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“Nobody has the slightest idea what is going on.”

Joe Polchinski on the Firewall Paradox, KITP Fuzz or Fire Conference, August 2013



Abstract

Famously, the quantum treatment of black holes predicts the appearance of Hawking radi-
ation emanating from the black hole. Detailed analysis of the behaviour of the wave modes in
the proximity of the horizon in the Schwarzschild background shows that the Hawking modes
will be entangled with partner modes at the interior of the black hole, so that an observer
far removed from the black hole will detect a mixed state. Thus, it seems that the collapse
and subsequent evaporation of the black hole caused by emission the Hawking radiation is not
unitary. Information is lost during the process and the state of the black hole is independent
of that of the initial configuration of the spacetime. The solution to this paradox was found in
the notion of black hole complementarity, which postulates that the observer at infinity will
measure a different reality than an infalling spectator. Further support dispelling the conclu-
sions of the information paradox came with the holographic principle and the gauge/gravity
duality of the AdS/CFT correspondence, that conclusively proved that even the life cycle of an
AdS black hole is governed by a unitary matrix of the conformal field theory on the boundary
of the spacetime.

However, it was recently shown that the basic tenets of black hole complementarity are
internally incompatible. At least for black holes in an advanced stage of evaporation, an
infalling observer is able to determine the state of the Hawking radiation both while it is
still close to the horizon and far away at infinity, whilst these should be related by a semi-
classical evolution. As a consequence, even before crossing the horizon such an observer will
be incinerated by high energy quanta: a firewall.

Tycho Sikkenk
Imperial College London
September 20, 2013
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1 Hawking Radiation

1.1 Black Hole Entropy

Consider a small amount of matter falling into an ordinary Schwarzschild black hole of mass M with
radius R, and area A given by

Ry =2M A = 47R? = 167 M?>. (1.1.1)

Here we have normalised the universal constants G = ¢ = i = 1 so we can use Planck units. Of course,
the gas must have some entropy, so that after disappearing behind the horizon of the black hole the
entropy of the rest of the Universe has decreased. This is in clear violation of the original second law of
thermodynamics, which states that the entropy S of an isolated system can never decrease: dSi,: > 0.

Assume that instead of letting it fall into the black hole, we put the matter in a small black box
for safekeeping. Instead of vanishing behind the horizon and into the singularity, the matter’s entropy
would simply be inside of the box. We could even reopen the lid, making the entropy reappear. Hence,
the contradiction can easily be resolved by ending the separation between the black hole and the rest
of the Universe, effectively absorbing the former into the definition of the latter. In order for this to be
possible, however, the black hole must have some feature that allows external observers to determine its
entropy [2].

Suppose the matter consists of a photon carrying just a single entropy quantum, i.e. one bit of
information, when it crosses the horizon. Note that in general, a photon will convey to the black hole
much more information than the single qubit specifying its spin. Using the fact that the momentum of
a photon is given by p,, = k = h/\, Heisenberg’s Uncertainty Principle gives

A(z)A(p) = hA(z)AN) ' > 1/2. (1.1.2)

We want the energy of the photon to be maximally specified so that the mass increase of the black hole
is known. Then, in order for the photon to carry the minimum amount of entropy when entering the
black hole region, it should have as high an uncertainty as possible. Hence, we should leave it maximally
unlocalised and its wavelength maximally specified. Such a photon would have to be spread out over the
entire horizon of the black hole. In that case, it will have a wavelength approximating the Schwarzschild
radius, i.e. A ~ R;. When the single bit photon falls into the black hole, it incrementally increases the
mass and thus the area of the horizon,

1 1 1
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Hence, by dimensional analysis we must conclude that

adding one bit of information to a black hole increases the area of the
horizon by approximately one Planck area 612).

Furthermore, assuming a smooth transition between normal spacetime and a black hole, a point-like
black hole with zero mass and area must have zero entropy. Integrating and imposing this boundary
condition, we find the Bekenstein-Hawking entropy

5S
Sy = /dS = / A~ A (1.1.4)

In other words, the entropy measured in bits is proportional to the horizon area measured in Plank
units[*1]. Tt is as if the entropy of matter becomes associated with the boundary of the black hole when
it crosses the horizon. The horizon of a black hole can be divided into Planck areas 6127 that each harbour
approximately one bit of information (see Fig.(2)).

Notice that a Planck area £2 is of order 1077 m?, so that the entropy of a black hole is very large.
This reflects the fact that black holes are by definition the most dense objects in the universe. From
statistical mechanics, we know that entropy is related to the number of configurations A the system can
be in as S = In . For a solar mass black hole with a radius of ~ 3 km, this implies that

N ~ 1077,

a gigantic number of microstates. This raises the question how the black hole can give rise to such a
huge number of internal configurations. Because the Bekenstein-Hawking entropy is proportional to the



Figure 2: The horizon of a black hole horizon can be divided into Planck areas lf,, that each harbour one bit of
information.

horizon surface area, it is only logical to search for ‘deformation modes’ of the horizon that would allow
for classical differentiation between the states. However, through a series of proofs, collectively known
as the no-hair theorems, it has been established that classically black holes can have no other properties
besides mass, angular momentum and charge. Any deformation of the horizon would either float off
to spatial infinity or inwards to the singularity, restoring the horizon to its spherically symmetric form.
It is interesting to note that these theorems depend crucially on the Cosmic Censorship Conjecture,
that postulates that the physical universe does not tolerate singularities without horizon%. Also, if
the microstates of the black hole were present at the horizon, any infalling observer would be able to
detect them there and violate the equivalence principle that is at the core of general relativity. Hence,
the horizon can hold no information, corresponding to an entropy of S =1In1 = 0. Another option is to
differentiate the configurations by quantum mechanical properties of the interior. However, incorporating
quantum effects into the theory of black holes has lead to even more fundamental problems, dubbed the
information paradox 2%,

We have seen that a black hole of energy £ = M has a certain entropy Spp, depending on its area.
Then, according to the fundamental relation of thermodynamics,

TdSsy = dE, (1.1.5)

it must also have a corresponding temperature 7T that is given by

dSpr\ "' [dAN\ T d ..\ 1
Classically, the horizon acts as a one-way membrane, so that black holes are perfectly absorbing bodies
that do not radiate. Temperature by itself does not automatically mean that a body radiates. However,
by the law of detailed balance for equilibrated systems, a body with an absorptance o(k) for matter

quanta with wavenumber k£ must have a rate of emission I' (¢(k)) for an emissivity (k) of the same
quanta. By Kirchoff’s law, this rate of emission can then be related to the black body spectrum as

3
F(s(k:))z/(;lﬂl;;sa(k)e%k/lir_l. (1.17)

In the case of black holes, a(k) approximates unity at least for those quanta with A < Ry, so that they
are nigh perfect black body emitters. Hence, our semi-classical derivation predicts that black holes must
radiate, whereas the classical geometry redirects all outgoing physical worldines back into the interior.
Including quantum processes in the description of black holes is thus expected to lead to particle creation.
In 1975, Hawking described such an effect in a seminal paper on the quantum fluctuations of the vacuum
in the presence of a gravitational potential 5.




According to the time-energy uncertainty relation of quantum mechanics
A(T)A(E) > 1/2 (1.1.8)

relatively large energy fluctuations A(FE) are permitted as long as they have a lifetime smaller than
the short interval A(T). In a pure vacuum virtual particle-antiparticle pairs are constantly created and
annihilated, temporarily violating energy conservation. However, for all other quantum numbers such
as angular momentum, charge or lepton number, conservation is guaranteed. Consequently, applying an
electric field to a pure vacuum will separate charged particles from their oppositely charged antiparticles,
generating a detectable current through the vacuum. This is known as the Schwinger Effect. The
associated physical constant € is now even used as a baseline to convert between the SI units of electric
charge and force.

For a canonical Schwarzschild black hole, the region of spacetime near the horizon is unexceptional
in every aspect. Notably, the curvature of spacetime near the horizon is small, so that the vacuum
state approximates that of ordinary Minkowski spacetime. Particle-antiparticle pairs will be created
from the vacuum. If this process occurs across the horizon, the gravitational force of the black hole is
sufficiently high to confine one member of the pair to the interior, while enabling the other to escape to
infinity. While falling in, the gravitational energy of the particle at the interior diminishes, so that it
has a negative total energy with respect to an observer at infinity and energy is conserved. Notice that
unlike the Schwinger Effect, this process is not restricted to particles that are electrically charged. A
gravitational field is a general feature of curved spacetimes that affects all forms of matter. Furthermore,
this effect is not biased towards matter or antimatter, so that the radiation produced by black holes
should consist of all kinds of particles. Nevertheless, vacuum fluctuations with smaller energy are more
likely to occur than those with higher energies, so one would expect infrared photons to feature most
prominently in the black hole radiation [25].

1.2 Quantum Field Theory on Curved Spacetimes

In order to be able to prove the emission of Hawking radiation by black holes, we will first revise
some general aspects of quantum field theories on curved backgrounds. In order to do quantum field
theory, we need to be able to the define what we mean by ‘particle’. Given some particle state, we can
then use technical instruments such as propagators and Feynman diagrams to calculate the outcome
of scattering experiments. Only for a specific subset of physical spacetimes it is possible to define a
positive-definite inner product between wavefunction operators that leads to a consistent definition of
the vacuum. Furthermore, on curved spacetimes, the notion of a vacuum state is no longer valid globally,
so that two observers generally find different numbers of excitations while describing the same region of
spacetime.

The classical action of a real scalar field ¢(z) in curved spacetime is

1
S = 3 /d4z V=9 (V. 6V ¢+ m?¢?). (1.2.1)
The equation of motion for ¢(x) derived from this action is the Klein-Gordon equation
VHEV i — m2¢ = 0, (1.2.2)

where V, is the covariant derivative operator compatible with metric g,,, on manifold M. Assume there
is some form of causal structure attributed to the spacetime (M, g,,). Then, for every achronal set
¥ € M consisting of pairs of points (p, q) connected by timelike curves there is a domain of dependence
D(X) comprising the entire causal past and future of 3, defined by

D(X) = {p € M |every (inextendible) causal curve through p intersects ¥ }. (1.2.3)

If all points are causally related to ¥ so that D(X) = M, then ¥ is said to be a Cauchy surface of the
spacetime. It follows that Cauchy surfaces are 3-dimensional spacelike hypersurfaces. Any spacetime in
which a Cauchy surface exist is called globally hyperbolic.

Globally hyperbolic spacetimes possess some interesting structural characteristics that admit a clas-
sical picture of their evolution from some initial conditions on a Cauchy surface. Two theorems that are
very relevant to our present discussion are listed here!5%:



Theorem 1.2.1 (Dieckmann[®l, Geroch*?): | If spacetime (M, gu) is globally hyperbolic with Cauchy
surface X, then M has topology R x ¥. Manifold M can be foliated by a one-parameter family
of smooth Cauchy surfaces ¥;, where t acts as a type of ‘time coordinate’. All hypersurfaces of
coordinate t = const. form Cauchy surfaces.

Theorem 1.2.2 (Hawking and Ellis[13]): For any globally hyperbolic spacetime (M, g,,,,) with Cauchy
surface X, there exist a global solution ¢ to the Klein-Gordon equation (1.2.2) valid on all of M
for which ¢ = ¢o and n*V, ¢ = ¢o on X, where n# is the ‘future’ unit normal to 3. In this sense
the function ¢ is the classical evolution of the pair of functions (¢g, (,230) on Y. Even stronger, for
every closed subspace S € ¥ the solution ¢g restricted to the domain of dependence D(S) depends
only on the initial configuration of the field on S.

Essentially, the Cauchy surface of a spacetime provides the framework to build a quantum field theory.
By singling out a single time-like coordinate ¢, we can consistently define the momentum density m
conjugate to the field ¢ so that we can come to a phase space formulation of the evolution of the scalar
field.

Suppose (M, g,,,,) is a globally hyperbolic spacetime foliated by spacelike Cauchy surfaces of constant
time-like parameter ¢, as proposed by theorem (1.2.1). We can then introduce a ‘time evolution’ vector
field t* tangential to the congruence of causal curves through surfaces £; and define it to satisfy t#V ,t =1
everywhere on M. t* is easily decomposable over the complete basis provided by the unit normal n* to
¥; and the shift vector N* as

t* = an’ + N#, (1.2.4)

where « is a constant called the lapse factor. On ¥, we can introduce local coordinates (¢, 2%), for which
t”VMJ;i = 0 for all z = 1,2, 3 so that we can reduce t"V,¢ = ¢ In terms of these local coordinates,
the Klein-Gordon equation (1.2.2) is rewritten in terms of a Lagrangian density with respect to time-like
coordinate t

S = /ﬁ dt. (1.2.5)

The spatial Lagrangian density L is expressed as an integral over ¥; and its coordinate basis as

L= [ [- V00 4 h9,09,0 + w6 a Vi e, (1.26)
2 =,

where h,,, is the induced metric on Cauchy surface ¥;. Inverting Eq.(1.2.4), we find the relation

1 1/,
Wb = ~ (1 = N)V,6 = = (- N*V,0)
«a «a
whence we must conclude that on 3; the conjugate momentum density 7 to ¢ is

6S
= — = (n"V,¢) Vh. (1.2.7)
o¢
Collectively, all the values of the variables ¢(x) and its conjugate 7(x) form the phase space M to a
curved spacetime equipped with a Klein-Gordon action. By theorem (1.2.2), the global solution ¢ can
then be regarded as the classical evolution of the functions (¢, m) on some Cauchy surface 3.

This situation is similar to the large n limit of the quantum mechanical case where phase space

Mgy, is composed of the set of n positions ¢, ...,¢, and their conjugate momenta pi,...,p,. These
variables undergo a classical evolution with the Hamiltonian Hy,, = H(qg1,...,¢n; P1,--.,Pn) according
to Hamilton’s equations of motion

d OH d OH

Yo _ OF Pa _ 91 a=1,...,n. (1.2.8)

dt — 9p, dt 4a

By collecting together all points of the phase space in the variable y = (¢1,...,Gn; P1,--.,Dn), these
equations can be summarised in terms of an antisymmetric 2n x 2n matrix Q% which satisfies

wp | 1 ifla—Bl=n
Qﬁ—{o it Ja — 8| # n. (1.2.9)



We obtain, for a, 8 =1,...,2n,
2n

dy® of OH
= > o 5 (1.2.10)

a=1

Thus, the matrix Q*? allows us to derive the evolution of the quantum mechanical system from a
differential of the Hamiltonian®%). It follows more generally that any system with some phase space M
should similarly permit a symplectic form w that defines a vector field Vg describing the system’s flow
from the differential dH. Hamilton’s equations of motion then correspond to the integral curves of Vi
on M that determine the dynamically possible motions of the system 26,

One way to elucidate the relationship between the two formulations of Hamiltonian systems is to look
at the cotangent bundle 7%(Q) of the n-dimensional configuration manifold Q. Q is composed of the
positional data (g1, ...q,) of the original phase space manifold M. By definition, the cotangent bundle
T*N of m-dimensional manifold N is the 2m-dimensional manifold formed by all the m points on N
together with the cotangent vectors dual to every point. We can look at the local coordinates (g1, - .- ¢n)
on Q as supporting the conjugate momenta (py,...p,) as the components of the cotangent vectors on
T*(Q). The phase space M used in the more abstract picture then corresponds to the complete tangent
bundle itself, i.e. M =T*(Q). Furthermore, configuration space Q has the natural structure of a vector
space, so we can locally choose a basis. The basis components of the vectors in Q then globally define
‘linear coordinates’ g1, ..., q, on Q. By identifying phase space M with the cotangent bundle of @) these
coordinates then extrapolate to globally well-defined coordinates ¢, ..., qn;p1,.--,Pn o0 M.

Because of the vector space nature of M, we can identify its tangent space T, (M) at some point
y € M with M itself. The symplectic form w can then be used to specify a corresponding bilinear
function on M as

Q : MxM~R
(y1,92) = v € R (1.2.11)

Function € is called the symplectic structure on M. Any manifold (M,w) with such a symplectic
structure defined by symplectic form w is called a symplectic manifold. Since elements of the cotangent
space are linear functionals acting on T(M), having a symplectic structure is equivalent to stating that
w must be a member of T*(M) x T*(M). As the map between the Hamiltonian H and the differential
equations of motion is unique, we demand the symplectic form to be equally non-degenerate. Hence,
every differential dH corresponds to a unique vector field Vg € M. w must act on Vi to give dH,

dH = w(Vy , -). (1.2.12)

Moreover, we require the Hamiltonian to be constant along flow lines over the integral curves of Vi,
which corresponds to
dH(VH) = w(VH s VH> =0. (1.2.13)

This proves that w satisfies the definition of an alternating bilinear form. Every alternating bilinear form
is antisymmetric, because

0 = W(VHl + Vi, , Vi, + VH2)
= wWVu,, V) +wWVa, , Vi,) + w(Va, , Vi) +w(Va, , Va,)
= w(Vu,, Vi) +w(Va,, Vi)
w(Vi, » Vi) = —w(Va, , Vi) (1.2.14)

Since w is antisymmetric and bilinear, it must be a 2-form formed by the wedge product of two elements
of phase space M. Finally, we also demand that symplectic form w itself should not change under
flow lines of the Hamiltonian, which in the less abstract quantum mechanical case simplifies to the
requirement that Hamilton’s equations of motion maintain the same form throughout the phase space.
More technically, this means that the Lie derivative L of w along integral curves of Vi must vanish. By
using the momentum map identity iy, w = dH and the nilpotency of the exterior derivative d, we obtain

0 = LVH (w) = d(iva) + iVHdw = d(dH) +dw(VH)
0

dw =0, (1.2.15)

so that we find that w should be a closed 2-form [26].



By definition, differential forms are naturally integrated over their (sub)manifold. Stokes’ theorem
states that if p is an (n — 1)-form on manifold R and JR is the boundary of R, then

/de: ngp. (1.2.16)

Suppose then we integrate p over two m-dimensional hypersurfaces ¥ and ¥’ that coincide everywhere
except for a well-defined region where they enclose an (m + 1)-dimensional hypervolume S, as in Fig.(3).
The difference between the two calculations is then given by an integral of n-form dp over hypervolume

S’ (/2p> - (//;;) :/Sdp' (1.2.17)

If the differential form p is closed, then dp = 0 and any integral over p will be independent of the specific
hypersurface over which is integrated. The same holds true for the symplectic form w.

Figure 3: m-dimensional hypersurfaces ¥ and ¥’ that overlap almost completely. Where they do not coincide,
they form a (m + 1)-dimensional hypersurface between them.

This provides a very attractive candidate for the symplectic structure function 2. For the case of the

Klein-Gordon curved spacetime, it must be the integral of the symplectic form over any Cauchy surface
EO?

Q(y1 , yz)

Q([(ﬁlaﬂ—l}’ [¢277T2])
/ (m1¢2 — Tag1) d*x

3o

- / (6319 b1 — 11, o] Vo

/E dS*[$2V ud1 — 1V o] (1.2.18)

Because of the closed nature of the symplectic form these integrals do not depend on the Cauchy surface
over which they are calculated. We say Klein-Gordon spacetime has a natural symplectic structure.

By Darboux’s theorem, any symplectic manifold (M, w) of dimension 2n can be locally made to look
like the standard symplectic space R?". Extrapolating this result to the limit where n — oo, it is directly
applicable to the Klein-Gordon symplectic manifold. In the standard symplectic space, the symplectic
structure §2 is given by a non-singular antisymmetric matrix that is conventionally taken to be

0 I,
Q:(_In o>’ (1.2.19)

where I,, is the n x n identity matrix. However, by a change of basis, we can change into block diagonal
form

g9 0 0
0 gy ... 0 0 1

Q=1 . . . where i0g = (1 0) . (1.2.20)
0 0 ... 09

In this basis, real solutions of the Klein-Gordon equation are separated into n independent pairs of two
solutions {¢, ¢’} with suppressed index ¢ = 1,2,...n. These solutions and their conjugate momenta have
only Q([¢, 7], [¢',7']) = 1 as non-vanishing symplectic function. For every pair, we subsequently rotate

10



to the complex solution ¥ = (¢ —i¢’)/v/2 to diagonalise the 2 x 2 matrix. We define the wedge product
norm |[¢|] by

WP = i [ s,
_ % / 45, (6 + i) T (6 — ig)
_ % / ds,, [(qﬁ?%’) - (¢’?H¢)}

= 1, (1.2.21)

so that 1 is of unit norm. Since this holds for all of the n different pair of solutions, there is a complex
basis {1} of solutions to the Klein-Gordon equation for which we can use the symplectic structure of
the manifold to define the hermitian Klein-Gordon inner product

N * el =g
(i) =i [ as; Ty = { 0 ifit]
5is. (1.2.22)

Note, however, that there is no basis that allows for diagonalisation of the 2-form into the 2n x 2n
identity matrix Io,, since the inner product is not positive definite. Because of the antisymmetry of the
symplectic structure, we have

T
i =i s ey = { W0

= b (1.2.23)

Separating the complex solutions from their complex conjugates by a permutation of basis vectors, the
symplectic function can be described by the diagonal matrix

o= (o) )= (v 5) 1229

The fact that the Klein-Gordon inner product admits negative values makes it impossible to quantise
the solutions. Consider, however, a massless scalar field in ordinary flat Minkowski spacetime with metric
N = diag(—1,1,1,1). In this spacetime, the Cauchy surfaces are foliated by a global inertial time ¢.
As such, transition between different Cauchy surfaces gains the meaningful content of time translation.
Incorporating the Minkowski metric, the Klein-Gordon equation reduces to

07 6(z) — V¢(x) = 0, (1.2.25)

which has obvious exponential solutions of the form ¢ = ™'~ for all frequencies w € R with respect
to t that satisfy w? = |k|2. If we restrict to the subspace of positive frequency solutions with a time

Fourier transform
Y(w,x) :/dt eyt x) (1.2.26)

that vanish for w < 0, then the KG inner product is positive-definite by Eq.(1.2.24). We can use the
positive frequency solutions to build up a Hilbert space H, with binary operation defined by Eq. (1.2.22).
The negative frequency solutions, whose time Fourier transform vanishes for w > 0, can be put into linear
correspondence with vectors of the complex conjugate Hilbert space H* that is dual to H, i.e. H* = H.
As vectors of H* then, the negative frequency solutions adhere to the positive-definiteness condition
necessary to build a Hilbert space 9]

By Noether’s theorem, there is a conserved charge associated with time translations between the
Cauchy surfaces, notably the Hamiltonian

H = /TOO 3 (1.2.27)
where T}, is the stress- energy tensor given by
oL
TH = —=—0,6— L " 1.2.28
50.9) —
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for the Klein-Gordon Lagrangian £ from Eq.(1.2.1). A generic quantised field solution ¢ can then be
described as a linear combination of positive and negative frequency solutions,

o(x) = Y |asvi(e) + afu; (@)] (1.2.29)
where a; and their hermitian conjugates a;r are operators satisfying the commutation relations
[ai,aj] =0=[a],al],  [ai,al] =4y (1.2.30)

The creation and annihilation operators {a;} describe a (bosonic) Fock space of particles as excitations
of a unique vacuum state |0) that is the ground state of the Hamiltonian in Eq.(1.2.27). As usual, the
vacuum state is defined as the state that is destroyed by annihilation operators a; for all corresponding
frequencies w;. Furthermore, it is conventionally normalised to unity, i.e.

a0y =0 Vi,  (0[0)=1. (1.2.31)

It is the uniformity of Minkowski spacetime that allows for a globally valid quantum field theory with
a uniquely defined vacuum. Its global inertial time ¢ singles out a preferred orthonormal basis of KG
solutions {t;} for which we can consistently and meaningfully define some conjugate momenta. As a
consequence, the creation and annihilation operators used to define particle states in a Fock space are
uniquely specified. For general globally hyperbolic spacetimes, the Cauchy surfaces are not as nicely
ordered. Although they are indeed spatial slices of a 4-dimensional spacetime, it is impossible to define
a universal concept of time on them. As a consequence, there is no conserved current that can function
as Hamiltonian to evolve the spacetime between Cauchy surfaces. Without such a Hamiltonian, there is
no single quantum field theory that is valid everywhere in the spacetime.

In the special case that the spacetime is stationary, there is a Killing vector k with respect to which
the Lie derivative Lj(g,.) of the metric disappears. More graphically, the metric does not change under
transformations along the integral curves of k. In the space of solutions S the solutions u; are described
by functions, so that the Lie derivative locally is a eigenvalue equation of the form

iLkui = ik“(’)#ui = —1 wW;U; (1232)

Since both the Lie derivative and the Klein-Gordon operator (V#V,, —m?) produce some sort of scalar
when applied to solution ;, they must commute. Hence, we can find simultaneous eigenmodes of the
operators. The Lie derivative can then be regarded to map solutions of the KG equation to solutions,
ie. Ly : §— 8. Ly is anti-hermitian in S, since (L, ¥;) = —w;di; = — (s, Li);). It is a well-known
result in matrix algebra that such operators can be diagonalised with purely imaginary eigenvalues, so
that the eigenvalues w; are restricted to the reals, w; € R. By definition, the Killing vector k is timelike
asymptotically, so that its corresponding Lie derivative approaches 0; towards infinity. The eigenvalue
equation Eq.(1.2.32) takes the form of a Schrodinger-like equation where we can identify the eigenvalues
w; with a frequency. Since the eigenvalues of Ly are purely imaginary, complex conjugate solutions will
have negative eigenvalues, i.e.

i@tui = —iwiui

o] = dwu; (1.2.33)
where w; > 0 and w; < 0. We can characterise the solutions to the Klein-Gordon equation as positive
frequency solutions u; and negative frequency solutions u] with respect to some Killing time specified by
vector k. Two eigenfunctions whose corresponding eigenvalues are distinct are by definition orthogonal,

so that
(ui,uy) = 0.

Moreover, if we exclude the zero frequency mode with w = 0, we can choose to normalise the basis {u;}
in such a way that (u;,u;) = d;;, so that the positive frequency solutions indeed satisfy Eq.(1.2.24).

In stationary spacetimes then, we can restrict to the unique basis {u;} of ‘positive frequency’ eigen-
functions with respect to the Killing vector k, i.e.

k“@uui = —iwiui, Wi > 0, (1234)

12



that are solutions of the Klein-Gordon equation with a purely positive-definite inner product (u;, u;) = d;;
in order to define a legitimate Hilbert space H in which to perform quantum field theory. Similar to
the Minkowski flat spacetime case, the negative frequency solutions have a linear correspondence with
vectors of the complex conjugate Hilbert space H* = H and can be incorporated as such. Any quantum
scalar field ¢(z) on a stationary spacetime can then be described by a linear combination of positive and
negative frequency modes,

o)=Y [aiui(m) +al uf(x)} : (1.2.35)

K3

similar to Eq.(1.2.29) valid in Minkowski spacetime. This may come as no surprise, as Minkowski
spacetime is merely a special example of stationarity where the Killing vector k = 0; is constant over the
spacetime. The operators {a;} and their hermitian conjugates are annihilation and creation operators
respectively, with which particles can be created from a unique vacuum |0). In a frame of reference that
follows the integral curves of Killing vector k, there is time translation invariance so that this vacuum
will remain an empty state. Physically, the vacuum is empty in the sense that it can be interpreted as
the lowest energy state of the Hamiltonian

o= / dSH T, b, (1.2.36)
ET

where 3, is some spacelike Cauchy surface of constant time 7 = const. and TW is the stress-energy
tensor of the spacetime. This Hamiltonian then dictates time evolution of all operators O to other
Cauchy surfaces of constant time Y,/ in the past and future by the Heisenberg equation of motion,

dO
P i[H, O] (1.2.37)

T

Excitations of the vacuum created by creation operators a;r can be interpreted as particles. The spectrum

of # can thus be summarised as {|0),a!|0), aja}\O), oyl

1.3 Sandwich Spacetime

Consider an evolving ‘sandwich’ spacetime M that is split up in three regions as in Fig.(4), so that
M =M_UM,UM,. If there is a scalar field ¢ on M, the Klein-Gordon equation must hold throughout
all of M. For times ¢t < t;, the spacetime is stationary and admits an asymptotically timelike Killing
vector k_, so that there we can quantise the field by choosing positive frequency modes { f;} with respect
to k_ satisfying (k_ )"0, f; = —iw; f; to define a unique local ‘in’ vacuum |0);,. For intermediate times
t1 < t < tg the spacetime has a time-dependent metric. In M,, there are many bases {1} that can be
used for quantisation, so that there does not exist a single notion of particles. On M, for ¢ > ¢y the
spacetime is again stationary and has some asymptotically timelike Killing vector k4 # k_ different from
that of M_. On My, we can then quantise the scalar field using the unique basis of positive frequency
modes {g;} with respect to k., that satisfy (ki) 0,g; = —iw;g; *°).

n
t > ta M, stationary spacetime

ty Xt
My time-dependent metric

£ X4,

t <t M _ stationary spacetime

Figure 4: Sandwich Spacetime. For ¢t < ¢1, region M_ admits a Killing vector k_. Between t1 and t2
spacetime region M is evolving with a corresponding a time-dependent metric. For later times ¢t > t2 spacetime
M again settles down, returning to stationarity, with a Killing vector k4.

On initial subregion M_ a general solution to the Klein-Gordon equation can be expressed as a linear
combination of positive frequency solutions f;, and negative frequency solutions f;,

¢(x) =Y laifi +al 7). (1.3.1)

i
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Instead, we can also choose the basis of solutions {g;} of the final stationary region and perform the
alternative expansion

d(w) = [bigi + blg;). (1.3.2)

7

Since both sets of modes are complete, we can also express one set in terms of the other by a Bogoliubov
transformation. Note that in general, it does not hold automatically that positive frequency solutions
of one set can be expanded purely in terms of positive frequency solutions of the other. We have, for
example,

9i = Z(Aijfj + Bij f})- (1.3.3)
J
Applying the orthonormality conditions (1.2.24), the Bogoliubov coefficients A and B are easily extracted
by taking the Klein-Gordon inner product between ingoing and outgoing modes,

Aij = (9, 13),  Bij = (9, f7)- (1.3.4)

Furthermore, since both the sets of modes have to satisfy the orthonormality conditions (1.2.24), the
Bogoliubov coefficients A and B are faced with the restrictions

AAt — BBt = 1,
ABT — BAT = 0. (1.3.5)

Alternatively, we can also express the early solutions in terms of the later ones, leading to an inversion

of Eq.(1.3.3), as
fi= Z(A;jgj + Bj;95)- (1.3.6)

J
Using this relation, we then find

g = A(A'g+B'g")+B(A"g" +B"g)
= (AA'+ BB"™)g+ (AB'+ BA™)g"
(AA" — BBNg+ (ABT — BAT)g* = ¢
only if A’ = AT and B’ = —BT 45!, Expressed in terms of original Bogoliubov coefficients, we have

fi =Y (4595 + Bjig})- (1.3.7)

J

Moreover, the alternative Bogoliubov coefficients A’ and B’ must also satisfy the conditions (1.3.5), so
that we find the additional requirements

ATA-B"B* =
ATB-BTA* = 0. (1.3.8)

Combining Egs.(1.3.3) and (1.3.7) with Egs.(1.3.1) and (1.3.2) respectively, we can express early
annihilation operators a; in terms of the late operators b;, bj» and vice versa'9. Remembering that the
KG inner product is anti-linear in its second argument, we find

a; = (¢7 fl) = Z(A]Zb_] + B;kzb;)v
J
(6, 9i) = Z(Afjaj - B;}a}) (1.3.9)

J

b;

If B = 0 then by the conditions (1.3.5) and (1.3.8) we find AA" = ATA = 1. The change of basis from
{f:} to {g:} is nothing but a unitary transformation permuting the annihilation operators but leaving
the vacuum state unchanged. If the coefficients B do not vanish, the in vacuum state |0;,) and the out
vacuum state |0,y¢), defined by

a2|0m) =0 Vi,
bil0put) = 0 Vi, (1.3.10)
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will not coincide. This discrepancy is even more obvious when inspecting the number operators N/ and
Nput
7 bl
N = azai on M_
Ne™ = blb;  on M. (1.3.11)

For the i-th mode of k, the amount of particles in the i-th mode seen by an observer in final region M
in the initial vacuum |0;,,) is

<0m|NZQUt|Oin> <Oin|bibgloin>

= (0in] >_(Ajial — Bjiaj) > (A ar — Bjral)|0in)
7 k
= zn| Z jilj Z k:a'k)|017l>

k
Z Bi; B}, = (BB"),;. (1.3.12)

The total number of particles detected by the observer is then Y ,(N¢ut) = Tr (BBT). Hence, if the
matrix B is nonzero, the in vacuum is different from the out vacuum and there is geometrical particle
production caused by the non-stationarity of the metric in the intermediate region M, of sandwich
spacetime (1045,

To gain more insight into the particle content that the in vacuum state |0;,) has for an observer in
M, we rewrite its definition (1.3.10) by means of Eq.(1.3.9),

0 = ai\Om>:Z(A b + B5b1) 04

Jeeg

bk+ZB 70 b0) 104
= bk+Zijbj 10in), (1.3.13)
J

where we used right multiplication by A;' to obtain the second line and have defined Vj; = Y, B;iAi_kl.
As was shown by Wald, this definition is completely legitimate. The inverse matrix A~' used in the
definition of the symmetric matrix V is guaranteed to exist by the relations (1.3.5) and (1.3.8)[48]. For
simplicity, first reduce Eq.(1.3.13) to the case of a single mode in k, i.e.

0= (b+Vb)|0:,). (1.3.14)
We can see the in vacuum |0;,) as a function f in b and b of the out vacuum |0,y¢). We then find

0 = (b+Vb)[0i)
= (O+ V) F[00u)
= (Fo+ 0, 1))+ Vb'§[00ur)-

Since operator b by definition annihilates the out vacuum, we have
[b,f] = —VbTf. (1.3.15)

The commutation relations (1.2.30) establish that [b,b'] = 1 is the only non-vanishing commutator
between the available operators on which f can depend. Eq.(1.3.15) then shows that f must be some kind
of polynomial in the creation operator b', i.e. § = f(b'). Furthermore, since the commutator [b, b'] gives
just a C-number, f must be an exponential in this polynomial. We therefore try something of the form

10im) = § [Oput) = Ce™" [00ye), (1.3.16)
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as a solution to Eq.(1.3.14) (25] In the proposed solution, C' is a constant incorporated to normalise the
vacuum to unity and p a variable that is determined by Eq.(1.3.15),

~vbl§ = b, =C, eﬂb*b*]
= CZ” b, (bTbT)"

- C Z %[2an(bTbT)”‘1]

= 2uCb! Z bT bhyn=

= 2ublf, (1.3.17)
where we have used the inductive relation b(b'b7)™ = (bTb7)"b+ 2nbT (bT67)"~1. Looking at the preceding
equation, we see that we should set u = f%V, and we get

10in) = Ce™ 2V J0,,,,), (1.3.18)

Returning to the full equation (1.3.13), we compose the solution by summing over all the modes of k,

|0i) = Cexp —fZV”bjbj )0out)- (1.3.19)

An immediate consequence of the relation between the in and out vacua is that the amplitude for creation
of an odd number of particles vanishes 2%,

C (Oout|(bry by - - - b, ) exp ( —7ZV b 00w) =0 7 odd. (1.3.20)

g% Yy

Particles are produced in even numbers. In particular, the amplitude for pair production is just the
matrix V;; with normalisation C,

C (0ot |br, b, €xp (—= vablbj 0out) = C Viyky - (1.3.21)

ij

Moreover, for the state (1.3.19) to be well-defined in the out Hilbert space, it needs to be normalisable
by adapting constant C'. This is equivalent to the requirement

> 03 | NP0i) = ZB”B* < +00. (1.3.22)

i

which implies that the total quantity of particles created during the non-stationary period in region M
is some finite number, irrespective of the amount of time that passes between ¢; and ¢, 48!,

In conclusion, there will be geometrical particle creation in spacetimes of sandwich form, in which a
volatile, evolving period is asymptotically flanked by two stationary periods. Although we have focused on
scalar fields, this results holds for all types of matter. Furthermore, these particles are always generated
in particle-antiparticle pairs, because the creation amplitude vanishes for odd particle numbers.

1.4 Hawking Radiation

Consider the spacetime describing the gravitational collapse of a spherically symmetric massive star into
a Schwarzschild black hole. Outside of the matter of the star this spacetime will have the Schwarzschild

metric 1
2M 2M\
ds* = — <1 - > dt* + <1 - > dr? + r?dQ3, (1.4.1)

r r

where d3 = df? + sin® 0dyp? is the metric of the 2-sphere S2. For null geodesics it holds that ds? = 0,
so that
2M
dt? (1 - ) dr?. (1.4.2)

r
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Defining the tortoise coordinate 7, in such a way that null geodesics satisfy dt?> = dr? and requiring r,
to be real and increasing with r, we obtain

2M\ 7 —oM
dr? = <1 — 7‘) dr?, re =7+ 2MIn <762]\4> (1.4.3)

In terms of coordinates (¢,74, 0, ) the Schwarzschild metric becomes

2M
ds? = (1 - r) (=dt® + dr?) + r*dQs3, (1.4.4)

Solutions of the form ¢ & r, = const. to the defining equation dt? = dr? correspond to null geodesics
going in and coming out of the black hole, respectively. This defines the lightcone coordinates

U = t—Ty with u = const. <  outgoing null geodesics

= t4r,. with v = const. < ingoing null geodesics (1.4.5)

As can be easily deduced from the Penrose diagram of the collapsing star spacetime in Fig.(5), there are
numerous spatial hypersurfaces that intersect all causal curves. The collapsing star diagram is globally
hyperbolic. Most notable are the two Cauchy surfaces

1. - X_ =3 at past infinity, from which all causal curves originate.
2. - X, =JTUHT, registering causal curves that end up at the singularity as well as those that
terminate at future infinity.

Although the Schwarzschild black hole solution to Einstein’s equation is static by the existence of an
asymptotically timelike Killing vector £ = J; and invariance of the metric under time reversal t — —t,
the spacetime of the collapsing star is not. In general, the formation of a black hole involves some
complicated and highly intricate dynamical processes that disturb the time translation invariance of the
metric. As the spacetime is approximately Minkowskian far away from the black hole, stationarity is
retrieved in the far past near J~ and far future near J*. In analogy with sandwich spacetime, modes from
the far past pass through a non-stationary, evolving part of spacetime before ending up at a stationary
far future. This will lead to geometrical particle production by the black hole!®). While the collapse is
a transient phenomenon, the infinite time dilation at the horizon as perceived by an observer at infinity
means that created particles can take an arbitrary amount of time to escape the black hole region and
travel to future infinity.

1

Figure 5: The Penrose diagram for the spacetime of a spherically symmetric star that undergoes gravitational
collapse into a Schwarzschild black hole.

In the far past, all modes of the scalar field are specified by initial data on early Cauchy surface J~ in
a stationary part of spacetime. Hence, there is a preferred notion of time to define positive frequency
modes with, so that the field expansion of ¢ uniquely defines the in vacuum. At late times, wave packets
have moved to the future infinity 3 or fallen into the black hole through H™, so modes are determined
by final data on J* U H™. In summary, there will be three sets of modes:

{f:}: positive frequency on J~
{g:}: positive frequency on J* and zero on H™
{h;}: ‘positive frequency’ on H* and zero on J*
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Since spacetime is not stationary near H+, there will not be a timelike Killing vector that can
define a conserved Hamiltonian and thus no consistent way of doing quantum field theory. However,
it turns out it is possible to draw physical conclusions that avoid this problem. The Hilbert space
Hsx, = Hy+ +Hp+ of states on the composite Cauchy surface ¥ = J©UH™ is naturally isomorphic to
the tensor product space Hy+ X H g+ and can thus be thought of as a joint system. The system describing
the particles propagating out to infinity is completely separable from that of the particles falling into the
black hole. Now, in general, for any state |¥) in a tensor product system H, x Hp there is a reduced
density matriz pa € Ha x H? formed by taking the trace of |¥) @ |U*) € (Ha X Hp) x (H} x H}) =
(Ha x HY) x (Hp x H};) with respect to a basis of Hp. It may be defined as

pa =3 (eisl (10)(¥1) e, (1.4.6)

7

where {e;,} is an orthonormal basis on Hp and the inner products on the right hand side are taken in
Ha x Hp. Now, a state like |¥) that is spread out over two separable Hilbert spaces has a Schmidt de-
composition |¥) =" A;le; ) ®|e;, ) onto orthonormal bases {e;, } and {e;, } of H 4 and H p respectively.
We can rewrite definition (1.4.6) into

pA = Z)‘f |eiA><eiA" (1'4'7)

It follows that the expectation value of any observable O 4 for the subsystem H 4 is given by
(O4) = (¥]04|¥)
= YA ((eial @ einl)Ou (lesa) @ lesa) )
ij

DAy ((eialOalesa)) (teinless))
= Z/\? (€ilOalejy,)

Tr (Z)\f |ejA><e,-,A|oA) = Tr (paO.). (1.4.8)

(2

Since the probabilities of the possible results of any experiment on subsystem H4 can be expressed
in terms of expectation values of such observables, all information about H 4 can be retrieved from
reduced density matrix p,. The behaviour of system H 4 is described completely by pa, while leaving
undetermined the properties of the composite system H4 X Hp. In our case, we can ‘trace out’ all
information belonging to particles falling into the black hole to find a reduced density matrix that
describes only behaviour of particles propagating towards JT. As such, the appearance of p4 instead of
a regular state vector reflects our incapability to recover all information about the whole system once
the particle states have traversed the horizon.

Now, the creation and annihilation operators corresponding to infalling particles will be subjected
to a Bogoliubov transformation, whereas the particles propagating to 3= never enter the intermediate
non-stationary region of spacetime and their associated vacuum does not undergo a change of definition.
This will induce a transformation of the state vector |¥) € Hyx, of the form [¥) — ¥’ = j¥, where § is
an endomorphism on joint system Hs, of the form

f=Tn,y X Un,, (1.4.9)

where I is the identity operator on Hy+ and U an unitary operator that acts on Hpy+. Since a unitary
transformation preserves the inner product, we have (¥]|O4|U) = (¥'|O4|¥’). We see by Eq.(1.4.8)
that the density matrix p'q_t7+ corresponding to [¥’) will equal the original matrix py_,. The density
matrix remains unchanged 1t\)y transformations (1.4.9) and does not depend on the definition of ‘positive
frequency’ modes on Ht 49, Therefore, we can arbitrarily appoint some modes as positive frequency
and use those to define a complete set on composite Cauchy surface ¥, = J+ U HT.

Like the case of sandwich spacetime, we can expand the scalar field in terms of both the complete
sets of modes

3

o =Y lacfs +al 7] = S [(bigi + blgl) + (cihi + cihD)). (1.4.10)
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The future basis {g;, g7, hi, b} } is related to the past basis { f;, fi'} by Bogoliubov transformations of the
form

gi = Z[Aijfj + Bij fi*], h; = Z[Cijfj + Dij %], (1.4.11)

J
because the Hilbert spaces on J© and HT are completely separable!*8]. Late time observers at future
infinity 3T inspecting the in vacuum state defined by a;|0;,) = 0 Vi will detect (N“) = (BBT);;

particles in the i-th mode[®-31],
The exact form of the Klein-Gordon equation (1.2.2) in Schwarzschild spacetime with metric (1.4.4)
is more conveniently found by the using the formula
1
V=3

In addition expanding the scalar field solution in spherical harmonics as ¢(t, r«, 8, ©) = x1(r«, ) Yim (6, ),
the equation of motion for the scalar field becomes

O=V'V, = —0,(v/—g9"d,). (1.4.12)

oM\ [11+1) 2M
5t2><z—33*><z+<1—>{(+ )

2 _
+ TT +m :| x: = 0. (1.4.13)

r 72

This equation is the Klein-Gordon equation (1.2.25) for a massless scalar field in a 2-dimensional
Minkowski spacetime (with Cartesian coordinates ¢, ) with a scalar potential

2M\ [I(1+1)  2M
—)[(t )+3+m2}.
r r r

Vi(rs) = (1 (1.4.14)
We can depict the evolution of the spacetime by propagating wave packets. Classically, the black hole
does not allow escape once the horizon is passed. Waves propagating into the future from past infinity
can literally disappear from the theory at the singularity. It is thus more appropriate to describe the
spacetime by waves moving back in time from future infinity.

As r, — —oo (i.e. as r — 2M by Eq.(1.4.3)) the potential V;(r.) behaves as (1 —2M/r) ~
exp (r«/2m), falling off exponentially with r.. For r. — +oo (i.e. for r — 400) there are two possible
outcomes, depending on the mass m of the scalar field. If m # 0, Vj(r,) decreases as (m? — 2Mm?/r) ~
(m? — 2Mm?/r,), whereas for a massless scalar field Vj(r.) ~ I(I + 1)/r* ~ (I(I 4+ 1)/r? in this limit.
In the case of the massive scalar field, every wave packet should behave like a free (V; = 0) massless
solution in (¢,7.) space propagating in from (r, — —o0) combined with a massive solution coming in
from (r. — 400) in the far past. In the asymptotic future, the situation is reversed, with every wave
packet being a combination of a free massless solution travelling to r, — —oo and a massive wave propa-
gating to r. — +o0, as in Fig.(6a) (9] For an asymptotically flat Schwarzschild black hole, the Hawking
radiation is massively dominated by low angular momentum modes with low 127, For a typical I = 0
mode of a massless scalar field, the potential tends to zero both near the horizon and close to spatial
infinity, obtaining the form of a potential barrier surrounding the black hole region, as in Fig.(6b). Hence,
any solution in (¢,7.) space evolving back in time will partly be transmitted and partly scatter off the
potential (%

Near to J%, where the potential tends to zero, massless solutions to Eq.(1.4.13) behave as free waves
of the form [a exp (—iwu) + b exp (—iwv)] in (¢,7.) spacetime, where u,v are the lightcone coordinates
given by Eq. (1.4.5). We define ‘early modes’

—iwu

fivx = fumoy+ ~Jfor=c¢ (outgoing at the horizon)

fic = fumwy—~fo_ = e W (ingoing at the horizon) (1.4.15)

on J~ and ‘late modes’

it = Yimw)y+ ~ Gu+ = e W (outgoing at the horizon)
—iwv

Gi— = Gimw)— ~ Ju— =€ (ingoing at the horizon) (1.4.16)

on J*. As we trace back time from JT, outgoing solutions will travel towards decreasing 7, and encounter

the potential barrier. Part of the wave, say g(r)

; ., is reflected by the potential, whereas the remaining part
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(a) The behaviour of the massive scalar field (b) The potential surrounding the black
propagating in two-dimensional (¢, r.) space under hole horizon for a low angular momentum
potential Vi(r4). mode of a massless scalar field.

Figure 6: The potential faced by a scalar field in the spacetime of a star collapsing into a Schwarzschild black
hole takes on a different form depending on the mass of the particle. This highly influences the behaviour of the
wave packets.

gft)r is transmitted (Fig.7). Since gz(l) never enters the non-stationary part of spacetime, it will arrive at

J~ undisturbed. This will correspond to a term B = 0, A, x 0(w—w') in Eq.(1.4.11). The transmitted
part gl(:)_ of the plane wave passes through the barrier and will enter the collapsing matter, where it will

be distorted before emerging and reaching J— [9].

incident

singularity

r=>0
H* Ht

transmit ted

scattered

Potential Barrier Potential Barrier

Figure 7: An outgoing plane wave g; + propagating back in time from J* is scattered off or transmitted
through the potential barrier surrounding the black hole, with both parts eventually reaching J—.

Consider the nature of a purely outgoing mode g; y on J*. Such a plane wave mode has some
definite frequency w, but is completely delocalised in (¢,7.) space (in accordance with the uncertainty
principle). By superposing outgoing modes with different frequencies we may construct wave packets
centered around some frequency wy and coordinate ug that are localised on J*. These wave packets vanish
upon approaching the horizon as u — oco. Nonetheless, the frequency of individual modes diverges to
infinity on the horizon as a consequence of the gravitational blueshift caused by the black hole. In terms
of the Kruskal coordinate U = —e™"*, where k = 1/4M is the surface gravity of the black hole, these
solutions are of the form e with S = wx™!In (~U). Let u(\) be any geodesic crossing the horizon with
affine parameter A chosen to have its zero value at the intersection with the horizon. Since A depends
smoothly on U and satisfies dU/dX\ # 0 on the horizon where U = 0, in this region U has to depend
linearly on A. It follows that near A = 0 the outgoing modes oscillate as exp [iwx ™! In (—a))], where
a = dU/d\|,_,. Because a # 0, S diverges at U = 0. Single modes observed by a freely falling observer
crossing the horizon at A = 0 have an ‘infinite oscillation’ singularity 9.
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Let vy be a null geodesic generator of the horizon that is continued into the past until it intersects
with 3~ at vg. Without loss of generality, we may set vg = 0, as the spacetime is invariant under
translations v — v + const.[®). Since the locally measured frequency of the plane wave diverges to
infinity at g, the geometrical optics approzimation is valid: if ® = Ae™ and |S| > 1 and S is varying
rapidly compared to In A, then the Klein-Gordon equation V#®V,,® = 0 implies that

V48V, 0. (1.4.17)

Thus, to an approximation that becomes more and more exact as we get closer to vy, the outgoing plane
wave g; +, will have the form G; e, where G; is a constant. Furthermore, by Eq.(1.4.17) the surfaces of
constant phase S are null surfaces near g since their normal vectors are null.

Because S diverges to infinity at g, let [ instead be a tangent null vector to inverse surfaces S~ =
const., so that | = hdS~! for some h # 0. For such a tangent vector [, the autoparallel equation holds
for transport along vy, i.e. - VI* = 0. Also, let n be a future-directed null vector that is parallelly
transported along g like I. Then, [ - Vn# = 0, with [ - n # 0. For every p € vy, consider a point p’ an
infinitesimal distance —e away from g along the null geodesic to which n is tangent. The collection of
these points form a null curve v = v(€) (see Fig.(8a)).

Ingoing
null geodesic

(a) The connecting vector n that is (b) At J—, the ingoing lightcone
parallelly transported along null integral coordinate v is an affine parameter on
curve yg of [ defines a new null curve ~, a integral curves of connecting vector n
distance —e away. and y crosses J~ at v = —e.

Figure 8: Tangent vector | and future-directed null vector n, which is parallelly transported along g, near
HY and J~.

On this curve v, we obtain
ST o =—en-087Y_ (1.4.18)
ol YH

as in the limit € — 0 we have S~ = 0. Furthermore, we can show that

o

-V (l~6S*1)|7H =0. (1.4.19)

It follows that [ - 5‘S*1|7H is parallelly transported along vy. By Eq.(1.4.18), this means that S—!

and by extension, S, are constant along !, Hence, the shape of the wave near vg = 0 at J~ can be

obtained by continuing the null geodesic generators of the surfaces of constant S back to 3~ 9. At 3,
the ingoing lightcone coordinate v is an affine parameter on integral curves of connecting vector n and
v crosses J~ at v = —e as in Fig.(8b). In contrast, near the horizon lightcone coordinate u diverges to
infinity so that Kruskal coordinate U = —e™"" affinely defines distance —e along connecting vector n.
Since the distance —e¢ is taken to be infinitesimal, U is linear in € in close approximation. Coordinate U
is semi-negative definite by definition and has a positive slope a = dU/d\|p+ along integral curves of n
near the horizon, such that U = —ae on curve 7 (Fig.(9)).

In conclusion, the outgoing plane wave mode may approximately be represented as G; e*® near the
horizon H*, which has a null generator vg. Surfaces of constant phase S are null by the geometrical
optics approximation. Then, let v be the null geodesic generator of one such surface of constant phase
Sy. On 7, the Kruskal coordinate is given by U = —ae, so that the phase of the wave mode can be
described by S, = wr ™! In (—U) = wk ™! In (ce). Continuing v back to J~, we find that it intersects with

~—

J~ at v = —e. On J~, the phase of the wave is S, = wx ™! In(—awv). Furthermore, only the reflected

part gl(tl can reach J~ for v > 0. The transmitted part gl(tl

(®) 0 v >0
W= o 1.4.2
i+ { Gz elr Ywin (—av) v < 07 ||,UH SmalL ( 0)

of the wave will be of the form
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Figure 9: Penrose diagram of the scattering of an outgoing plane wave mode g; +

once it has arrived at J— 1311,

We wish to express gz(t)r in terms of the complete basis {f; ~ e‘i“’/”,f;f ~ eiw/”} provided by the

outgoing early modes, so that we may find Bogoliubov coefficient B in the continuous limit

g (W) = / dw' (A fur + Buowr 1), (1.4.21)
0

of Eq.(1.4.11) that will allow us to compute the number of particles a late observer sees in the early in
vacuum. By comparison with the frequency Fourier transform

®) = (t)
@) = [ e W)
— 00
= /0 dw' e “gl(i / dw’ e™ “gz(ar( W), (1.4.22)
we find
Ay =3(W)  and  Buw = g (—w). (1.4.23)

If we then manage to encounter a way to relate g( )( ) to g(t)( w’), the Bogoliubov coefficients remain
determined completely by the condition AAT — BBt =1 from Eq.(1.3.5)[].
To find such a relation, we use another Fourier transform to write

106 = [ ave g

Q

0
/ dv VG et win(—ow) (1.4.24)

This approximation is only valid for large |w’|, for which exp (iw'v) oscillates rapidly and there are
cancellations for the large v modes not described by solution (1.4.20). However, remember that we are
interested in evolving back ‘late time’ wave packets on JT that are localised around some large value
u = ug and have a small spread Au. Once these wave packets have arrived on J~ they are centered
around some v = vy with width Av. Here,

—up = k' ln—avg and thus — avy = e "0, (1.4.25)
so that vy is small. Moreover, for a deviation Au, we find
Av Av
Au=—r" In[—a(vg + Av)] —up = k1 1n LU, 1+ — ) = ——, 1.4.26
[alwo ) 0 vo + Av Vg K|vo| ( )

by a Taylor expansion of In (1 + z) for small z. Then, we see Av ~ k|vg|Au < Au and we conclude that
the large wug, small Au wave packets from J* have morphed into a form with very narrow spread Awv
around small vy at J~. Thus, the physically interesting wave packets investigated here are mainly high
frequency modes on J— B,
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By simply applying Eq.(1.4.24), we obtain

0o 0
gl (—w) = / dve™"gl") (v) / dv eV G el e (Can), (1.4.27)
— 0o — 00
The complex logarithmic function In (—z) in this equation is multiple-valued. If a complex number is
written in polar form as z = re, then its logarithm In z = Inr 4+ i is invariant under transformations
0 — 0 + 27n for n € N. The logarithmic function has its branch point at the origin and branches for all
values of . Hence, we may take a branch cut to lay on the positive real axis. This requires us to deform
the integration path to avoid the branch cut. This can be done by shifting the contour an infinitesimal
distance ie upwards in the complex plane, as in Fig.(10), and taking the limit e — 0 at the end of the
calculation. Because the integral has no further poles inside of the closed contour, it defines a region

Im(z)

Y1

Re(z)

Figure 10: The contour integral used to evaluate gfj(—w’) with a branch cut of In (—z) along the positive real

axis.

of the complex v-plane where the function is holomorphic. This means we can use Cauchy’s integral
theorem:

0= %dv e—iw/vGi em*lwln(—av) _ {/ +/ +/} dv e—iw/vGi einflwln(—av) (1.4.28)
71 V2 c

Without loss of generality, we may make the assumption that w’ > 0, so that the integral decays
exponentially for Im v > 0 and the integration over arc segment C vanishes correspondingly as we take
the arc radius to infinity. It follows from Eq.(1.4.28) that f,yl =— f,m. As a consequence, we can rewrite
Eq.(1.4.27) to

Q

0
gg?_(_w/) / dv efiw'vGi eiﬁ_lwln(fav)

oco+i€e , —
— _/ dv e~ vGi et wln (—aw) </ _ _/ >
i€ ga! 72
— _/ dv eiw/vGi eimflwln (aw) (’U N —’U)
_O _
_ _/ dv eiw’vGi em’lw[ln(—av)—&-iw] (€_>O)
—o0
= —e /" g (W) (1.4.29)

Feeding this result into Eq.(1.4.23), we relate the Bogoliubov coefficients as

Tw;

Bij = —e = Alj (1430)

Now, by the condition AAT — BB =T we obtain

7r(wi+wj)
bij = Z(AmAjk — By Bj,) = Z <e~ - 1) , (1.4.31)

k k

whence we conclude that the number of particles of the i-th wave mode detected by an observer at J=
in the in vacuum as valid at g~ is

1
27w,

(Ng"'y = (BBY);; = .
e w —1

(1.4.32)
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This is the Planck spectrum for black body radiation at the Hawking temperature *-31]

K 1

Ty = 57 = Sell” (1.4.33)
Notice that this coincides with the black hole temperature predicted from entropy principles in Eq.(1.1.6),
fixing the constant of proportionality. As expected, including quantum effects in the model of a star
collapsing into a Schwarzschild black hole evokes the pair production of scalar particles that propagate
to infinity in the form of Hawking radiation. More significantly, it is possible to generalise this result to
stars that are not spherically symmetric when collapsing and any other kind of resultant black hole®:31],
Furthermore, it can be shown that the same effect occurs for other types of fields, for which the out
vacuum will be a state containing particle-antiparticle excitations of the early in vacuum 34,

1.5 Entanglement of Hawking Pairs

In order to study more closely the nature of the Hawking pairs making up the radiation emitted by
a Schwarzschild black hole, we take a more intuitive approach based on their wavelike characteristics.
Consider the evolution of ingoing positive frequency modes starting at past null infinity J—. Suppose
these waves reach r = 0 during the period the black hole is formed, so that they scatter back towards
JT as outgoing in vacuum modes. From subsection (1.3), we know that there is particle production
when positive frequency modes evolve into a mix of positive and negative frequency modes and leave a
non-vanishinig Bogoliubov coefficient B. Hence, particle creation is possible only if the wave modes are
distorted. We can classify these outgoing modes by the way they stretch between Cauchy surfaces Y.
The geometrical optics approximation, which was justified by the infinite blueshift of Hawking radiation
at the horizon, then stipulates that the phase S of these wave modes near the horizon stays constant
along null hypersurfaces, which can be depicted as the trajectory followed by light rays (Fig.(11))[2°].

Figure 11: Penrose diagram detailing the evolution of a positive frequency mode starting at J~, scattering
back at r = 0 and propagating towards J with constant phase S along null hypersurfaces.

Consider the immediate vicinity of the horizon closely after the black hole has formed, as sketched
in the close-up of Fig.(11). For black holes that are sufficiently large, this region of spacetime has
very small curvature. Wave modes in this region will still be in the in vacuum state as defined on
J~. Furthermore, on the portions of the ‘initial’ Cauchy surfaces that are straddling the horizon the
null Kruskal coordinates U ,V may be used as an affine parameter. On late Cauchy surfaces near JT,
however, spacetime is approximately Minkowskian and the canonical null coordinates

Xt =t4+r, X =t—r (1.5.1)

can be used to describe the form of wave modes. Because the initial Cauchy surfaces are connected to
the late Cauchy surfaces by outgoing null rays, we can evolve the wave modes from early to later surfaces
by keeping the phase S constant. Then, the shape of the wave modes at the later Cauchy surfaces is
determined by the function

X" =X"(0), (1.5.2)

i.e. the relation between the coordinates X~ and U. Since U is defined as U = —exp (—u/4M) =
[(r —2M)/2M]"/? exp (=X~ /4M), the function (1.5.2) is logarithmic, X~ M ~ In —U. Notice, however,
that the Kruskal coordinate U is dimensionless, whereas we would prefer to work with a coordinate that
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has units of length like Minkowskian coordinate X ~. Considering that the only natural length scale in
the Schwarzschild geometry is given by M, we can define a new null coordinate y~ by

X =-Mln (—?\4) for — M <y~ <O. (1.5.3)

The boundaries of validity |y~ | < M of this equation can be justified by setting y~ = 0 on the horizon.
Then, y~ < 0 for spacetime points outside the horizon and y~ > 0 for events inside the horizon. As
such, events for which y~ < M will no longer be in close proximity to the horizon, so that U is no longer
an affine parameter and the meaning of ¥~ becomes obscure. Here, spacetime is approximately flat, so
the relation (1.5.3) will now be of linear form instead,

X" =-y for y= < —M. (1.5.4)

The shape of wave modes starting out on a part of the initial Cauchy surface that is far from the horizon is
thus determined by an evolution along outgoing null geodesics that are, in ingoing Eddington-Finkelstein
(EF) coordinates where t, = v — r, infinitesimally close to the straight lines of Minkowski space. Such
wave modes are undisturbed by the gravitational forces of the black hole, and no particles are produced
(Fig. (12a)).

Now consider the spacetime events in the range y~ > 0 that are on the inside of the black hole
horizon. Here, there are no natural coordinates that are preferred in the physical sense. However, as we
have shown in subsection (1.4), the final result of the calculation will not depend on the choice of wave
modes inside the horizon, so we are free to allocate them arbitrary coordinates. This allows us to define
a coordinate Y on the slice of a Cauchy surface inside the horizon that linearly measures distances along
hypersurface. We then assign to every null ray a null coordinate Y~ that equals Y at the intersection
with the hypersurface slice. Y~ is on equal footing with coordinate X~ outside the horizon, with the
exception that X~ is a physically justified choice because it can be used to define real particles at J=
with the correct energy-momentum tensor. The goal is now to find out how coordinate Y~ evolves from
its value Y~ =Y where it crosses the Cauchy surface back to the vicinity of the horizon, where U is an
affine parameter. Choosing coordinate Y~ in this way, we should find a relation similar to that of X~
with U, i.e. Y~ ~ InU. Then, by the way y~ is defined, we find the dimensionful equation

Y~ =M (?\4) for y~ > 0. (1.5.5)

Hence, any distortion of wave modes that depart closely outside the horizon is mirrored by deformations
of wave modes on the inside 25,
To study the behaviour of wave modes in the range —M < y~ < 0, we make the assumption that

their initial wavelength A; is much smaller than the scale M over which the black hole metric is curved,
A1 = €M, ek 1, (1.5.6)

so that their oscillations look like those on a piece of Minkowski spacetime. As the wavelength of these
modes will increase as they propagate away from the black hole towards J T, they will eventually become
of order M near infinity. Although the assumption (1.5.6) may thus lead of order unity imprecisions in
the overall radiation rate, it does not interfere with a qualitative description of their evolution. Such
small A wave modes will have a large number of oscillations in their range,
Ay~ M

N oM >1 (1.5.7)

Noscillations =

and so the width of one oscillation is of order e. Consider such a narrow oscillation ¢; extending over
the range —a < y~ < —a + € with a > 0. In the frame of reference associated with coordinate X —, the
wavelength A, will then be

dxX— M 1 €

Ay =10 X7 |=|| — |0y |=|M|— | —|e=M—. 1.5.8

a=tox=|(G= ) or| = [ (557) 7] = v (1:55)

An adjacent oscillation ¢y closer to the horizon will span the range —a — € < y~ < —a, so that it will
have wavelength

M 1 €
Ay =|M|— | —=|e=M 1.5.9
o= P () e - (159
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on the later Cauchy surface where lengths are measured by X . If a > ¢, the pair of adjacent oscillations
was still some distance away from the horizon on the initial Cauchy surfaces, albeit within range to be
influenced by the gravitational effects of the black hole. Despite the logarithmic map between the frames
of reference, these oscillations will still be of comparable wavelength after the evolution to the later

Cauchy surface,

Ay o
— = ~1 f . 1.5.10
N, a—« ora>e€ ( )

The stretching they undergo is of almost uniform nature and resembles an ordinary rescaling of coordinate
y~ . Graphically, this is due to the fact that outgoing null geodesics in ingoing EF coordinates that begin
at such a distance a > € from the horizon do not diverge much, despite being logarithmically curved
(Fig.12b). There is very little change in the stretching factor of spacetime over the oscillation period of
the wave modes, so that the adiabatic theorem predicts there should not be geometrical particle creation.
Indeed, let f ~ e*¥" be a positive frequency mode on the initial Cauchy surface that partially evolves
to negative frequency mode g* ~ e~**7Y" under rescaling of y~ by constant v > 0. Then, by Eq.(1.3.4)
we see that the Bogoliubov coefficient B for this wave mode vanishes:

B=—(g.f") = —i/dsﬂg*‘?ﬂf*
~ —i/dy_ e—ikw’%e—”@’ — 0. (1.5.11)

Consider, however, the few oscillations straddling the horizon for which o ~ €. In this case, the
wavelength of oscillations becomes longer and longer as their associated departing distance « from the
horizon decreases (Fig.(12c)). The deformation of these oscillations in close proximity of the horizon
is completely non-uniform. A positive frequency mode f ~ e**¥  will partially evolve into a negative
frequency modes g ~ e X" where in this case the change of coordinates cannot be approximated by

rescaling by a constant. Thus, there will be particle creation 25!,

t. timelike surface hear 7 = 00
near r = 0o

[
-

1 M A
/ W Y
r=0 r=2m 7> 2M ' r=0 r=2M r r=0 r=om

(a) Wave modes far from the (b) Wave modes close to the (c) Wave modes straddling the
horizon are not subjected to the horizon are stretched uniformly horizon will undergo a very
gravitational forces exerted by the in case the null geodesics remain non-uniform stretching that

black hole and are not distorted. approximately parallel. will lead to particle production.

Figure 12: The distortion of wave modes starting from various degrees of separation from the horizon depicted
in ingoing EF coordinates. To facilitate comparison of stretching rates all modes are evolved to a timelike
surface near infinity. Only for those modes that initially are very close to the horizon the stretching factor of
spacetime changes sufficiently to cause significant particle creation.

In order to properly visualise these effects we need a consistent way of establishing Cauchy surfaces
with which to foliate Schwarzschild spacetime. Far away from the black hole, we take it to approximate a
spacelike slace in flat spacetime by choosing the hypersurfaces t = const.. We will denominate this part
of the Cauchy surface by ¥,,:. As can be seen from the metric (1.4.1), the radial coordinate r becomes
timelike for r < 2M inside the horizon. Hence, for this region of spacetime we use surfaces r = const.
(but not r =0 or r = 2M) to form the inner parts 3;, of the Cauchy surface. Furthermore, we connect
these two parts by a smooth, spacelike connector surface ¥, spanning the horizon as in Fig.(13). Not
shown in Fig.(13) is a final part of the Cauchy surface where we extend the surface %;, of constant r
back in time before the black hole formed and smoothly bend it to reach » = 0. Cauchy surfaces of this
form provide a way of slicing the spacetime. Graphically, ‘later’ surfaces in the foliation can be created
by a shift to the upper left corner combined with an enlargement of ¥, (Fig.(13))[%].

Using the fact that the phase S of the wave modes stays constant along null geodesics, we then evolve
the wave modes between different Cauchy surfaces in the foliation. During the early stages of evolution
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Figure 13: A type of Cauchy surfaces in ingoing EF coordinates, where t,. =t + 2M In[(r — 2M/)2M] — t as
r — 00, that is composed of a horizontal part ..+ on the outside, vertical part ¥;, on the inside and a
bridging connector part .., over the horizon. ‘Later’ surfaces can be constructed by a shift to the upper left
corner combined with an enlargement of Y.or,.

r=0 r=2M

the wavelength of the mode increases uniformly. Since the stretching factor of spacetime is still small,
there is no significant distortion of its general shape. Further evolution along the null hypersurfaces
of constant phase S leads to a non-uniform distortion of the wave mode on both sides of the horizon
(Fig.(14)), so that particles are created. Since this happens at distances of order M from the horizon,
these particles will have wavelength A ~ M. The particles on the outside propagate away to infinity
as Hawking radiation with a temperature T~ A~! ~ 1/M, which indeed agrees with relation (1.4.33).
Following the wave mode even more until it has moved to distances 2 M from the horizon will see the
null hypersurfaces return to nigh parallel trajectories, causing particle production to cease.

uull by persurfaces
of constant phase S

Figure 14: A wave mode on the initial Cauchy surface is evolved to later ones. At first, its distortion is mainly
uniform. Only when the stretching factor of spacetime grows larger, the stretching of the wave mode becomes
highly non-uniform and particles are created. Evolving the mode even more will stop particle production in
finite period of time At.,.

Hence, during their evolution the wave modes will attain a wavelength of order M. This implies that
wave modes that initially started out with a shorter wavelength will take a longer time before entering
the period of non-uniform stretching and will thus begin emitting particles at a later moment in time.
Consider two wave modes straddling the horizon with different initial wavelengths beginning from the
same early Cauchy surface as sketched in Fig.(15). While the wave mode with the shorter wavelength is

t.

Figure 15: The creation of separate pairs b1, c1 and bz, c2 of entangled particles caused by the evolution of two
Fourier modes with different wavelengths.

still in a phase of uniform stretching, the other is already distorted sufficiently to warrant the production
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of quanta by inside and c; outside of the horizon on the later Cauchy surface. Exactly because the
formations that lead to particle production are evenly distributed over both sides of the horizon, one
particle of the created pair will fall towards the singularity inside of the black hole whereas the other will
propagate to infinity. The state of this pair can then be expressed in terms of creation operators acting
on the local ‘out’ vacua at the respective positions of the particles as

1) = Ce*™™ % 0gut ) |Oout, e ) (1.5.12)
where operator bJ{ creates quantum b; and operator cJ{ creates quantum c¢;. Proceeding the evolution of
the shorter wavelength wave mode eventually causes it to enter a non-uniform stretching period, during
which the inside quantum by and outside quantum cy are produced. Assuming that the wave modes
were well-defined localised wave packets on the initial Cauchy surface, the quanta are formed in isolated
regions of spacetime. Hence, the state of a pair is given by

tat
[Vr) = CetOrcr |0out,bi )| Oout,cx ) - (1.5.13)

The Hilbert spaces Hi, Ha,... of these pair states should be regarded as separate systems lying in an
overarching tensor product space H = Hi X Ho X ... comprised of all separate pair state vectors. By
an adaptation of Eq.(1.3.18), the overall in vacuum |0;,,) can then be described by the state in #H that is
the direct product of the states |iy),

|0in) = 1) ® [th2) ® [th3) ® ... (1.5.14)

Becaue the constant u was found to be of order unity in Eq.(1.3.17), we can expand the exponential
in the state of the pairs in powers of u. Terms with higher powers of p will have to be of ever smaller
relevance, so let us restrict ourselves to the first two terms. Then, the state of a pair as given by
Eq.(1.5.13) can be expanded as

[Vr)

C |:|00Ut7bk> Y ‘Oout,ck> +u (b11|00ut,bk> (29 C}i|00ut7ck>) +.. }

C |:|Oout,bk> & ‘Oout,ck> + ,U/(|10ut,bk> ® |10ut,ck>> + .. i| (1515)

Quintessentially, it now becomes clear that the pair states |¢;) are entangled states. Such states are
inseparable in the sense that they cannot be written as a mere direct product of states of their subsystems.
As a result, it is no longer possible to attribute definite states to the subsystems individually. Instead,
the separate subsystems are described only by a reduced density matrix as defined in Eq.(1.4.6). Hence,
we cannot restrict attention to only the quanta by in the Hawking radiation and still describe them by
pure quantum states because the particles by are completely entangled with the quanta c; on the inside
of the horizon.

28



2 The Black Hole Information Paradox
2.1 The Paradox

Since the black hole radiates Hawking quanta at a temperature Ty inversely proportional to its mass
M, it will have a negative heat capacity

_ (dTx o _ 2

Suppose then that the temperature of the universe as determined by the CMB is lower than the Hawking
temperature of the black hole, creating a temperature gradient with the net effect of the black hole
losing mass by particle emission. Lower mass black holes have a higher Hawking temperature, raising
the magnitude of the temperature gradient and causing the black hole to radiate more strongly. It is

predicted that this runaway process eventually leads to the complete evaporation of the black hole!4.
By Stefan’s law, the energy outflow P of the black hole is given by
dM 2 1
=~ AT = ——————. 2.1.2
dr 60T 15360 M2 (212)

This differential equation is separable, so we can write 153607 M2dM = dr. The black hole mass is now
a decreasing function M (7) of proper time 7. The lifespan 7, of the black hole may then be calculated
by integrating the right hand side over 7 from proper time zero when the black hole forms to 7., when
it has completely evaporated. This will be of the same order as an integration of the left hand side of
the equation from initial mass My to zero,

Tev 0
Tey = / dr = 153607 [ M?*dM = 51207 M>. (2.1.3)
0 Mo

in Planck units9].

The Penrose diagram of the gravitational collapse of a star that incorporates the notion that the
resultant black hole decreases in size and eventually evaporates completely is outlined in Fig.(16). The

r=0

Figure 16: Penrose diagram for a star undergoing gravitational collapse into a Schwarzschild black hole that
eventually dissipates through Hawking radiation. Point P partitions the intermediate Cauchy surface ¥Xp into
two disjoint spatial hypersurfaces ¥, and ¥..: that respectively lie to the interior and the exterior of the
horizon. Near P, a theory of quantum gravity is needed to describe the evolution of the black hole.

initial hypersurface ¥ is a Cauchy surface. On this slice of spacetime, the scalar field function ¢ satisfies
the boundary conditions (¢ = b1, = gbl) that determine the state of the field on any other Cauchy
surface of the spacetime. This includes Cauchy surfaces like ¥p = (3pp U Xpyz) that extend over the
horizon HY of the black hole. On such hypersurfaces, the state of ¢ should include the entangled states
of the Hawking radiation quanta by and the quanta c; on the inside of the horizon. As the black hole
radiates it decreases in size and finally evaporates completely, the entanglement pair particles c; of the
Hawking quanta disappear with it. In some sense information is lost.

Indeed, there is a von Neumann ‘entanglement’ entropy Syn,,,, associated with the fact that the
Hawking radiation is not a definite, pure quantum state but rather a mixed state described only by a
reduced density matrix p;+. It is given by

SUeD — _ Ty (pys In pye). (2.1.4)
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For the state (1.5.15) of one Hawking pair, the reduced density matrix (as defined in Eq.(1.4.6)) for the
outside quantum b that radiated to infinity is

po = C (|06)(0p] + p*[16) (Lp| +...) , (2.1.5)

resulting in an entanglement entropy S’I()b) =— [C InC + Cp?ln (C,ug)] of order unity. The energy of an
average emitted Hawking quantum is ~ Ty ~ 1/M, so that during its evaporation the black hole will

radiate a number
M

(M~1)

of Hawking quanta. Since the entropy for each pair (bg,cx) is of order unity, we see that the total

Nquanta ~ = M2 (216)

entanglement entropy of the Hawking radiation is Si(;;\c;d) ~ M? ~ Sy, of the same order as the semi-
classical Bekenstein-Hawking entropy of the black hole 2!

Because of the information loss that encompasses the total evaporation of the black hole, the evolution
from Cauchy surfaces like ¥ and X p to later spacelike hypersurfaces as ¥/ is non-unitary. Although they
slice spacetime, such hypersurfaces ¥’ are not Cauchy surfaces. Their past domains of dependence D~ (%)
do not include the black hole region surface ¥,. Hence, it seems that Hawking radiation puts QFT in

curved spacetime in contradiction with one of the fundamental principles of quantum mechanics!3145],

2.2 Black Hole Complementarity

Hitherto, we have studied the behaviour of a quantised field ¢ on an asymptotically stationary spacetime
that is curved by the gravitational effects of a forming black hole. However, we have not treated gravity
itself as a quantum phenomenon. Instead, we have maintained a classical description, which is predicted
to break down at least at the last stages of evaporation. This treatise of the collapsing star process is
called the semi-classical approximation. One might then ask oneself whether including quantum gravity
could effect a change in the state (1.5.15) of one set of pair produced particles so that the interior
particle ¢x and the exterior particle b, are no longer entangled and the evaporation of the black hole
again becomes a unitary process. Such a non-entangled state would need to be of the form

[VK) = (CO|Obk> + C1[1y,) +> ® (Do|OCk> + Dy1e,) +) (2.2.1)

Notice that the state (2.2.1) is not just a small perturbation of the entangled state (1.5.15). In order
to cause such a order unity change, quantum gravity must completely change the dynamics of the wave
modes 25!

In a 1993 paper, Susskind, Thorlacius and Uglum proposed that the correct description of the evapo-
ration of a black hole indeed contains such changes for an outside observer *7). In that case, the Hawking
radiation detected by a distant observer far removed from the gravitational effects of the black hole is
in a pure state. Information can no longer be lost in the black hole and its evaporation process may be
described completely by a unitary transformation. In this light, consider again the Penrose diagram of
the formation and evaporation of a black hole sketched in Fig.(16). The state of the field |¢(X')) on late
hypersurface ¥’ must be a pure state that is related to the original incoming state |¢(¥)) on Cauchy
surface ¥ by some unitary operator S, the S-matrix. The domain of dependence of ¥/ contains only X
and not X, which implies |¢(X,,:)) must also be a pure state that has evolved unitarily from initial
state |@(X)). As such, |¢(Xp)) becomes a product state of states on Xpp and X,

[6(Xp)) = [6(Zen)) ® [¢(Zout)), (2.2.2)

where |¢(Zout)) € Hy,,, and |¢(Zph)) € Hy,, is independent of the initial state. This implies that states
of infalling matter are scrambled and randomised at the moment of crossing, which clearly violates the
equivalence principle. Even assuming changes of order unity due to quantum gravity effects, there
appears to be a strong contradiction between some widely-held principles from general relativity on the
one hand and quantum mechanics on the other.

However, it was suggested that this contradiction is only apparent. The existence of a state |¢p(Xp))
with which both the interior and exterior of the black hole can be described simultaneously seems
unphysical. Such a state contains information about correlations without operational meaning, since
communication between the inside and the outside of the black hole is impossible. Only some kind
of ‘superobserver’ outside the universe who can concurrently perform experiments in both regions can
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describe a state |¢(Xp)) in the tensor product Hilbert space Hy,,, X Hx,,. The inconsistencies in the
derivation can be removed by giving up the global validity of the governing principles in a retreat to
an operationalistic viewpoint of nature . A distant observer outside the horizon will observe Hawking
radiation in a pure state and will think that the equivalence principle is violated whenever matter enters
the black hole region. An infalling observer will detect no sudden scrambling upon crossing the horizon,
but will predict that the Hawking radiation is perceived as a mixed state by the outside observer. Note
that there is no conflict with the no-cloning theorem of quantum information theory, because the Hilbert
spaces of the interior and exterior states do not overlap.

These proposals were enshrined in three postulates:

Postulate 1: Purity of Hawking radiation

The process of formation and evaporation of a black hole, as viewed by a distant observer, can be
described entirely within the context of standard quantum theory. In particular, there exists a unitary
S-matriz which describes the evolution from infalling matter to outgoing Hawking-like radiation.

Postulate 2: Semi-classical behaviour outside the stretched horizon

Outside the stretched horizon of a massive black hole, physics can be described to good approximation
by a set of semi-classical field equations.

Postulate 3: Absence of infalling drama

The global event horizon of a very massive black hole does mot have large curvature or energy
density. Therefore, an infalling observer will see nothing extraordinary when crossing the horizon,
in accordance with the equivalence principle of general relativity.

Together, these three postulates form a conjecture by the name of black hole complementarity (BHC) 371,
The observations of an outside observer versus those made by an infalling observer are complementary
in the sense of Bohr: neither can be said to be the true picture of reality. Instead, the two pictures are
complementary to each other.

Let us have a closer look at the formation and subsequent evaporation of the black hole from the
viewpoint of the distant observer. Far away from the horizon, an observer will detect Hawking radiation
with a temperature Ty = 1/(87M). However, because of the black hole’s gravity it will have experienced
an infinite redshift since its emission, so that the distant observer will think the temperature diverges as
one approximates the horizon. Now, the entropy density s(T") associated with a field in a general field
theory can always be parametrised by an equation of the form

s(T) =~(T)T?, (2.2.3)

where (T') represents the ‘effective’ degrees of freedom of the field at 7" and is in most canonical cases
accepted to be a monotomically increasing function. Thus, s(T') will always increase with temperature
and the entropy density will diverge at the horizon, in clear contradiction with the Bekenstein-Hawking
entropy S = A/4 of a black hole. The free quantum field theory applied to the exterior of the black
hole will attribute too much entropy in modes in close proximity to the horizon. In order to recover
the Bekenstein-Hawking result, we will need a new theory that has v decreasing with T closer to the
horizon. Therefore, we introduce some cutoff distance € from the horizon beyond which the ordinary free
quantum field theory is a valid approximation 49,

The region near the horizon can be examined by replacing the radial coordinate r in the Schwarzschild
metric (1.4.1) by a Rindler coordinate p, defined by

p = / \ Grr (77)dr”’
oM

1
T 2M\ 2
/ (1 - = ) dr’
2M r

V/r(r — 2M) + 2M sinh ™" ( Lo 1>7 (2.2.4)

2M

that measures the proper distance from the horizon. In terms of this new coordinate, the metric takes
the form

A= - (1 - 3(%) dt* + dp? + 1% (p)d2”. (2.2.5)
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Near the horizon, Eq.(2.2.4) is approximated by p a2 21/2M (r — 2M), so the metric reduces to

~ P\ 2 2 2 2
ds? = — (£2) " di? + dp? + 1% (p)d02. 2.2.6
i P (») (2.2.6)
Since the spacetime is stationary, the gravitational redshift experienced by a mode in the vicinity of the
horizon before it arrives at infinity is simply given by the ratio of the proper time 7 to Minkowski time
t valid at infinity. Hence, the frequency we, detected at infinity is related to the frequency w.op; near

the horizon as
Weo AT p

Weonr At AM
Since all frequencies in the distribution undergo the same redshift, the overall distribution will remain

unchanged. Hence, the proper temperature T-2ps(p) near the horizon as predicted by an observer at
infinity is given by

(2.2.7)

W2 M 1

T. = = —.
2m(p) o =5

(2.2.8)

Now, the entropy density of a free scalar field ¢ in (3 4+ 1)-dimensional quantum field theory is given by

2 C(4) T3 = ET?’. (2.2.9)

s(T) = 15

w2
Then, the entropy stored in an area segment B2 of a thin layer §p at a distance p from the horizon is

2%, 2
6S(p) = T5T~2M(P> opB
272 1
= —— —— _6pB~ 221
45 (27p)3 P ( 0)

As we have argued the quantum field theory that is key to the derivation of Eq.(2.2.9) loses its validity
at distances closer than e from the horizon. The full entropy may be found by integrating §.5(p) from e
to infinity:

s - P
(2m)® 45 J. P
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= Sgore (2.2.11)
If we demand that the entropy at distances greater than e does not exceed the value predicted by
Bekenstein and Hawking, it follows that we must have ¢ < 1 in Planck units. At distances less than a
Planck length ¢, away from the horizon the numbers of degrees of freedom as measured by the function
~v(T) must be negligible. This is a reason to argue that for an external observer the mathematical
horizon at » = 2M may be substituted by an effective membrane called the stretched horizon, which
is a surface p = pg ~ ¥, one Planck length further outwards. Instead of being a null hypersurface like
the mathematical horizon, the stretched horizon is a timelike membrane. This means that separate
regions of the stretched horizon can be casually connected, enabling dynamical properties like electrical
conductivity and viscosity to develop on its surface 4],

Derivation of some of the dynamical characteristics of the stretched horizon will be easier in a different
coordinate system, in which the metric is identified with that of Minkowski spacetime. To this end, we
return to the approximation (2.2.6) of the Schwarzschild metric near the horizon. If we concentrate on
a small angular region, which we may center at § = 0 without loss of generality, the angular coordinates
(0, ) can be parametrised by Cartesian coordinates

x = 2M6cosp
y = 2M#6sino. (2.2.12)
Furthermore, we can also replace t with the dimensionless Rindler time w = t/4M, so that the metric

becomes
ds* = —p?dw? + dp? + da* + dy*. (2.2.13)
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Rindler coordinates p and w are radial and hyperbolic angle variables for ordinary Minkowski spacetime
that can be recovered by defining

T = psinhw
z = pcoshuw, (2.2.14)
so that the metric is reparametrised as
ds* = —dT? + dz* + dy® + d2°. (2.2.15)

The approximation of the region of Schwarzschild spacetime near the horizon, also called Rindler space-
time, with ordinary flat spacetime is named the Rindler approximation. An observer at rest in Rindler
coordinates experiences a uniform proper acceleration. This situation corresponds to an observer hov-
ering at a constant distance from the event horizon of a black hole in Schwarzschild coordinates by the
equivalence of acceleration and gravitation [0,

In Rindler spacetime, the Lagrangian for an electromagnetic field is

L= ——\/l(a_gg“”g”TF,wa +jhA,. (2.2.16)
Y8

As usual, Fy,, = 0,4, — 0, A, is the electromagnetic field strength, which is based upon the electro-

magnetic potential A, = (—S,A'). Also, we have included the conserved current density j, for which
Ouj* = 0. By the principle of least action, the equations of motion are

B (pFH) = —4xj”. (2.2.17)

Furthermore, since the field strength is an antisymmetric rank-2 tensor, it identically satisfies the Bianchi
identity
8[)\F/u/] = 8>\F;u/ + 6HFV)\ + aVF/\H =0. (2218)

Substituting in the Rindler metric (2.2.13) into the electromagnetism Lagrangian, we can rewrite

264 g
L = —16% <_p2FOiFOj—i_(S”(Sleiijl)+juA;4
1 [6% o » )
il 7(30Ai*3¢A0)(aoAj*6jA0)*P(€ i A;) (erap0* AY) | + j* A,
1 [(A+ve? o
T 8 Hpg)_p(VXA)z i A (2.2.19)

where we have kept to the custom of designating (Rindler) time derivation by dotting, i.e. A = dyA.
This form of the Lagrangian suggests we should define an electric field E and magnetic field B given by

E= Ve A B=vVxA4 (2.2.20)
so that .
1 (|E? -
L=— <|| - p|B|2> +j- A (2.2.21)
8T P

In close analogy to ordinary electromagnetism in flat spacetime, in terms of the electric and magnetic
fields Eqs.(2.2.17) and (2.2.18) take on a Maxwellian form:
1=
. <E> = 474°,
p

—

B+vxE=o, V.B=o. (2.2.22)

—

E— ¥ x (pB) = —4n7,

D=
<l

Together, this set of equations governs the effects of charges and currents on the magnetic and electric
fields, as well as their interactions 9.

We start by considering the electrostatic properties of the stretched horizon. This implies we study
the effects of fields associated with charges that are stationary in Rindler coordinates. In ordinary
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Schwarzschild spacetime, this corresponds to charges that are at a constant distance from the stretched
horizon. We take this distance to be macroscopically large, so that all length scales associated with the
charges are much larger than pg ~ £p.

By the second of the Maxwellian equations (2.2.22), the electric charge confined in a region of space
is proportional to the strength of the electric field through that region. Hence, the surface charge density
on the stretched horizon is proportional to the component of E perpendicular to the horizon,

1
dmp

P=Po

(2.2.23)

1
= ——0,¢
47Tp ’ P=po

Choosing the Coulomb gauge sets V-A= 0, so that the second Maxwellian equation changes to

o (1]§> _ 5. (1§§> _ <_1 ¢ ) —0 (2.2.24)
p p p P=po

for p # po near but not on the horizon. Therefore,

- 1= 1 1= 1

0=-V- (vg) = 0,6 — =V*% & 26— =0, = -Vig, (2.2.25)
P P P P

where V| = (9;,0,). Assuming that ¢ is analytic, we may expand in powers of p. Since the RHS is two

powers of p smaller than the LHS, it can be discarded if we limit ourselves to second order. We then

obtain a second order differential equation without a first order term, so that we may assume

E(p,x,y) = F(x,y) + p*G(x,y) + O(p°). (2.2.26)
Substituting this approximate solution into Eq.(2.2.25), we obtain
VAF +p*V3 =0. (2.2.27)

Since we have made the ansatz that py is much smaller then all other length scales, evaluating this
expression at the horizon causes it to simplify to

V2 F(z,y) = 0. (2.2.28)

F(z,y) and, by extension, { are harmonic functions on the compact black hole horizon manifold. A
famous result from DeRham-cohomology then stipulates that ¢ = const., so that the stretched horizon
is a 2-dimensional equipotential surface in space. This causes it to act as a charged electrical conductor
in equilibrium 401,

Exactly because the stretched horizon acts as an electrical conductor to a distant observer, it should
also have some associated non-vanishing current density j Evidently, the p component of the current
density will vanish because the stretched horizon is the 2-dimensional (z, y)-plane. The other components
can be found by using the Maxwellian equations on the Rindler time derivative of Eq.(2.2.23),

1. - .
4B, j° = — B, = (v X pB) =p(V.-BL). (2.2.29)
Po P

Clearly, this has the correct form to be a continuity equation with the definitions
Ay = —pBy, drj, = pBy, (2.2.30)

that determine how the electric current behaves on the stretched horizon.

Now, suppose there is an electromagnetic wave propagating towards the stretched horizon along the
p axis, so that it intersects perpendicularly. Outside the horizon, j#* = 0, so that the first and third of
the Maxwellian equations (2.2.22) give

BI = apEy, By - 7apE:Ea
1. 1.
B = —8,(pBy), ;Ey = 9,(pBa). (2.2.31)
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These equations can be cast into more recognisable form with a redefinition E = pé of the magnetic
field and the introduction of a new tortoise coordinate @ = In p, for which 05 = pd, by the chain rule.
We find

Bz = 0xEy, By = =0z Exq,
E, = —0z0y, E, = 0508 (2.2.32)
Then, by Rindler time derivation of the LHS of these equations and back substitution, we find
e = 0By = 0% B, By = =0z Ey = 020,
B, = —05p, = 0% E,, Ey =058, = 0% E,,

so that to all relevant intents and purposes, 9, = +9,. Hence, the mathematical equations admit waves
propagating in either direction along the u-axis with Rindler time w. Physically, however, only waves
propagating towards the black hole from the outside are allowed, for which we must pick the 4 sign. For
these ingoing waves, we then have

Be = Ey By = —Eq. (2.2.33)

When these waves cross the stretched horizon, they will generate a current whose components are given
by ohmic relations ) )

EEM ]y = EEyv
according to Eq.(2.2.30). The stretched horizon of a black hole can be interpreted as an ohmic conductor
with a conductivity of 1/47. For a 2-dimensional resistor like the stretched horizon, the surface resistance
is a topological quantity independent of scale. With a square as the fundamental shape, a conductivity
of 47 corresponds to a surface resistance of 377Q/square. If we were to connect a battery to the horizon
in a circuit as in Fig.(17), an external observer in possession of an ammeter and knowledge of Ohm’s law
would be able to determine this resistance just as if the stretched horizon were a physical conducting

membrane 401

Ju = (2.2.34)

B!

@

Figure 17: If we create an electrical circuit by connecting a battery to the stretched horizon, an external
observer will be able to confirm, for example by repeatedly measuring the amperage for different voltages, that
it behaves as a ohmic resistor with a resistance of 377Q/square.

As a last example of the properties of the stretched horizon, consider a particle with charge e that is
falling freely into the black hole. Without loss of generality, we can choose the charge to be positioned
at zo along the z-axis in the Minkowksi coordinates defined by Eq.(2.2.14). As stationary observers in
Rindler spacetime correspond to uniformly accelerating observers in Minkowski spacetime, the coordi-
nates of the two spacetimes are simply related by a Lorentz boost along the z-axis. Then, because the
electric field is boost invariant along the boost direction, £, = E.. Interpreting the electric field as an
ordinary Coulomb field due to charge e, we can then write

E, = E,
e(z — zo)
(2 = 20)? + 2]
e(pcoshw — zp)

3/2

— . (2.2.35)
[(pcoshw — 29)2 + xi]?’/z
Using the surface density equation (2.2.23), we obtain
w e po coshw — zg (2.2.36)

- dmpo [(po coshw — 2)2 + xf_}3/2.
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Now, we have coshz = (e” + e *)/2, so that for large Rindler time w the hyperbolic cosine is well
approximated by an exponential and we have

o e poe”

- 87Tp0 [é
4

573 (2.2.37)
e2w + xﬂ
To better appreciate the meaning of this equation, it proves fruitful to apply a rescaling x;, = e“y, /2,

after which it becomes
e 672(41

W
J (P 2P (2.2.38)
Evidently, the charge spreads out exponentially with Rindler time w on its course towards the stretched
horizon. This is in complete contrast with what one would expect intuitively, as spacetime near the
horizon is a low curvature, approximately Minkowskian region. Based on solely this principle one would
assume a point charge to approach the horizon asymptotically, with the transverse charge density re-
maining in a delta function-like form [40],

Because the global horizon of a black hole in 4-dimensional Schwarzschild spacetime is a null hyper-
surface, it is constricted in the degrees of freedom it can display by the no-hair theorems. The timelike
surface of the stretched horizon faces no such inhibitions and is capable of carrying the plethora of mi-
crostates that lie at the basis of the black hole entropy. To determine the nature of these microstates,
we have a closer look at the definition of the stretched horizon.

For a canonical Schwarzschild black hole, let us consider radial incoming null geodesics. These
geodesics cross the event horizon of a certain area A. Approximately one Planck length ¢, backwards
along the null rays, they intersect with a surface with an area of one Planck unit larger, which we can
define to be the stretched horizon. This construct maps all the points of the event horizon onto points of
the stretched horizon that lie one Planck length more radially outwards. Now, the global horizon consists
of light rays which can be interpreted as a fluid moving with time on the 2-dimensional spatial surface of
the horizon!*4. By the null geodesic map between the event horizon and the stretched horizon, it follows
that there is also a fluid flow on the last surface. The stretched horizon can then be thought of as a
dynamical system of some continuous, viscous fluid. However, the fluid description of a flow is often an
emergent property of statistical physics. Therefore, it was speculated that the continuous classical fluid
should be replaced by a fluid of discrete ‘horizon atoms’ that collectively determine the microphysics of
the stretched horizon®”. As demonstrated, the thermodynamic properties of the stretched horizon are
invariant quantities independent of the black hole’s size and mass. It follows that the surface density of the
proposed horizon atoms should remain constant throughout the lifetime of the black hole, from formation
to evaporation. Hence, when incoming matter or outgoing Hawking quanta increase respectively decrease

the area of the stretched horizon, there must be atoms spontaneously appearing and disappearing 7.

To an external observer the dynamics of a black hole can be fully described by a hot conducting
membrane just outside the global event horizon. In addition to possessing thermodynamic properties
like temperature, entropy, energy and viscosity, this stretched horizon also behaves as a conventional
ohmic conductor in a circuit with a definite measure of electrical resistivity. Next to undergoing time
dilational effects, any object thrown into the black hole will be heated up divergently and have its
charges smeared out over the horizon. Furthermore, the bits containing the information associated with
the object will be scrambled and randomly returned to infinity in the Hawking radiation. However,
the reality of the existence of the stretched horizon is not invariant to the choice of observer. To an
infalling observer, this description of the black hole seems completely ungrounded as any attempt to
detect the stretched horizon and determine its properties is doomed to fail. These observations seem to
be in contradiction, but are really complementary to one another if we choose the Hilbert spaces of the

observers to only include those events that are physically able to influence their experiments [37:40.

2.3 The Holographic Principle

As we have seen, quantum field theory attributes too many degrees of freedom to its fields to provide an
appropriate description of the complete Schwarzschild spacetime outside of the black hole. In particular,
the problem arises from field modes very close to the horizon, which cause the the entropy density to
diverge as one approximates the event horizon. Hence, it has been argued that a small distance cutoff
may be required to understand situations involving gravitation. From this point of view, quantum field
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theory should be regulated to a three dimensional lattice field theory with some very small spacing a.
Let us consider a 3-dimensional lattice of discrete spin-like degrees of freedom on a large spherical region
T" of space. Each lattice site is equipped with a spin carrying one bit of information. If the volume of
region I' is V, the number of spins is n = V/a® and T' can support

Nstates(v) =2" (231)

orthogonal quantum states in its interior. The maximum entropy admitted by the system is the natural
logarithm of the total number of states and thus satisfies

1%
Smaz =nln2 = s In 2. (2.3.2)

Hence, we see that the maximum entropy is proportional to the volume of the system. This principle
holds more generally. Whenever the energy density of a system is bounded from above so that there is
a notion of maximum energy density, it is proportional to the volume of the space.

However, this result does not take into account the effects of gravity on the calculation. Gravity gives
rise to black holes, and black holes subsequently give rise to more stringent entropy bounds!??l. Consider
again a spherical region of space I' with radius R and boundary O of area A = 47 R?. Contained inside
of I" there can be a thermodynamic system with an entropy Sr corresponding to a mass M. Because the
horizon area of a black hole increases with the mass, M cannot exceed the mass of a black hole of area A.
Now imagine the system is surrounded by a collapsing spherically symmetric light-like matter shell with
precisely the right amount of additional energy F, = E..;; — Ep to create a black hole together with the
original mass M of the system, as in Fig.(18). The resultant black hole will have an event horizon with

Figure 18: Cross-section of the collapse of a spherically symmetric shell surrounding some matter with mass
En in a sphere with surface area A. If the mass of the shell is By = E¢rit — Eum, a black hole with area A and
entropy Spug = A/4 will form.

an area A and a corresponding Bekenstein-Hawking entropy Spr = A/4. By the generalised second law,
the entropy of the universe cannot decrease, so that the original entropy St inside I' had to be less or
equal then Sppy. Hence, we find that the maximum entropy that can be contained in a region of space is
the Bekenstein-Hawking entropy, which is proportional to the area of the boundary of the space instead
of its volume!3:38:40],

The fact that the amount of information in a 3-dimensional space is limited by a 2-dimensional bound
has had some far-reaching consequences that were pioneered by ’t Hooft. In a 1994 paper, he inferred
that it should mean that all events occurring in a volume V may be described by degrees of freedom on
the boundary of the volume '], In the limit of a very large volume, the bounding surface approximates a
flat plane at infinity. The universe at any point in time may be interpreted as a 3-dimensional projection
of information stored on a 2-dimensional ‘projector screen’, as if it were a hologram. In order to give
rise to a 4-dimensional spacetime filled with events the hologram should be cinematic, with the bounded
degrees of freedom changing over time. This idea has since been called the holographic principle 938,

Let us see how to construct such a screen in a spacetime that is asymptotically flat. At asymptotic dis-
tances close to infinity, we can use a coordinate system (X, X~ z, ), where X, X~ are the Minkowski
lightcone coordinates defined in Eq.(1.5.1) and 2, = (z,y) are the coordinates specifying points on a the
2-dimensional screen. As per custom, we take X to function as the lightcone time variable. Consider
then the set of null rays residing on surfaces X+ = const. in the limit where X~ — oo as depicted in
Fig.(19). In Minkowski space, these light rays form a congruence defining a three dimensional lightlike
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Figure 19: Null rays propagating from X~ — oo on a lightlike surface of X = const. eventually find a
caustic point.

surface. More generally, they define a lightlike surface named the light sheet. Under some justifiable and
generally accepted assumptions regarding the nature of the matter filling spacetime, the light rays will
converge to some caustic. Although the light sheets typically contain these singular caustic lines, they
can be uniquely specified. The collection of light sheets obtained by varying the planes X = const.
contain all events in spacetime, with the exception of those points inside of a black hole. Any spacetime
point p can be assigned a ligthcone coordinate X+ = XS' corresponding to the light sheet it is on and
a planar coordinate x; = x,, determined by the asymptotically transverse coordinate of the light ray
it is on. It has proven difficult to allocate a X~ value, but there are still some conclusions that can be
drawn.

Suppose a black hole passes through the light street with lightcone time variable Xg’ as sketched in
Fig.(20). The horizon of the black hole is a 2-dimensional null surface in the 3-dimensional light sheet.
Points on the horizon have a unique set of coordinates (X*,z,) and can thus be mapped onto the
screen in a one-to-one correspondence. Because the entropy of the black hole is given by Spy = A/4,

Asymptotic
/ screen

Image of
Foliation

Black hole
corresponds

on screen
to different
X7 slices

Figure 20: A black hole passing through a X slices of spacetime. The stretched horizon has an one-to-one
correspondence with some image on the asymptotically defined 2-dimensional screen.

the horizon will have an entropy density of spy = 1/4 in Planck units. The holographic mapping then
also defines an entropy density s; on the image of the black hole on the screen. Consider then the
congruence of light rays with cross sectional area « that connect the stretched horizon with the screen at
X~ = 00. On these light rays, we can measure distances by some affine parameter A. In the asymptotic
region near the screen the spacetime approximates Minkowski spacetime, so that null rays are parallel

and thus p
o
— X~ . 2.3.
P 0 as — 00 (2.3.3)

Assuming the Weak Energy Condition (WEC) holds, the Raychaudhuri equation states that any expan-
sion of the area « of the cross section of the congruence cannot but decrease,

d2
dT(; <0. (2.3.4)

Hence, if we trace the parallel light rays back from the screen to the stretched horizon they must
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eventually converge to some caustic whilst the the cross sectional area of their congruence diminishes.
By the holographic principle, a patch of the stretched horizon of the black hole and its image on the
asymptotic screen will carry the same entropy (Fig.(21)). However, as we see a bigger patch is needed
on the projector screen to register the same amount of information, so that the holographic bound

(2.3.5)

] =

s1 <

follows automatically 3840,

Map of patch
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Figure 21: The image of a patch of the stretched horizon on the screen has a bigger surface area.

Notice that this argument hinges crucially on the asymptotic flatness of spacetime to specify the
projector screen in such a way that condition (2.3.3) holds. If we were to consider screens for which the
light rays are diverging as we move outwards from the stretched horizon, i.e. with da/d\ —> 0, the area
of a patch in the bulk would still be smaller than that of its image on the screen and the holographic
bound (2.3.5) would still be valid. However, any attempt to formulate a similar argument for screens
with asymptotically converging congruences for which da/d\ —< 0 will surely fail. This puts stringent
limits on the extent to which the holographic bound can be generalised to more arbitrary geometries 49,

In order to study the maximum entropy bound of more general spacetimes, let us consider some
region I' confined by the spacelike boundary OI'. It has been shown that at any point on such boundaries
there are four perpendicular light rays called branches ¥, which are two by two past and future directed.
For both temporal directions there is one branch composed of ingoing rays, whereas the other consists
of outgoing null rays. Collectively, the four branches of all points of OI' form as many congruences
that define the light sheets corresponding to the boundary. On any of the light sheets the congruences
will undergo a positive or negative expansion as we move outwards from the boundary. In ordinary
Minkowski spacetime, for a convex boundary OI' the ingoing congruences will converge, whereas the
outgoing ones will diverge. However, this is not necessarily so in non-static universes, where other
combinations are possible[*). As argued, only congruences on negatively expanding light sheets will give
rise to some maximum entropy. We can straightforwardly generalise the holographic bound encountered
for lightlike screens by stating Bousso’s rule: The entropy passing through the negative expansion light
sheets constructed from some spacelike boundary OT is less than A/4, where A is the area of OT 4.

The formalism of Bousso’s rule is set up explicitly to enable simple visual interpretation in the form
of Penrose diagrams. Remember that for spherically symmetric spacetimes the angular coordinates
are suppressed so that every point in a diagram represents a (d — 1)-sphere. Hence, any point p in a
Penrose diagram can be taken to be some boundary, with the corresponding light sheets represented by
two straight lines intersecting at p at right angles. In general spacetimes, the direction of the negative
expansion light sheets depends on the position of the boundary in the spacetime. Therefore, in Penrose-
Bousso (PB) diagrams the spacetime is divided into several regions of constant negative expansion
combination of branches. The typical direction of the negative branches of a region are indicated at
some point.

To better understand the implications of Bousso’s rule in this graphical representation, consider the
PB diagram for a positive curvature, matter dominated universe sketched in Fig.(22) which can be
separated into four regions I —I'V. In region I, the universe is expanding so that the cross sections of the
future-directed congruences is increasing. This implies that the past branches, which terminate on the
t = 0 initial ‘big bang’ boundary, have negative expansion. In this case, applying Bousso’s rule means
that the entropy passing through either of the light sheets cannot surpass one fourth of the area of the
2-sphere p. However, we can place no bounds on the entropy on spacelike surfaces bound by p.
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Figure 22: Penrose-Bousso diagram for a matter dominated universe that starts with a big bang at ¢t = 0,
grows, recollapses and ends in a big crunch at ¢t = tfinai-

The expansion and subsequent contraction have a bigger effect on points of the spacetime that are
further away from the spatial origin. Hence, a different picture arises in region II, where the negative
expansion light sheets are defined by the branches beginning at 2-sphere ¢ and terminating at » = 0 as
in Fig.(23a). On both of the light sheets, the entropy is bounded by the surface area of q. Now let us
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Figure 23: Region I1 and III of the matter dominated universe.

consider a spacelike surface ¥ bounded by ¢ and connected to the spatial origin. Clearly, any entropy
passing through surfaces must subsequently traverse the future directed negative expansion light sheet.
Since we move from ¥ to this light sheet along with the direction of the entropic time arrow by the
second law of thermodynamics the holographically bounded entropy on the light sheet must then be
larger then that on . Hence, one of the conditions for an entropy bound on spacelike surfaces bound by
some 2-sphere is that there is a corresponding negative expansion light sheet in its future that complete
comprises its entropy. Indeed, such a future light sheet is absent for spacelike surfaces through p in region
I. Notice furthermore that the diagram is essentially folded into the surface of a cylinder, where crossing
the spatial origin involves moving to the exact antipodal point on the 2-sphere. Hence, the situation is
completely equivalent in region IV and the same holographic bound holds for spacelike surfaces with a
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negative expansion light sheet in their future.

In region 11, the relevant light sheets are both future directed because of the contraction of the
universe as sketched in Fig.(23b). Notwithstanding, none of them are completely to the future of any
spacelike surface, so there are no spacelike entropy bounds 40!

In this fashion, we can study the entropy bounds on arbitrary lightlike and spacelike surfaces in general
spacetimes, on the condition that they must be symmetric. Nevertheless, none of these considerations
make much physical sense as the surfaces & are generally not Cauchy surfaces. Also, most spacetimes
will not be stationary, so that there is no Killing vector with respect to which there is some notion of
time so that the Cauchy surfaces can be evolved by some measurable Hamiltonian of the form (1.2.36).

Suppose, however, we consider symmetric solutions to Einstein’s equations with negative cosmological
constant A. These so-called Anti-de Sitter (AdS) spacetimes are the Lorentzian analogues of hyperbolic
spaces and as such have an innate boundary. For the (d+1)-dimensional spacetime AdS,1, the boundary
contains the time direction and a sphere S¢~!. If d = 3, the boundary reduces to a simple circle evolving
with time, i.e. Ryime x S1, so that the entire spacetime is given by a solid cylinder. This picture can
be extended to form the Penrose diagram of d-dimensional AdS spacetimes, where each point is given
by a S9! sphere (Fig.(24a)). In the case d = 4, we can suppress the angular coordinate on every line
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(b) Penrose-Bousso diagram
(a) The Penrose diagram of AdSg+1 of AdS4 spacetime. Any
spacetime may be represented as a solid spacelike surface ¥ in AdS
cylinder, where the vertical direction is will have an entropy that is
time. The boundary contains the time holographically bounded by
axis and a sphere S?!, represented as a A/4, where A is the area of
circle 22, 2-sphere p.

Figure 24: Two Penrose diagrams for Anti-de Sitter spacetime.

of latitude of the cylinder to recover the more familiar notion of the 2-dimensional Penrose diagram,
where every point corresponds to a 2-sphere as usual. The PB diagram then consists of an infinite strip
bounded on the left by the spatial origin and on the right by a boundary at spatial infinity. For any
2-sphere p on surfaces L that are static with time, the negative expansion light sheets are pointed inwards
towards the spatial origin. The entropy of any spacelike surface ¥ bounded by the spatial horizon and
such a point p must later pass through the future directed light sheet and is thus holographically limited
by the area A of the 2-sphere at p. The entire spacetime can be foliated by Cauchy-like surfaces in such
a way that the entropy on each surface maximally equals A/4 4. The non-global hyperbolicity of AdS
is due to the behaviour of the spacetime near the boundary. However, under appropriate regularity and
boundary conditions on the fields it is still possible to define a Hamiltonian description 7.

We have found that Anti-de Sitter spacetime is almost globally hyperbolic, with a holographic bound
on the entropy of every Cauchy-like surface. Moreover, it is also a static cosmology, so that there is
a timelike Killing vector k£ with respect to which we can define the time on the vertical axis and a
Hamiltonian (1.2.36) with which we can evolve between Cauchy-like surfaces. These three properties
imply that all physics taking place in the bulk of the spacetime may be described by a Hamiltonian
acting on a Hilbert space containing a much-reduced number of states. In particular, the dimension of
the Hilbert space is!4")

Natates = €man = 580 — ¢A/4, (2.3.6)
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2.4 The Ads/CFT Correspondence

In the preceding subsection, we have shown that general AdS spacetimes are static and can be foliated
by Cauchy-like surfaces, as well as having a natural boundary that holographically limits the entropy of
the bulk. Motivated by string theoretical reasons, one of these is of particular interest. AdSs x S° is a
10-dimensional product space consisting of a (44 1)-dimensional AdS spacetime and an internal 5-sphere
S5. Generally, the supergravity theories derived from superstring theories are static models, without a
cosmological constant A. However, by Kaluza-Klein decomposing the additional compactified dimensions
of the 5-sphere it is possible obtain an effective field theory on a dimensionally reduced spacetime that
does have some cosmological constant ], In this product space, the 5-dimensional AdS spacetime can
be viewed as a solid ball of four spatial dimensions times the infinite time axis with a metric

RQ
e

ds* = 1+7%)%dt> + 4dr® + 4r*dQ3 | . (2.4.1)
Here, ¢ is time, r is a radial coordinate that admits values 0 < r < 1 and 3 parametrises the angular
coordinates of this unit 3-sphere. Furthermore, the geometry has a uniform hyperbolic curvature —1/R?,
for a radius of curvature denoted by R. Near r = 0 the metric looks like that of flat space. With increasing
r, the time-time component ggp and the radius of the 3-sphere will increase. The growth of ggg can be
interpreted as a type of gravitational potential that increases from r = 0 towards the boundary. For
example, a slowly moving scalar particle satisfying the Klein-Gordon equation (1.2.2) experiences a
gravitational potential V' ~ \/—ggo that pulls it back to » = 0. If such a particle is put at rest at a
large value of r, it will start an oscillatory motion in the r-direction, effectively confining particles to the
origin[??, For some constant 3, there is a proper distance
—-1/2

L 1 2\ 2
2 1 1—7r
L= dL' = dr —— | = 2 — 00 2.4.2
/0 /q Tl—r2 R2+6 <1+r2>] ( )

from any point p in the bulk to the boundary, so massive particles on timelike geodesics can never reach
it (Fig.(25)) but instead are bounced back to the origin by the gravitational potential. However, light

Figure 25: Timelike (solid line) and null (dashed line) radial goedesics in AdS spacetime.

travelling along radial null geodesics can travel in a round trip from r = 0 to the boundary and back in

a finite coordinate time
t 1 0 9
t= /0 dt' = (/0 —/1 ) drm = 4 [arctan (7)) = 7. (2.4.3)

Hence, the picture is sketched that Anti-de Sitter space should be regarded as a mirror box with perfectly
reflecting inner walls. The size of the space inside of the box is of order R, the curvature scale. Generally,
for non-diverging spacetimes R will be a macroscopic quantity that is much larger than any microscopic
scale such as the Planck length ¢, or the string theoretic string scale £ (401,

AdS is a spacetime with many symmetries. For example, from the metric (2.4.1) it is obvious that the
spatial 3-sphere will have an associated O(4) symmetry group that permutes its points. Other symmetries
become more apparent if we study the metric in the neighbourhood of a point at the boundary at r = 1.
There, the 3-sphere space is well approximated by the geometry of its 3-dimensional flat tangent space
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parametrised by coordinates ¥ = (z!, 2%, 2%). We can then apply a coordinate transformation y = (1—r)
to find

R2
ds® = 7 (—dt® + d&* + dy?) for r — 1. (2.4.4)

From a different viewpoint, Eq.(2.4.4) can be regarded not as an approximation but rather as the exact
metric of an incomplete patch of AdSs spacetime. A massive particle on a timelike geodesic trajectory
can reach y = 0 from any point ¢ in the bulk to the boundary in finite proper time

T o0 1
T= / dr' = / dy ——— —» o0, (2.4.5)
0 q y /€2y2 _ %

where ¢ is some constant. The spacetime described by metric (2.4.4) is geodesically incomplete. It has
a horizon at y = oo. In this interpretation, the time coordinate differs from that of AdS spacetime
as described by the metric (2.4.1)%), From the AdS metric in the form (2.4.4), it is obvious that
the geometry of an incomplete patch is invariant under the canonical Poincaré transformations of a 4-
dimensional Minkowski spacetime with coordinates (¢, ). These coordinates also display a ‘dilatation’
isometry

(t, Z,y) = A, Z,y) (2.4.6)

for some constant A. The spacetime of an incomplete patch is scale invariant. In short, the full symmetry
group, which includes the dilatations and the Poincaré group, of AdSs is O(4,2) (0], The isometries of
AdS spacetime must also act on its edge, where they will have the endomorphic action of permuting
boundary points. On the boundary, the action of the complete symmetry group can be identified with
that of the conformal group in four dimensions. This is the group of all transformations that preserve
all angles on the edge of AdS. Note that because of the conformal symmetry we can specify an arbitrary
radius for the AdS spacetime, so that picking the boundary to be a unit 4-sphere times the time axis by
limiting r to values between zero and one was entirely legitimate (2.

To extend the spacetime to the full AdSs x S° only requires defining five more angular coordinates
ws that parametrise the compact directions of the unit 5-sphere. Since the hypersphere should be curved
over the same radius R as the AdS part of the product space, it is a surface of curvature 1/R? and we
should add a term

ds? = R*dw? (2.4.7)

to the metric (2.4.1). Evidently, the internal 5-sphere will have an additional O(6) symmetry group.
However, by the conformal symmetry of the boundary we may Weyl rescale the metric (2.4.1) by a
factor % to

ds* = [—(147?)2dt* + 4dr® + 4r°dQ3] + [(1 — r?)?dw3] . (2.4.8)

This produces a new rescaled metric d3? that is in the same conformal group but is finite at the boundary
where 7 = 1. Because the radius (1 — r2) of the 5-sphere vanishes approaching the boundary, the 10-
dimensional AdSs x S® spacetime has a negligibly small number of internal degrees of freedom in
asymptotic regions. The boundary of the full AdSs x S° geometry is well approximated by a reduced
(3 + 1) spacetime 40,

According to the holographic principle, the entropy of the bulk of AdSs; x S° is bound by the area
of the boundary of AdS5 at y = 0. As mentioned earlier, 't Hooft has suggested that this should be
interpreted more broadly as proof of the existence of a theory that has its degrees of freedom on the
boundary where they determine completely the evolution of the bulk™. However, from Eq.(2.4.1) we
infer that that metric diverges on approaching the boundary at r = 0. If we refrain from imposing some
cutoff scale on the theory, this will mean that the numbers of degrees of freedom per unit coordinate area
grows to infinity. At first glance this is a strong indication that the boundary theory has the nature of a
continuum quantum field theory. Like the metric of spacetime at the boundary, this QFT must respect
the conformal symmetry [0,

Motivated by reasons from string theory, of all AdS spacetimes the 10-dimensional AdSs x S is of
special interest. On AdSs x S° gravitational phenomena can be described by low energy string theory
on the condition that the theory realises a sufficient degree of supersymmetry. Naturally, this so-called
N = 4 supersymmetry must also carry over to the holographic theory on the 4-dimensional boundary of
AdSs. All the symmetries considerably narrow down the number of candidate boundary theories that
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can holographically describe the evolution of the bulk. It turns out that here is only one known class
of superconformal Lorentz invariant quantum field theories that also has the appropriate amount of su-
persymmetry. These are the SU(N) supersymmetric Yang-Mills (SYM) theories ). Indeed, it has been
shown to be possible to describe an exact ‘recipe’ to convert correlation functions of the SYM boundary
theory to string theory calculations performed in the bulk of AdSP!. First proposed by Maldacena in
1997, this duality between Type IIB superstring theories in an AdS background and supersymmetric
Yang-Mills field theories on its boundary has been named the AdS/CFT correspondence [20],

Because SYM is conformally invariant, it does not have a characteristic scale and therefore its pa-
rameters must be dimensionless. It has proven convenient to define the theory in such a way that the
AdS boundary is parametrised by dimensionless coordinates (¢,Z). For the sake of uniformity, we also
adhere to the convention that all SYM quantities, such as momentum and energy, are dimensionless.
However, in the AdS interior the spacetime is not invariant under conformal transformations. Quantities
appearing in the bulk theory will have their usual dimensions. Hence, there will be a conversion factor,
given by the radius of curvature R, relating SYM variables to their quantum gravity equivalents. For
example, a time interval Atgy s measured on the boundary is given by an interval

Atpur = R Atsym (2.4.9)

in the quantum gravity theory in the bulk. Likewise, a mass M in the bulk translates to a mass of M/R
in the Yang-Mills boundary theory. There are, however, two natural dimensionless constants in the bulk
string theory. These are

1) The radius of curvature of the AdS spacetime measured in Planck units ¢, or string units ;.
Because both R and ¢, or {, are dimensionful length scales characteristic to the bulk theory,
their quotients R/¢, and R/{, are dimensionless. This is also reason to deviate from the unit
normalisation convention and reinstate the 10-dimensional Newton’s constant G.

2)  The relation between string length and Planck length is given by

gl =06=G
where g5 is the dimensionless string coupling constant.

The SYM theory defined on the boundary is a gauge theory. There are two constants associated with
gauge group SU(N), namely

1) The rank N of the gauge group.
2)  The gauge coupling constant g,,, that determines the strength of the gauge field self-interaction.

Evidently, the two bulk parameters R and g, are holographically related to the SYM parameters N and
Gym- As was first derived by Maldacena in his original paper (201 these relations can be taken to be

R 4
() = i
9s = Gom- (2.4.10)

Combining these relations, we find for the 10-dimensional Newton’s constant that 4]

8
G:%i (2.4.11)

In order to learn something more about the reduction in the number of degrees of freedom caused by
the holographic principle, consider describing the bulk by a ordinary quantum field theory with a cutoff
of microscopic scale, such as the Planck length. This can for instance be done by constructing a random
spatial lattice with an average spacing of £, in the 9 dimensions of AdS; x S5. Each of the lattice sites
will contain a single simple degree of freedom, like the spin state of a photon. As we have seen, the area
of the boundary is infinite. To regulate this divergence, we also introduce a surface L with a finite area
at y = drr like in Fig.(24b). The volume of the 5-sphere is simply given by

_ 872

e = — RS 2.4.12
Voo = 5 R (24.12)
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Furthermore, using the metric (2.4.4) the volume element of AdSs is calculated as

R\" _
dVaas, = g dZ dy. (2.4.13)

Integrating this volume element up to the boundary at d;r, we find that the 9-dimensional volume is

RQ
orr°

V() ~ (2.4.14)

Therefore, the number of bulk lattice sites of a 9-dimensional Planck volume, each holding one bit, is

v 1R’
T

Niites = (2.4.15)

Not taking into account gravitational effects, the maximum entropy comprised in the bulk will be of
the same order. If, however, we factor in gravity this measure will be a great overestimation. By the
holographic principle, the entropy and number of degrees of freedom are bounded to an order

A

& (2.4.16)
p

Smam ~ Ndof ~

where A is the 8-dimensional area of boundary cutoff L. Since the area element of the complete product
spacetime is

R\
dAads, = (y) dz, (2.4.17)
we can easily compute that, evaluated at y = d;g,
8
A~ i 5 (2.4.18)
dIr
and hence o
1
Smaz ~ Ndof ~ 378 * (2419)
drr° 0

We see that the holographic principle dictates a reduction in the degrees of freedom of the bulk theory

by a factor ¢,/R. This implies that a complete description of all the processes in the bulk requires a
density of degrees of freedom of

Naog Ly 1

Vv R ’

(2.4.20)

or merely ¢,/R degrees of freedom per spatial Planck volume. Nevertheless, the theory must still be
able to completely characterise all physics in the bulk, even when the AdS spacetime becomes very large.
Hence, we will be most interested in the case where the microscopic parameters for the bulk theory
remain fixed but R increases, i.e. the limit

gs = constant,
R/t; — oo (2.4.21)
By equation (2.4.10), this corresponds on the SYM boundary side to [40]
gym = constant,
N — oo (2.4.22)

As we have argued, the proper area of a finite coordinate patch tends to infinity as the surface is taken
closer to the boundary. Hence, one would expect the density of degrees of freedom on the boundary to
diverge. This is internally consistent with the idea that SYM, in essence a continuum field theory, will
have an infinite amount of degrees of freedom in any spatial volume. This suggest that the infrared (IR)
cutoff L of the bulk theory used to regulate down the diverging boundary area is related in some way to
an ultraviolet (UV) cutoff in the boundary SYM theory that can act as an average lattice spacing length.
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To come to a better understanding of this relationship, we need to address some of the properties of
D-branes 49,

D-branes are mathematical constructs appearing in the vacuum state of supersymmetric string theo-
ries. Since open strings may end on D-branes, the arrangement of the D-branes determines the types of
string states in a system. Any string may either connect two separate branes or end on the same brane
with both its endpoints. Hence, they can be classified by two coordinates i and j, corresponding to the
branes on which they end. Strings are oriented objects, so that the classification cannot be symmetric,
i.e. a [ij] string is not equal to a [ji] string.

Because all strings have some characteristic tension, it requires energy to span a string between
branes. The separation of D-branes thus gives certain masses to the connecting strings. Furthermore,
the spatial orientation of the D-branes highly constricts the way strings can move and vibrate. Now,
since string excitations can be interpreted as different particle states, the orientation of the D-branes
in spacetime controls the particle spectrum of the string theory. The particle sector originating from
strings [i¢] beginning and ending on the same brane, for example, will contain several massless particles.
If a D,-brane, which fills p spatial dimensions and the time axis, is embedded in a (d + 1)-dimensional
spacetime, there will be (d — p) massless scalars living on its world volume. In fact, these massless scalars
are Goldstone bosons corresponding to the broken symmetries of the vacuum in the (d — p) directions
perpendicular to the brane[52.

Now consider strings [ij] with ¢ # j that have their endpoints on different branes. These strings
overlap in their domains and might interact with one another. For example, one of the mechanisms
by which such an interaction could occur is the simple joining of endpoints, so that a string in the [ij]
sector may combine with a [jk] string to form a [ik] string. As previously argued, these strings will
have a mass corresponding to the seperation of the branes in the stack. Moving the branes closer and
closer until they coincide then preserves the particle sectors of the theory, but sends the masses of these
particles to zero. The total particle spectrum originating from a system of N of these D-branes at the
same coordinate comprises many different interacting quantum fields, depending in nature on the open
strings on the branes. These fields can then be described by a corresponding SU(N) gauge theory [52],

Consider then the situation of some D3-brane embedded in a 10-dimensional spacetime. This brane
will fill the time axis, as well as three spatial coordinates which we group together by denoting them by Z.
The six remaining coordinates will be named 2™, and we define overarching variable Z by 72 = Zm(ém)z.
Then, the scalar fields arising as Goldstone excitations by vacuum symmetry breaking can be identified
with the location Z of the D3-brane. Juxtaposing N of these D3-branes gives rise to different fields.
Manipulating the open string spectrum of the branes, we can create a situation in which the fluctuations
of the stack are given by a N' = 4 supersymmetric Yang-Mills gauge theory. All of the fields in this
theory are in a single supermultiplet of the adjoint representation of SU(N), so that they are given by
N x N matrices. By the supergravity equations of motion, a stack of D-branes initially placed at the

origin Z = 0 will source a geometry of the form
ds? = F(2)(—dt* + di®) + F(2)"'dZ?, (2.4.23)

where

N ~1/2
a9 > (2.4.24)

F(z2) = (1 + i
for some numerical constant a. Now, if we impose an IR cutoff L at y = d;r and assume there must
also be some microscopic cutoff scale for the bulk theory, we find the limits (2.4.22) for a very large AdS

spacetime with the microscopic parameters fixed. Then, we may take the limit in which “%N > 1, so
that by approximation

52
N | Z
F(z) = ag N2 (2.4.25)
Then, the D-brane metric becomes
~9 N 1
ds? = — = (—di*+da®) + Md?
(agsN)z z
VaR® 1 2 2 G o
= I ?(—dt +dz°) + \/5R22 dz©.
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Simply rescaling the coordinates as

(t,z) — Ral/S (t,Z), (2.4.26)
means that this line element becomes
1
ds* = R* | 2%(—dt® 4 da?) + Z—de?Q : (2.4.27)

which may be identified with Eq.(2.4.4) after it is expressed in terms of coordinate y = 1/Z. Hence, the
geometry sourced by the stack of D3-branes is equal to the metric on the boundary of AdSs x S°. In
the form (2.4.27) the boundary of AdS is at Z = oo and there must be a horizon at Z = 0, because the
time-time component vanishes at that point. The six coordinates Z”* under Z that indicate the position
of the branes can now be recognised as the Cartesian versions of the AdSs x S° coordinates z,ws, with

2= =N (297 (2.4.28)

as radial coordinate. In the SYM theory, these coordinates can be thought of as six scalar fields ¢™
living on the brane world volume. The relation between the coordinates and the fields is then given by

Gyml3

ym s

2 S (2.4.29)
However, this cannot be a direct relation as the ¢"™ are N x N matrices in the adjoint representation of
SU(N). Instead, Eq.(2.4.29) should be interpreted as stating that the N eigenvalues of the six fields ¢™
are identified as the six coordinates 2™ of the N branes[®9. In this spirit, it is possible to write down
an exact expression only for the radial component z,

AN
2= (gyR2 ) < T (6%) (2.4.30)

where ¢2 = >, (¢™)2 140,

Now, the ¢ are quantum fields subjected to quantum fluctuations, which will reflect on the position
of the coincident D3-branes. It is known that the fields scale with a dimension of inverse length, so that
the squared mean of any of their N? components satisfies

(¢%,) ~ by 2, (2.4.31)

where dyy is the ultraviolet cutoff imposed to regulate the diverging number of degrees of freedom in
a continuum SYM quantum field theory. By the relation (2.4.30) and Eq.(2.4.10), this translates to an
uncertainty in the average value of z of

2
<Z>2 ~ gym@ N
R2 6UV2

~ Syy 2 (2.4.32)

From here, it is obvious that the location of the brane is influenced by the extent to which the field theory
on the boundary is cut off on the ultraviolet end. Evidently, examining the branes with low frequency
up to only a relatively large cutoff dyy will center them very close to the origin at z = 0. But as the
frequency of the probe increases and Jyy decreases, the brane appears to move toward the boundary
at z = oco. Here the proper area of any finite coordinate patch will diverge. This also implies that the
number of degrees of freedom of the fields that is associated with such a path will tend to infinity towards
the boundary. Thus, there will necessarily be a lower limit to the UV cutoff scale dyy that is given by
the IR cutoff scale drr, so that

6= 6UV ~ (SIR. (2433)

This relation between the UV and IR cutoffs was dubbed the UV/IR connection 3%,
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As a corollary of the UV/IR connection, the region y = § inside of the cutoff L can be described
by a supersymmetric Yang-Mills boundary theory, as long as it is ultravioletly regulated with a cutoff
length that is of the same order as 6. The boundary, a 3-dimensional spatial surface evolving in time,
will be divided into cutoff cells with a volume of §2. As such, a boundary patch of unit coordinate area
will contain 1/63 cells. In a consistent cutoff theory, the fields will be constant inside every such patch.
There will thus be density of N2 degrees of freedom, corresponding to the N x N components of the field
matrices, per unit coordinate area. As a result, there will approximately be a total number of degrees of
freedom )

N

Ndof ~ 573
Then, as calculated in Eq.(2.4.18), the 8-dimensional area of the unit coordinate patch is given by
A ~ R®/63. The number of degrees per unit area becomes

N, N? 1

dof =2 (2.4.35)

A RS G
where we have used Eq.(2.4.11) to express the 10-dimensional Newton’s constant in terms of rank N
and radius of curvature R. With the knowledge that the degrees of freedom can be taken to be simple,
spinlike states, we find that the entropy density on the boundary is of the same order,

Ndof 1
~ ~ =, 2.4.36
A G ( )
so that we have retrieved the bound required by the holography from string theory principle
Hence, we can conclude that the AdS/CFT correspondence provides a self-consistent way of correlat-
ing effects in quantum gravity with proceedings in a purely field theoretic theory that does not take
gravitational effects into account.

(2.4.34)

S

o [39,40]

2.5 The AdS-Schwarzschild Spacetime: a Black Hole in a Box

As we have seen, an AdS geometry can be viewed as a spherically symmetric spacetime with an outwardly
increasing gravitational potential. Under influence of this potential, any massive particle will perform
an oscillatory motion around the coordinate origin and will eventually be drawn in to that point. It is
then completely imaginable that one could keep introducing mass into the spacetime, until eventually
the Chandrasekhar limit is exceeded and the lump will collapse into a black hole under the influence
of gravity*!l. The resultant spacetimes are solutions to the 5-dimensional Einstein equations with a
negative cosmological constant. Stable black holes will have a Schwarzschild radius that is at least as
large as the radius of curvature R. Furthermore, if we extend the spacetime to full AdS; x S® they will
homogenously fill the compact dimensions of the 5-sphere 0],

By a coordinate transformation of Eq.(2.4.1), we find that a more generalisable way of writing the

metric of AdSs spacetime is
ds? = —f(r)dt? + f(r) " dr? + r2dQ3 (2:5.1)

where faqs(r) = (1 + }%22) Adding mass to the geometry leads to a modification of function f(r) to

fa—s(r) = (1 + 1% - R‘i—%) for the metric of AdS-Schwarzschild spacetime. The horizon of the black

hole sits on a Schwarzschild radius that is the largest solution of
2

r uG
Fa_s(r) = (1 + i R57"2) =0, (2.5.2)
so it depends on a parameter p that is proportional to the black hole mass M. The thermodynamic
properties of the black hole can be established by calculating the area element associated with AdS-
Schwarzschild spacetime, integrating it to find the area of the horizon and applying the Bekenstein-
Hawking formula. The entropy of the AdS black hole will depend on its mass M as

M3R! 1/4
~ . 2.5.
5o (M) 253

By the fundamental relation of thermodynamics (1.1.5), the temperature at which the black hole radiates

its Hawking radiation is
s\ ! M2R!
T < > N R (2.5.4)
dM G (ME?,U )3/4
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Thus, the black hole mass is related to the temperature as

R11T4

M ~
G

(2.5.5)

The AdS/CFT correspondence promises that it must be possible to describe the Hawking radiation
process of the black hole occuring in the bulk of the AdS spacetime by a conformal field theory on
its lower-dimensional boundary. Translated into dimensionless quantities in the SYM theory on the
boundary of AdS that are related as in Eq.(2.4.9), this becomes

8
ES?Jm ~ Z Tfym
24
~ N?TZ . (2.5.6)

By integrating Planck’s law, the energy density € in a volume V' is given by

E
e=g~ T (2.5.7)

Consider then a patch of the boundary of unit coordinate 3-area. Instigating a cutoff in the SYM theory,
there will be N2 degrees of freedom in such a patch. Up to a constant of proportionality, Eq.(2.5.5) can
then be interpreted as the energy of a thermal gas of N2 different quanta in the volume of a boundary
sphere. This leads to the conclusion that the holographic image of the black hole is formed by the
simple quantum mechanical system of N? particle species propagating on the boundary. Evidently, the
evolution of the black hole, from formation to evaporation, must be completely describable in terms of
some unitary transformation [0,

When applied to the black hole case, the AdS/CFT correspondence offers the perfect tool to study
the details of Hawking radiation in an environment where it is categorically impossible to have order
unity changes to entanglement state (1.5.15) and see where bulk quantum theory fails. To this end, we
will consider a minimally coupled 10-dimensional scalar dilaton field ¢. If we take ¢ to be constant over
the 5-sphere, it will have a 5-dimensional action in AdS spacetime of the form

S = /d5x V=9 9"V, 0V 0. (2.5.8)

In order for a Hamiltonian description to exist, we must also demand that the field ¢ satisfies a vanishing
boundary condition at the AdS boundary, i.e. ¢ — 0 as r — oco. Belonging to this action is the massless
Klein-Gordon equation

¢ = VIV, = 0. (2.5.9)
Substituting the generalised AdS metric (2.5.1), by Eq.(1.4.12) we have partwise
1 at( tt /7615) _ _382
V=9 o
1 1
\/?8’ (9""V=g0,) = ﬁa,.(ﬁfa,.)
1
r&n( V=90s,) = 5 As (2.5.10)

where we have chosen coordinates o; = (01, 02, 03) on 53 and Ags is the 3-dimensional spherical Lapla-
ian 11
cian

. The complete d’Alembertian will be the sum of these factors,
1., 1 3 1
O= —?@ + T—Sﬁr(r for) + 2 Ags. (2.5.11)

From this form of the operator it is clear that solutions to the 5-dimensional Klein-Gordon equation in
general AdS spacetimes will generally be periodic functions of coordinate time ¢. However, in the black
hole metric in turns out that field decays exponentially,

¢ — exp (—t) (2.5.12)
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where ~ is some dimensionless monotonically increasing function of the black hole mass M 1740 This
behaviour of the field reflects also on the quantum correlation functions in the AdS-Schwarzschild bulk.
Because of Eq.(2.5.12), correlators must have the form

(d(t)o(t')) ~ exp (=t = ') (2.5.13)

for some large interval At = |t —¢/|. Since any correlator will decrease exponentially, the bulk spacetime
displays a phenomenon called asymptotic stability. Any perturbation of the field ¢ at initial time ¢ will
dissipate away and ultimately become negligibly small. Such behaviour is mostly seen in infinite thermal
systems, where 7y is some sort of dissipation coefficient. However, it stands perpendicular to what one
would expect to observe for any system with finite entropy such as the AdS black hole [*°!.

The key insight comes from the realisation that the entropy of a system is an emergent quantity
derived from its number of microstates. It follows that any system with finite entropy must have a discrete
spectrum of states. In general, a closed system with a discrete spectrum of states and corresponding

finite entropy may be described by a thermal density matrix and a thermal correlation function
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where Z is the partition function and we have inserted two complete sets of energy eigenstates Y . [1);) (1;].
Let us then consider the long term average of F'(t)FY x (t) that is given by

1 +T
L= lim — / dt F(t)F*(t). (2.5.15)
T—o00 2 _T

Inserting expression (2.5.14) for the thermal correlation function, this becomes

1
L=73 > e PEFE A P | Al? 6(E; — B + B — By), (2.5.16)
igkl

which obviously has a non-zero, positive value. Therefore, the correlator F(t) of a general sytem with
finite entropy cannot possibly vanish in the infinite time limit. Hence, perturbations of such finite
quantum system will not be found to vanish. Since the proceedings in the bulk of AdS are completely
determined by calculations of a conventional quantum system on its boundary, its correlators should not
tend to zero. By estimation, the value of the long time average L of finite systems like the AdS black
hole is of the order e®, where S is the finite entropy. However, without a cutoff the entropy attributed
to the fields is UV divergent in the neighbourhood of the boundary, so that correlation functions in the
approximation QFT in the bulk vanish exponentially as in Eq.(2.5.13). This leads to the remarkable
conclusion that the miscounting of short wavelength modes near the horizon in the approximation QF T
is responsible for the erroneous description of various phenomena, such as those apparently causing
information loss (47!,

According to Hawking’s claim, mixed-state Hawking radiation follows as a general property of event
horizons and should hold in any geometrical background. By the duality of gravity theories in the
bulk of AdS and conformal gauge theories on its boundary, Hawking radiation in the AdS-Schwarzschild
geometry can be completely described by some kind of unitary process on the boundary. This implies
that information does not disappear into non-existence with the evaporation of the AdS black hole. Even
though neither the string theory in the bulk of the AdS spacetime nor the SYM theory on the boundary
have the right properties to describe the physical world, they offer a mathematically consistent theory
of some world and thus invalidate the conclusion of non-unitary evolution of the information paradox.
Notice, however, that the AdS/CFT correspondence only conclusively proves that Hawking radiation
must in fact be pure, and not whether the original Hawking calculation leading to black hole radiation
and evaporation is inaccurate or equivocal.

In conclusion, the holographic principle and the gauge/gravity correspondence of AdS/CFT decisively
validate postulates 1 and 2 of black hole complementarity. Assuming the validity of the third postulate,
the case seems strong that observations made by infalling observers differ significantly from those by
stationary observers far removed from the black hole and its gravitational effects as predicted by BHC.
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3 The Black Hole Firewall Paradox

3.1 The Paradox: Internal Contradiction of the Postulates of Black Hole
Complementarity

Up to very recently, black hole complementarity, which is backed up by the AdS/CFT correspondence,
was widely believed to have resolved the information paradox conclusively. However, it has since been
discovered that BHC, as defined by its three axioms that are restated here for convenience,

Postulate 1:  Purity of Hawking radiation
Postulate 2:  Semi-classical behaviour outside the stretched horizon
Postulate 3:  Absence of infalling drama

is internally inconsistent [!].

Consider a black hole that was formed through the gravitational collapse of matter in some pure
state and is now evaporating by emitting Hawking radiation. Assume that the black hole has grown
‘old’ in the sense that it has surpassed its Page time, the point when it has only half its initial entropy
remaining. Arbitrarily setting the Page time at Schwarzschild time ¢ = 0, we may divide the Hawking
radiation into an early part Rp emitted while ¢ < 0 and a late part Ry that is emitted for ¢ > 0. By
postulate 1, the Hawking radiation is in a pure state, so that Rg should be entangled with Ry and

W) =D i) ® leis), (3.1.1)

where the states |e;, ) form some orthonormal basis for the late radiation. Because of the exponential
relationship between the number of states of a system and the corresponding entropy, the early subspace
containing the states |¢;,) will be much larger than the late subspace of states |e;, ),

(Nstates)L < eSPase = 65/2 < e¥ = (Nstates)E' (312)

As a consequence, the reduced density matrix describing the late-time radiation can be taken to be
approximately equal to the identity for ‘old’” black holes.

As was argued leading up to Fig.(7), the decomposition of the quantum fields outside the black hole
horizon will give rise to a situation where the outgoing wave modes are scattered off or transmitted
through an effective potential depending on their angular momentum j. In order not to complicate the
argument, we will treat these black hole gray-body factors by assuming some low momentum waves are
transmitted completely, whereas the higher partial waves will be fully reflected. Although this massive
simplification is unjustified, we will come to the same qualitative conclusion if we include more arbitrary
gray-body factors. Because the total energy radiated away from the black hole is finite, we can think of
the Hawking radiation as living in a finite-dimensional Hilbert space. Now, we can assume the state |¥)
is randomly distributed in this space, so that it has uniform measure along some orthonormal basis like
in the microcanonical ensemble!].

Consider the late projection operator P’ = |e;, ){e;, | that projects onto the state |e;, ). Note that
we are free to specify index i, so that we can project onto any state of the late radiation. We then
propose that an observer measuring the early radiation will be able to predict the action of P? by using
the operator P = L|i);,)(¢);, | acting on the early radiation, or

J

for £ > L. Here, FE and L measure the finite number of dimensions of the early and late Hilbert spaces,
sothat 1 <4,j,--- < Land 1< a,b, - < F for some arbitrary basis of Rg. Note that if the states ;)
formed an orthonormal basis by themselves this approximation would become an equality. The relative
error of this assumption is

(P — PY®)|[>  (p|PtPt— pitpi — pitpi 4 pitpi|g)

T OTPwE ([PTPY)
Wipltin) (1= 2L0up i) + L2 X, Wi ) (i s,
- (Ve tic)
= (1= L(Wiphbin) ) + L2 this 6 2 (3.0.4)
i#j
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Now, if we expand the early states [¢);,) in some arbitrary basis |e,,) with measures ¢;,, we will find
1
L2FE?

since we have chosen to average over |¥) with uniform measure. Then, we see that

1 .
ch.Cip = ﬁéij(saba CioCibCreCld = (030k16abdcd + 0i105k0ad0be) s (3.1.5)

<w1E|¢]E> = chacjb <6(lE|ebE>

a,b
1
= ﬁ Z<eaE |eaE> 6ij
1
_ féij’ (3.1.6)
and
<wiE |¢]E > <wkE |le> = Z Cfacjbcltccld <€(IE |€bE> <eCE |€dE>
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1
= I2E2 Z<eaE |ear){€cpl€cr) dijOnt
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Thus, the average of the relative error (3.1.4) is given by
_ 1 1 1
5 = (1 — LZ(S”)2 + L2 Z <L25ij6ji + L2.E5“5]J) (TLO t’I“CLCBS)
i#]
= 0-— LQL(L -1)
L?FE
L
~ oL (3.1.8)

for E > L >> 1. Note that the exponential decrease of € after the Page time of the black hole implies that
the approximation in Eq.(3.1.3) will become more and more precise. Hence, by superposing operators Pi
we can create early radiation operators that act on the full state |¥) like a projection operator projecting
onto any subspace of the late radiation [1].

Now, we apply this knowledge to an outgoing late-time Hawking mode, which we take to be a localised
wave packet with width of order the Schwarzschild radius R, and corresponding frequencies of order R .
By postulate 2, there will be a unique set of raising and lowering operators (b',b) associated with this
mode, so that we can take a sum of projection operators P’ to project onto the eigenspaces of the
number operator N,,; = bfb. Thus, an observer far from the horizon measuring the early radiation is
able to determine the number of particles in a given mode of the late-time Hawking radiation R as
would be measured by another observer in region I1I of Fig.(26). Imagine now that after measuring
Rpg, the observer starts diving into the black hole and encounters the late radiation in region I, at
some distance from the stretched horizon. As the observer could have deduced, the late-time radiation
would have been in an eigenstate of the number operator N,,; far from the black hole. By postulate
2, the modes making up this radiation would have undergone an essentially free evolution back in time
through region I towards the horizon, were it not for the measurements of the observer. However, it is
impossible for the radiation to simultaneously be in the in vacuum state defined by a|0;,) = 0 associated
with the infalling observer and an N,,; eigenstate, which can be easily demonstrated by considering
the Bogoliubov transformation relating the ‘distant’ operators (b, b) to the infalling operators (af, a).
Assuming that the late radiation is in a state ¥ which can be identified with the a-vacuum, we see

Now|¥r) = b'b|¥g

- U dw (B*af, + C*ay,)(Bag, + Cal)} W)
0

= {/ dw B*Cal,al, + C*CawaL] UL, (3.1.9)
0
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Figure 26: EF-diagram that shows an observer detecting the late Hawking radiation Ry. If, as projection
correspondence suggest, her measurement is given by an eigenstate of N°“ = b'b, postulate 3 is violated. If
they are given by an eigenstate of N°™ = a'a such as the ground state required by postulate 3, postulate 1
cannot be satisfied. Furthermore, if the outcome depends on the time the observer falls in, we find a
contradiction with postulate 2.

which obviously can never return an eigenvalue of ¥ ). The only conclusion possible is that the observer
will encounter excitations of its a-vacuum. Even worse, these particles will be highly blue-shifted to barely
sub-Planckian frequencies w, > R; !, so that the infalling observer will be incinerated by a firewall of
high-energy modes. This is in stark contrast with third postulate of BHC. The problem lies in the fact
that the observer can know what will be the state of the late radiation Ry, far from the black hole while
also measuring it in the vicinity of the horizon while falling in, thus spoiling the argument of black hole
complementarity 1.

Thus, we have arrived at a fresh contradiction, aptly called the firewall paradox. In short, it is
a contradiction between the entanglement requirements of the postulates. Whereas the purity of the
Hawking radiation implies that the late radiation is fully entangled with the early radiation, the absence
of drama for an infalling observer demands that every Hawking mode is entangled with its partner mode
behind the horizon as in Fig.(15). As we have shown, the claim that either one of the entanglements
should be given up depending on the location of the observer can be falsified when the black hole has
surpassed its Page time. Then, both entanglement statements should hold simultaneously, which is
equivalent to quantum cloning. For example, consider the entanglement entropies of early Hawking
modes A, an outgoing Hawking mode B and its partner mode C' on the inside of the black hole. The
von Neumann entropies of these three systems should satisfy the strong subadditivity constraint

Sap+Spc > Sp + Sasc- (3.1.10)

If the formation and evaporation of the black hole is a unitary process as required by postulate 1, the von
Neumann entropy of the Hawking radiation will have a plot as in Figure (27) (28] Initially, the emitted
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Figure 27: Plot of the von Neumann entanglement entropy of all Hawking radiation emitted up to a moment ¢
in Schwarzschild time reparametrised to measure the evaporation of the black hole, as a fraction of the initial
black hole entropy Sgw(t = 0).

modes will be entangled with the black hole, so that the system of all Hawking radiation emitted so
far can only be described by a reduced density matrix. Correspondingly, the von Neumann entropy

53



associated with the system will increase (region (¢)). The von Neumann entropy will peak when the
black hole entropy Spp(t) equals the semi-classical entropy S(®®(¢) in the radiation, which occurs
after the black hole has lost about 40.25% of its original entropy Spg(t = 0) at about 53.81% of the
evaporation time?8!. An ‘old’ black hole, however, will be in a further stage of evaporation, so that the
entanglement entropy of the system will decrease with every extra particle emitted (region (i7)) and so
S4 > Sap. Furthermore, it is well-known that entanglement can cause the von Neumann entropy of a
joint system to be lower than the sum of that of its components. The systems A and BC must meet the
subadditivity condition on their respective entropies,

Sa +S(BC) > SA(BC) > |Sa— S(BC)|~ (3.1.11)

By postulate 3, infalling observers should not experience anything extraordinary while passing the horizon
so that the modes B and C are fully entangled and Spc = 0. As a result, Eq.(3.1.11) gives us that
Sapc = S4. Strong subbadditivity (3.1.10) then implies that S4 > Sp + S4, which must evidently fail
because mode B individually is described by a thermal density matrix .

The Hawking radiation emitted by a Schwarzschild black hole consists mainly of low angular momen-
tum modes?”). When evolved back, these modes face a gravitational potential surrounding the black hole
region as in Fig.(7), which either reflects or transmits them. This is a direct consequence of the fact that
a Schwarzschild black hole has a temperature Ty ~ 1/M and a radius Rs ~ M, so that Ty Ry ~ 1. High
angular momentum modes with an energy of the order Ty are effectively imprisoned by the gravitational
potential (1.4.14) with escape being very improbable. Therefore, it might be expected that the preceding
firewall argument only holds for low angular momentum modes, which form but a small fraction of all
partial waves and postulate 3 might survive in a weakened form, where the probability of an infalling
observer to observe quanta is suppressed by a power law. This would only require moderately small
modifications of ordinary local quantum field theory of this observer. However, using a method known
as black hole mining we can prove that our conclusions will be valid for high angular momentum modes
as well 1,

The aim of the mining process is to lower a particle detector attached to a long string through the
potential barrier to absorb the higher partial waves and then lift it back up[6). Because the high angular
momentum modes generally lie close to the horizon, we will make a detector drop from a static point at
radius 9 > R, far from the black hole to within a proper distance L < R of the stretched horizon,
where the locally measured temperature is Tj,. ~ 1/L. It will then probe modes of angular momentum
of the order R,/L > 1. We will take the detector to have initial mass mge; ~ e *L~! > T}, for some
small constant €, so that its stability will not be substantially effected by the heat bath of particles.
Furthermore, we may also specify that the size of the detector is of the order €L, so that its small
absorption cross-section will make it likely that it will first detect particles at target height L. The
detector is to be left at this height long enough for it to completely absorb a Hawking quantum, which
will effect a marginal mass increase of Tj,. ~ 1/L ~ emge; before it is reeled back up to height ry. Raising
and lowering the detector only very slowly will ensure the mining process is adiabatic and no entropy
is generated, so that the net amount of energy extracted from the black hole is a positive quantity that
has been shown to be of order Ty [46].

Hence, we find that it is possible to mine the high angular momentum modes of a black hole, resulting
in a lower mass for the black hole and an increase in energy for the matter far from the black hole. By
postulate 2 the detector with the absorbed mode can be evolved to future null infinity, where there is
a well defined out-state. At future null infinity these modes, as well as the mining equipment itself,
must be seen a subsystem of of the final state. According to postulate 1 the out-state at null infinity
is in a pure state, so that we find that late-time high partial modes must be entangled with earlier
radiation. Now, it is only natural to consider the detector as part of the Hawking radiation, instead of
arbitrarily adding some artificial mass to the spacetime to make up its mass. In this case, the sole act
of measuring the modes will not have changed the overall state. We find that regardless of whether the
mining actually takes place, the high partial modes emitted by an old black hole are entangled with the
early time radiation. We find that postulate 3 is violated for modes of all kinds of angular momenta,
suggesting that an observer diving in after the Page time encounters a firewall of Planck density, Planck
energy radiation and will thus surely be burned up, violating black hole complementarity [:6].

So far, the argument for the occurrence of a firewall that will be encountered by an observer falling

into a black hole has relied crucially on the entanglement of the Hawking radiation it emits. In order to
create a sharply defined paradox, we had to restrict to old black holes that have passed their Page time.

54



However, whether or not there are firewalls should be an intrinsic property of a black hole, independent
of the degree to which it is entangled with some external system such as the Hawking radiation. The
scrambling time of a black hole measures how fast it can thermalise the matter by which it is formed
and randomise the bits that encode the corresponding information. After the scrambling time, almost
any small subsystem of a black hole is in a completely inseparable state and the degrees of freedom
encountered by an infalling observer are typical for the remainder of the lifespan of the black hole. It
has been suggested that black holes are so-called fast scramblers®?, putting their scrambling time at
RsIn (Rs/¢p). Then, the time after which we might predict to see firewalls or expect new physics outside
the black hole is remarkably smaller than the Page time[ll.

In conclusion, we have found that if black hole complementarity breaks down, it breaks down mas-
sively. If there is indeed a firewall, it is everywhere surrounding the black hole and is likely to materialise
quickly after the black hole has formed, necessitating a major rethinking of the common perception of
black hole evaporation process. By effectively reinstating the information paradox to its former glory,
it has sharply divided the physics community between those who prefer to value postulate 3 and thus
rather give up unitarity and argue against the AdS/CFT correspondence and those with a more quantum
physical background, who are adamant that unitary evolution is a key aspect of modern day physics.
Various proposals have sought to resolve the paradoxical firewall appearance, but so far none have been
able to do so conclusively. Suggestions include:

- EP=EPR

A wormhole or Einstein-Rosen (ER) bridge between two black holes can be seen as the
geometrical manifestation of the Einstein-Poldolski-Rosen (EPR) entanglement of their
microstates. This was called the EP=EPR relation. It is then tempting to speculate that
there is a more general mechanism at hand, so that other systems might also be susceptible
to such a description. Suppose a black hole is connected to the Hawking radiation by a
wormhole with many different outlets, so that all the quanta are entangled with the black
hole. It is then possible that the actual measurement of an early Hawking mode causes the
creation of a high energy particle that travels through the wormhole to the near horizon
region, where the observer, who dove in after the measurement, will encounter it. Such
radically non-local action effectively makes the occurrence of the firewall dependent on the
early measurements of an observer at infinity, which are limited by practical bounds[23].
The quantum computation necessary to determine the degree of entanglement of the early
radiation requires a time span that is larger than the black hole lifetime to carry out 26421,
However, it is recognised that the states of two entangled black holes is very special. It was
shown that small perturbations in the state of such black holes have large consequences,
what has been beautifully named the black hole butterfly effect!®3. Indeed, in a recent
article Marolf and Polchinski, two of the original creators of the paradox, have argued that
generic entangled states cannot generally be interpreted as a wormhole that connects them 24,

- Strong Complementarity

It has been proposed by various sources (%16 that a ‘strong’ version of black hole complemen-
tarity might still hold. Like ordinary BHC, strong complementarity proposes that a distant
observer would predict a firewall and the infalling observer sees nothing extraordinary, but
abandons the requirement that there is a global effective field theory outside the horizon.
Instead, it assumes an even more operationalistic view by demanding only that no single
observer will be able to detect violations. This would imply that the the infalling observer
is unable to compare a mode of the late radiation encountered at the near-horizon region
with its state at infinity, since they are no longer related by an evolution governed by a
global effective field theory. However, Marolf and Polchinski reason that one can imagine a
continuous string of observers diving into the black hole at successive points in time, each
with a valid local effective field theory. However, two observers in causal contact are able to
communicate, so that the relaxed form of the second postulate is still violated [24.
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- State-dependence

If the AdS/CFT correspondence were more complete, we could use the dictionary between
bulk and boundary operators to translate a field theory operator Tw on the boundary to find
its dual energy momentum theory T}, of the interior of the black hole. By calculating its
expectation value in the infalling vacuum state, it is then possible to investigate the existence
of a firewall for an infalling observer. However, so far the gauge/gravity duality has not
yet been sufficiently developed to enable such a method. Moreover, it seems likely that a
perfect conversion will not be possible!*). The bulk energy-momentum tensor T,., involves the
Hawking partner modes ¢, which have negative energy with respect to an asymptotic observer.
There should then be a bulk field theory operator with the properties

[c,c] =1, [H,cl] = —wel, (3.1.12)
which, however, cannot exist?4. Now, typical states in a field theory will have thermal
spectra for the partner modes b and c¢. Any particular example of these states can then be
elected to construct a representation of the commutators (3.1.12) 2947 Nevertheless, this
does require a stark modification of quantum mechanics, where interior observables would
become non-linear maps H x H +— H, depending on the base state chosen. In order to have
an interior interpretation of a given dual state, one must first specify which of the modes b
was used to define the Fock space ladder operators. This has inspired an adaption of the
famous phrase by Einstein: “God not only plays dice with the world, She also plays pin the
tail on the quantum donkey” 7. Tt is not yet clear whether it would be possible to construct
a valid quantum theory based on this proposal. Things are complicated by the fact that every
instance of interaction of the black hole with external spacetime changes its microstate and
thus invalidates the original representation associated with the base chosen. Hence, the base
state must be a dynamical quantity evolving along with the system itself. As of yet, there is

no theory available that is capable of describing such twofold evolution 24l

3.2 Should the Calculation of the Hawking Flux Still Hold?

Another question that has been raised is whether the usual Hawking calculation is still valid in the light
of the firewall paradox. Since the occurrence of Hawking radiation is due essentially to a Bogoliubov
transformation like (1.3.9) of the in vacuum, the fact that an infalling observer sees a firewall instead of
the in vacuum seems to indicate an internal inconsistency. If this were indeed found to be the case, it
would signal a fundamental failure of black hole complementarity that is beyond repair. Therefore, we
will examine this area of research in somewhat more detail.

In summary, the argument is as follows. By the technique of thermo-field doubling, a thermal state
on a Hilbert space H described by a density matrix of the form

p= %Ze’ﬁE|E><E|, (3.2.1)

E

where Z is the partition function of the system, can be artificially duplicated in order to obtain a pure

state 1
|) = 75 > e PPRIE) o |E), (3.2.2)
E

called the the thermo-field vacuum, that lives on two copies of the original Hilbert space H x H. Of
course, tracing over the second copy returns the thermal density matrix (3.2.1). Any observable of the
original system can then be calculated more easily by relation (1.4.8) [43],

Tr (p O) = (T|O]D). (3.2.3)

We can think of the doubled system as a gas of free thermal bosons. Such a doubled system will have
two sets of ladder operators, with the annihilation operators destroying the thermo-field vacuum. The
creation operators, however, will have the meaning of creating a boson in the one copy or annihilating
one in the other copy, as in Figure (28)[7].

Originally, the second copy of the Hilbert space was interpreted solely as a mathematical construct
without physical meaning, useful only to simplify calculations[*3!. However, it was found that observers
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Figure 28: The boson gas can be seen as a system of two boxes. The left box can be interpreted as the
thermo-field doubled copy of a thermal state in the right box. The two sets of creation operators associated
with the thermo-field vacuum |¥) then have the meaning of creating bosons in their respective boxes or
annihilating them in the other. Both a and a annihilate the thermo-field vacuum state | ).

on the outside of an eternal Schwarzschild black hole can interpret the interior as a thermo-field doubled
copy of the exterior, and vice versal'8!. This idea was strengthened further by the discovery that the
same will hold for accelerating observers in Minkowski space, who can describe the state in other Rindler
wedge as the themo-field duplicate of their own thermal state. With the advent of the AdS/CFT
correspondence, these findings could be put in a clearer light. Maldacena himself proposed that the
Hartle-Hawking vacuum state associated with the modes of the the thermal radiation that maintains
the equilibrium of the eternal AdS black hole has a natural dual in the thermo-field vacuum state of the
CFTs on the two asymptotic boundaries of the extended AdS-Schwarzschild geometry 2!, As we will
see, this is a very accommodating result: by definition, eternal black holes are in contact with a thermal
heat bath of radiation at exactly the right temperature to maintain equilibrium. As a consequence,
they form definite systems with well-formulated energy eigenstates. The thermo-field vacuum state is
a product state of two entangled systems dual to the interior and exterior of the black hole, which will
each be described by a thermal density matrix. On the other side of the correspondence, the outgoing
b-modes of the radiation will have a thermal density matrix pp, at least as seen from the Hartle-Hawking
vacuum 4. Then, according to the eigenstate thermalisation hypothesis (ETH) the same conclusion will
hold for any generic energy eigenstate, such as the a-vacuum of an infalling observer. There can truly
be said to be a flux of Hawking quanta at temperature Ty emanating from the black hole in the form of
the b modes 24

The eigenstate thermalisation hypothesis is a statement concerning the energy eigenstates of chaotic
quantum system. To come to a better understanding of its meaning, consider first the classical situation
of a box filled with a gas of N particles modeled by hard spheres. The Hamiltonian corresponding to
such a system is simply

1 1
H=— 2- __p? 2.4
o ; p; = 5 P (3.2.4)

where m is a mass that is taken to be uniform over all the particles and P is a vector composed of N
momentum 3-vectors p = (pz,py,p-). The Hamiltonian must take on a value equal to the total energy
U given by the ideal-gas relation U = %N T, so that there is a P-sphere of possible solutions. By Sinai’s
theorem a box of hard spheres will be a chaotic system, implying that each location of the P-sphere is
as likely as any other to be a solution to the ideal-gas relation[®%). The probability that the solution is
within an angular section between 6 and 6 + df with respect to some axis is given by

f(0)do ~ (sin0)BN=2dp
~ (sin0)BN"3dcosd
~ (1 —cos20)3N=3dcos. (3.2.5)

Suppose we know define the momentum of the first particle along an arbitrary z-axis by the kinetic enegy
relationship, so that pi, = (2mU)(/? cosf. Then, we find

2
Pi: \(3N-3)/2
2)dp1,  ~ 1—-—= dp1.
f(p12)dp: -5 5 p1
2

~  exp (;ﬁ?)dplz, (3.2.6)

where we have taken the large-IV limit to arrive at the exponential relation of the second line. Hence,
we have found the appropriate thermal Maxwell-Boltzmann distribution for the single component py,.
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Consider then a second component pi, when p1, is fixed. Its probability distribution is then that of pi,
given by Eq.(3.2.6), with the exception of the replacements

3N — 3N -1
2mU  — 2mU —pi, ~2mU as N — oo, (3.2.7)

so that we see that we obtain the same thermal distribution for any n individual components of the
3N-vector P, as long as n < N [35],

Now, consider the same system from a quantum perspective. The evolution of its N constituent
particles is governed by a Schrodinger equation that can be solved in the energy basis, where it has the
form

H|E,) = Uq|Ey). (3.2.8)

Here, the Hamiltonian H is a quantised version of that given in Eq.(3.2.4). Furthermore, we specify
boundary conditions on the energy eigenfunctions ¢, (X) such that they vanish at the walls of the box
and when the spheres come into contact. The momentum space wavefunction can then be expanded in
terms of the energy eigenstates as

(P, t) =Y Coexp (—iUat)tu (P). (3.2.9)

By means of the wavefunction we can calculate the probability distribution of momenta for the first
particle at a particular time t,

fpnt) = / Epy... Pyl i (P, 1)

= Y CiCpe!WeUnlt / Bpy ... dPpndl (P)s(P). (3.2.10)
a,B
Here, we can define a quantity
Baslp)) = [ Epa.dp L (PI5(P) (3:2.11)

that loosely characterises how the momentum of the first particle is distributed over the different energy
eigenfunctions. It must satisfy a normalisation condition

/d3p1<1>ag(p1) = dap- (3.2.12)

On physical grounds, we expect f(p;,t) to approximate a thermal distribution in the classical large-N
limit after system has settled. However, how this might come to be is unclear in this form. To this end,
consider the long-time average of f(p,t) that is given by

li ! Td = C,|*® 3.2.13
m 7 [t 0) = 301000 (p). (3.2.13)

e

Clearly, the initial perturbations caused by the anisotropic starting conditions of the system have become
completely negligible by taking the long-time average, so that this will surely be a thermal distribution. It
is obvious that such a distribution can only be realised if each ®,,(p;) is thermal by itself. Furthermore,
if the overlaps of separate energy eigenfunctions are small, i.e. small ®,3(p;) for a # [, then the
a # [ terms in the distribution (3.2.10) will usually make a negligible contribution and f(p;,t) will be
of thermal nature at most times ¢, not just on average 3.

These two assumptions, that together form the eigenstate thermalisation hypothesis, are supported
by a result in quantum statistical mechanics known as Berry’s conjecture. Basically, it speculates that
the energy eigenfunctions of a bounded, isolated quantum system with a classically chaotic counterpart
behave as if they are gaussian random variables, in the meaning that it satisfies some sort of Wick’s
theorem:

lim [ dX va(X+ X)X+ Xa) = Y T(Xy = Xi) oo T (Xiyy = X)) (3.2.14)
pairs
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Here, we utilise a normalised integration measure so that [ dX = 1 and the sum on the other hand of
the equality is over all possible pairings over the X;. The J(X) are correlation functions given by

J(X) ~ / dP exp (iP - X) §(H(P,X) — Uy), (3.2.15)

with J(0) = 1%, Although Berry’s conjecture remains unproven, there is ample numerical evidence to
argue in its favour %!, It is this argument that is used to justify the extrapolation of the thermal nature
of the radiation surrounding the eternal black hole as seen from the Harte-Hawking state to the vacuum
of an observer falling into an eternal black hole and reason for the existence of Hawking radiation, even
considering this observer will be incinerated by a firewall [24.

Although Marolf and Polchinski seem fully convinced by this line of reasoning supporting the firewall
paradox 24| there are several things that have remained unclear to us and might point at a fallacy in
the argument. These will be outlined here for the benefit of the reader.

- First of all, if the argument does stand up to scrutiny, it will only argue for the case of the
eternal AdS black hole. This does not automatically imply that the same thing will hold for
other classes of black holes.

- Secondly, the eigenstate thermalisation hypothesis was first derived for the classical system
of a box filled with gas and subsequently extended to include the quantum treatment of this
system. It is believed that Berry’s conjecture will hold only in those quantum systems that
will similarly have a chaotic classical counterpart. It remains to be seen whether the eternal
AdS black hole is indeed such a system. If so, how should we identify the chaotic degrees of
freedom? The classical treatment of black holes does not envision the appearance of Hawking
radiation, so that the source must either lay with the black hole or with the thermal heat
bath in which it is immersed.

- Furthermore, it is stated in in the original ETH paper that “another important unsettled issue
is how high the energy needs to be before Eq.(3.2.14) [of Berry’s conjecture] is sufficiently
accurate” 3%, This is insignificant for the case of the gas-filled box, but all the more relevant
for the black hole situation. By the inverse mass relation of the Hawking temperature Ty ~
1/M, the temperature of a black hole decreases as it grows in size. Hence, it might be
concluded that Berry’s conjecture will not be accurate for sufficiently large black holes. This
would invalidate the ETH, and with that the argument in favour of the occurrence of Hawking
radiation in the light of the firewall paradox, in these specific cases. However, the consensus
in the physics community is that of uniformity: if a class of black holes is found to radiate,
it will do so regardless of how it was formed.
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4 Conclusion

It is a universally accepted fact that black holes will emit Hawking quanta at a temperature inversely
proportional to their mass, which causes their eventual evaporation. This inevitably led to the informa-
tion paradox, which appeared to have been solved by the black hole complementarity proposal. Although
BHC may seem like a reasonable suggestion inspired on the idea to preserve a maximal of known physics,
at least for a black hole past its Page time its three postulates cannot all hold: an infalling observer will
encounter a firewall of radiation. There is something radically different going on. In trying to resolve the
firewall paradox, the physics community is resorting to remedies that to me at least seem more and more
far-fetched, such as the EP=EPR wormhole proposal. It seems unlikely that the paradox will be solved
any time soon, and its resolution will have some profound consequences. As Marolf and Polchinski argue,
the AdS/CFT correspondence has proven of great significance but has not conclusively put the lid on
the question raised originally by the information paradox. “While gauge/gravity duality is a powerful
tool, there is a gap in the current understanding of quantum gravity, on that must be filled in order to
move on to quantum cosmology” [24].

What we know for certain are the measurements an asymptotic observer can make, since at infinity
the effects of the black hole are negligible. I think that we should at least entertain the idea that what we
should give up are in fact the no-hair theorems. As a result from quantum gravity, the black hole horizon
must be special. I would like to speculate that there really is ‘nothing’ behind the horizon. I propose
that when matter falls into a black hole, instead of crossing the horizon its characteristics are transferred
to the horizon. I think we should look at a black hole more as any other kind of physical object, albeit
with a negative heat capacity. Then, when an observer tries to cross the horizon into the black hole it
is only natural to encounter these degrees of freedom in the form of a firewall. Notice that this violates
postulate 3 of black hole complementarity but not the equivalence principle that underlies it, since now
the horizon is a special place. In this way, it would be possible to circumvent the disastrous conclusions of
the firewall paradox while maintaining what are first principles of our current understanding of physics:
the equivalence principle of general relativity, semi-classical field behaviour outside event horizons and
unitarity of all processes, including the formation and evaporation of a black hole.
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