1984 Bennett and

Brassard [19] developed a form of quantum cryptography which cannot be

intercepted without the knowledge of the communicating parties. Working

independently Ekert demonstrated another encryption protocol based on en-

tanglement [20]. Quantum cryptography is now becoming a technical reality.

The themes of computation, communication and cryptography form the main

focus of the quantum information research effort. Absent from the discussion

of quantum information thus far is the role of relativity. Much progress has

been made by ignoring relativistic effects in quantum systems but in certain

instances it cannot be overlooked, a clear example being certain quantum
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information processing schemes involving photons. More generally relativ-

ity is in essence concerned with the exchange of signals between observers

in relative motion. Therefore, fundamentally it is a theory of information

transfer and as such any generally consistent quantum information theory

must include relativistic effects.

The first treatment of quantum information in relativistic terms was by Cza-

chor who demonstrated that relativistic effects influence the Einstein-Rosen-

Podolsky-Bohm experiment where the degree of violation of Bells’ inequali-

ties depends on the velocity of the entangled particles [21]. Another investiga-

tion by Peres and Terno [22], shows that for a spin 1/2 system, spin entropy is

not a Lorentz covariant quantity. Further notable results show that although

entanglement may be preserved in inertial reference frames, spin and posi-

tion degrees of freedom may change [23]. For noninertial frames it has been

shown that entanglement is observer dependent [24–26]. Treating quantum

information relativistically has also been shown to be a fruitful approach in

dealing with other areas of physics such as the information loss problem in

black holes [27] and also in studies of quantum gravity [28].

More recent activity in relativistic quantum information demonstrates the in-

creasing use of quantum fields. Martin-Martinez et al. [29] present a scheme

for a quantum thermometer which couples a qubit to quantum fields through

an atomic interferometer, using the resulting Berry phase to ascertain tem-

perature. A similar idea appears in [30] for a weak measurement process to

detect photons without significant disturbance. Another study by Martin-

Martinez et al. [31] proposes a quantum gate controlled by the relativistic

motion of a qubit coupled to a quantum field in a cavity. Martin-Martinez et

al. [32] demonstrate a protocol for creating entangled particles from a quan-

tum field by sending unentangled particles through an optical cavity while
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Doukas et al. [33] show the influence of noninertial motion on entanglement

by coupling an Unruh detector to a mode of a quantum field.

Of utmost importance in any quantum information processing scheme is the

ability to read the result of the process. This clearly requires making some

kind of measurement by an externally acting agent. Given the growing preva-

lence of quantum field interactions within the relativistic quantum informa-

tion research oeuvre it is pertinent to assess what kinds of measurements can

be made.
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Chapter 1

Allowable Quantum Operations

in Relativistic Quantum Theory

Given the axioms of quantum mechanics and its associated mathematical

structure one might suppose that any self adjoint operator defined on a

spacelike hypersurface should be measurable. Beckman et al. [34] consider

the effects of relativistic causation on such operators and the caveats they

impose. In the discussion they consider a quantum system divided into two

parts A and B presided over respectively by the archetypal quantum infor-

mation protagonists Alice and Bob. Initially Alice and Bob share the density

operator of the whole system ρ, together with some ancilla state or states

and are spacelike separated so that communication is forbidden. Alice and

Bob will transform the density operator ρ using some particular operation.

In general an operation which can effect allowable changes in a quantum

system is classed as a linear map between density operators that is completely

positive and trace nonincreasing. An important subset of such operations are

trace preserving superoperators E , whose actions are defined on a density
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operator ρ as,

E(ρ) =
∑
µ

MµρM
†
µ (1.1)

where Mµ are normalised such that,∑
µ

MµM
†
µ = I (1.2)

E is interpreted as a generalised measurement with an unknown outcome.

If the outcome has been previously chosen but the density operator is not

renormalised this is classed as an operation. A generalised operation can be

cast in the same form as 1.1 by summing µ over a restricted set of operators

obeying 1.2 such that the eigenvalues of
∑

µM
†
µMµ are no greater than 1. In

general the probability of an observed outcome of an operation is given by

trE(ρ).

The superoperator ES acting on Hilbert space HS is enacted by using an

ancilla with Hilbert space HR. A pure state | ψ〉 ∈ HR from the ancilla

is prepared then a unitary transformation U, unique to that operation, is

applied to HS ⊗HR, and the ancilla state discarded,

ES(ρS) = trR[U(ρS⊗ | ψ〉RR〈ψ |)U †] (1.3)

A general operation is implemented similarly with the addition of an orthog-

onal measurement on the ancilla with a particular result chosen after U is

applied.

Having defined superoperators and their actions it is pertinent to consider

which of the broad range of superoperators are physically possible. It has

been shown [35–39] that relativistic causality forbids the implementation of

large classes of such operators conforming to 1.1. For instance suppose Bob

performed a local operation before implementing E then Alice performed her
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own local operation thereafter. E would be forbidden if Alice were able to

learn about Bob’s operation as this would be a superluminal signal. More

specifically consider the operation EAB acting on Alice and Bob’s combined

Hilbert space HA ⊗ HB. Alice is allowed to control an ancilla state R and

Bob an ancilla state S. Using the operator E Bob can attempt to signal Alice

superluminally. An initial shared density operator ρRABS corresponding to

HR⊗HA⊗HB⊗HS can be operated upon by Bob using a local superoperator

BS so that its trace preserving nature does not alert Alice to the outcome

of Bob’s measurement. After the application of E Alice’s density operator is

obtained by tracing over Bob’s system and ancilla,

ρRA = trBS[EAB(IRA ⊗ BBS(ρRABS))] (1.4)

where EAB acts trivially on the ancilla states. In the situation that E is not

trace preserving ρRA will not be normalised therefore Alice’s final state is the

normalised density operator ρRA/trρRA. If the measurement that Alice makes

on this final state depends on the superoperator B Bob can superluminally

signal to Alice. For an operation that forbids such one way communication

(from Bob to Alice) that operator is called semicausal. Hence the formal

definition for a semicausal operator is then:

A bipartite operation E is semicausal iff (ρRA/trρRA) is independent of B for

all shared initial states ρRABS.

For an operator that is semicausal in both directions i.e. where neither party

can signal each other this is defined as a causal operator.

The definition for semicausality may be simplified, without loss of generality,

by allowing the shared initial state ρRABS to be a product state rather than

an entangled state. If a superoperator is not semicausal there is a local

8



operator B that Bob can apply to ρRABS such that,

trBS[EAB((ρRABS))] 6= trBS[EAB(IRA ⊗ BBS(ρRABS))] (1.5)

In general one may expand any density operator as,

ρRABS =
∑
µ

λµρµ ⊗ σµ (1.6)

where ρµ and σµ are Alice and Bob’s respective density operators. Therefore

eqn. 1.5 may be rewritten as,∑
µ

λµtrBS[E(ρµ ⊗ σµ)] 6=
∑
µ

λµtrBS[E(ρµ ⊗ B(σµ))] (1.7)

which is only true when,

trBS[E(ρµ ⊗ σµ)] 6= trBS[E(ρµ ⊗ B(σµ))] (1.8)

for at least one value of µ. Thus for the product state ρµ⊗ σµ, E allows Bob

to signal Alice superluminally. The density operators ρµ and σµ are ensemble

pure states so there exists a signalling regime in which Alice and Bob’s initial

states are pure. Therefore Bob can signal Alice by choosing between pure

states | ψ〉BS and | ψ′〉BS. Since tracing over S commutes with E Bob may

equally begin with mixed state ρB, ρ′B of B. In that instance signalling Alice

requires Bob prepare pure states of the concomitant density operators. Alice

can receive signals by preparing an initial pure state | ϕ〉RA. System A is

then susceptible to two final states influenced by Bob’s actions and E which

produces different outcomes when acting on one of Alice’s pure states RA.

Consequently Alice may dispense with the R ancilla and work with A alone.

Thus one may say that if a superoperator E is not semicausal, signalling can

occur with pure initial states minus ancillas: for | ψ′〉B, | ψ〉B ∈ HB and

| ϕ〉A ∈ HA,

trB[E((| ϕ〉〈ϕ |)A ⊗ (| ψ〉〈ψ |)B)]

6= trB[E((| ϕ〉〈ϕ |)A ⊗ (| ψ′〉〈ψ′ |)B)]
(1.9)
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Due to the definition and linearity of semicausal superoperators one can see

that they form a convex set such that for superoperator Ea the sum,

E =
∑
a

paEa (1.10)

is also a superoperator, where pa is nonnegative and
∑

a pa = 1. Another

property of semicausal operators is that they form a semi group such that

E1 ◦ E2 is also semicausal.

As Alice and Bob are spacelike separated and therefore cannot communicate

any operation they choose to carry out must be implemented locally. An

operation that can be implemented thus is called localisable. If Alice and

Bob are allowed to share some possibly entangled ancilla state previous to

the operation they wish to enact one can make a formal definition of a local-

isable operation.

A bipartite superoperator E is localisable iff for shared ancilla state ρRS and

local superoperators ARA and BBS,

E(ρAB) = trRS[ARA ⊗ BBS(ρAB ⊗ ρRS)] (1.11)

By replacing the local superoperators with unitary transformations and ex-

tending the ancilla state so that ρRS becomes an ensemble of pure states one

may redefine localisability as,

E(ρAB) = trRS[URA ⊗ VBS(ρAB ⊗ ρRS)U †RA ⊗ V
†
BS] (1.12)

Like semicausal operators localisable superoperators also form a convex set.

The shared entanglement of Alice and Bob’s ancilla state allows them to

simulate shared randomness. For an example ancilla state,

| φ〉RS =
∑
a

√
pa | a〉R⊗ | a〉S (1.13)
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where | a〉R form an orthonormal basis in Alice’s Hilbert space HR and | a〉S
is the orthonormal basis in Bob’s Hilbert space HS and where

∑
a pa = 1. If

Alice and Bob perform measurements on these states they each obtain the

result | a〉 with probability pa. For a localisable set of operators Ea Alice and

Bob can consult their shared randomness and then apply Ea with probability

pa resulting in the convex sum
∑

a paEa. A tensor product EA ⊗ EB of local-

isable superoperators constructed by Alice and Bob is also a superoperator

and by applying this convexity property any superoperator of the form,

E =
∑
a

paEA,a⊗ | aEB,a (1.14)

is localisable as well.

Of equal interest are the set of operators which are semilocalisable where,

like semicausality, communication exists in just one direction. Under the

condition of semilocalisability if Alice wishes to message Bob he must be

in Alice’s forward light cone. Alice can then send Bob qubits to establish

shared entanglement allowing classical communication. Equivalently they

can share a prior entangled state allowing Alice to teleport information to

Bob. As a result Alice and Bob can share an ancilla state. With access

to the same ancilla Alice can perform a local operation on the ancilla and

her half of the shared state, which she then sends to Bob who performs his

own local operation likewise. Thus for some ancilla state ρR, one can define

semilocalisability as,

A bipartite operation E is semilocalisable iff

E(ρAB) = trR[(BBR ◦ ARA)(ρAB ⊗ ρR)] (1.15)

where ARA is an operation and BBR is a superoperator. Also BBR ◦ ARA is

a composition rather than a tensor product as the operations that Bob and
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Alice perform do not commute because they act on the same ancilla.

In this construct Alice may act locally with a nontrace preserving operator as

Bob is allowed to know her measurement outcome. Bob however, is restricted

to a superoperator as Alice may not know about Bob’s measurement. If E is

a superoperator ARA must also be therefore both ARA and BBR can be taken

as unitary transformations. A corollary of the definition of semilocalisablity

is that semilocalisable and localisable operators form a semigroup such that

if E1 and E2 are semilocalisable then E1 ◦ E2 is semilocalisable also.

To illustrate these concepts one may take the example, attributable to Sorkin

[39], of a two outcome Bell measurement on a pair of qubits. Taking the state

| φ+〉 = (|00〉+ |11〉)/
√

2 the orthogonal projectors corresponding to the two

outcomes are,

E1 =| φ+〉〈φ+ |,

E2 = I− | φ+〉〈φ+ |
(1.16)

Initially Bob and Alice may share a state |01〉AB, which is orthogonal to

| φ+〉. In this case outcome two will always occur as it is orthogonal to

| φ+〉, leaving Alice with density operator ρA = |0〉〈0|. However if Bob uses

a unitary transformation on |01〉AB to rotate it into the state |00〉AB this

will result in either outcome occurring with equal probability. For both out-

comes the final state is maximally entangled giving Alice a density operator

of (1/2)I. Thus she can distinguish between the case where Bob has applied

his local operation and when he has not, therefore operators 1.16 are acausal.

Not all orthogonal measurement superoperators are acausal however. A mea-

surement on the tensor product A⊗B is causal as Alice and Bob can induce

decoherence in its basis eigenstates using local operations. Another example
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is complete Bell measurement, which in fact are the only nonlocal measure-

ments allowed on two qubit systems in relativistic quantum mechanics [38].

For the Bell states,

| φ±〉 =
1√
2

(|00〉 ± 〈11|),

| ψ±〉 =
1√
2

(|01〉 ± 〈10|)
(1.17)

Bob can in no way influence the shared state, which is always maximally

entangled. Therefore Alice will always have a density operator ρB = I/2 and

won’t be able to discern any of Bob’s previous actions.

A further example demonstrates the distinction between localisable and semilo-

calisable causal operators. Consider the two step superoperator E∧. If Alice

and Bob share a two qubit state, step one of the operation is an orthogonal

projection on to the product basis |00〉, |01〉, |10〉, |11〉. Step two consists of

transforming the basis thus,

|00〉
|01〉
|10〉

→
1

2
(|00〉〈00|+ |11〉〈11|)

|11〉 → 1

2
(|01〉〈01|+ |10〉〈10|)

(1.18)

This operation is both trace preserving and completely positive and is also

causal as the final density operator is ρ = I/2 regardless of the shared state

Alice and Bob begin with. However, E∧ is not localisable as Alice and Bob

must communicate to enact it.

To see this let the shared input state be chosen from |00〉, |01〉, |10〉, |11〉. E∧ is

implemented by applying a local unitary transformation and the output state

is measured in the {|0〉, |1〉} basis. Explicitly Alice applies U−1A ZA,outUA to
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the initial state while Bob uses U−1B ZB,outUB, where Z.,out represents a Pauli

operator acting on the output. The observables measured in this process have

eigenvalues ±1. This situation can be modified to one in which Alice and

Bob are measuring one of two fixed observables A, A′ and B, B′ respectively.

One can then apply the Csirel’son inequality,

〈AB〉+ 〈AB′〉+ 〈A′B〉 − 〈A′B′〉 ≤ 2
√

2 (1.19)

to relate Alice and Bob’s outcomes. For instance, instead of |0〉 or |1〉 Al-

ice can start with the state |0〉 and then, before her measurement is made,

she can either apply the Pauli operator X to it or not. This amounts to

Alice receiving a classical input bit instructing her to measure either of the

observables,

A = U−1A ZA,outUA

A′ = XA,inU
−1
A ZA,outUAXA,in

(1.20)

and likewise for Bob.

1.19 then determines how Alice’s measurement |a〉 is correlated with Bob’s

measurement |b〉. For Alice and Bob to have successfully applied E∧ the

outcomes are related to the classical input bits x and y as a ⊕ b = x ∧ y
with probability 1. This contradicts the Cirel’son inequality and therefore

E∧ cannot be locally enacted.

However E∧ is semilocalisable as it can be enacted using one way classical

communication. If Alice measures a qubit in the {|0〉, |1〉} basis she can then

toss a coin to determine whether to flip the state. Afterwards she sends both

the outcome of the coin toss and her measurement to Bob. Bob measures

his qubit in the same basis then using the information received from Alice

flips his qubit to match Alice’s unless they both measure |1〉 in which case he
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gives his qubit the opposite value. Thus the operator E∧ has been successfully

employed.

15



Chapter 2

Idealised Measurements in QFT

The previous chapter focused on categorising the kinds of operation that are

possible in a relativistic quantum theory. A specific example of a measure-

ment is provided in [39]. In this paper Sorkin defines a causal structure for

spacetime which is used to assign a linear order to observables. This allows

for a generalisation of idealised measurement in quantum theory to quantum

field theory. It is then shown that measurements of this kind ultimately lead

to superluminal signalling.

An idealised measurement fulfills two criteria. First, the eigenvalues corre-

sponding to a particular operator represent the possible outcomes of the mea-

surement with probabilities governed by the conventional trace rule. Second,

the effect of the measurement on the subsequent quantum state is correctly

described by the projection postulate. This example of a ’minimally dis-

turbing measurement’ represents simultaneous detection and preparation of

a state. In nonrelativistic quantum mechanics an idealised measurement is

considered to occur at a specific moment in time. The equivalent procedure

in quantum field theory assumes that a measurement takes place on a Cauchy

hypersurface. In essence a Cauchy hypersurface is the spacetime analogue of
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an instant in time consisting of a set of spacelike separated points intersected

by any timelike curve. To allow for the use of well defined operators the hy-

persurface is thickened, an idea compatible with the most general quantum

field theories where it is assumed that an algebra of observables exist within

a spacetime region which are measurable entirely within that region.

Assuming that an observable A is associated to a particular spacetime re-

gion O it is possible to incorporate a generalised projection postulate into

the definition of such a measurement. Difficulties arise however if one wishes

to make more than one measurement. In nonrelativistic quantum mechanics

there is a specific time order to measurement events but in a relativistic set-

ting event order is less obvious. Therefore it becomes necessary to establish a

framework within which to properly generalise an idealised measurement to

quantum field theory. For simplicity one can adopt Minkowski space without

loss of generality regarding extension to other globally hyperbolic spacetime

geometries. One may also work in the Heisenberg picture as this lends itself

more appropriately to the association of field operators with specific regions

of spacetime.

Idealised measurements are made on some quantum field Φ. A set of regions

Ok inhabiting Minkowski space have assigned to them an observable Ak re-

sulting from making a measurement on Φ confined to that region. With

an initial state ρ0 occurring to the past of all Ok, one can ascertain the

probability of finding the eigenvalues αk of Ak as outcomes of a particular

measurement. In nonrelativistic quantum mechanics these probabilities can

be given a time ordering such that A1 precedes A2 precedes A3 etc. Probabil-

ities are calculated using ρ0 for the earliest observable A1 then ρ is reduced

using the condition of α1 and used to determine the probability for A2 and so

on. In the special case of Ak acting as a projector Ek this procedure results
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in,

〈E1E2...En−1En1En+1...E2E1〉 (2.1)

In this equation and throughout Sorkin uses angle bracket notation such that

〈A〉 ≡ tr(ρ0A)).

For the special case where Ok are nonintersecting Cauchy hypersurfaces this

analysis can be directly transported to the relativistic situation as unambigu-

ous time ordering is guaranteed. In a more general setting it may be possible

to induce a well defined time ordering of Ok by foliating the spacetime.

Using the symbol ≺ one may assign labellings that reflect the causal rela-

tionships between various regions. The relation ≺ is defined as Oj ≺ Ok

iff a point in Oj causally precedes some point in Ok. A linear ordering of

regions is then consistent with ≺ iff Oj ≺ Ok which implies that j ≤ k. It

might possible that one cannot label regions in such a manner forbidding

generalisation of the above probability rules represented in 2.1. To exclude

the possibility that such labellings don’t exist the transitive closure of ≺ is

taken. If Oj ≺ Ok and Ok ≺ Oj implies j = k the ≺ is a partial order. In this

case the regions always admit a linear order such that labels i = 1, ..., n for

regions Oj ≺ Ok imply j ≤ k. This is assumed to be the case in the following.

With this definition in place one may naturally generalise the probability

rules stated above by extending ≺ to a linear order. The choice of ordering

may not be unique but is not a problem while Φ obeys local commutativity

such that observables in spacelike separated regions commute. When all Ak

are projection operators 2.1 is valid for all labelling schemes of regions com-

patible with the partial ≺. However, there is a problem with this scheme

which relates to the transitive closure. When taking a measurement the re-

sulting state vector reduction implies nonlocality allowing observable effects
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to be transmitted superluminally. Therefore, to obviate the possibility of

such transfer, the ability to make ideal measurements in the manner thus far

discussed must be rejected.

To illustrate the problem consider three regions, O1, O2 and O3 such that

some points in O1 precede O2, points in O2 precede some points in O3 but all

points in O1 and O3 are spacelike separated. Further let O2 be a thickened

spacelike hyperplane with O1 a bounded region to its past and O3 a bounded

region to its future. The associated observables for O1, O2 and O3 will be

A, B and C respectively. For a general choice of A, B and C and ρ0, nonlo-

cality emerges from the fact that measurement of A affects the measurement

of C despite them being spacelike separated. As such observers in O1 and

O3 could prearrange that B is measured thereby allowing a signal to pass

between them.

Before presenting an example of this effect in quantum field theory it is

worthwhile reviewing the nonrelativistic two outcome Bell measurement on

a pair of qubits presented at the end of Chapter 1, cast in the above language.

The qubits form a coupled quantum system of three observables: observable

A belongs to the first system, C to the second system and B to both. To

generalise further a unitary operator resulting from confining Φ on O1 is used

as an arbitrary intervention in this region. A measurement can be seen as

a special case of such an intervention by noting that for observable A the

measurement converts the density operator ρ into the λ-average e−iλAρeiλA

with λ a parameter. Thus a measurement of A is facilitated by the operator

U = e−iλA. Let the coupled systems be two spin 1/2 particles with an initial

state |↓↓〉. The first system is disturbed at time t1 by applying a unitary

operator σ1 which changes the state to |↑↓〉. At a later time t2 B is measured

using the the orthogonal projector (|↑↑〉+ |↓↓〉)/
√

2 then at at time t3 the
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observable C is measured in the second system. The resulting state in the

second system is the pure state |↓〉〈↓| giving an expectation value of 〈↓| C |↓〉.
This differs from the situation where σ1 was not used in that a totally random

density operator (1/2)(|↑↑〉 + 〈↓↓|) results, leading to an expectation value

for C of (1/2)trC, thus disturbing the first system has managed to influence

the second.

A specific example suffices to demonstrate the effect. Using the interaction

picture, a free scalar field φ(x) initially in its vacuum state is given regions

as those described above. The operator U represents a disturbance, which

evolves independently of the field, resulting in the initial state ρ0 transforming

as Uρ0U
∗. Explicitly U = eiλφ(y), where y ∈ O1, with the observable C =

φ(x), where x ∈ O3, is measured in O3. The observable B measured in

O2 can be chosen arbitrarily as its domain of dependence extends across all

spacetime. In this case it will be,

| b〉 = α | 0〉+ β | 1〉 (2.2)

where | 0〉 is the vacuum state and | 1〉 is a one particle state, therefore

B =| b〉〈b |.

As stated above the region O1 is disturbed, prompting the state ρ0 to become

ρ = Uρ0U
∗. The probability of B = 1 is calculated as 〈B〉 = trρ0U

∗BU =

trB resulting in a normalised state,

σ =
BρB

trBρB
=
BρB

trρB
(2.3)

where the projector property, B2 = B, has been used in the second term.

Consequently the expectation value for C is,

exp(C | B = 1) = trσC =
trρBCB

trρB
(2.4)
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Allowing for the outcome that B = 1 in the expression trρB gives,

exp(C | B = 1) = trρBCB = 〈U∗BCBU〉 (2.5)

The probability of achieving the outcome B = 0 is 〈U∗(1 − B)U〉 and by

factoring this into 2.4 one acquires,

exp(C | B = 0) = trρBCB = 〈U∗(1−B)C(1−B)U〉 (2.6)

Summing these two results gives the predicted mean vacuum expectation

value for C which is,

〈U∗BCBU〉+ 〈U∗(1−B)C(1−B)U〉 (2.7)

For 2.7 to be independent of the magnitude of the disturbance U the deriva-

tive of U with respect to λ must vanish for λ = 0 such that an infinitesimal

disturbance has no effect at all. Calculating this derivative one obtains a

result of twice the imaginary part of,

〈φ(y)(C + 2BCB −BC − CB)〉 (2.8)

For locality to be maintained this must be a purely real quantity. The

first and last part of this equation are independently real. The former is

〈φ(y)φ(x)〉 which is real because x and y are spacelike separated therefore

φ(y) and φ(x) commute, while the latter becomes |α|2 when the definition of

B is used. Using the notation ψ(x) ≡ 〈0 | φ(x) | 1〉 the resulting combination

of these terms gives,

2(α∗β)2ψ(x)ψ(y) + (2|α∗|2 − 1)|β|2ψ(x)∗ψ(y) (2.9)

one can show that this equation is imaginary by allowing |α|2 = |β|2 = 1/2.

The second term is eliminated and the remainder has an imaginary factor in

α∗. Alternatively one can set α = 0 and β = 1, eliminating the first term

and leaving the imaginary factor ψ∗(x). Thus superluminal signalling is an

inevitable outcome of making idealised measurements of the general type

describe here withe the strength of the signal governed by 2.8.
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Chapter 3

Ideal Measurement on

Wavepackets

The results of the previous chapter demonstrate that superluminal signalling

is an unavoidable consequence of trying to generalise a nonrelativistic ide-

alised measurement to a relativistic setting. Dionigi et al. [40] seek to refine

the argument by tightening the bounds of applicability to particle states lo-

calised in space.

The analysis begins by considering a similar arrangement to that of the

previous chapter. The same causal structure of spacetime is adopted wherein

region O1 is an open ball around spacetime point Xµ where X0 ≤ 0, region

O2 is a spacalike hypersurface with temporal extent t = 0 to t = T > 0

and O3 an open ball around spacetime point Y µ spacelike separated from

Xµ with Y 0 > T . Spacetime is (d+ 1) dimensional Minkowski space with a

mostly plus metric inhabited by a free massless scalar field φ̂(x). As before

the results are equally applicable to hyperbolic spacetimes and generalise to

free massive fields. An intervention in O1 is once again achieved by the local

unitary operator eiλφ̂(X). B = |1〉〈1| forms a measurement in O2 where |1〉 is
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a one particle state. In the interests of absolute clarity the measurement B

on O2 has eigenvalues of 0 and 1 and determines whether a one particle state

|1〉 exists. The basic assumption implicit in eqn. 2.1 is that the measurement

B occurs entirely within O2 and that it is completed by the time t = T . A

measurement is then performed on φ̂(Y ) in O3 and the resulting vacuum

expectation value, as previously demonstrated in 2.7, is,

−Im(ψ(X)∗ψ(Y )) (3.1)

which is achieved by setting α = 0 and β = 1.

This superluminal signal is manifestly nonzero for a state |1〉 with spatial

d -momentum k. Furthermore the wavefunction for this specific state con-

forms to ψ(Y µ + ξµ) = ψ(Y µ) where ξµ is a null vector proportional to the

(d+1)-momentum kµ = (|k|,k). Hence, the superluminal signal persists in-

dependent of the time the measurement of B takes and consequently an ideal

measurement of this type is impossible for such a one particle state. One may

suspect that this result isn’t too improbable as a fixed momentum state is

defined across the entirety of a hypersurface so the appearance of nonlocal

effects might be expected. To investigate the superluminal signalling out-

come more rigorously the above protocol is applied to a spatially localised

particle state.

Consider a Gaussian one particle state,

| 1d〉 := (πσ2)−
d
4

∫
ddke−

(k−k0)2

2σ2 a†k | 0〉 (3.2)

a†k is the one particle creation operator, k represents the one particle d -

momentum, k0 is the mean momentum and σ is the momentum space spread

with |k0| >> σ. Initially set d = 1 and kµ0 = k0(1, 1) with k0 > 0 so that

the wavepacket is moving in a positive spatial direction. For any given null
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vector ξµ ∝ kµ0 ,

ψ(Y µ + ξµ) = 〈0 | φ̂(Y µ + ξµ) | 11〉

= (πσ2)−
1
4

∫ ∞
−∞

dk

4π|k|
e−

(k−k0)2

2σ2 eikµ(Y
µ+ξµ)

(3.3)

One can now alter the above wavepacket, in order to avoid the pole at the

origin, so that it has support in momentum space for values of k > ε > 0

for small values of ε. Therefore for momenta contributing to the integral,

kµξ
µ = 0 and this leads to,

ψ(Y µ + ξµ) = ψ(Y µ) (3.4)

as for the one particle state earlier. Spacetime coordinate Y can be chosen

so that the wavepacket has support on just the positive momenta such that

Y 0 = T and Im(ψ(Y )) 6= 0. Hence, in 1+1 dimensions where the wavepacket

has support in the positive spatial direction it suffers no dissipation and its

form is maintained so the superluminal signal remains for any intervention

timescale, T. This result is generally applicable for wavepackets with positive

momenta support, even nonGaussians. However, for reasons such as infrared

divergence, quantum theory in 1+1 dimensional Minkowski space is unphys-

ical and as such attention must turn to 3+1 dimensions.

If the 3-dimensional wavepacket has support in the positive z direction say,

but is delocalised across the x and y axes the result is identical to that of

the 1-d wavepacket as the superluminal signal is maintained. For a locali-

sation of all spatial dimensions conforming to equation 3.2 where d = 3 the

magnitude of the wavepacket envelope diminishes due to diffraction into the

directions transverse to that of the packet propagation direction. Therefore

the superluminal signal strength Im(ψ(Y )) decreases as Y 0 = T increases.

[40] provides an explicit example of the Gaussian wavepacket |13〉 with a
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maximum around k0 = (0, 0, k0) used to calculate ψ(Y ) for arbitrary points

an the z − t plane with Y = (t, 0, 0, z). In that analysis ψ(Y ) is,

ψ(Y ) = 〈0 | φ̂(t, 0, 0, z) | 13〉

= (πσ2)−
3
4

∫
d3k

(2π)
3
2

√
2|k|

e−
(k−k0)2

2σ2 eikµY
µ

=
e−k

2
0/2σ

2

4π
3
4

ev
2
−/4D− 3

2
(v−)− ev2+/4D− 3

2
(v+)

k0σ−2 + iz

(3.5)

where v± = iσ[t± (z− ik0/σ2)] and Dv(z) is the parabolic cylinder function.

This analysis corresponds to decreasing the spatial and increasing the tempo-

ral extent T of the region O2. The results show that the wavepacket envelope

does not decay significantly for values of t = Y 0 amounting to thickening the

temporal dimension of O2 to that of a few times the extent of the spatial

width of the wavepacket. If z = t+δ such that 0 < δ < 1/σ with Y spacelike

to X but inside the support of the wavepacket then, for large t� k0/σ
2 the

asymptotic expansion of 3.5 is,

Im(ψ(Y )) γ
√
k0/σcos(k0δ)t

−1 (3.6)

where γ is of the order O(10−1) meaning that the superluminal signal en-

velope decays as t−1. This result indicates that at least one of the three

interventions, the unitary disturbance U of X, the measurement O2 between

t = 0 and t = T spanning a time greater than a few times the spatial extent

of the wavepacket or the measurement on Y is impossible.

One can demonstrate that an intervention by some external agent producing

a nonlocal unitary operation on a field state allows superluminal signalling.

Consider the Fock space F = H⊕H⊥ of the scalar field with H⊥ the orthog-

onal complement of H. A 2-dimensional Hilbert space H spanned by two one

particle states |1〉 and its orthogonal state |1′〉 forms a subspace of F . Using

the three intervention regions O1, O2 and O3 as before the field begins in the
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state |ψ〉 = A|1〉+B|1′〉. A unitary operator eiλφ̂(X) acts at X followed by a

unitary operator U enacted in O2 where,

U = eiθ(C|1〉〈1|+D|1〉〈1′| −D∗|1′〉〈1|+ C∗|1′〉〈1′|) + I⊥ (3.7)

where|C|2+|D|2 = 1 and I⊥ is the identity operator acting on the orthogonal

space H⊥. φ̂(Y ) is then measured at Y . The expectation value of φ̂(Y ) is

simply,

φ̂(Y ) = 〈1|ψ|e−iλφ̂(X)U †φ̂(Y )Ueiλφ̂(X)|ψ〉 (3.8)

Following the usual procedure, the value of the superluminal signal is com-

puted by differentiating 3.8 with respect to λ and setting λ = 0, giving,

2Im〈1|ψ|φ̂(X)U †φ̂(Y )U |ψ〉 (3.9)

which must be nonzero for the superluminal signal to be nonzero. Setting

A = 1, B = 0, C = 0 and D = −1 equation 3.8 becomes,

〈1|ψ|φ̂(X)U †φ̂(Y )U |ψ〉 = ψ′(X)ψ∗(Y ) + ψ′(X)ψ∗(Y ) (3.10)

where ψ(ξ) = 〈0|φ̂(ξ)|1〉 and ψ′(ξ) = 〈0|φ̂(ξ)|1′〉 are the one particle wave-

functions. For single momentum one particle states residing in a region of

length L one can write,

φ̂(X) = L−
d
2

∑
k

1√
2ωk

[ak(X)ak + a†ka
∗
k(X)] (3.11)

where uk(X) = e1kµX
µ
. Allowing |1〉 = a†k|0〉 and |1′〉 = a†k′|0〉 3.9 becomes,

L−d√
2ωk

√
2ωk′

[sin(k′µY
µ − kµXµ)− sin(kµY

µ − k′µXµ)] (3.12)

which can be nonzero for spacelike separated X and Y . For particle states

|1〉 and |1′〉 that are wavepackets, packet spreading becomes important. If

X is chosen as in the support of ψ at t = 0 and Y in the support of ψ′
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at t = T as before, superluminal signalling will occur for values of T a few

times greater than the wavepacket width. It appears that causal unitary

transformations are those that are completely localised at a spacetime point

such as ei
∫
ddxf(x)φ̂(t,x).
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Conclusion

Superluminal signalling has been shown to be a persistent outcome of ide-

alised measurement of the kind described here. One possible strategy to

avoid such a disaster might be to demand that the measurement regions Oi

are arranged such that the coordinates X ∈ Oj are directly in the casual past

of Y ∈ Ok [39]. This prescription would necessarily exclude measurements

being made in many regions not fitting this description. Another strategy

might be to impose further caveats on measurement regions by circumventing

the need for transitive closure. For instance one could require that for a pair

of regions Oj, Ok all pairs of points x ∈ Oj and y ∈ Ok be related either by

making them spacelike separated or having x < y or vice versa [39]. Not only

would this protocol prohibit the measurement detailed in the above two chap-

ters it would also preclude the use of Cauchy hypersurfaces. As before this

idea ignores large numbers of regions which do not conform to such strictures.

Alternatively one could maintain the causal structure of measurement regions

and instead restrict what observables could be measured by using the impos-

sibility of superluminal signalling. This approach is taken in [35–37, 41]. In

the analysis of Chapter 1 this approach informs the kinds of quantum oper-

ations possible on bipartite systems with tensor product Hilbert spaces.

It is the case that for a system of bipartite tensor products an idealised

measurement on a sum of local field operators complies with causality. For

instance H = H1⊗H2 is a tensor product Hilbert space and A and B are self

adjoint operators acting on H1 and H2 respectively. If the system is in initial

state ρ0 a unitary operation U1 on H1 is performed then a measurement of

X = A + B is made. Established in Chapter 2, the measurement on X

is eiλX = eiλAeiλB as A and B commute. The operation U1 is followed by
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applying eiλAeiλB, then the partial trace of ρ0 is taken over H1. The reduced

state for H2 is not dependent on the operation of U1. By analogy scalar

field theory contains a group of observables which, if amenable to idealised

measurements, would similarly not be susceptible to superluminal signalling

[40]. This group comprises integrals over spacelike hypersurfaces of local field

operators and their conjugate momentum operators [42]. Thus in principle

causality would be preserved for the ideal measurement of,

ak(t) + a†k(t) =

∫
ddxφ̂(t,xF (x) +

∫
ddxπ̂(t,xG(x)) (3.13)

where π̂ =
˙̂
φ is the canonical momentum and F (x) and G(x) are Green’s

functions. Such an observable, though defined across the entire hypersurface

t, is composed of a sum of local terms. As such it is ‘essentially’ local but

not ‘localised’ and of little use in quantum information processing.

A more localised example is that of b(t) + b†(t) where b†(0) is defined as

b†(0)|0〉 = |1〉 with |1〉 representing a one particle wavepacket. Allowing

b†(0) to be written as,

b†(0) =

∫
ddkφ̃(k)a†k(0) (3.14)

the one particle wavefunction is then,

ψ(t,x) =

∫
ddk(2ωk)−

1
2 (2π)−

d
2 eik·xe−iωktψ̃(k) (3.15)

resulting in,

b(t) + b†(t) =

∫
ddx

(
φ̂(t,x)J(x) + π̂(t,x)K(t,x)

)
(3.16)

where,

J(x) =

∫
ddk

(2π)−
d
2

(
ωk

2
)
1
2

[
eik·xψ̃(k) + c.c

]
K(x) = −i

∫
ddk

(2π)−
d
2 (2ωk)

1
2

[
eik·xψ̃(k)− c.c

] (3.17)
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where K(x) is twice the imaginary part of ψ(0,x) but J(x) not the real part.

For b(t) + b†(t) to be localised the value of ψ̃(k) must give K and J support

bounded in space. If ψ(t,x) = ψ(0,x), K will meet this condition but the

further requirement of J to be bounded in support as well makes it unclear

whether both can be satisfied. To measure b(t) + b†(t) one strictly needs

to intervene across the whole hypersurface at t but it may be possible to

measure in a bounded region like that of 3.2 with the proviso that J and K

are exponentially small outside the bound. In principle b(t) + b†(t) could be

measured to good approximation under such constraints but it is debatable

as to whether an ideal measurement could be made in practice.

Sorkin [39] also suggests that sums of local operators can prohibit superlu-

minal signalling. He argues that spatially smeared field operators have this

character but that operators smeared in time do not. However, [40] makes

the assertion that as free scalar field operators at a particular spacetime point

are a linear combination of field operators and conjugate momenta at a space-

like hypersurface. Therefore a spacetime smearing of a free field amounts to

a spatial smearing of local free field operators. Of course, at the point of

measurement the field must interact with the measuring device so in what

sense a measured field is free is uncertain.

The ultimate flaw in this analysis may be the treatment of quantum mechan-

ics itself. Dirac has indicated that the Hamiltonian formulation of quan-

tum mechanics is inherently nonrelativistic [43]. The approach based on

Lagrangian mechanics is relativistically invariant and leads to the path inte-

gral, which supplants Hilbert space as the arena for quantum mechanics in

favour of spacetime. This formulation has been advocated by both Hartle

[44,45] and Sorkin [46] in solving foundational problems in quantum theory.
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It seems then that for closed quantum systems the path integral approach is

most apt for dealing with measurements in relativistic quantum field theory.
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