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Introduction

At the beginning of the 20th century, General Relativity has deeply modified the foundation
of physics established since Newton. General Relativity was a huge conceptual shift which has
achieved great success since then and can now be considered as established knowledge, one
of the fundamental properties it taught us being the relationality of spacetime localization.
Almost a century after this breakthrough, it can be found behind widespread technologies such
as the Global Positioning System (GPS) [33]. A few years later, the quantum theory had a
similar impact on the conceptual foundation of classical physics.

Within the framework of modern scientific knowledge, Quantum Mechanics plays a funda-
mental role in the understanding and the description of natural phenomena. Indeed, as soon
as we are dealing with a phenomenon which takes place at very small scales, classical physics is
not relevant anymore and we need Quantum Mechanics to explain it. Furthermore, even if we
consider macroscopic objects such as a pendulum, we should start by studying the microscopic
entities which constitute the pendulum in order to fully capture the essence of its behavior,
even if we can already study it, with a certain amount of success, using classical physics. In
this sense, Quantum Mechanics provides the fundamental blocks of our understanding of the
universe. Consequently, it seems natural to look for a quantum theory of General Relativity
in order to fully apprehend the mechanisms which drive what we experiment everyday.

Although these two theories are now considered to be correct thanks to numerous empirical
successes, they do not seem to be complete yet. Indeed, both theories carry well-known incon-
sistencies. For instance, the description of Black Holes involves spacetime singularities where
the curvature represented by the Ricci scalar becomes infinite [42]. Near these singularities the
laws of classical General Relativity break down. In addition, it is is also well known that with
Quantum Field Theory, we must deal with the UV divergences [31]. These different issues are
the testimony of the incompleteness of the theories. Relativists believe these theories are the
starting point of a bigger conceptual revolution which, at the end, will bring them together.
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However, and we will spend some time trying to explain it, it is a tough task to unify
General Relativity and Quantum Field Theory (QFT) as they are mathematically and con-
ceptually incompatible. Quantum Gravity would provide the framework necessary to support
both theories and resolve the different issues. Furthermore, this unified theory would reduce
into one theory or the other in some specific physical regimes. We then would be able to
describe gravitational interaction at every regime as from the one of Planck scale. Beyond
the resolution of Planck length lP ≡

√
~G/c3, the objects are "hidden" behind a gravitational

horizon and cannot be studied. The corresponding energy to the Planck scale is the Planck
energy EP ≡

√
~c5/G from which our current physical laws do not apply anymore.

The quantum theory and General Relativity have both radically changed our vision of the
world provided by prerelativistic classical physics. As we have just mentioned it, these up-
heavals are based on assumptions which appear to contradict each other. Indeed, Quantum
Mechanics is formulated on a fixed background whereas the main feature of General Relativity
is the background independence. The background independence comes from the fact that the
geometry of spacetime fully encodes the degrees of freedom of the gravitational field. Fur-
thermore, in the Schrodinger picture of Quantum Mechanics, we make use of a global time
variable in order to compute the expectation values; such a variable does not exist in the gen-
eral covariant theory of General Relativity. Moreover, we know from the quantum theory that
any dynamical field must be quantized. Therefore, combining the fact that the spacetime of
GR is dynamical and any dynamical entity of QM is decomposed into quanta, we expect a
quantization of spacetime.

These contradictions mentioned above explain why we do not have a successful theory of
quantum gravity yet. Indeed, we now manage to describe matter interactions with Quantum
Field Theory and it may seem surprising that the usual procedure does not apply easily in
the case of General Relativity. The key reason why it is hard to combine the principles of
both theories, is that QFT only takes into account Special Relativity. Indeed, QFT is built on
a structure provided by the Minkowski background metric. Such a fundamental structure is
notably necessary for the axiomatic notions of Locality and Causality. However, and it cannot
be stressed enough, the main feature of GR is the background independence making these
two notions meaningless. One idea was to consider a splitting of the metric into a Minkowski
background metric and a perturbation piece [30]. However, this strategy still violates the inde-
pendence requirement as well as another feature of GR which is the diffeomorphism invariance.
These reasons are sufficient to say that we should look for a background independent non-
perturbative theory of Quantum Gravity.
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The point of view described above is the one of Loop Quantum Gravity which does not
propose a QFT on a background spacetime but on a differential manifold. Therefore, both
matter and geometry become dynamical entities and they interact with each other. Obviously,
the path followed by Loop Quantum Gravity is not the only one studied, the most famous one
being String Theory which tries to describe everything by unifying all the interactions within
a single global theory.

The conceptual path to the theory that we have described above induces that Loop Quan-
tum Gravity is an attempt to quantize directly General Relativity and therefore, it is sometimes
called Canonical Quantum General Relativity. In this context, we consider a hypersurface rep-
resenting space which recreates spacetime by evolving with respect to time. Then, we define
quantum states of the hypersurface, called spin networks, on which the geometry is quantized.
Spin networks which are basically graphs labeled by representations of the gauge group SU(2),
can be represented by discretized hypersurfaces constituted of quanta of space. As LQG is
background independent, there is no assumed background metric and therefore spin networks,
which are the 3D states of geometry, must describe the full metric of space. This means that
all the classical geometrical notions such as distance must be reconstructed from the spin net-
works themselves. More precisely, the lack of background induces the absence of a notion of
position without which it is more difficult to define a notion of distance. Indeed, there is not
absolute position of a given region of a spin network, but it can be localized with respect to
other parts of the graph. Therefore, it is necessary to understand the notions of close and far
as relations between parts of a spin network. Consequently, we expect to extract from spin
networks information which enable to tell if two regions are more or less distant. The access to
such a notion would be an important step in the derivation of an embedding for a spin network
which is not, a priori assumed by definition.

In Classical General Relativity, one conventional way to define the spatial distance between
two spacetime events is to consider a spacelike curve between them and compute the proper
distance of the path [39]. However, such a procedure would require General Relativity tools
that we are not able to recover from the quantum framework yet. The strategy followed in this
dissertation is to use the fact that spin networks provide relations between different regions of
space. How they are related could then tell us how close they are. One natural way to proceed
is to seek for the distance as a function of the correlations between the regions. In other words,
what we would like to do is use the entanglement as a measure of distance on spin networks.
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In the first chapter, we briefly introduce the connection formalism and the fundamental
features of LQG. We spend some time describing the Hilbert space of the theory and more
precisely the basis states which are formed from spin networks. The mathematical framework
of the spin networks is described and we insist on the geometrical interpretation of these
labeled graphs through the derivation of the spectrum of the area operator. We then stress
that, although this study provides a nice picture of the quantized space, we must be careful
when using it.
In the second chapter, we precise how we expect the entanglement to provide a notion of
distance and recall some useful definitions of Quantum Information. A first computation of
entanglement on spin networks is done in order to become familiar with the notions. We then
introduce some further notions, such as coarse-graining, and use them to derive our procedure.
All the tools introduced previously are used to calculate the entanglement between two regions
in the case of the totally mixed state. This allows to mark the limits to the model and show
the conceptual issues attached to the quest of a notion of distance. In the last section of
the chapter, we discuss the semi-classical limit of spin networks which we will need to take
into account at some point to recover classical notions, such as distance, from the quantum
framework of spin networks.



Chapter 1

Review of Loop Quantum Gravity

The purpose of this chapter is neither to give a thorough description of the formalism of Loop
Quantum Gravity nor the entire conceptual path to the theory. A lot of key aspects of the
canonical formalism of Quantum General Relativity will be omitted, however, the aim is to
cover and introduce the notions needed to understand the second chapter of this dissertation
whose subject is the entanglement on spin networks. There are a lot of review articles which
are a nice start to get familiar with the important features of the theory, see for instance [32]
[18] [41] [30], as well as the undergraduate-level book by Gambini and Pullin [17]. For detailed
information about the path to the theory and some applications, please refer to Rovelli’s first
book [34]. The book by Thiemann [40] proposes a very detailed description of the mathematical
formalism behind the theory.

The review presented here is inspired by the different references quoted above. First we will
recall some elements of General Relativity, then we will briefly describe the ADM formalism
in order to introduce the Ashtekar variables. Finally we will describe the quantization process
and explain in detailed the construction of the Hilbert space of the theory.

We make use of the following index notation:
µ, ν , ... : tensorial spacetime indices
a, b, ... : tensorial space indices
i, j, ... : Lie algebra internal indices
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1.1 Elements of general relativity

1.1.1 Hamiltonian formalism

Before describing the quantization of General Relativity, we will recall some notions about the
classical theory. More precisely, we will briefly develop the formalism of canonical General
Relativity and stress where the connection formalism comes from. The Hamiltonian formalism
of General Relativity [43] is the starting point of the canonical formalism of the theory. The
first step is the introduction of the so-called Einstein-Hilbert action from which the theory is
derived:

SEH = 1
κ

∫
dDxR

√−g (1.1)

where R is the scalar curvature, g = det(gµν) is the determinant of the metric and κ a constant.
In the case of 4D gravity, we have κ4D = 16πG

c3 = 16πl2P
~ . We can show that Einstein’s equations

derive indeed from this action. Varying the action with respect to the metric we get

δSEH = 1
κ

∫
dDxδ(Rµνgµν)

√−g +Rδ(
√−g) (1.2)

= 1
κ

∫
dDx
√−g(Rµν −

1
2gµνR)δgµν (1.3)

which gives us the vacuum Einstein’s equations. A similar procedure can obviously be done
with matter and cosmological terms.

1.1.2 3+1 decomposition

With the Einstein-Hilbert action we have the starting point of the Hamiltonian formalism.
However, in classical physics, such a formalism is given in terms of a set of canonical variables
which creates a problem. Let us consider for instance a mechanical system described by a set
of variables qi and their time derivative q̇i. The corresponding Lagrangian is L(qi, q̇i) and the
associated action is:

S =
∫
dtL(qi, q̇i) (1.4)

=
∫
dt(piq̇i −H(p, q)) (1.5)

where we have performed the Legendre transformation by defining the canonical momentum
p(t) ≡ ∂L

∂q̇ = δS
δq̇ . Moreover the Hamiltonian is defined such that H(p, q) ≡ piq̇i − L. The

equations of the theory are then given by:

q̇ = {q,H} ; p = {p,H} (1.6)
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where {f, g} is the Poisson bracket of f and g such that {f, g} = ∂f
∂q

∂g
∂p −

∂f
∂p

∂g
∂q .

In the Hamiltonian formalism, the system is not described by the set of canonical variables
qi and q̇i but by q and its momenta p at a given instant time t. So, we have a natural 3+1
decomposition, between space and time, which emerges if we want to work according to the
Hamiltonian formalism. But, such a separation between space and time is not really appropriate
as far as General Relativity is concerned because we should treat both space and time the same
way. However, such a notion of time is needed by Quantum Mechanics, as presently formulated,
in order to compute expectation values. Therefore, the idea is to assume that the manifold M ,
which represents the spacetime we consider, has the topology M = R× σ where R represents
the time parameter and σ the 3D manifold of space.

1.1.3 ADM variables

It comes from the 3+1 decomposition that the 3D manifold σ foliates into hypersurfaces Σt.
In order to understand the meaning of this foliation, let us write the variables introduced by
Arnowitt, Deser and Misner in 1960 [3]:

qab := gab (1.7)
Na := ga0 (1.8)
N :=

√−g00 (1.9)

Σt1

Σt1

Σt1

M

x

Nnδt

x

Xδt

Nδt

Figure 1.1: Graphical interpretation of the foliation of the manifold σ into hypersurfaces Σt.

By doing so, we replace the 10 components of the metric gab by the 6 components of the
induced 3D metric qab and the 3 components associated with N and Na. The most interesting
thing about these variables is that the Lagrangian will not depend on the time derivatives of
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N and Na. This makes easier the canonical analysis of the action. Moreover, we can interpret
geometrically these so-called ADM variables.

N and ~N , respectively called the Lapse and the Shift, allow to describe the evolution with
respect to t, in a way adapted to the metric, as a normal and a tangential evolution. The
metric qab is the 3D metric induced on the hypersurfaces t = constant Σt. Now, if nµ is the
unit normal vector to Σt, then the point defined by x′µ = xµ + Nnµdt is on the hypersurface
Σt+dt. A similar interpretation can be derived as far as Na is concerned.

Moreover we define the extrinsic curvature on the hypersurfaces as

kab = 1
2N (q̇ab −D(aNb)) (1.10)

where Da is the covariant derivative. In this configuration, we can express the action in terms
of the extrinsic curvature kab and the induced 3D metric qab(x). In other words, the pair of
canonical variables on the phase space Γ is (kab, qab(x)).

1.1.4 Connection formalism

Triads

In order to derive the connection formalism, we need to reformulate the theory by intro-
ducing three vector fields eia called triads, such that the expression of the induced 3D metric
is given by:

qab(x) = eia(x)ejb(x)δij (1.11)

Physically, we can think about the triads as a frame of reference for an inertial observer. We
similarly define the co-triads such that:

qabe
a
i e
b
j = eaie

a
j = δij (1.12)

Furthermore, we define the inverse densitized triads of density weight +1 as:

Eai ≡
1
2ε

abcεijke
j
be
k
c (1.13)

The densitized triads, also called electric fields, fully encode the geometry of the 3D manifold σ.
They are therefore sufficient to express all geometrical quantities in space. Using the expression
eib = eaj qabδ

ij , we get the induced metric as the square of the inverse of the densitized triad:

Eai (x)Ebi (x) = q(x)qab(x) (1.14)

where q(x) = det(qab(x)). We have defined 3 × 3 = 9 densitized triads which may seem
redundant compared to the previous 6 components of the 3D induced metric qab. The three
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extra components corresponds to the SO(3) symmetry which illustrates the freedom of choice
of the local triads. Besides, we define the corresponding triad version of the extrinsic curvature
such that Ki

ae
j
b ≡ kab i.e.

Ki
a = kabE

bi

√
q

(1.15)

Ashtekar’s variables

The new pair of canonical variables on the phase space is (Eai (x),Ki
a(x)). The next step is

to define the new connection Aia such that [4]:

Aia = wia + βKi
a (1.16)

where wia ≡ wiajτ
j with τ j the generators of SU(2) in the adjoint representation and wiaj the

spin connection. The new internal indices introduced by the triads require indeed a covariant
derivative which is associated with the spin connection wiaj such that:

Daφ
i = ∂aφ

i + wiajφ
j (1.17)

Daφi = ∂aφi + wjaiφj (1.18)

Furthermore, in case we take the derivative of a mixed-indices object, we have the following
formula:

Dav
i
b = ∂av

i
b + wiajv

j
b − Γcabvjc (1.19)

where Γcab is the Christoffel symbol. Let us note that in order to define the spin connection w,
we require the torsion freeness and metricity conditions of the Levi-Civita connections i.e.

Γcab = Γc(ab) ; ∇agbc = 0 (1.20)

The connection defined in equation 1.16 is the so-called Ashtekar’s connection where β
is an arbitrary parameter called the Immirzi parameter 1. This new connection with the
corresponding electric field Eai = 1

2εijkε
abcejbe

k
c form a canonically conjugate pair. Indeed, we

have the following Poisson brackets:

{Aia(x), Ajb(y)} = 0 = {Eai (x), Ebj (y)} (1.21)

{Aia(x), Ebj (y)} = βGδbaδ
i
jδ

(3)(x, y) (1.22)

1The value of this parameter needs to be fixed at the value of ln(2)
π
√

3 when we want the formula of Black
Holes entropy derived from the LQG theory to match the one derived by Bekenstein and Hawking [5]. The key
feature of this constant is whether it is real or complex [19]. This choice has huge consequences as far as the
construction of the quantum constraints is concerned, here we will only consider the case of a real connection A.
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Besides, within this framework the constraints of General Relativity which arise from the
Hamiltonian formalism take the form

εijkF
i
abE

ajEbk = 0 (1.23)

Gi ≡ DaE
ai = 0 (1.24)

F iabE
bi = 0 (1.25)

where F iab = ∂aA
i
b − ∂bAia + εijkA

j
aA

k
b is the curvature. The simplicity of the Poisson brackets

with the new variables is the key feature of the formalism. Indeed, if the Poisson brackets
didn’t take this nice form, it would be too complicated to quantize and derive the canonical
commutation relations. Furthermore, we note that with this new pair of canonical variables,
the structure of the phase spaces of General Relativity and SU(2) Yang-Mills Theory is the
same.
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1.2 Quantization of the theory

1.2.1 Outlook of the construction of the Hilbert space

We have described in the previous section the rough construction of the new pair of canonical
variables introduced by Ashtekar. As we saw, this configuration leads to very simple Poisson
brackets which makes a lot easier the quantization and more precisely, the promotion of the
brackets to commutators. Furthermore, such a construction is very helpful in order to compute
the quantum constraints of General Relativity.

In order to realize the full quantum implementation we need to construct the quantum
constraints associated with the classical ones (Gauss’s constraint, the diffeomorphism con-
straint and the Hamiltonian constraint), promote the Poisson brackets to commutators and
the canonical variables to quantum operators.

In the previous setting of the metric formalism, we would have defined states as wave
functions of the 3D induced metric qab. The natural consequence of the connection formalism
introduced above is to define quantum states as functional of the connection. These quantum
states live in a Hilbert space with a scalar product allowing the computation of expectation
values. Furthermore, in order to get physical results, we need to impose the quantum con-
straints on this Hilbert space. Therefore, if we write H the kinematical unconstrained Hilbert
space and Hphys the Hilbert space of physical quantum states, we will follow the procedure:

H SU(2)−→ H0
Diff−→ Hdiff Ĥ−→ Hphys (1.26)

where H0 and Hdiff are the Hilbert spaces respectively after implementation of the gauge
constraint and the diffeomorphism constraint. This means that we will start from a Hilbert
space of unconstrained states and then impose one by one the constraints. In fact we will only
treat the first two steps and focus on the resulting Hilbert space. Its basis will be the object
of interest of the second chapter.

1.2.2 Holonomies

Following the procedure described above, the first thing we need to achieve is the construction
of the unconstrained Hilbert space. However, in order to implement the constraints after-
wards, we require this Hilbert space to carry a unitary representation of SU(2) and a unitary
representation of Diff(σ). We will first deal with the SU(2) representation.

One of the main difficulties about the promotion of Poisson brackets to commutators is
that the brackets of the canonical variables show singularities. In such a case, these are called
distributional Poisson brackets. In order to carry out the calculations, one can smear the fields
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Aja et Eaj by integrating them against chosen test functions. This allows to get rid off the delta
functions. But the smearing of the canonical variables is not obvious. At first we could be
tempted to try the following smearing:

E(f) ≡
∫
σ
d3xf jaE

a
j (1.27)

F (A) ≡
∫
σ
d3xF aj A

j
a (1.28)

where f ja and F aj are the smearing fields. This choice gives us the following non-distributional
Poisson brackets:

{F (A), F ′(A)} = 0 = {E(f), E(f ′)} (1.29)

{E(f), F (A)} = βG

∫
σ
d3xF aj f

j
a (1.30)

such that F = F ′+gjGj and f = f ′+gjGj , where the prime denotes the part of the constraint
which is not proportional to the Gauss constraint Gj . The problem with this choice of test
functions is that the the smeared variables don’t have a nice behavior under gauge transforma-
tions. A lot of ideas have been tried in order to solve this issue and the only solution which has
been found is the use of Wilson loops. These functions are defined as traces of the holonomies
of the connection along a curve γ satisfying γ(0) = γ(1) i.e. a closed curve. We will discuss
later the smearing in more details but we are describing now how Wilson loops are constructed.

The holonomy of the connection A along a curve γ, denoted hol[A, γ] ∈ SU(2), is the unique
solution to the equation 

d
dshol[A, γs] = hol[A, γs]A(γ(s))

hol[A, γ](0) = 1SU(2)

hol[A, γs] ≡ hol[A, γ1]

(1.31)

where γs(t) ≡ γ(st) with s ∈ [0, 1] and A(γ(s)) is the 1-form defined by

A(γ(s)) ≡ Aja(γ(s))τj
2γ̇a(s) (1.32)

An explicit solution is given using the path ordering P:

hol[A, γ] = Pexp(
∫
γ
A) = Pexp

∫ 1

0
dsA(γ(s)) (1.33)

= 1SU(2) +
∞∑
n=1

∫ 1

0
dt1

∫ 1

t1
dt2 ...

∫ 1

tn−1
dtnA(γ(t1)) ... A(γ(tn)) (1.34)
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Physically, a holonomy measures how data that we parallel transport along a closed curve fail
to be preserved [28]. Furthermore, if we think about holonomies as functionals of the path γ,
we see that they contain exactly the same information as the connection.

1.2.3 Structure of the kinematical Hilbert space

As one of the motivation for the use of holonomies is the gauge invariance, we should check
the behavior of these objects under such a transformation. Using the fact that under a gauge
transformation g, we have the following transformation for the connection

A→ Ag = g−1dg + g−1Ag , (1.35)

the holonomy transforms locally as follows:

hol[A, γ]→ hol[Ag, γ] = g(γ(0))hol[A, γ]g(γ(1))−1 (1.36)

More precisely, this means that a gauge transformation localized in the bulk of the curve
γ won’t change the holonomy but the holonomy will change homogeneously under a gauge
transformation on the end points of γ. Now we can introduce the Wilson loops defined as
traces of holonomies:

W[A, γ] ≡ −Tr(hol[A, γ]) (1.37)

The key idea behind the construction of Loop Quantum Gravity was to choose the states
Ψγ = −Tr(hol[A, γ]) as the basis states of the Hilbert space. However, constructing the Hilbert
space that way, we end up with a over-complete basis. The solution was found by Rovelli and
Smolin in [37] with the use of so-called "spin networks" which will be defined in the next section.

Let us first consider a graph ΓE which is a finite and ordered collection of smooth oriented
curves γi, i = 1, ..., E. These curves, which will be called "edges" from now on, are embedded
in the 3D manifold σ. Ideally we would like to work without this embedding, which would
lead to the notion of abstract spin networks, but we won’t treat this aspect in our definition
of the Hilbert space. We associate with each γi a holonomy hol[A, γi], so that hol[A, γi] is the
holonomy with respect to the connection A along the edge γi. Then we consider a function fE
on the E holonomies

fE(hol1, ..., holE) (1.38)

where holi ≡ hol[A, γi]. As presented above, a holonomy hol[A, γi] is an element of the Lie group
SU(2). Thus, what we do is that we assign an element gi ∈ SU(2) to each edge and therefore
we assign an element of SU(2)E to the graph ΓE so that fE : SU(2)E → C. Consequently, the
couples (ΓE , fE) define the functionals of the connection A:

CylΓE ,fE (A) ≡ fE(hol1, ..., holE) (1.39)
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These functionals are called cylindrical functions and they allow to build a scalar product.

1.2.4 Inner product

Definition of the scalar product

The construction of the inner product requires a very interesting property of cylindrical func-
tions which is the possibility to rewrite any cylindrical function CylΓn,fn(A) as another one
defined on a graph Γ′n, such that Γn is a subgraph of Γ′n. This means that two couples (Γ, f)
and (Γ′, f ′) can define the same cylindrical function such that CylΓ′,f ′(A) = CylΓ,f (A). In
other words, if we consider two cylindrical functions such that CylΓ′,f ′ = CylΓ′′,f ′′ , we can
rewrite them so that they are defined on the same graph Γ where we would have Γ = Γ′ ∪ Γ′′.
Therefore, we can define an inner product between two functionals constructed on the same
graph:

〈ΨΓ,f |ΨΓ,g〉 =
∫ ∏

i

dhif(hol1, ..., holE)g(hol1, ..., holE) (1.40)

where dh is the Haar measure of SU(2)2. Furthermore, this inner product defines the norm
‖ΨΓ,f‖ = 〈ΨΓ,f |ΨΓ,f 〉

1/2 . Thus, for a given graph Γ with E edges, we can define, with the Haar
measure, the unconstrained kinematical Hilbert space HΓ = L2(SU(2)E) as the completion in
this norm of the space of the functionals. In order to derive the kinematical Hilbert space of
LQG, we just need to sum over all possible graphs Γ:

H =
⊕

Γ
HΓ (1.42)

Invariance of the scalar product

We have mentioned that we require the Hilbert space H to carry unitary representations
of SU(2) and Diff(σ), which means that the scalar product must be invariant under these
transformations. We have already seen that despite the behaviour of the connection under a
SU(2) gauge transformation, the holonomy transforms homogeneously:

hol[A, γ]→ hol[Ag, γ] = g(γ(0))hol[A, γ]g(γ(1))−1 (1.43)
2The Haar measure of SU(2) satisfies the following properties:∫

SU(2)
dh = 1, dh = d(αh) = d(hα) = dh−1 ∀α ∈ SU(2) (1.41)
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Therefore the cylindrical functions transform the following way:

ΨΓ,f (A) =f(hol1, ..., holE) (1.44)
→ fg(hol1, ..., holE) (1.45)

= f
(
g (γ1 (0))hol1g (γ1 (1))−1 , ... , g (γE (0))holEg (γE (1))−1

)
(1.46)

= ΨΓ,f (Ag) (1.47)
= ΨΓ,fg(A) (1.48)

Using the fact that the Haar measure is SU(2)E invariant, this shows that the inner product is
invariant under SU(2) gauge transformations. Under a diffeomorphism defined by the smooth,
continuous and invertible map φ : σ → σ, the connection transforms as a 1-form i.e.

A→ φ−1A (1.49)

and so the transformation of the holonomy is

hol[A, γ]→ hol[φ−1A, γ] = hol[A, φ.γ] (1.50)

where (φ.γ) (s) ≡ (φ (γ (s))). Besides, according to the expression of the inner product defined
in equation 1.40, the integrand depends on the holonomy but not explicitly on the graph.
Therefore a diffeomorphism leaves the inner product invariant.

Now that we have described the rough structure of the unconstrained Hilbert space, it is
time to construct its basis and by doing so, introduce the concept of spin network.

1.2.5 Construction of the basis

The first step in constructing the basis is to define the notion of colored graph. Recall that
we have previously considered a graph ΓE with E edges γi, i = 1, ..., E embedded in the 3D
manifold σ. We now denote ei the edges, we label each edge with a half-integer spin quantum
number je ∈

{
1
2 , 1,

3
2 , 2, ...

}
and we color each node with an intertwiner In.

The coloring by a spin number is actually the assignment of an irreducible representation
of SU(2), and we note Hj the corresponding Hilbert space. The intertwiner at a given node is
the intertwiner between the representations associated with the edges joined at the node i.e.
the invariant map between the representations spaces Hje :

In :
⊗

e ingoing

Hje →
⊗

e outgoing

Hje (1.51)
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Figure 1.2: An example of complicated spin network.

More precisely, if we consider a p-valent node with the links joined at this node colored by
the spin numbers j1, ..., jp, we associate the Hilbert space Hn with the node such that:

Hn = Hj1 ⊗Hj2 ⊗ ...⊗Hjp (1.52)

Then, the choice of an element within the invariant subspace of this space gives us an inter-
twiner. Therefore, if we write the decomposition of Hn into irreducible representations the
following way

Hj1 ⊗Hj2 ⊗ ...⊗Hjp =
⊕
k

(H̃k)mk (1.53)

the intertwiner we choose for the node n is an element of the subspace H̃m0
0 . However, such a

procedure is only possible if the graph satisfies some conditions which are necessary in order
to have an invariant subspace. When we consider the tensor product of three representation
spaces corresponding to the spin numbers j1, j2 and j3, there exists an intertwiner space if the
Clebsch-Gordan conditions are satisfied:j1 + j2 + j3 = N ∈ Z

|j1 − j2| ≤ j3 ≤ (j1 + j2)
(1.54)

One interpretation of these conditions is that one of the three representations must appear
when we compute the tensor product of the two others. For instance, when we compute the
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decomposition of the tensor product V 3/2 ⊗ V 3/2:

V 3/2 ⊗ V 3/2 = V 3 ⊕ V 2 ⊕ V 1 ⊕ V 0 (1.55)

V 2 appears in the decomposition, hence the existence of the intertwiner subspace to the tensor
product space:

V 3/2 ⊗ V 3/2 ⊗ V 2 = V 5 ⊕ 2V 4 ⊕ 3V 3 ⊕ 4V 2 ⊕ 3V 1 ⊕ V 0 (1.56)

We notice that, in this case, the intertwiner subspace has dimension 1. The Clebsch-Gordan
conditions can also be interpreted graphically. In order to do so, we need to display each ji-
representation by 2ji lines and then connect every line of one representation with another line
of another representation (see figure 1.3 ).

3/2

23/2

3

3 4=

Figure 1.3: Graphical interpretation of an intertwiner.

But every representation is the product of fundamental ones. Therefore, when such a graph-
ical construction is possible, it means that we can contract every fundamental representation
with itself, and so we have an intertwiner. Consequently, the Clebsh-Gordan conditions are
nothing but the necessary conditions to make such a construction possible.

We define the spin network embedded in σ associated with the graph Γ as the triplet
(Γ, ~je, ~In), where we color each edge of the graph by a spin number je and each node by an
intertwiner In. We can then define a spin network state as the cylindrical function over the
spin network S associated with the graph Γ:

ΨS(A) = ΨΓ,fS (A) ≡ fS(hol[A, γ1], ..., hol[A, γn]) (1.57)
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which can be rewritten the following way:

ΨS(A) =
(⊗

i

Rji (hol[A, γi])
)
.

(⊗
n

In
)

(1.58)

where Rji (hol[A, γi]) is the SU(2) spin-ji irreducible representation of the SU(2) element
hol[A, γi]. One can now enunciate one of the fundamental properties of Loop Quantum Gravity:
spin network states form an orthonormal basis of the Hilbert space. Indeed, using Peter-Weyl
theorem, which states that the Wigner matrices form an orthogonal basis of L2(SU(2)), and
the definition of the scalar product, we have:

〈ΨS |ΨS′〉 ≡ δSS′ (1.59)
≡ δΓΓ′δ−→j

−→
j′
δ−→I
−→
I′ (1.60)

We will also make use of an abstract basis state denoted |S〉 ≡ |Γ, ~je, ~In〉 such that:

ΨS(A) = 〈A|S〉 (1.61)

Furthermore, the gauge invariance of the states is immediate looking at what we did above
in 1.36 as well as the definition of the intertwiners. Therefore, we have just constructed
an orthonormal basis for the kinematical Hilbert space associated with a given graph Γ and
implement the SU(2) constraint by choosing an intertwiner at each node. Consequently, if we
note E the number of edges and V the number of vertices, we have defined the Hilbert space
H0

Γ ≡ L2(SU(2)E/SU(2)V ) of wave functions. We then construct the kinematical Hilbert space
H0 of the theory by summing over all the possible graphs. The next step is to implement the
diffeomorphism constraint on the space H0.

We have already mentioned the fact that the unconstrained Hilbert space H carries a
unitary representation of Diff(σ) i.e.

Ψ(A)→ Ψ(φ−1A) (1.62)

Let U be a unitary representation of Diff(σ). The action of this representation on a spin
network state |S〉 is:

U(φ)|S〉 = |φ.S〉 (1.63)

Therefore, what one need to find are the states that are invariant under diffeomorphism trans-
formations i.e. such that UΨ = Ψ. However, such states are not in the Hilbert space H0

of gauge invariant states but they are in H∗, which is the dual of the space spanned by the
spin network states. Hence the invariant Hilbert space Hdiff we are looking for is actually the
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diffeomorphism invariant part of H∗. But, if we work on an extension of the Hilbert space,
the inner product must be extended as well. We won’t give the details of the derivation but
the procedure leads to the definition of so-called spin-knots denoted |s〉. A spin-knot |s〉 is an
equivalence class of |S〉 under the action of Diff(σ). These entities are defined in H∗ and so
we take the adjoint to get an element in Hdiff

1.2.6 Aside on the meaning of diffeomorphism invariance

The two features of General Relativity that we would like to emphasize are the background
independence and the diffeomorphism invariance. Einstein theory taught us that the spacetime
metric and the gravitational field carry the same information. Therefore, as soon as we want
to develop a quantum theory of the gravitational field, it is the same as deriving a quantum
theory of the metric. This means that we cannot build the theory over a background metric.
One consequence is that there is no notion of absolute position and thus, any notion of position
must be understood with respect to other parts of space. Furthermore the quantum states of
geometry must describe themselves the structure of spacetime.

Indeed, in Loop Quantum Gravity the geometry of space is built from spin networks and
so, they carry all the information needed to reconstruct space. Thus, every object is spacetime-
localized with respect to its neighbours. This leads to the concept of diffeomorphism invariance.
If we displace every object of the space the same way and at the same time, we get a state
which is equivalent to the previous one. Consequently, in General Relativity a state does not
correspond to a solution of Einstein’s equations but to a set of solutions equivalent under active
diffeomorphism, i.e. an equivalence class.

It is important to distinguish passive diffeomorphisms which link the same object in different
coordinate systems and the active diffeomorphisms which relate an object to another one in
the same coordinate system. The invariance under passive diffeomorphisms refers only to the
invariance under change of coordinates. This is not an intrinsic property of the theory but
only a consequence of the formulation. Every theory can be formulated in a way satisfying
the passive diffeomorphism invariance. This is not the case of the invariance under active
diffeomorphisms which requires a background background-independent framework.

1.2.7 Operators on spin networks

With the introduction of spin networks, we have constructed an orthonormal basis for the
Hilbert space and we have shown how the gauge invariance is implemented. What we would like
to do now is construct operators and require them to be gauge invariant. The gauge invariance is
a necessary condition in order to derive meaningful results from these operators. The operators
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which satisfy this condition are called "Dirac’s observables" and they are characterized by
vanishing Poisson brackets with the constraints.

Recall that the starting point of the theory built so far was the choice of the pair of canonical
variables which are the connection Aia and its conjugate momentum Eai . We define two field
operators associated with each one of them as follows:

Âia(τ)ΨS(A) = Aia(τ)ΨS(A) (1.64)

1
8πGÊ

a
i (τ)ΨS(A) = −i~ δ

δAai (τ)ΨS(A) (1.65)

However, these operators are not well-defined on the unconstrained Hilbert space and thus, we
need to realize a smearing with some appropriate test functions. When we have introduced
the Wilson loops, we mentioned that this choice was motivated by the need to find a suitable
smearing of the variables which satisfies the gauge invariance requirement. Therefore, one can
first define an operator based on the connection A. Indeed, the holonomy itself defines an
operator which is the multiplicative operator. However, in order to promote this operator to
a Dirac observable, we need to take the trace of the holonomy along a closed curve and so the
definition of the observable is given by the so-called Wilson loops :

Ŵ [γ] = −Tr(ĥol[A, γ]) (1.66)

For instance, the action on the spin network state ΨS(A) gives:

Ŵ [γ]ΨS(A) = −Tr(hol[A, γ])ΨS(A) (1.67)

It is more difficult to construct the second operator which appears to be the derivation operator.
We have stressed before that the connection A is in particular a one-form so it can be

easily smeared in one-dimension and give a well defined operator. The second operator which
is defined as the derivative of the functional will be distributional and therefore, it is also
required to be smeared suitably. Looking at the expression of Poisson brackets and knowing
that the smearing of A is done in one dimension, we deduce that the smearing of Eai can be
done in 2 ( = dim σ− 1) dimensions. First, let us define the 2-form (∗Ej)ab ≡ Ejab = Ecj εabc of
density weight 0 and consider the so-called electric fluxes:

Êj(Σ) =
∫

Σ
∗Ej (1.68)

where Σ is a two-dimensional open surface. The transformation of such a quantity is not nice
under gauge transformations yet. Nevertheless, Ej(Σ) is a fundamental component which will
be useful in order to compute a more complicated operator which will be gauge invariant.
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1.2.8 Area operator

We have already shown in 1.36 that the gauge invariance condition is satisfied as far as the
Wilson loops are concerned. We have mentioned above that the electric fluxes introduced in
1.68 can be understood as elementary components of another operator which will be gauge
invariant. The solution is given by the following operator [?]:

Âr(Σ) = lim
N→∞

∑
n

√
Ê2(Σn) (1.69)

with Ê2(Σn) ≡∑i Êi(Σn)Êi(Σn) where we have decomposed the surface Σ into N small pieces
Σn such that limN→∞Σn = 0 and for each N, ∪nΣn = Σ. Such an operator is gauge invariant
and self-adjoint [34]. Now we can evaluate this operator on a spin network, assuming that
there will be no more than one edge going through a surface Σn:

Âr(Σ)|S〉 = ~
∑

p∈(Σ∪Γ)

√
jp(jp + 1)|S〉 (1.70)

√
jp(jp + 1) is the value of the Casimir operator for the corresponding representation and so,

it represents the contribution of each edge labeled by jp crossing a surface Σn. This means
that spin networks are eigenstates of this operator. Let us stress the fact that the equation
1.70 does not correspond to the full spectrum of the operator. Indeed, without mentioning it,
we have excluded the possibility for the surface Σ to intersect S at nodes.

The diagonalization of the operator Âr(Σ) on spin network states carries a very important
physical meaning. Let us recall that if we consider a 2-dimensional surface Σ embedded in the
3-dimensional space σ, then the area of Σ is given by:

Area(Σ) =
∫

Σ
d2s|E| (1.71)

Moreover, in the classical case, we can derive the classical version ÂrCl of the operator Âr(Σ)
in terms of the densitized triads. We denote na(~s) = εabc

∂xb(~s)
∂s1

∂xc(~s)
∂s2

a normal vector to Σ
where ~s = (s1, s2) are the local coordinates. The expression of the metric on Σ induced by qab
is then given by:

q
(Σ)
ab = qab − n−2nanb (1.72)

This allows to write the following expression for the operator ÂrCl(Σ):

ÂrCl(Σ) =
∫

Σ
ds1ds2

√
q(Σ) (1.73)

Let us now recall that the densitized triads and the 3D metric are related thanks to the formula
Eai E

b
i = qqab. Let us contract this last expression with the normal vectors na et nb:

qqabnanb = Eai E
b
inanb (1.74)
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But the term qabnanb is equal to the ratio of the determinant of the metrics q(Σ)

q [30]. This
leads to an explicit expression of q(Σ) in terms of the triads:

q(Σ) = Eai E
b
inanb (1.75)

Hence the following expression for the classical operator:

ÂrC l(Σ) =
∫

Σ
d2s
√
naEai nbE

b
jδ
ij (1.76)

Comparing the last expression with 1.71, it is immediate to see that Ar(Σ) is the area of
the surface Σ. Therefore, the measurement of the surface of any physical area will give a value
within the spectrum of the operator. In other words, any physical surface can be decomposed
into elementary quanta of area. Reintroducing the physical units, the spectrum of the operator
Âr(Σ), that we can from now on call "area operator", is given by:

Ar(Σ) = 8πβ~G
∑
i

√
ji(ji + 1) (1.77)

This also means that there is a minimal value of area which corresponds to the smallest eigen-
value of the operator. A similar procedure can be done with the volume operator and a length
operator for which similar results apply (see for instance [7] [36] [26]). We will not derive these
operators but we will emphasize two facts. First, the definition of the length operator is more
complicated than the one of the two other operators and its physical interpretation far less
intuitive. Secondly, while the area operator acts on edges of a spin network, the action of
the volume operator can be reduced to the action on the vertices, and more precisely on the
intertwiners.

1.2.9 Physical interpretation of spin networks

We have just described the fact that spin networks diagonalize both the area and the volume
operators. More precisely, we have mentioned that only nodes contribute to the spectrum of the
volume operator. This induces that the volume of a given region of a spin network is actually
the sum of n terms where each term is associated with one node. In other words, we associate
a volume to each node of the region and the overall volume is equal to the sum of the vol-
ume of each node. By doing so, we attach a "chunk" of space to each vertex of the spin network.

Therefore, space is represented by a collection of chunks of space with quantized volume.
Two chunks of space whose corresponding nodes are linked by an edge, are adjacent. In that
case, the edge which connects the two nodes cuts the elementary surface which separates the
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two chunks. But we have shown that the area of the surfaces is determined by the coloring of
the edges. This means that two adjacent chunks are separated by a surface with a quantized
area (see figure 1.4 for heuristic explanation).

We will now stress the relation between this picture and the diffeomorphism invariance.
The chunks of space that we have just described are not objects in a space but encode the
space itself. Furthermore, the only notion of distance there is, is the one given by the position
of the chunks with respect to each other. Thus, the spin knot states |s〉 which are the basis
elements of Hdiff are the quantum states of space defining themselves the physical space.

Figure 1.4: Picture of the space as a collection of adjacent chunks of space.

Now may be the time to stress that we have encountered two kinds of discreteness, through
the process of quantization, which are conceptually very different. The first one is related to
the use of spin networks and so the discretization of space. Nevertheless, this is not a quantum
discreteness as the one of the energy of a single harmonic oscillator for instance. This is rather
the analogue of the plane wave expansion method where we can focus on a single node and treat
it analytically. The second discreteness related to the spectral properties of the volume and the
area operators corresponds to the discretization of the geometry which occurs at quantum scale.

Finally we would like to underline that even if we make an extensive use of the picture
presented in 1.4, we must keep in mind that we don’t actually deal with chunks of space (as
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it could be understood in a classical way) but rather with specific modes of an interaction
involving the area and the volume of the studied entity.

1.2.10 Chunks of space as polyhedra

The geometrical interpretation of the algebraic data that we have just described is a first step
in the attempt to describe the 3D geometry from the degrees of freedom displayed by the spin
network. It has been known for a few years that, as far as four-valent nodes are concerned, the
intertwiner state can be understood as the state of a quantum tetrahedron. Such a result is
quite intuitive as the dual picture of a 4-valent node is a chunk of space with four neighbours.
A neighbour is represented by a link which carries the area of the interface between the two
neighbours. Therefore, we consider an entity with four faces which naturally leads to the
concept of a quantum tetrahedron. This picture will be used in the context of the toy model
in order to compute the volume associated with an intertwiner.

Figure 1.5: Heuristic picture of the space where each n-valent intertwiner is represented by a
polyhedron with n faces using the Schlegel diagrams.

In the article [8], they show that we can generalize this correspondence to the case of n-valent
nodes. Indeed, at the quantum level, it is possible to identify the state of an intertwiner with
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the one of a quantum polyhedron. Such a procedure leads to the representation of space given
in figure 1.5 where we have used the Schlegel diagrams in order to represent the tetrahedra.
The Schlegel diagrams are the result of a plane projection of convex polyhedra. This is a
very useful representation since it allows capturing the symmetries of a 3D polyhedron in the
plane. Although this result is, in particular, relevant for the study of semi-classical states, note
however that the derivation of the volume of the quantum polyhedra does not generally give
the same values as the eigenvalues of the volume operator derived from the classical formula.
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1.3 Explicit calculations on spin networks

In this section, we introduce a toy model of spin network that will be used in the next chapter.
In order to apply some of the features introduced previously, we will carry out some explicit
calculations on this simple spin network.

The toy model that we consider is a checkerboard spin network with four-valent vertices.
Besides, each edge is labeled by j = 1

2 , and so is associated with the fundamental representation
of SU(2) (see figure 1.6).

1/2 1/2

1/2

1/2

Figure 1.6: The checkerboard spin network used as toy model.

The first thing we would like to compute is an intertwiner associated with a node. The
Hilbert space at each vertex is given by the tensor product of the Hilbert spaces associated with
the edges i.e. (V 1/2)⊗4, where V ji is the vector space of the spin-ji representation. Moreover,
we know that such a product can be decomposed into a direct sum of irreducible representations
of SU(2). In our situation, such a decomposition is given by the formula:

(V 1/2)⊗2n =
n⊕
k=0

(Cn+k
2n − Cn+k+1

2n )V k (1.78)

where Cn+k
2n =

( 2n
n+k

)
are the binomial coefficients. Explicitly, as far as our set-up is concerned:

(V 1/2)⊗4 = 2V 0 ⊕ 3V 1 ⊕ V 2 (1.79)

As the decomposition displays it, there is a degeneracy factor 2 for V 0, which means that the
invariant subspace, i.e. the intertwiner space, has dimension 2. In other words, we can find
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two linearly independent tensors which span the space. As mentioned earlier, in the case of
a 3-valent node, the edges joined at the vertex must verify the Clebsch-Gordan conditions.
Furthermore, if we consider the tensor product of Hilbert spaces Hj1⊗Hj2⊗Hj3 , the invariant
subspace will be formed by invariant tensors with 2(j1 + j2 + j3) indices. As a matter of fact,
such a tensor is unique up to normalization and an expression for the normalized tensor is
given by the famous Wigner 3j-symbols:

Qvα1α2α3 =
(
j1 j2 j3

α1 α2 α3

)
(1.80)

where the normalization factor is determined such that:

Qvα1α2α3Qvα1α2α3 = 1 (1.81)

Furthermore, every intertwiner associated with a node of valence four or more can be
expressed in terms of the trivalent ones. For instance, in the case of a 4-valent node, we get an
intertwiner by contracting two 3-valent ones:

vα1α2α3α4
i = iα1α2αiα3α4

α (1.82)

where the spin i representation would be the one associated with a virtual link (see figure 1.7):

j1

j3

j2

j4

j1

j4 j3

j2i 

Figure 1.7: Decomposition of a four-valent node into two three-valent nodes.

Using the Wigner symbols, we can explicitly write the spin network state associated with
the theta spin network displayed figure 1.8:

ΨS(A) = R1/2(hol1) baR1(hol2) ji R1/2(hol3) dc (I1)aic(I2)bjd (1.83)

= (hol1) baR1(hol2) ji (hol3) dc

(
1/2 1 1/2
a i c

)(
1/2 1 1/2
b j d

)
(1.84)
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i1 i2

j=1/2

j=1/2

j=1

Figure 1.8: The "theta" spin network.

In our set-up, the decomposition of the intertwiner is not necessary as we have chosen
very simple vertices. Indeed, we just need to find two independent invariant tensors with four
indices. Looking at the construction of H1/2, we guess that we can form these tensors using
εab and σaib. The matrices σaib are given by the Pauli matrices:

σaib =
{(

0 1
1 0

)
,

(
0 −i
i 0

)
,

(
1 0
0 −1

)}
(1.85)

and εab is the invariant tensor such that σabi = σaicε
cb i.e.

σabi =
{(
−1 0
0 1

)
,

(
i 0
0 i

)
,

(
0 1
1 0

)}
(1.86)

Two invariant 4-index tensors are therefore given by

vabcd = εabεcd (1.87)

wabcd = σabi σ
cd
i (1.88)

and so, vabcd and wabcd span the intertwiner space of the 4-valent node denoted Int((V 1/2)⊗4).
In order to color the node, we just need to choose and fix an element of this space. For the
sake of simplicity, let us choose the intertwiner given by v + w.

Following the procedure given in [38], we can now compute the quanta of volume associated
with this intertwiner which matches the eigenvalue of the volume operator. In the special case
of a 4-valent node, we can compute the volume corresponding to the intertwiner as the volume
of a tetrahedron. In order to characterize the geometry of the tetrahedron, we can make use of
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numerous geometrical quantities such that the length of its edges, its volume or the area of its
faces. A nice set of independent quantities is given by the four vectors ~Λp, p = 1, ..., 4 normal
to each surface and whose norm is equal to the area of the corresponding face. One of the key
properties of these quantities is that they satisfy the closure relation given by:

~C =
4∑
p=1

~Λp = ~0 (1.89)

Furthermore, the volume V satisfies the following formula:

V 2 = 2
9εijkΛ

i
1Λj2Λk3 = 2

9detΛ (1.90)

where εijk is the totally antisymmetric tensor. In the case where the tetrahedron is small
compared to the scale of curvature, and so that we can consider the metric locally flat, we can
derive a formula in terms of the triads:

Λip = 1
2ε

i
jk

∫
p
ej ∧ ek (1.91)

Following a usual quantization procedure, we can then promote the vectors ~Λp to operators.
This leads to the commutation relation:

[Λip,Λjq] = iδpql
2
0ε
ij
k Λkp (1.92)

where l0 is the elementary length such that l20 = 8πGl2Planck. In our situation, the operators
Λip acts on the fundamental representation of SU(2) because the faces are colored by j = 1

2 .
Consequently, they must be proportional to the Pauli matrices, the coefficient of proportionality
being given by the commutation relation:

Lip = l20τ
i (1.93)

where τ i = σi

2 . Thus, the action of the operator V 2 on a four-index tensor zabcd is given by the
following formula:

(V 2z)abcd = 2
9( l

2
0
2 )3εijkσaia′σ

b
jb′σ

c
kc′z

a′b′c′d (1.94)

We can now apply this result to the invariant tensors found earlier. Using the fact that
σiσj = δij + iεijkσk and εσiε = σi∗, we get :

V 2v = − il
6
0

18w ; V 2w = il60
6 v (1.95)

i.e.

V 2 = − il
3
0

16

(
0 1
−3 0

)
(1.96)
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By diagonalizing the matrix, we get the eigenvalues: V 2 = ± l20
6
√

3 . Finally, using the definition
of l0, the quantum of volume associated with the intertwiner is:

1√
6
√

3

(8π~βG
c3

)3/2
(1.97)



Chapter 2

Entanglement on spin networks

The brief review of Loop Quantum Gravity presented in Chapter 1 has introduced the main
concepts of the theory. Besides, we have described in details the construction of the basis of
the Hilbert space and the physical interpretation of the spin networks. In this chapter, we will
use these notions and our toy model in order to discuss how we could use the entanglement as
a measure of distance, within the background independent framework. In order to do so, we
will follow the procedure suggested in [25]. First, we will explain carefully the difficulties of
such a construction and how we can use the results of Quantum Information and Condensed
Matter Physics. Then, we will present the notions of correlations and coarse-graining. Finally
we will use all the tools introduced to present the calculation of the entanglement between
two separated regions of a spin network, and discuss how we could define from these results a
notion of distance.
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2.1 Outlook

We have stressed in several occurrences that one of the fundamental feature of General Rela-
tivity is the background independence which is closely related to the diffeomorphism invariance
of the theory. Background independence means that the theory is not built on a given back-
ground and therefore there is no background metric which defines the geometric notions. Loop
Quantum Gravity which proposes a canonical quantization of the theory implements the dif-
feomorphism constraint with the use of the spin knots as basis states. Therefore, these states
are not are not constructed over a spacetime but define the spacetime themselves and, so they
must reconstruct the geometry at the quantum level.

One issue which arises when we consider a background-independent framework is the ques-
tion of localization. Indeed, in the absence of reference frame there is no notion of position,
the only information available being the position of a region of a spin network with respect to
another one. Furthermore, without notion of position, it is difficult to derive a sense of the
distance between two regions of the space.

We have described in the previous chapter that the spectrum properties of the volume and
the area operators allow to derive a heuristic picture of space as a collection of adjacent chunks.
However, this does not provide a full and clear description of the geometrical properties of spin
networks. In this chapter, we will try to understand more precisely this problem and discuss
a possible reconstruction of a notion of distance in such a background independent formalism.
Another related issue, which will not be treated here, would be to make sense of the notion of
distance when we consider a superposition of spin networks.

But spin networks are not a tool specific to Loop Quantum Gravity. Indeed, spin networks
are very similar to the spin systems which are extensively used in both Quantum Information
and Condensed Matter Physics. The key difference is that spin networks do not rely on any
background whereas spin systems are embedded in a background equipped with a metric. Al-
though there are some conceptual differences, it is very interesting to look at these systems as
they display some properties that we would like to try to replicate with spin networks. Indeed,
it is now well-known that there is a decrease of the correlations as the graph distance between
two qubits 1 grows (see [16] for instance). Therefore, we would like to investigate a way of
reconstructing a notion of distance through the study of the correlations on a spin network.

1A qubit is a object that transforms as a tensor in the fundamental representation of the Lie Algebra su(2).
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The project to derive a notion of distance thanks to the entanglement is also motivated by
Quantum Field Theory. Indeed, when we compute the correlations of a field at two different
points of spacetime x and y, the two-point correlation function 〈φ(x)φ(y)〉 decreases with re-
spect to the distance d(x, y) between the two points as 1/d2. At first we could expect a similar
relation as far as the correlations on our checkerboard spin network are concerned.

The important point is that we will not be able to display such a relation between the
correlations and the distance in our framework because we do not have any idea, a priori, of
what it means for two regions on a spin network to be close or far. The idea is rather to
compute the correlations and then deduce the distance by speculating the formula relating
both. Nevertheless, in order to check the consistency of the results, we could compare the
distance resulting of our procedure with an approximation of the distance provided by the
geometric picture. Indeed, we can compute what we will call a geometrical distance as a ratio
of a volume and a surface provided by the spectra of the geometrical operators. However,
once again we would like to shed light on the danger of thinking about the chunks of space as
classical entities and therefore, it will be necessary not to attach too much importance to this
distance. Finally, looking at the results on spin systems, we expect the correlations to vanish
very quickly with the distance. Thus, the measure of distance provided by our procedure would
be of interest only for close enough regions 2.

2By close we mean that the minimum number of vertices between the two regions is small compared to the
total number of vertices.
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2.2 Entanglement and correlations

The entanglement is a fundamental feature of every quantum system which can be decomposed
into several systems. It has been discovered in the early days of Quantum Mechanics and
became rapidly an object of great interest [15]. Later, a new field saw the light using the
entanglement as a fundamental tool, namely Quantum Information [29]. Despite the great
success achieved by the studies on the entanglement, a lot of aspects remain obscure. Besides,
numerous tools are available in order to evaluate the correlations, depending on the physics we
intend to display. We shall now briefly introduce some of these tools.

A first measure is given by the quantum mutual information. Let us consider two quantum
systems A and B and let us note HA and HB the corresponding Hilbert spaces. The composite
system is described by the mixed state ρAB on HA ⊗ HB and the two systems A and B are
described by the reduced density matrices ρA and ρB such that:

ρA = TrB(ρAB) (2.1)

ρB = TrA(ρAB) (2.2)

We can then define the Von-Neumann entropy, or entanglement entropy, of a system X as:

S(X) = −Tr(ρX logρX) (2.3)

Denoting {λi} the eigenvalues of the density matrix ρX , we can rewrite the expression 2.3 the
following way:

S(X) = −
∑
i

λilogλi (2.4)

The quantum mutual information of the system A+B is defined according to the formula:

I(A : B) ≡ S(A) + S(B)− S(A,B) (2.5)
= S(ρA) + S(ρB)− S(ρAB) (2.6)

From now on, we will drop the indices for the mixed state and write ρAB = ρ. The quantum
mutual information physically represents the total amount of correlations between two systems,
and therefore, it takes into account both the classical and the quantum correlations.

In the case where we are only interested by the quantum correlations, we will try to compute
the entanglement. However, the entanglement is often impossible to compute explicitly as soon
as we consider complicated states. As far as pure states are concerned, such a computation is
reasonably straightforward. Indeed, in this case, the entanglement is directly given by the Von
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Neumann entropy. If we denote |ψ〉 the pure state, the density matrix is ρ = |ψ〉〈ψ| and the
entanglement is given by:

E(ρ) = S(ρ) = −Tr(ρlogρ) (2.7)

If now we consider an arbitrary mixed state, it is more difficult to find a computable formula.
Indeed, most of the definitions of entanglement involve extremizations, which are often tough
to evaluate. Nevertheless, since we consider systems of qubits, a suitable definition is the one
of the entanglement of formation. Let us write the mixed state the following way:

ρ =
∑
i

ωi|ψi〉〈ψi| (2.8)

which is by definition a mixture of pure states ρ = |ψ〉〈ψ|. But, we have already mentioned
the fact that for a pure state, the entanglement is equal to the Von-Neumann entropy:

E(A : B, |ψ〉〈ψ|) = S(ρA) = S(ρB) (2.9)
= −Tr(ρAlogρA) = −Tr(ρBlogρB) (2.10)

We then define the entanglement of formation of the mixed state ρ as the average of the
entanglement of the pure states appearing in the decomposition minimized over the whole
range of possible decompositions [44]:

E(A : B, ρ) = min
{ψi}

∑
i

ωiE(A : B, |ψi〉〈ψi|) (2.11)

Let us finally note that if we are interested in the purely classical correlations C(A : B), we can
get the amount by taking the difference of the definitions above:

C(A : B) ≡ I(A : B)− E(A : B) (2.12)
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2.3 Preliminary computation of entanglement

Before focusing on the entanglement between two regions of a spin network, we will briefly
discuss the calculation of the entanglement entropy for an arbitrary region of space. In order
to do so, we will closely follow the procedure described by W. Donnelly in [13].

Let us consider a spin network, with N nodes, associated with a graph Γ that we split into
two regions. More precisely, we choose a region Ω on the spin network and therefore, the other
region is defined as the conjugate Ω of the first one. Thus, the Hilbert space HΓ associated
with the whole graph is such that:

HΓ = HΩ ⊗HΩ (2.13)

By doing so, we realize a Schmidt decomposition of the states in HΓ. Therefore, if we consider
a state |ψ〉 ∈ HΓ, there exists a set of states {|ψΩ

i 〉, |ψΩ
i 〉} and some real numbers {sp} such

that:
|ψ〉 =

∑
p

√
sp|ψΩ

i 〉 ⊗ |ψΩ
i 〉 (2.14)

Then, we can define the mixed state in HΩ associated with the region Ω as the reduced density
matrix:

ρ(Ω) = TrHΩ
(|ψ〉〈ψ|) (2.15)

=
∑
p

sp|ψΩ
p 〉〈ψΩ

p | (2.16)

And similarly, the density matrix associated with the region Ω is given by:

ρ(Ω) =
∑
p

sp|ψΩ
p 〉〈ψΩ

p | (2.17)

Finally, as presented earlier, the entanglement entropy is simply as follows:

S(ρΩ) = S(ρΩ) = −
∑
p

splogsp (2.18)

Consequently, the Schmidt decomposition, and more precisely the Schmidt coefficients, give
direct access to the entanglement entropy of the region Ω. We denote ∂Ω the boundary of the
region Ω. The boundary is the region composed of the edges such that one endpoint is inside
the region and the other one outside the region. For now we assume that the boundary of Ω
intersects P edges, and we introduce a new node on each edge in the boundary ∂Ω. Actually,
we split each edge e ∈ ∂Ω into two smaller edges such that one is in Ω and the other one in Ω.
The new nodes are therefore associated with a trivial intertwiner which is the unit matrix of
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the representation corresponding to the spin labeling the edge. If we denote NΩ the number
of nodes in the region Ω, we have the following repartition of intertwiners:

I1 + ...+ IP︸ ︷︷ ︸
∈∂Ω

+ IP+1 + ...+ IP+NΩ︸ ︷︷ ︸
∈Ω

+ IP+NΩ+1 + ...+ IN︸ ︷︷ ︸
∈Ω︸ ︷︷ ︸

∈Γ

(2.19)

Furthermore, the expression of the trivial intertwiner Ip is given by:

Ip = 1√
2jp + 11V jp (2.20)

= 1√
2jp + 1

2jp+1∑
ap=1

|eap〉〈eap | (2.21)

where {|eap〉} is an orthonormal basis of the 2jp + 1-dimensional representation space V jp .
By applying this decomposition to every new intertwiner, we get an expression for the spin
network state

|S〉 =
( P∏
p=1

1√
2jp + 1

)∑
~a

|SΩ,~a〉 ⊗ |SΩ,~a〉 (2.22)

where we sum over the n-tuples (a1, ..., ap). The state |SΩ,~a〉 is associated with the extended
graph of the region Ω where we have added an intertwiner on the boundary. Then, using the fact
that spin network states form an orthogonal basis, we see that the expression 2.22 corresponds
to a Schmidt decomposition. Following what we did previously in 2.15, it is straightforward to
see that the reduced density matrix is given by:

ρ(Ω) = 1
N

∑
~a

|SΩ,~a〉〈SΩ,~a| (2.23)

and the corresponding entanglement entropy is:

S(Ω) =
P∑
p=1

log(2jp + 1) (2.24)

The most important thing to stress is that the entanglement entropy only depends on the
spin numbers attached to the edges on the boundary of the region Ω. Furthermore, we have
implicitly chosen the boundary region to intersect only edges and therefore to be composed only
of these edges. If now we allow the boundary to contain nodes, it appears that the entanglement
entropy actually depends on the intertwiners on the boundary, those which were already there
and those created by the procedure described above. Such a feature was not obvious. Indeed,
as the group elements of SU(2) are attached to the edges, the degrees of freedom are attached
to them. Thus, we could expect the entropy to depend on the edges and not the nodes.
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Keeping in mind the results established with this first calculation, we can now proceed with
our study.

2.4 Derivation of a notion of distance

2.4.1 Outlook of the procedure

Because we are interested in the computation of the distance between two regions A and B

on a spin network, we want to investigate the entanglement induced by the region outside A
and B. Indeed, we expect this measure to give us access to the distance with respect to the
exterior metric which would be the physical value we are looking for [25]. Let us first give some
notations that we will use later. We call C the region exterior to A and B such that we have
the following relation between the boundaries:

∂C = ∂A ∪ ∂B (2.25)

Furthermore, if we write Γ the whole graph, we denote ΓX the connected graph with all the
vertices inside the region X (see figure 2.1).

A

∂A ΓA

Figure 2.1: An edge is in the boundary ∂A of the region A if one endpoint is inside the region
and the other one outside. The region ΓX corresponds to the graph of the whole region less
the boundary.

The key idea that we will use later is that the boundary of a region X can be thought as the
result of the coarse-graining of X. This point of view will be important in order to compute
the entanglement since we will consider a state on the boundary of the region C.
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2.4.2 Coarse-graining of a spin network

The principle of the coarse-graining is to change the "resolution" of a diagram, namely a spin
network in the context of Loop Quantum Gravity. By change of resolution we mean reducing
the number of elements of a fine graph in order to get a rougher graph, while keeping the most
important information contained in the original graph. In other words, the aim is to capture
the essential information of a graph and express it with fewer variables. Let us illustrate this
concept with a bounded connected region A on a spin network S associated with the graph
Γ [25] [2].

A

∂A

Figure 2.2: The boundary state of a region is independent of the structure of the region and
therefore we can think of the interior of the region as a big vertex.

The boundary space is independent of the structure of the graph inside the region i.e. in-
dependent of ΓA. This is why we can think of the boundary ∂A as the coarse-grained space of
A where ΓA would be reduced to a single vertex. We will now explain how the reduction of a
whole graph to a simple vertex is possible.

The coarse-graining of a graph requires two steps which are the coarse-graining of the nodes
and the coarse-graining of the links. In order to deal with the whole graph we just have to
repeat and combine the two steps.

Coarse-graining of nodes

Let us consider an open graph with mono-valent vertices at the exterior. Earlier we have
used the Peter-Weyl theorem in order to justify that spin networks form a basis of the kine-
matical Hilbert space. We write the Wigner matrices Rjmm′(Ue) with Ue = hol[A, γe] ∈ SU(2).
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These matrices form a basis of L2(SU(2)) and we write |j,m, n〉 the vectors of that basis such
that:

Rjmn(Ue) = 〈U |j,m, n〉 (2.26)

Therefore, if we consider a subgraph Γ, a basis of the corresponding Hilbert space HΓ is
given by the vectors |je,me, ne〉 where e = 1, ..., E, with E the number of edges and me, ne

are the usual quantum magnetic numbers of the spin-j representation such that me, ne =
−j, ...,+j. Furthermore, we associate the quantum numbers me and ne with one of the two
nodes which constitute the endpoints of the edge e, such that they transform according to the
gauge transformation defined at this vertex. Thus, if we label by v the vertices, instead of
the notation |je,me, ne〉, the basis vectors are denoted |je,mve〉, where the edges joined at the
vertex v are labeled by e. By doing so, we associate all the quantum numbers related to the
same node, and so, for every state in HΓ we have:

|ψ〉 =
∑
je,mve

cje,mve |je,mve〉 (2.27)

We can now rewrite this state by doing the distinction between the edges on the boundary
(e ∈ ∂A) and the ones inside the region (e ∈ ΓA):

|ψ〉 =
∑
jb,mb
b∈∂A

∑
je,mve
e∈ΓA

cjb,mb,je,mve |jb,mb, je,mve〉 (2.28)

The coarse-graining of the region A will put together every vertex in ΓA so that the interior
is reduced to a single vertex while the edges in the boundary space remain unchanged. Fur-
thermore, in the case of spin networks, we have a condition of gauge invariance at each vertex.
Therefore, before the coarse-graining, the Hilbert space of the region A is given by the tensor
product of the intertwiner spaces associated with each vertex i.e.

HA ≡
⊗
v∈A

Int(
⊗
e∈v

V je) ≡
⊗
v∈A

Intv (2.29)

After the coarse-graining, we get a state which lives in the boundary space given by⊗e∈∂A V
je

that we require to be gauge invariant:

H∂A = Int(
⊗
e∈∂A

V je) (2.30)

Thus, in the case of spin networks, the coarse-graining is the map:

Θ :
⊗
v∈A

Intv −→ Int(
⊗
e∈∂A

V je) (2.31)
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Explicitly, in the formula derived in 2.28, we only consider after the coarse-graining the quan-
tum numbers associated with the boundary space. Thus, the basis vectors of the Hilbert space
HΓ̃, where Γ̃ is the graph Γ after the coarse-graining, are:

|jb,mb〉 (2.32)

Therefore, noting that we must have jb 6= je and mb 6= mve, one see that the quantum numbers
(je,mve) are the numbers needed to remove the degeneracy of the vectors |jb,mb〉. If we
consider a state |ψ〉 ∈ HΓ̃ ,then we get the density matrix by tracing over these indices:

ρ = Trje,mve |ψ〉〈ψ| (2.33)

Now, in order to take into account the invariance under gauge transformation which arises
when we deal with spin networks, we need to contract the Wigner representation matrices with
intertwiners. Therefore, denoting {Iv} the basis of intertwiners, the coefficients c take the
following form:

cjb,mb,je,mve =
∑
{Iv}

cjb,mb,je,IvImvev (2.34)

We can then apply a procedure similar to the one above in order to derive the corresponding
matrix density.

Coarse-graining of links

The second step of the coarse-graining of a graph consist in the coarse-graining of the
links. The idea is to put together several links, which share the same starting point and the
same endpoint, in order to get a bigger single link. We will denote these links as "parallel
links". If we consider a single link, it is characterized by the number j labeling it. Besides,
we associate with this spin number, two magnetic quantum numbers which respectively label
a basis in V j and V j∗ . Keeping in mind that, as far as the Lie Algebra su(2) is concerned,
a representation and its conjugate are equivalent, the Hilbert space associated with a link is
given by: ⊕

j

V j ⊗ V j (2.35)

where the sum is over the irreducible representations. If now we consider several parallel links
labeled by the index p, the corresponding Hilbert space is:

⊗
p

(⊕
jp

(
V jp ⊗ V jp

))
=
⊕
jp

((⊗
p

V jp
)⊗ (⊗

p

V jp
))

(2.36)
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Once again, we can decompose the spaces⊗p V
jp into irreducible representations that we label

by the spin number j̃. We emphasize that the states labeled by j̃, provided by this procedure,
are different than the previous ones labeled by j. We can use these new states to compute the
density matrix corresponding to the coarse-grained link.

Coarse-graining of a graph

The coarse-graining of a graph is nothing but the combination of the two previous steps.
Figure 2.3 shows a graphical illustration of the procedure in the case of the checkerboard spin
network.

Figure 2.3: The coarse-graining of a graph is the result of the merging of the vertices into a
single vertex and then parallel links are combined together in order to form bigger links.

Even if we do not derive the explicit formula for the matrix density, we expect the coarse-
graining state to be a mixed state. Therefore, the entropy related to this state will be bound
by Smin and Smax, where Smin = 0 is the case of a pure state and Smax = log(d) with
d = dim(H∂A) is obtained with the totally mixed state:

ρ = 1∂A

dim(H∂A) (2.37)
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Furthermore, we have already noticed that the coarse-graining requires to choose some data
that we want to preserve through the process. Thus, we should not get the totally mixed state
since this corresponds to the situation where we erase all the information about ΓA, i.e. we
don’t preserve any information about the interior of the graph of the region A. We will see
later that the choice of the mixed state, and so, the choice of the data that we wish to preserve,
is fundamental in order to derive a notion of distance.

2.4.3 Derivation of the mixed state

Let us now explicitly derive the mixed state, as suggested in [25] [24]. We recall that our
purpose is to compute the correlations between two regions A and B induced by the exterior
region C, such that ∂C = ∂A ∪ ∂B, because we want the distance between the regions to be
with respect to the metric in C. We call Γ(X) the graph obtained from Γ after the coarse-
graining of the region X i.e. after we have have replaced the interior of the region X by a
single vertex. In our configuration, we have:

Γ(C) = A ∪B ∪ ∂C = A ∪B ∪ ∂A ∪ ∂B (2.38)

Therefore, we define the mixed state ρAB of the two regions A and B as the density matrix
obtained after the coarse-graining of the region C. The resulting mixed state correlates the
region A and B. If we reshape the spin network according to the figure 2.4, we confirm that
∂C = ∂A ∪ ∂B, but more important, we understand that looking only at the boundary of C,
it is not possible to know how big is the graph distance between the two regions.

C
∂A

A

C

B
C

∂B

Figure 2.4: We reshape the spin network in order to get a situation similar to figure 2.2.
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The distance is encoded in the region C and this is precisely that information we would like
to preserve through the coarse-graining. Moreover, we have just mentioned that the coarse-
graining of the region will lead to the definition of the mixed state ρAB. Consequently, the
strategy is to use the calculation of the entanglement associated with this state in order to
define a notion of distance.

The space of the region C is the one given by the tensor product of the intertwiner spaces
associated with each node outside A and B. According to what we have done above, the
coarse-graining of the region C will lead to the boundary state which lives in the intertwiner
space on ∂C i.e.

H∂C = Int(
⊗
e∈∂C

V je) (2.39)

The first thing we would like to emphasize is that the boundary state does not live in the space
H∂A ⊗ H∂B. We would have obtained a state in H∂A ⊗ H∂B if we had considered boundary
states separately in the two regions. Indeed, if we fix an intertwiner in each boundary region
space H∂A and H∂B, and then take an overall intertwiner, it lives in H∂A ⊗H∂B. This tensor
product space is actually included in the one we are interested in:

H∂A ⊗H∂B ⊂ H∂C (2.40)

Let us give a little more information about the difference between these two spaces. We focus
on the very simple situation where the regions A and B consist of one single vertex. The count
of the dimensions of the spaces is the following:

dim(H∂A ⊗H∂B) = dim(H∂A)× dim(H∂B) (2.41)

= dim
(
Int

(
(V 1/2)⊗4

))
× dim

(
Int

(
(V 1/2)⊗4

))
(2.42)

= dim
(
Int

(
2V 0 ⊕ 3V 1 ⊕ V 2

))2
(2.43)

= 22 = 4 (2.44)

and on the other hand:

dim(H∂C) = dim
(
Int

(
(V 1/2)⊗8

))
(2.45)

= dim
(
Int

(
14V 0 ⊕ 28V 1 ⊕ 20V 2 ⊕ 7V 3 ⊕ V 4

))
(2.46)

= 14 (2.47)

This non negligible difference of degrees of freedom comes from the difference of gauge free-
dom. When we consider two different vertices, we have the freedom to choose the intertwiners
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and so impose under which transformation we want the invariance to be. When considering
the SU(2) invariant subspace Int

(
(V 1/2)⊗8

)
, we implicitly make the choice to fix the same

transformation at both vertices. If we use the full local freedom so that we allow the pos-
sibility of having invariance under different gauge transformations, we get the smaller space
Int

(
(V 1/2)⊗4

)
⊗ Int

(
(V 1/2)⊗4

)
. To sum up, we see that if we allow more gauge freedom, we

reduce the degrees of freedom. It is illustrated by the count of the dimensions of the invari-
ant spaces. Therefore, it is legitimate to wonder why we are more interested in H∂C than
H∂A⊗H∂B. Let us recall one more time that the purpose of this study is to derive the distance
between the regions A and B with respect to the metric on C, and therefore, we want to
compute the correlations induced by the state in ⊗v∈C Intv.

We will now look at the result of the coarse-graining. Graphically, the coarse-graining
reduces the region C to a virtual edge linking the two boundary vertices of ∂A and ∂B. More
precisely, the resulting space decomposes into a sum of Hilbert space labeled by j, where j is
the spin associated with the virtual edge created like so. This virtual edge is here to ensure
the SU(2) invariance at the vertices. Furthermore, the values of j possible are such that we
can find an intertwiner subspace to V j ⊗⊗e∈∂X V

je . Consequently, in the simple case where
H∂A = H∂B = Int

(
(V 1/2)⊗4

)
, the possible values of j are 0, 1 and 2.

∂A

C

∂B

∂A

∂B

j

Figure 2.5: The coarse-graining of the region C makes appear a virtual link labeled by j which
is necessary in order to maintain the gauge invariance at each vertex. The resulting state on
the boundary of C is then decomposed on a basis labeled by j.

In the case where j = 0, the vertices associated with ∂A and ∂B are not connected by
the virtual edge. The corresponding space is actually H∂A ⊗H∂B. This is another way to see
that H∂A ⊗H∂B is a subspace of H∂C . With the virtual edge added to the vertices, the new
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intertwiner spaces are given by:
Int(V j ⊗

⊗
e∈∂X

V je) (2.48)

where X = A,B. Hence,

Int(
⊗
e∈∂C

V je) =
⊕
j

(
Int

(
V j ⊗

⊗
e∈∂A

V je
)
⊗ Int

(
V j ⊗

⊗
e∈∂B

V je
))

(2.49)

From this formula we can explicitly check that for j = 0, we get H∂A⊗H∂B. Furthermore, we
can already anticipate the fact that the entanglement will deeply depends on the value of the
spin j.

With the procedure described above, we have seen that in order to get a mixed state
of the regions A and B, we can realize a coarse-graining of the region C. This leads to a
state lying in the boundary space H∂C which is nothing but the intertwiner subspace of the
tensor product of the representation spaces associated with the edges lying in the boundary
i.e. H∂C = Int(⊗e∈∂C V

je). Let us now go back to our toy model and derive explicitly this
intertwiner subspace. Before investigating the special case where both A and B are made of a
single vertex, let us keep it general. We write the Hilbert spaces associated with the regions
the following way:

HA =
⊗
e∈A

V je ; HB =
⊗
e∈B

V je (2.50)

But any representation R(g) of SU(2) can be decomposed into irreducible representations such
that:

R(g) =
⊕
k

R(g)⊗ 1dk (2.51)

where dk is the dimension of the corresponding representation space. Therefore we can decom-
pose the Hilbert spaces the following way:

HA =
⊗
e∈A

V je =
⊕
k

(V k ⊗ σAk ) (2.52)

where σAk is the degeneracy space associated with the spin-k representation. The dimension
dAk ≡ dim(σAk ) is the multiplicity of the spin-k subspace of HA. In the case where the region
A is composed of 2k qubits, we have the following relation:

d
(2k)
j =

(
2k
k + j

)
2j + 1
k + j + 1 (2.53)

Obviously the previous propositions hold for the region B as well. The decomposition 2.52 gives
us direct access to the intertwiner subspace of a region. Now, according to the coarse-graining
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procedure, the state we are interested in is a singlet state in HA ⊗ HB i.e. an intertwiner in⊗
e∈A,B V

je . Using the decomposition 2.52, we get:

HA ⊗HB =
(⊗
e∈A

V je

)
⊗
(⊗
e∈B

V je

)
(2.54)

=
(⊕

jA

(
V jA ⊗ σAjA

))
⊗
(⊕

jB

(
V jB ⊗ σBjB

))
(2.55)

=
⊕
jA

⊕
jB

(
V jA ⊗ V jB

)(
σAjA ⊗ σ

B
jB

)
(2.56)

We can construct the space Int(HA⊗HB) as the space of spin-0 states which is obtained when
jA = jB = j:

H0 ≡ Int(HA ⊗HB) (2.57)
= Int(

⊗
e∈A,B

V je) =
⊕
j

V 0
(j) ⊗ (σAj ⊗ σBj ) (2.58)

where V 0
(j) is the singlet state in V j ⊗ V j . This space H0 is the intertwiner space on ∂C and

the label j corresponds to the spin of the virtual edge between the boundary vertices. The
dimension of the intertwiner subspace is given by the formula:

∆ = dim(H0) =
∑
j

dAj d
B
j (2.59)

In the case where HA,B = (V 1/2)⊗4 = 2V 0 ⊕ 3V 1 ⊕ V 2, we have dA0 = 2, dA1 = 3 and
dA2 = 1 and therefore ∆ = 14. This is what we found above when we computed directly

dim

(
Int

(
(V 1/2)⊗8

))
.

We will now derive a basis of this space. Then, we will be able to pick a state in this
space which will be our mixed state. Let us write |j, aj , bj〉 the components of the basis of
the intertwiner space on the boundary of C, where |aj〉 and |bj〉 are the basis vectors of the
degeneracy spaces. Explicitly, we have:

aj = 1, ..., dAj = dim(σAj ) (2.60)
bj = 1, ..., dBj = dim(σBj ) (2.61)

Therefore, the basis states associated with the spaces HA and HB are given by |j,m, aj〉 and
|j,m, bj〉, where m is the usual quantum number such that −j ≤ m ≤ +j. Following the
formula given in 2.58, we write the basis vectors the following way:

|j, aj , bj〉 = |j〉
V jA⊗V

j
B
⊗ |aj〉σAj ⊗ |bj〉σBj (2.62)
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where |j〉
V jA⊗V

j
B
is the spin-0 state in V j

A ⊗ V
j
B. Hence the explicit formula:

|j, aj , bj〉 = 1√
2j + 1

m=+j∑
m=−j

|j,−m, aj〉A ⊗ |j,m, bj〉B (2.63)

Before pursuing with the procedure, let us apply what we have just done in some particular
cases. Recall that when we consider two qubits, we have (V 1/2)⊗2 = V 1/2 ⊗ V 1/2 = V 1 ⊕ V 0

and a basis vector of the one dimensional intertwiner subspace is given by the EPRB state:

|ψ〉 ≡ 1√
2

(|10〉 − |01〉) ≡ 1√
2

(|1〉 ⊗ |0〉 − |0〉 ⊗ |1〉) (2.64)

using the convention of Quantum Information: |1〉 = |j = 1/2,m = 1/2〉 and |0〉 = |j =
1/2,m = −1/2〉. We can find this state by applying the formula 2.63 for j = 1/2. Similarly, in
the case of four qubits where (V 1/2)⊗4 = 2V 0 ⊕ 3V 1 ⊕ V 2, we can derive two basis vectors of
the invariant space by antisymmetrising each qubit and then symmetrize between the couple
of pairs [12]. For instance, one basis vector is given by:

1√
12

(
(|0011〉 − |0011〉) + (|0011〉 − |1001〉)

+(|0011〉 − |1010〉) + (|1100〉 − |1100〉)

+(|1100〉 − |0110〉) + (|1100〉 − |0101〉)
)

= 1
2
√

3

(
2|0011〉+ 2|1100〉 − |1001〉 − |1010〉 − |0110〉 − |1010〉

)
2.4.4 Calculation of the entanglement

With the basis given in 2.63, we can pick a mixed state and derive the corresponding entan-
glement. Therefore, the issue is now to choose an appropriate state in order to get what we
are interested in, namely the distance between the regions. Indeed, the choice of a state corre-
sponds to the choice of the data preserved during the coarse-graining. At some point, we will
have to make an arbitrary assumption in the calculation and define the distance from there.

Although we have stressed this would not be the resulting state of the coarse-graining, we
shall first compute the entanglement in the case of the totally mixed state. The result will give
us a first idea of the dependence of the distance on the value of the virtual link j. Furthermore,
such a result might be useful in order to normalise our definition of distance as the totally
mixed state gives the maximum value of the entanglement.

In the case of the totally mixed state, the density matrix is proportional to the identity
matrix such that:

ρ = 1H0

∆ (2.65)
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where ∆ = dim(H0) = ∑
j d

A
j d

B
j . Using the expression of the basis vectors, we explicitly have:

ρ = 1
∆

∑
j,aj ,bj

|j, aj , bj〉〈j, aj , bj | (2.66)

= 1
∆
∑
j

∑
aj ,bj

|j〉〈j|
V jA⊗V

j
B
⊗ |aj〉〈aj |σAj ⊗ |bj〉〈bj |σBj (2.67)

We already know that for a pure state, the entanglement is just the Von-Neuman entropy of
the reduced density matrix: S(ρA) = S(ρB). For given j and aj , the reduced density matrix
ρj,aj obtained by tracing over the space HB is:

ρj,aj = TrB|j, aj , bj〉〈j, aj , bj | (2.68)

Because we trace over HB, there are dBj different states ρj,aj . These matrices are diagonal and
only 2j + 1 terms are non vanishing so that:

ρj,aj = 1
2j + 11V j ⊗ |aj〉〈aj |σAj (2.69)

We get the density matrix ρj,A by summing over all the possible aj ’s, and then ρA by summing
over all possible j’s:

ρA = 1
∆

∑
j,aj ,bj

dBj

( 1
2j + 1

)
1V j ⊗ |aj〉〈aj |σAj (2.70)

As we have explained it earlier, we are interested in the entanglement of formation which is
the average of the entanglement of the pure states, appearing in the decomposition, minimized
over the whole range of possible decompositions. Let us first compute the entanglement of the
reduced density matrix ρj,aj . In this case, the result is given by the Von-Neuman entropy:

S(ρj,aj ) = S
(
1V j

2j + 1
)

(2.71)

= −(2j + 1)
( 1

2j + 1 log
( 1

2j + 1
))

(2.72)

= −log
( 1

2j + 1
)

= log(2j + 1) (2.73)

Hence, by taking the average [23]:

E(A : B, ρ) = 1
∆

∑
j,aj ,bj

S(ρj,aj ) (2.74)

= 1
∆
∑
j

dAj d
B
j S(ρj,aj ) (2.75)

=
∑
j d

A
j d

B
j log(2j + 1)∑
j d

A
j d

B
j

(2.76)
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In the case where HA,B = (V 1/2)⊗4, we have:

E(A : B, ρ) = 1
14
(
4log(1) + 9log(3) + 1log(5)

)
(2.77)

= 9
14 log(3) + 1

14 log(5) (2.78)

It is obvious from the formula 2.74 that the entanglement grows with the size of the regions.
Indeed, the more qubits the boundary of the regions A and B contains, the more they are
correlated. However, two pairs of regions of different size can be at the same graph distance,
supposing that the distance is given by the position of the centers of the regions (see figure
2.6).

A B

A’ B’

Figure 2.6: The regions A and B are at the same graph distance as the regions A′ and B′. How-
ever the entanglement between bigger regions is more important and therefore it is important
to normalize the results in order to get meaningful data.

Therefore, it is necessary to normalise our value of the entanglement. In other words, the
definition of distance we will choose needs to give the same value whatever the size of the
regions is. We can do that by considering a ratio of our result with a value taking into account
the size of the regions.

Let us now consider the general case where the state is an arbitrary combination of the
basis vectors |j, aj , bj〉:

ρ =
∑
j

∑
aj ,bj

ω
(j)
aj ,bj
|j〉〈j|

V jA⊗V
j
B
⊗ |aj〉〈aj |σAj ⊗ |bj〉〈bj |σBj (2.79)
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with
∑
aj ,bj

ω
(j)
aj ,bj

= 1

For a state of this type, we can show that the value of the entanglement is [24]:

E(A : B, ρ) =
∑
j,aj ,bj

ω
(j)
aj ,bj

log(2j + 1) (2.80)

If we consider the case where we fix the value of j and don’t take into account the entanglement
between the degeneracy spaces, we find a very easy formula for the entanglement with an
explicit dependence on j:

E(A : B, ρ) = log(2j + 1) (2.81)

2.4.5 Interpretation of the entanglement

The last case we have described is not very interesting as far as the construction of the distance
is concerned, however, it allows to draw a few conclusions. First of all, the entanglement
increases as the value of j grows and so, we expect the distance between the regions to decrease.
On the contrary, if the value of j is small compared to the spin numbers labeling the edges
on the boundary, we will expect the regions to be far away. This induces the idea that two
regions very close on the spin network, i.e. with only a few vertices between them, are not
necessarily close in the physical space. Consequently, the value of j has a huge impact on the
entanglement and therefore, on the physical distance we expect to derive. Once again, this
sheds light on the idea that the physical space cannot be intuitively derived from the graphical
structure of the spin network.

Given an embedding of a spin network in R3, there might be an important difference
between the distance in the embedding and the actual physical distance. Let us discuss this
point of view following the work of Smolin and Markopoulou in [27]. The model considered by
the authors is based on a graph with N nodes where there can only be one edge between two
nodes. A very simple example of such a graph is represented figure 2.7.

i-2 i-1 i i+1 i+2

Figure 2.7: Example of a graph where two nodes are connected by one single edge. The only
information provided by the graph is the adjacency between the nodes.

Two vertices are said to be adjacent if they are related by one edge. Equally, nodes are said
to be nearest neighbours of a given node P if we can reach them, starting from P , by traveling
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along a single edge. The next nearest neighbours of a given node are those reached by traveling
along two edges. Mathematically, we can define an adjacency matrix A. The adjacency matrix
A is a N ×N matrix such that Aij = 2 if the nodes i and j are nearest neighbours, Aij = 1 if
the nodes are next nearest neighbours and Aij = 0 otherwise. In the case of the graph given
figure 2.7, we have:

A =


0 2 1 0
2 0 2 1
1 2 0 2
0 1 2 0

 (2.82)

This model is similar to spin networks in the sense that we can think about the nodes of
the model as the N elementary building blocks of a universe. However, the only information
available is contained in the adjacency matrix. There is no quantum numbers on the edges
and no intertwiner at each node. In order to make appear a notion of distance, we will
assume there is a non relativistic low energy limit and that we can embed this graph into
R3. Without discussing the procedure allowing such a embedding, the result is that we gain
access to coordinates at each node. We denote xai the coordinates of the i-th node, where
i = 1, ..., N and a = 1, 2, 3. This embedding is actually an approximation in which we expect
classical physics to emerge. The low energy limit requires in particular a minimum length in
the embedding such that:

|xai − xaj |min = l (2.83)

where an appropriate choice for the minimum length l would be the Planck scale. Furthermore,
we define the average distance such that:

L2 ≡ 〈(xai − xaj )2〉 (2.84)

The important feature of this model is that there is no direct relation between the distance in
the embedding and the adjacency on the graph. Let us illustrate this point of view with an
example. Let us consider a node xi on the graph. We can define the nearest neighbours of xi in
the embedding as the nodes xj which are in a sphere with radius r and center xi. There is no
requirement that this definition of nearest neighbours in the embedding matches the graphical
one.

This model sheds light on several key properties of spin networks. The notion of distance
in some given embedding of the graph into R3 is not necessarily related to the physical one.
More precisely, we could have two regions considered far away according to the distance in
the embedding, but strongly correlated, and therefore really close in the physical space. This
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corroborates the idea that the geometric picture of the space obtained by gluing polyhedra may
be highly misleading and that the physical distance may have nothing to do with the network
distance. In any case, we should expect any notion of distance derived according to the method
described in this dissertation to be very counter-intuitive.
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2.5 Classical limit

The attempt to define a notion of distance on spin networks falls within the scope of the project
to retrieve the features of General Relativity from the theory of Loop Quantum Gravity. More
precisely, the overall question is how the classical limit appears, or in other words, whether the
theory contains the main feature of General Relativity in a semi-classical limit. We will focus
this study on the case of spin networks with only four-valent nodes.

If going from the classical level to the quantum level is quite straightforward because there
is well-defined procedure to follow, it is much more difficult to go back to the classical world
once the quantum theory is established. Indeed, it requires to properly define the classical limit
which is not an obvious task at all. In Quantum Mechanics, the classical limit emerges with
the coherent states. Coherent states are a family of wave packets which minimize the spread of
both position and classical momenta. In the context of non-relativist particles, wave packets
behave like classical particle as far as the dynamic is concerned.

We have mentioned several times that even if a four-valent intertwiner can be well repre-
sented by a tetrahedron, this is wrong to think about space as a gluing of tetrahedra. One
reason is that the only information available are the volume and the surface of the faces which
is not enough to fully encode the shape of a tetrahedron. Indeed, classically we define the shape
of a tetrahedron by at least six variables whereas the volume and the surfaces provide only
five variables. Nevertheless, in the case of our toy model, because the intertwiner is dual to a
regular tetrahedron, we fully describe the shape with the data provided by the spin network.
Thus, we could be tempted to think that the picture of a gluing of tetrahedra has better chance
to hold.

There is another reason why this geometric picture poses a problem. If we consider an edge
which is connected to two nodes; this edge is dual to a surface whose area is determined by the
coloring of the edge. However, the shape of the surface depends on the other edges joined at
the nodes. More precisely, the shape is independently defined by the algebraic data attached
to each node. Consequently, each surface possesses a single area but two different shapes. We
will not discuss this problem later on but this is important to keep in mind this subtlety.

Consider a state in the spin network basis. We are unable to associate a 3D classical
geometry with this state because of the quantum spread. Indeed, as we have just said, the
variables do not fully describe the dual picture of the nodes, namely the tetrahedron. Therefore,
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there is an uncertainty regarding the shape around the classical one. We need to find quantum
states which approximate a given classical geometry. More precisely, these states will be peaked
on the intrinsic and the extrinsic geometry of space.

2.5.1 Coherent tetrahedra

A four-valent node is dual to a tetrahedron. Following closely the procedure suggested in [38],
let us first study the geometry of the classical shape. One way to fully characterize the classical
geometry of a tetrahedron is to use 4 areas and 2 angles between the faces. However, a more
efficient way is to use the four normal vectors ~Λp which satisfy the closure relation:

∑
p

~Λp = ~0 (2.85)

When we introduced the triads eia, we mentioned they have the meaning of a frame. Let us
consider a node P of a tetrahedron, three edges meet at this node. We associate a vector ~ea
with each one of them. The direction of the vector is the one of the edge and its norm is equal
to the length of the edge. Thus, the three vectors define the unit of the coordinate length as
displayed figure 2.8.

P

→
e1

→
e3

→
e2

→
E3

→
E1

→
E4

→
E2

Figure 2.8: The triads are associated with three edges of the tetrahedron meeting at the same
point whereas the densitized triads are normal to the faces.
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The three triads define completely the tetrahedron. Indeed, we can express six independent
parameters which characterise completely the shape:

~e1 · ~e1 ; ~e2 · ~e2 ; ~e3 · ~e3 (2.86)
~e1 · ~e2 ; ~e2 · ~e3 ; ~e1 · ~e3 (2.87)

Let us now recall some of the formulas introduced in the first chapter. The three triads
define the 3D metric such that

qab = eiae
j
bδij (2.88)

and the densitized triads are given by:

Eai = 1
2εijkε

abcejbe
k
c (2.89)

The vectors ~Ea are normal to the surfaces spanned by ~eb and ~ec. We define a new index
p = 1, 2, 3, 4 and denote the four normal vectors as ~Ep. In this configuration the closure
relation is given by:

4∑
p=1

~Ep = ~0 (2.90)

Furthermore, the dihedral angles are given by ~Ea · ~Eb. Let us now reproduce what we did
when we computed the volume of the quantum tetrahedron. We quantized the vectors ~Ep by
introducing four vectors ~Λp:

~Ep = 8πG~β~Λp (2.91)

where the four hermitean operators Λp satisfy the commutation relation

[Λip,Λjq] = iδpql
2
0ε
ij
k Λkp (2.92)

so that they are the generators of the rotation group. If we are interested in the commutation
relation of two dihedral angles, we have for instance the following formula:

[ ~E1 · ~E2, ~E2 · ~E3] = (8πG~β)4[~Λ1 · ~Λ2, ~Λ2 · ~Λ3] (2.93)
= (8πG~β)4[Λi1Λj2δij ,Λk2Λl3δkl] (2.94)
= (8πG~β)4δijδklΛi1Λl3 [Λj2,Λk2]︸ ︷︷ ︸

iεjkmΛm2

(2.95)

= i(8πG~β)4Λj1Λk3Λm2ε
jkm (2.96)

= i(8πG~β) ~E2 · ( ~E1 × ~E3) (2.97)
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of the form [Â, B̂] = Ĉ. And therefore we can apply the Heisenberg incertitude relation

∆A ·∆B ≥ 1
2 |〈Ĉ〉| (2.98)

where ∆X =
√
〈X̂2〉 − 〈X̂〉2 is the standard deviation and represents the incertitude associated

with the observable X̂. In our case, we have the following relation:

∆( ~E1 · ~E2)∆( ~E2 · ~E3) ≥ 1
2(8πG~β)|〈 ~E2 · ( ~E1 × ~E3)〉| (2.99)

We are looking for states which minimise the incertitude and therefore which saturate the
relation 2.99. In other words, we want the relative incertitude to vanish i.e.

∆( ~Ea · ~Eb)
| ~Ea|| ~Eb|

� 1 (2.100)

So, we want to derive quantum states which minimise the spread of the dihedral angles around
the classical values.

2.5.2 SU(2) coherent states

The SU(2) coherent states are those which minimise the uncertainty of the angular momen-
tum. More precisely, if we consider a particle with angular momentum ~J , the dispersion of
the angular momentum is given by the standard deviation ∆ ≡ |〈 ~J2〉 − 〈 ~J〉2| where ~J is the
3-vector formed from the hermitean generators of SU(2) satisfying [J i, J j ] = iεijkJk. The co-
herent states are the states which minimise ∆. We call j the quantum number associated with
the total angular momentum so that the basis states of the Hilbert space Hj are denoted |j,m〉.

Let us recall some properties of the angular momentum in Quantum Mechanics. First of
all, we have the following spectrum properties:(JAB)2|j,m〉 = ~2j(j + 1)|j,m〉

JABz |j,m〉 = ~m|j,m〉
(2.101)

Furthermore, because the operators Jx and Jy do not commute with the operator Jz, the basis
state |j,m〉 is an eigenstate of neither Jx nor Jy. Therefore, we cannot predict with certitude
the result of a measurement of the angular momentum in the directions Ox and Oy. Let us
rewrite the two operators the following way:

Jx = 1
2(J+ + J−) and Jy = 1

2i(J+ − J−) (2.102)
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Consequently, the vectors Jx|j,m〉 and Jy|j,m〉 are linear combination of |j,m+1〉 and |j,m−1〉,
and so:

〈j,m|Jx|j,m〉 = 0 = 〈j,m|Jy|j,m〉 (2.103)

Moreover, we have:

〈j,m|J2
x |j,m〉 = 1

4〈j,m|J
2
+ + J2

− + J+J− + J−J+|j,m〉 (2.104)

= 1
2〈j,m|J

2 − J2
z |j,m〉 (2.105)

= ~2

2 (j(j + 1)−m2) (2.106)

= 〈j,m|J2
y |j,m〉 (2.107)

Thus, in the state |j,m〉:

∆Jx = ∆Jy = ~
√

1
2
(
j(j + 1)−m2

)
(2.108)

So, the uncertainty is minimized for m = j. In this case, we have ∆Jx = ∆Jy =
√

j
2 . These

vectors |j, j〉 of maximal weight saturate the incertitude relations ∆Jx∆Jy ≥ 1
2 |〈Jz〉| which

becomes:
∆Jx∆Jy = j

2 (2.109)

These are the coherent states. Starting from these vectors, we can construct an infinite number
of coherent states by rotating the state |j, j〉:

|j, n̂〉 = G(n̂)|j, j〉 (2.110)

where G(n̂) ∈ SU(2) is a group element which rotates the direction (0, 0, 1) into the direction
defined by the unit vector n̂. Explicitly, we can write:

G(n̂) = eiθsinφJxe−iθcosφJy (2.111)

The family of states |j, n̂〉 labeled by the parameter n̂ is the set of coherent states. While the
uncertainty of the vector |j, j〉 is minimized in the direction Oz, the one of |j, n̂〉 is minimized
in the direction n̂. To check this statement, we can use the following facts:

〈j, n̂|Ja|j, n̂〉 = jna (2.112)

〈j, n̂|J2
a |j, n̂〉 = j

2 + j(j − 1
2)n2

a (2.113)
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This means that the vector |j, n̂〉 describes on average a vector on R3 of direction n̂ and norm
j. Hence:

∆2 ≡ 〈j, n̂| ~J2|j, n̂〉 − 〈j, n̂| ~J |j, n̂〉〈j, n̂| ~J |j, n̂〉 = j (2.114)

In addition, we can decompose the coherent states in terms of the Jz eigenstates:

|j, n̂〉 =
∑
m

φm(n̂)|j,m〉 (2.115)

One of the main feature of the states derived above is the vanishing of the relative uncertainty
∆J√
〈 ~J〉2

when j grows large. Furthermore, these states provide a complete basis for the irreducible
representations. Therefore, for a given irreducible representation j, the states |j, n̂〉 resolve the
identity such that:

1j = dj

∫
S2
d2n̂|j, n̂〉〈j, n̂| (2.116)

2.5.3 Coherent intertwiners

The SU(2) coherent states are the fundamental blocks of the coherent intertwiners |I(j, n̂)〉.
An important property of the SU(2) coherent states which turns out to be primordial in the
construction of the coherent intertwiners is the following. If we consider a tensor product of
SU(2) coherent states ⊗i |ji, n̂i〉, the vanishing of the relative uncertainty is preserved. More
generally, we know that, as soon as the closure relation is satisfied, the states admit a semi-
classical limit. Thus, if we note jin̂i, with i = 1, ..., E, the vectors normal to the faces associated
with a given node, they satisfy the closure relation:

E∑
i=1

jin̂i = 0 (2.117)

and we associate with this node the coherent state:
E⊗
i=1
|ji, n̂i〉 (2.118)

The last thing to do in order to get a coherent intertwiner, is to project down to the invariant
subspace, which is done by averaging over the groupe SU(2) i.e.

|I(j, n̂)〉 =
∫
SU(2)

dh
E⊗
i=1

h|ji, n̂i〉 (2.119)

These states form the so-called coherent interwiners or Livine-Speziale intertwiners. The fun-
damental property is that the group averaging preserves the semi-classical property of these
states. Furthermore, in [22], the authors have shown that the norm of the intertwiners is
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peaked as far as the states satisfying the quantum closure condition ∑E
i=1 jin̂i are concerned.

This induces that quantum correlations are strongly dominated by the contribution of the
semi-classical states, in the case of the large spin limit. As a matter of fact, the procedure we
have just described holds for nodes of arbitrary valence. A case of particular interest is the
one of the coherent tetrahedron, whose semi-classical behavior has been described previously.
In this situation we have explicitly:

|I(j, n̂)〉 =
∫
SU(2)

dh h|j1, n̂1〉 ⊗ h|j2, n̂2〉 ⊗ h|j3, n̂3〉 ⊗ h|j4, n̂4〉 (2.120)

This state satisfy the semi-classical property ∆( ~Ea· ~Eb)
| ~Ea|| ~Eb|

� 1 for large spin j. This case is very
important since it enters in the definition of the vertex amplitude in the spin foam model [22].

2.5.4 Coherent states

In order to construct the semi-classical states, a lot of model have been proposed. One of
them is the one used in the recent calculations about graviton propagator [35] [21] [11] [9].
The semi-classical states are obtained as a superposition over spins of spin networks where
the nodes are given by the Livine-Speziale intertwiners. We denote cj the coefficients of this
superposition and their expression is the one originally proposed by Rovelli in [35]:

cj(j0, ξ) = exp

(
− (j − j0)2

2σ0

)
exp

(
− iξj

)
(2.121)

where we choose σ0 ≈ (j0)k with 0 < k < 2. The state is associated with a graph Γ where each
edge e is labeled by a spin j0 and an angle ξ, the nodes are labeled by a set of unit vectors
~n where each vector corresponds to an edge emanating from the node. More precisely, the
vectors ~n are actually associated with the normal vectors of the faces of the tetrahedra and j0
represents the average area of the corresponding face. Thus, the formula provides states which
are peaked on both the angle and the area. In other words, the relative dispersion of both ξ
and j0 vanish for the large spin limit.



Conclusion

In this dissertation, we have discussed the dual picture of spin networks and how a notion of
distance could arise within the background-independent formalism. We identify regions of a
given spin network with a dual picture of quantum geometry: nodes are dual to chunks of space
and edges are dual to surfaces shared by two adjacent chunks. Furthermore, one of the most
remarkable results of Loop Quantum Gravity is the quantum discreteness of the area and the
volume operators. However, while the introduction of these operators is quite straightforward,
it is much more difficult to define a length operator. In order to define such an operator, the
strategy followed is to make full use of the dual picture introduced with the two latter geomet-
rical operators. More precisely, the length operator can be expressed as a sum of elementary
length operators. The elementary length operator measures the length of the intersecting curve
between two surfaces dual two edges emanating from the same node. Even if the length oper-
ator defined like so has a discrete spectrum as well as an appropriate semi-classical limit, the
definition is very complicated and the physical interpretation not suitable to compute distances
between parts of the spin network. The difficulty to define such an operator is an indication of
the problems we face in defining a notion of distance. Furthermore, the fact that the definition
of the length operator is so little obvious is testament to the fact that we should not get too
tied up to the nice picture of the dual space. Indeed, we tried in this dissertation to shed
light, through numerous arguments, on the fact that the picture of a space made of a gluing
of polyhedra can be highly misleading.

The study of the entanglement carried out in the second chapter brings additional informa-
tion. First of all, the adjacency of the nodes on a spin network does not mean they are close
in the physical space. Indeed, if as expected the entanglement decreases with the distance, it
means that two adjacent nodes could be very distant in the physical space if the virtual edge
is labeled by a very low spin number j. On the contrary, when computing the correlations
between two regions, the coarse-graining procedure could lead to a virtual link with a very
high spin j which would mean that the two regions are close in the physical space, and this,



68 CONCLUSION

even if the regions are not directly related by an edge. In any case, it seems that the coloring
of the edges would be more determinant in the construction of the physical space than the
adjacency of the nodes and more generally the shape of the graph.

The model proposed in this dissertation is an attempt to use Quantum Information tools
in order to measure distance. The problem we encountered is the choice of state, once we
have derived the basis of the invariant subspace of the tensor product of the space associated
with the two regions. Indeed, it will be required to make an arbitrary assumption and use the
results to define the measure of distance. We focused on the case of the totally mixed state in
order to get a first taste of the behavior of the entanglement on a spin network. However, we
have stressed many times that we do not expect this case to be of any relevance as far as the
computation of the distance is concerned. Indeed, because this corresponds to the situation
where we lost all the information from the original graph during the coarse-graining process, it
is not suitable to quantify how distant the regions are. As a matter of fact, this measure would
be appropriate in the case of Black Holes where the extreme density would make the regions
as if they were blended into each other.

As suggested by the structure of this dissertation, we would need, in order to go further, to
complicate the procedure by taking into account the semi-classical limit and therefore consider
a spin network with coherent intertwiners. Furthermore, it would be interesting to make sense
of the superposition of spin networks and more precisely to define what it means for two
diffeomorphism invariant objects to be far away. This question is a strongly related topic
which could deeply enlightens the issue treated here.
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