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Abstract

In this work we present a brief set of methods used to analyse wave equation solutions. After
introducing the reader to some elementary results, we show how one can use a commuted vector
field approach to establish ILED estimates without first showing boundedness of energy. We present
its use in the study of solution to the wave equation in Schawrzschild spacetime and derive known
results for the first order perturbed wave equation in that same spacetime. Our results elaborate
on and clarify results by Holzegel and Kauffman.
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1 Introduction

The study of wave mechanics is undoubtedly omnipresent in Physics and has been for a long time.
An extensive study of solutions to the wave equation in flat space has led to many results |1, 2, 106].
Many have set their focus on perturbed wave equations or non-linear wave equations |1, 21] as these
represent interesting physical systems or interesting mathematical studies. In the field of differen-
tial equations, one is very often interested by the notion of existence or non-existence of solutions
as well as the behaviour of such solutions. When considering a solution to the non-homogeneous
wave equation in flat space, one might wonder whether it decays as time progresses and how.

All these questions have their equivalent in a different setting. For instance, many results for the
wave equation in Schwarzschild spacetime have been produced |11, 3, 4, 5]. A similar treatment
was also done for Kerr solutions [10, 11, 24]. It goes without saying that due to the increased
complexity of the wave equation in such settings, many elementary methods could not be ported
from flat space. The more recent development in energy estimates and alike have proven more
robust |7, 12, 13].

In this work we will try and give a brief presentation of the current methods used in the afore-
mentioned contexts. The aim being to provide suitable bounds on smooth solutions of the perturbed
wave equation found in [17]. In Section 2, we recall analytical techniques and function spaces often
used in wave equations. This section will present the basics of distribution and their use in dif-
ferential equation analysis, notably how one can study C° solutions of a differential equation. We
will also provide the reader with a set of results in Fourier analysis that will become useful when
studying the decomposition of solutions to the wave equation. Section 3 will present a couple of
elementary results we mentioned earlier. We will derive explicit solutions for the 1+1-dimensional
wave equation (d’Alembert’s formula) and the 1+3-dimensional wave equation (Kirchoff’s formula).
We will see how the Fourier analysis can be used to derive an energy conservation in Section 3.3
and compare our results to the more general case in Section 3.4. The majority of Section 3.4 is
dedicated to the introduction to the newer methods that are more easily transferable to variable
coefficient wave equations. In Section 4 we will briefly present the reader how to use those new
methods in the context of Schwarzschild background using the energy-momentum tensor formalism.
Finally, we will follow a paper by Holzegel and Kauffman in which a derivation of an energy es-
timate is done for a perturbed wave equation in a Schwarzschild spacetime in Section 5. Every
calculation from [17] was reproduced and detailed in that section. These results all follow from the
methods introduced in previous chapters. Their aim is to show stability for smooth solutions of
the perturbed wave equation.



2 Background material

Before tackling any detailed analysis of the wave equation we must make sure we agree on some
concepts and definitions. This section will give a brief summary of some properties of Sobolev
spaces, Schwartz spaces and Fourier transforms. For more details on the former the reader is in-
vited to consult [19], from which most results were taken. These concepts will become useful mainly
in Section 3.3 where we will derive explicit solutions to the wave equation.

2.1 Distributions

In this section we let {2 C R™ be an open subset.

Used extensively in Physics, distributions have become an essential tool in the study of solutions
to partial differential equations. By the omnipresence of the latter in every field of physics, it is
natural to start by defining what one means by distribution. Following [19], we define

Definition 2.1. The space of test functions in €, denoted D(£2) is the space of all C*°(Q2, R) which
have compact support.

From this, we now define the space of interest in this section.

Definition 2.2. The dual of D(Q) is called the space of distributions on €, denoted D'(Q). Its
elements are called distributions on 2.

One quickly sees that any function f € LP(Q, R) naturally defines a distribution as
Vo e D(Q), flp) = /Qfso < 00

holds. This can be seen by applying Holder’s inequality to f(¢) and using the definition of LP(2, R)
as well as the fact that ¢ has compact support. See Proposition A.3 for a detailed proof.

One important distribution, which appears everywhere in physics is the Dirac delta. One defines
it, as usual, by its action on test functions

Vi € D(Q),  d(p) = ¢(0) (2.1)

More importantly, we can define derivatives of distributions by the use of integration by parts.
Making use of the multi-index notation for o € N”



we define

Definition 2.3. Let f € D'(Q2) be a distribution on Q. For any a € N™ we define D*f as

Vo e D(), Dfp) = (=1)*f(D) (2.2)

By definition of D(£2) one can easily see that if f is a distribution then so is D®f. See Propo-
sition A.4.

We can use this definition of the derivative of a distribution to extend our usual definition of
derivative. This extension is called the derivative in the sense of distributions. One possible exam-
ple of such a derivative would be for the absolute value function |-| : R — R

x, ifxz>0
|| =
-z, <0

In the usual sense of derivative, the absolute value function is not C*(R) as the derivative at
the origin is not well defined. However, being a locally integrable function it is also a distribution
on R and it this new sense of derivatives it is C'(R) as we have

() 1= [ () @etea

== [ Jal¢/ @)
:/O w’(x)dx—/ooow’(x)dﬂf

—0o0

Finally, we conclude that for any a € R



We immediately see that in order to retain uniqueness of derivatives we must identify distribu-
tions if they are equal nearly everywhere. It, of course, falls immediately from the integral present
in the definition of distributions.

One may also prove that the derivative in the sense of distributions conserves all the usual proper-
ties and identities of regular derivatives [19].

As a final note on distributions, this new definition of derivative allow us to study C solutions
to partial differential equations and even allow for the study of singularities in general solutions
(and their propagation) [16, 18]. This, would, however require the introduction of the concept of
Sobolev spaces [0, 19].

2.2 Schwartz space and Fourier transform

To conclude this chapter on background material, let us recall the definition of the Schwartz space
of R™.
S(R") ={f € C®°(R") |Va,B € N*, sup |29 DP f(x)] < o0} (2.4)
zeR"

In other words, it is the space of infinitely differentiable functions whose derivatives decay faster
than any polynomial power. On this space, we have a countable family of semi-norms

1 £llas = sup [+*D° f(x)| (2.5)
zeR”

And in fact one can define a metric on such a vector space and show that it is a complete space
with respect to that metric [15].

The Schwartz space is both Mathematically and Physically interesting as it is natural to define on
it the Fourier transform.

Definition 2.4. Given a function f € S(R"), we define the Fourier transform as

FOE) = | fla)e > de (2:6)

We also define the inverse Fourier transforms as
FrH)E) = [ flx)e?™ " d (2.7)
Rn

The interesting property of the Fourier transform on Schwartz space is the fact that it maps it
back to itself. Additionally, given that f € C* we also have the property

F(D*f)(€) = (2mi) g F(f)(€) (2.8)

as well as the acclaimed Plancherel theorem



Theorem 2.1 (Plancherel). Let f € S(R™). If F(f) denotes the Fourier transform of f then its
L? norm is equal to that of f. In other words

IF(He2ny = £l L2(m) (2.9)



3 The wave equation in Minkowski space

In this section we will be interested in the analysis of the wave equation in Minkowski space. This
will be a good place to remind the reader of the elementary formulae. We will give a brief overview
of different methods that exist to find an explicit solution. Finally, we will present newer methods
that are applicable to general wave equations.

Oyu=—02u+ Au=0 (3.1)
See [16] for more details.

3.1 The 1+1-dimensional case and d’Alembert’s formula

Let us first take a look at the wave equation on R'*1. It turns out that this restriction to a smaller
dimension decreases greatly the difficulty to solve the equation but also allows us to forge some
results that will become primordial in our higher dimensional analysis.

We follow here Holzegel [15]. Let us consider the Cauchy problem

— Q2u(t,x) + O*u(t,x) =0 u(0,z) = f(x) Owu(0,2) = g(z), (3.2)

and look for soluions v € C?(R*! R). The reader will find useful to know that the following
derivation is analogous to the u € C2(R*1 C") case.

Note that, contrary to the usual convention, we are writing the wave equation with the negative
sign on the time derivative. This choice, undoubtedly, won’t change our analysis but is there to
keep a level of consistency with our later redefinition of the wave operator on Lorentzian manifolds
in section 4. We are also suppressing the constant speed of light factor in front of the spacial
derivative. This can easily be restored after performing a rescaling of the time axis resulting in no
loss of generality (See Proposition A.1).

We easily see that u(t, ) = ¢(z + t) + 1(x — t) solves (3.2) for any ¢, € C%(R) satisfying
)

¢(x) +p(x) = f(z
¢'(z) —¥'(z) = g()

It turns out that this form of u encompasses all solutions (see Proposition A.2).
We can then differentiate the first equation and solve the system of equations to get

¥ @) = 5 () +9()
¥(z) =

1

5 (@) - 9(2))



We can put these back into the expression for u(t, x) to get

T+t T—t
u(t,z) = % <f(x +1t) +/ g(s)ds) + % <f(:z: —t) — / g(s)ds)

1 1 T+t

= 2(f(x+t)—|—f(x—t))+2/ g(s)ds (3.3)
T—t

This explicit form is known as d’Alembert’s formula. From it we can immediately deduce the

uniqueness property

Proposition 3.1. For any f € C?(R) and g € C'(R) there is a unique solution u € C?*(R!™ R) to
the Cauchy problem (3.2).

3.2 The 1+3-dimensional case and Kirchoff’s formula

It goes without saying that the case of physical interest is that of the wave equation in 3-dimensional
space. Following [15], we will construct an explicit solution to the Cauchy problem

— Ou(t,x) + Au(t,z) =0 u(0,z) = f(x) dhu(0,z) = g(z) (3.4)

for which u € C*(R*3 R).

For a more general approach and until further notice, we will denote the number of spacial
dimensions by d. This will allow us to derive results valid for any dimensionality.
To do so we will make use of a continuous function i : R — R with which we define

My(x,r) = W /|y—$|7" h(y)dSy (3.5)

We immediately see the importance of M}, for h a solution of (3.4). In that case, the former is
an average over a d-sphere of the solution h. That average turns out to also be a solution of (3.4)
and allow a reduction in dimensionality. More on this in Section 5.1 of [2].
What follows will simply be a set a manipulations on M}, to make the previous statement more
clear and allow for an explicit solution to be written.

Performing a change of variable y = x + r¢ with |¢] = 1, we see that dS, = r¢~1dS¢ and

1

My (z,r) = W /|§|—1 h(xz + r&)dSe

By this explicit form of M} we can extends its definition to all values of r € R. In other words,
we define My, (z, —r) = W f\&lzl h(z —r&)dSe = My (x, 7).

Now, restricting ourselves to h € C?(R%,R), we have



1 1
0:M)(@.1) = g /I£ € 98 = g /|§=1£ Veh(o -+ r€)dSe
[ VeV rde = [ Ach(a+re)de

VOI(Sd)T l€1<1 VOl(Sd)T' l€1<1

using [, V- Adé = [, A-dS where A = V¢h(z +rf), dS = £dSe. Further rearranging gives us,

T T
My (x,7) = ————r Ayh dé = ——— Agh d
8 h(aj T) VO] Sd) |§‘§1 Y (a:—}—r{) § VO](Sd) |§‘§1 (.T—FT&) €
r 1 L
= [ d d—le/ h dSe = / dpp?™ 1AM,
vOl(Sd)/O pp o (+7pg)dSe =r | der n(@,7p)

=i / dpp*™' Ay My (, p)
0

We can deduce of this result that M}, obeys the Darboux equation

O, (rdflarMh(a:,r)) = 0r / dpp®™' A My(z, p)
0

= Td_lAth(x7 T)

— A My(z,r) = <a§ + d;%) My (z,7) (3.6)

Now that we have established this result and given a solution u € C?(R*¢ R) to the wave
equation (3.4), we define

1
M, (t,x,r :/ u(t,z + r&)dS, 3.7
We immediately see that we can recover our solution w from M, by the relation
1 Vol(59)
Mu t7 ’ = 77 ady t7 d = tv = t)
(t,z,0) Vol(57) /|£|:1 u(t, x)dSe Vol(Sd)u( x) = u(t,x)

and that by (3.4) and (3.6) M,, satisfies

T

OEM(t,z,7) = Ap My (t,z,7) = (82 + d;18r> M, (t,z,r)

We can now restrict ourselves back to 3-dimensional space in order to extract an explicit solution
for u. Given our previous equation, we see that rM,(t,x,r) satisfies the 1-dimensional wave
equation

XM (t, 2, 7) = (a,? + iar> My (t, 2, r) = %83(7“Mu(t,a:,r))

= 07 (rMy)(t,x,r) + O (rMy)(t,z,7) =0



with initial values

rMy(0,2,7) = rMs(x,r) O(rMy)(0,z,7) = rMg(x,r)

Thus, by Proposition 3.1, we know there is a unique solution (rM,)(-,z,-) € C?(R'™! R) given
by d’Alembert’s formula

1 r+t
((r+t)My(z, 7 +t)+ (r —t)Myp(z,r —t)) + = / pMgy(x, p)dp (3.8)

TMu(ta z, 1") =
2 Jr—t

DN | =

We can rearrange the previous equation and take the limit r — 0 to get

2

r—0

1 t 1 r+t
M, (0,z,7) = lim i(Mf(x,r +t) + My(x, 7 —1t)) + ﬂ(Mf(x,r +t) = My(z,t —7)) + / ':Mg(a:,p)dp]

—t

1 t
= My(x,t) + toMy(x,t) + 3 lim (p + 1) My(z, p+r)dp

r—0 ) _; \T

Now by the fact that M, € C*(R,R) we have, in a neighbourhood of r = 0, the Taylor expansion

My(z,p+ 1) = My(x, p) +10,My(z, p) + o(7)
and thus, by parity of My(x,-), we see that

1 t
M (0,2, 7) = My (z,t) + 10 My(x, 1) + 5 lim (p + 1) (My(w, p) + 19, My(x, p) + o(r)) dp

r—0 ) 4 \T

= My(x,t) + t0;Mys(x,1t)

1 . t
+ > lm (ng(%p) + My(x, p) + p0,My(z, p) + r0,My(x, p) + 0 (r0>> dp

2 r—0 ¢+ \T
1 t
= My(x,t) + 10 My(x,t) + 2/ (My(z, p) + p0,Mgy(z, p)) dp

—t

= My(z,t) + toMy(z,t) + ;/t dp (pMy(z, p)) dp
= 0p (tMy(z,t)) + tMy(z,t)

Finally, we conclude that a solution to our Cauchy problem (3.4) has the explicit form

1 1
u(t,x) = 0 (/ f(y)d5y> + / 9(y)dSy (3.9)
At Jjy—al=1 At Jjy—al=1y
known as Kirchoff’s formula.
However, as pointed out by Holzegel in [15], the solution explicitly shows some loss in regularity.

Indeed, having performed the limit on the expression for M,, in order to get a C? solution u we
will require f € C? and g € C?. Due to this, it is more common to deal with finite energy solutions
such as solutions in certain Sobolev spaces



3.3 The frequency decomposition

Another way of deriving an explicit solution to (3.4) would be through the use of Fourier transforms.
This method is in some sense easier to use but forces us to reduce ourselves to a smaller set of
solution u: those that are smooth and behave suitably at infinity. We can formally construct this
restriction on u by requiring it to be in S(R?), the Schwartz space. Then any such u obeys

Voa,B € N, |lullop = sup |2*DP f(2)| < o0 (3.10)
z€R4

as detailed in Section 2.2.
In turns out that any solution in S(R?) is of physical interest as such behaviours at infinity are
desired in physics. However, one must keep in mind that not all physically interesting solutions are
in S(R?) as finite energy solutions exist outside of C*°. One can take, for example a C? solution
u with compact support or with suitable decay of u, Vu. More on this in Section 3.4. However,
the Schwartz space is dense in many function spaces of physical interest, which makes our analysis
relevant. By extension, it is also possible to define the Fourier transform for L' or L?*functions as
the latter is of bigger interest to us. However, we will restrict ourselves to the introductory S(R?)
case.

We follow here Section 5.1 of [2] and Section 2.6 of [15]. We also recall the definition of the
Fourier transform of a function f € S(R?) from Section 2.2

FN© = [ fla)erde

and simply extend it to functions f € C?(Ry) x S(R?) by only considering the Fourier transform
of the "spacial part"

FOE) = [ fa)e s (3.11)
R4
With this definition, we can pose our Cauchy problem with restricted initial data. In other
words, a restriction to S(R%) of (3.4)
— Q2u(t,x) + Au(t,z) =0 u(0,2) = f(z) Ou(0,z) =g(x) f gec SR (3.12)

with of course u € C?(Ry) x S(RY). We will see a bit later that we can also use this method to
solve the non-homogeneous wave equation —92u(t, ) + Au(t,x) = f(t,z).

Nevertheless, we can now take the Fourier transform of the whole equation (3.12) and use (2.8)
to get

F(=0u)(t,€) + F(Au)(t, &) = —07F(u)(t,€) + (2mi)*|E F (u)(t,€) = 0

—  OFF(u)(t, &) +4Am?|EPF (u)(t, &) =0 (3.13)

We immediately see the benefit of using the Fourier transform. We have turned our partial
differential equation into an ordinary differential equation. The reader may be familiar with the
general solution

10



F(u)(t,§) = A(§) sin(2mt[¢]) + B(&) cos(2mt[¢]) (3.14)

The initial conditions immediately give the conditions

F(9)(6)

A(§) = “onle| B(&) = F(f)(€) (3.15)

Finally, as shown in [15], taking the inverse Fourier transform leads to the representation formula
f .

u(t,z) = /]R’i (2(2;8 sin(27t|€]) + F(f)(€) cos(27rt\§|)> et e (3.16)

As a final note on this section, from the representation formula we can derive the identity (See
Proposition A.5)

|0:F () (8, )17 + 4m?[€]” | F (w) (8, €)1 = [F(9)(©)] + 4m2 (€] | F () () (3.17)

which, by integration in £ will lead to the energy conservation
[, M L2 ray + [Vt L2y = 19l L2ray + [V £l L2 (Ra) (3.18)

3.4 The energy estimates

In the previous sections we looked at different ways to derive an explicit solution to the wave
equation (3.4). Even though the methods were relatively straightforward, finding similar formulae
for more generalised wave equations turns out to be a more complicated topic. Consequently, one
has to make use of other techniques, that may not give an explicit formula but that can allow for
the global behaviour of a solution to be determined (amongst other properties).

In this section, we will look at the physically motived energy inequalities, or energy estimates.
Indeed, for a class of solutions to the wave equation (3.4), the energy, defined as

Elu(t) = ;/R (0 + 19uP) . (3.19)

is constant in time. This is a strong statement that hints at the various symmetries of the wave
operator. For a more Mathematical treatment, however, we are not limited by a single concept of
energy. We indeed can define the energy of a solution to a linear first order system [22] just as we
can define the energy of the general wave equation. It turns out that the energy, as defined above,
for the non-homogeneous wave equation would not necessarily be constant in time.

This aforementioned property can be seen in multiple ways. One can consider the current associated
to the vector field 9; and compute the energy momentum tensor for a solution w (more on this in
Section 4) in order to derive an energy inequality. On the other, hand one can also use an equivalent
method which very easily generalises to more complex cases, that of multipliers [12, 16]. Allow us
to illustrate the latter by deriving an estimate for a C? solution to the Cauchy problem |2]

—PutAu=f u(0, ) = up(x) Ou(0, ) — ui(x) (3.20)

11



3.4.1 The standard estimate
Let D = {(t,a:) eR xRe|t e [O,T[}. Let u € C%(D,R) be a solution to (3.20), where u(t,-) is
of compact support. following [2], we compute

d d
Oy = (—0fu+ A u = —%at S (@) + 0)? | + 3 05 (05 04)

i=1 =1

Note how we have prepared the equation for an integration over the domain D. The 0; will generate
our energy terms and the 9; term will vanish by compactness of . Indeed, integrating over D leads
to the result

/D O,udiudrde = Eu)(0) — Eul(t)

This result, for f = 0 in (3.20), would lead to the usual energy conservation E|[u](t) = E[u](0).
For general f, however, we are left with no choice but to estimate the integral using the Cauchy-
Schwartz inequality

‘ /DDnu Oru de$’ < /Ot dr || f (7, )| 21| (Osw) (7, )| 2
< [ arlrolee BR)

From this we can conclude that our solution u satisfies the following energy inequality (Theorem
6.3 in [2])

Eu](t) < E[u)(0) + /0 dr| f(7, )2 (2E[u](7)) " (3.21)

Furthermore, one can further improve this estimate by considering the domain of dependence
of the solution u. Under this setting, we can indeed drop the requirement that u(t, -) is of compact
support [16].

However, one may wonder if we can apply a similar principle to a multiplier that is not dyu. As
a matter of fact, we can. In this setting we talk about general multipliers.

3.4.2 General Multipliers

To illustrate the principle behind the general multiplier, we follow [2| and set D to be an open
subset of the closed half-plane {(t,z) € Ry x R% [t > 0}. We know let X = X0, + Z;i:l X;0; be a

smooth vector field on D such that Xy > 0.
With this configuration, we compute

d d

1
OyuX[u] = =50 | Xo D (0iw)? + (Ow)® | + 20> Xidu (3.22)
=1 =1
1 d d d
— 5 Z 0; | X; Z(aju)Q — (8tu)2 — 2Xo0:ud;u — QGiUZXjaju +Q
i=1 j=1 j=1

12



See Proposition A.6 for a more detailed calculation.
If we now integrate over the domain Dy = {(z,7) € D ) 0 <7 <t} we find that

d
/ O,uX [u]dxdr = — / 0Ty + Z 0;T; | dadt + Qdxdt
Dy Dy Py Dy

d
__ / N+ S NT | do+ | Qdadr
oD; = D,

= —/ e(N, X)do + Qdxdr
8ft Dt

where T is the vector field whose components are found in (3.22) and N is the vector field normal
to D;. Note that we have defined the energy density e(N, X) such that

d d d
1 1
e(N, X) = 5 | NoXo - > NiX; | (Opu)? + 3 NoXo+ Y NiXi | Y (95u)? (3.23)
i=1 i=1 7j=1

+ Opu (NoX [u] — XoN[u]) — X[u]Nu]
Allow us to define a few more quantities that will allow us to visualise the integrals more easily.

Let 3¢ = {z| (z,t) € D} and Ay = {(z,7) € D |7 # 0,7 # t}. With these definitions we indeed
see that 0Dy = Yo U Xy U Ay. We can illustrate all those properties using the diagram in Figure 1.

\Z“
€T

Figure 1: An illustration of the domain of integration D; and its related quantities.

We then define the energy of our solution u with respect to the multiplier X and normal N as

the quantity
Eu(t) = /E ¢(N, X)do (3.24)

This energy can be extracted from our original integral as

/ e(N, X)do = E[u](t) — E[u](0) +/ e(N, X)do
0D Ay

13



As shown in Thorem 6.7 of [2], if X and N are non-spacelike then the energy Elu|(t) is non
negative. One can show this by considering the different cases for N and seeing that e(N, X) is
non negative only for the aforementioned conditions. This requirement is essential in producing
an energy that has both physical sense and mathematical usefulness, as we will see in later chapters.

Using various multipliers with suitable domain D, one can prove various inequalities (Morawetz
inequality, KSS inequality, conformal inequality, etc). See [2] for more details.

3.5 The integrated local energy decay (ILED) estimate

Amongst the possible estimates one can build using the previous method of multiplier, there is one
category called Local Energy Decay Estimates [22]. These types of estimates, for example, can help
give bounds for the last term of (3.21). We will use this opportunity to introduce the equivalent
formalism of energy-momentum tensors and currents. Indeed, with that formalism we will discuss
how one can arrive at the following estimate |1, |.

Proposition 3.2 (Morawetz estimate). Any C? solutlon of the wave equation [J,u = 0 satisfies the

estimate
/ /2 Ligup? < cEp)(0) (3.25)

for a uniform constant C'.

Let us introduce the formalism described above. For a solution u to the wave equation (3.4),
we define its energy-momentum tensor

1
Ty lu] = 0,0,u — Qnuy(auf (3.26)

which satisfies
0, T* [u] =0 (3.27)

For a smooth vector field X = X*9,, we define its deformation tensor
1
(X = 5 (0"X7 +0"X") = (Lxn)"” (3.28)

where Ly is the Lie derivative with respect to X. We immediately see that if X is a Killing vector
field then ()7 = 0.
Consequently the current J;(LX) [u] will be divergence free and KX)[u] will vanish when defining
them as

T = Tl X" KO = Ty [u) O r (3.29)

To conclude this overview of the formalism, note that our condition on N and X at the end of
Section 3.4.2 that produced positive energy does translate here as Proposition 3.2 of [11]

T, XHY" >0 for X, Y both future directed causal (3.30)

The proof falls quite naturally when using null frames |14, 2, 1].

If one followed Holzegel [11]| in their proof of Proposition 3.2 one would use the domain
Dy = ([0.4] x RE) \ (10, ¢ x Be).

14



Figure 2: Representation of the domain D; (in gray) and its related quantities.

On it one must consider the vector field X = 0, and compute the corresponding current and
K [u]-value. Integrating over the aforementioned domain and separating by parts would lead to
an estimate. Taking the limit ¢ — 0 would give us the Morawetz inequality.

Finally, one can use these inequalities to find decay rates for solutions u such as shown in [1, 20,

I
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4 The wave equation in Schwarzschild

On a different, yet related, note, we will discuss of couple of results one can derive when considering
a more complex spacetime: the Schwarzschild spacetime. Even though a lot of the methods we
have introduced in earlier sections were designed to be transferable to this type of spacetime, the
transfer itself is not trivial. As we will see, not only will the domain of interest change, along with
its corresponding normal vector fields, but the wave equation itself will gain in complexity.
Let us recall the Carter-Penrose diagram for the maximally extended Schwazschild solution

On such a spacetime, the metric can no longer be represented globally by the Minkowski metric
7 but is instead given by a Lorentzian metric g, whose representation will depend on the choice of
coordinates. In the so-called Schwarzschild coordinates (¢, 7,6, ¢) the metric can by written as

-1
g=— <1 - 254”) dt* + <1 - 25}4) dr? + 12 <d92 + sinz(e)dg02> (4.1)

In order extend our analysis from Minkowski space to Schwarzschild in a meaningful way, we
will need to define properly the wave equation operator.

It turns out that the most appropriate way to extend it comes from Differential Geometry.
Indeed, the appropriate generalisation of the wave operation is the so-called geometric wave operator

0, ( \g\g“”auu) (4.2)
Vgl

which conserves a lot of the desired properties of the regular wave equation in flat spaceime. As one
develops the expression above, they will notice that it can be written like a general wave equation
which variable coefficients [2, 11].

One, however, does not look at Cauchy problems on the maximally extended Schwarzschild space-
time if they are looking for a physically interesting analysis. Indeed, given the non-causal sepa-
ration of that spacetime and given the fact that we, as observers, do not live below the horizon
H*T = {r = 2M}, it is much more interesting to look at the region at the far right of the Carter-
Penrose diagram. In this case, we define our Cauchy surface of interest as ¥ N {r > 2M} (as
given in the diagram above). As pointed out in [!1], the hypersurface ¥ may not be spherically
symmetric, in which case its projection to the diagram will not be continuous. We nevertheless,
keep it as such as we will later choose it to be spherically symmetric anyway (See Section 5).

Ugu =

16



4.1 An energy estimate and the Kay-Wald theorem

Allow us to put to use our formalism described in Section 3.5 as it is the easiest to use while keeping
all quantities coordinate system independent.
We will aim to describe how to approach the Kay-Wald theorem which states that for certain
requirements on the solution u, it must obey

lul <C (4.3)

for some constant C' depending only on the Cauchy initial data on ¥. See Section 3.2 of |1 1] for a
more complete description of the conditions.

In this new setting, the different quantities defined earlier are generalised to [14]

1 1
Ty [u) = V¥t = S gy (9""Vauven) M, = 5 (VuX, + V., X,) (4.4)
X _ X
VEI ) = KX (] (4.5)
Allow us now to follow Section 3 of [!1] and define our domain of interest D,. Remembering

that the field 9, is Killing on this spacetime, we can define a foliation of the r > 2M region by
considering the 1-parameter group of diffeomorphisms of d;, denoted ¢;. Indeed the set of all
Sr = (E Nn{r>2M }) defines such a foliation and we have

D.= (J % (4.6)

0<t<r

We then also define
HT0,7)=HT NI (Z)NJT (Z,) (4.7)

Our Carter-Penrose diagram of interest is then given by Figure 3.

Figure 3: Carter-Penrose diagram of the region of interest D, (in grey) and its associated quantities.
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Let nyx, denote the future directed unit normal of ¥ and let ny be a null generator of H. The
current associated to the Killing vector field 0; is denoted JE [u] for a solution u of Ogu = 0. Then
integrating with respect to the usual volume form we find

/ VT[] = /E RATS /E Tk, — /H o Il =0 (4.8)

—

By extension to our discussion on (3.30), since 0 is future-directed causal in D;, we have

JHulnk <0 Jlulnk, <0 (4.9)

and as long as —g(9, ny,) < C for some constant C, we can write
/ (0)? + @) + YuP) < C(ro.3) / T ulnl (4.10)
S0{r>ro} o °

Given the commutation property [Dg, (M = 0 then we also have

/ ((8t2u)2 + (3r8tu)2 + \W@tu|2> < C(ro, E)/ Jg[ﬁtu]n’go (4.11)
Srn{r>ro} o
Then as noted by [11], given a certain requirement on the decay of the Cauchy initial data at spacial

infinity, our solution u obeys

lul? < C(rg, X) (/2 Jg[u]ngo +/E JE[@tu]n’éo) (4.12)

As rejoicing as it may seem, this inequality is not quite the Kay-Wald theorem. Indeed, as
discussed in [11], the condition —g(d;, ny,) < C can no longer be satisfied at the horizon as 9; be-
comes null. This does limit the estimate to the exterior only. However, there are methods around
this problem. Dafermos and Rodnianski use a different multiplier to prove the Kay-Wald theorem.
This allows for the control of solutions to the geometric wave equation. Notably, if the solution
has suitable asymptotics, as is desired in physical systems, then it can be shown to be bounded.
In other words, from a physical stand point, the solution never blows up and the study of such
solution holds everywhere in D..

Finally note that we can also apply the same ideas as in previous chapters to this problem.
In other words, we can choose a different multiplier with which to commute the operator. For
example, the choice of vector field N = a(r)0; — b(r)0, can lead to a suitable result on the redshift
effect [11, 11]. One can also find an ILED estimate in the presence of a Schwarzschild background.
For example,

M\?% 1
/ (1 — 3) —|Duf> <C [ |Dul? (4.13)
T r r Z0

In that case the result is interesting as it reminiscent of the phenomena of trapped photon geodesics
[11, 24] at » = 3M. This can be made clear from the degeneracy in the estimate itself at that value
of r.
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5 Application to a perturbed wave equation

Now that we have looked at some of the basic properties and definitions regarding the wave function
in Minkowski space and in Schwarzschild background, we are able to have a look at the process
that led to the paper by Holzegel and Kauffman [17]. The reason behind the long introduction
to the previous methods (for example: energy estimates) was due to their effectiveness in larger
situations. Indeed we can use these energy estimates and ILEDs to control various derivatives of
our solution to the wave equation in multiple background metrics. Furthermore, we can also apply
them to modified wave equations and study the stability of such solutions. This is, in essence, what
we will aim to do in this section, by following [17].

As described in that same paper, many results regarding the linear wave equation (¢ = 0 have
already been produced [3, 11]. Would it be in exterior Schwarzschild or Kerr geometries, decay
estimates are quite well understood [10]. One can also find results for more general spacetimes [23].
Nevertheless, given the number of results found for the aforementioned wave equation, Holzegel and
Kauffman were interested in knowing which of these results hold for the perturbed wave equation

0,6 = €596 (5.1)

where 3 is a smooth vector field on M that obeys some spacial asymptotics we will specify later
(See equation (5.9)). In order to achieve such a result they derived a non-degenerate integrated

energy estimate, see Theorem 4.1 of [17]. In a similar fashion to what was shown in Section 3.5,
the ILED can be used to show how the solution decays. In this case, from their results follows
Corollary 4.1 of [17] which predicts an inverse polynomial decay in time.

5.1 Setting the Cauchy problem

Similarly to Section 4, we are not necessarily interested in the entirety of the maximally extended
Schwarzschild spacetime but rather by the exterior Schwarzschild region, including the horizon
H*. To cover this region with one set of coordinates we can extend the Schwarzschild coordinates
(t,r,0,¢) to a new set of coordinates defined by [11]

t*=t+2MIn(r — 2M) (5.2)

Under these regular coordinates (t*, 7,60, @) one can easily see that the metric takes the form
w2, M * 2, .2 2 2 2
g = —a- (M) + == dtdt* + ar (r)dr® + 7 (de + sin2(0)dg ) (5.3)

where we defined a+ = (1 + %) This can also easily been seen to extend up to the horizon H*.

For conciseness, from now on we will use the symbol ¢ instead of t*.
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We can also note that the manifold of interest M = R; x [2M, 00[ x S2, can be foliated by
spacelike hypersurfaces .- defined as surfaces of constant ¢ = 7. Notably, we will chose ¥ as our
Chauchy surface when setting up the Cauchy problem later. Also note that the vector field T' = 0
is Killing in the regular coordinates. Finally, for further readability of the Carter-Penrose diagram
shown Figure 4, we define a subset of the horizon H*(0,7) = [0, 7] x {r = 2M} x S2.

Figure 4: Carter-Penrose diagram of the exterior Schwarzschild manifold, including the horizon at
r=2M.

In order to to greatly simplify the analysis Holzegel and Kauffman defined a new field ¥ = r¢,
where ¢ is a solution ¢ of (5.1). This rescaling of the solution will allow us to take advantage of
the separability of the wave equation.

5.1.1 Deriving an expression for P,

As a preliminary step, we will expand out the left hand side of (5.1) given our metric (5.3).
This step is done using our results from Section 4, and more specifically, using (4.2): Ogu =

=0 (gl 0,).

We recall that the Schwarzschild metric and its inverse, in regular coordinates, have the matrix

representation
—a_(r) 2M —ay(r) %
2M af(r) 1 2M a—_(r)
G= T .2 G = " 1
T
. 1
r? sin?(0) r2sin%(0)

From that follows the expressions for the determinant and the square root of it
g = det(G) = —r*sin?(9)

\/m =72 sin(6)
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Substituting those values in our expression for Oy¢ (i.e. inside (4.2)), we find
1 2M

+ 0, <7~ sin(0) (250”3t¢+ a_(r)8r¢>>

+ 3y (sin(0)Dpg) + 0, ( n(0) m)]

2M 1
= —a,(r)d}o + ——00r¢+ (2M 8 + 2M 18,0, ¢ + 2ra_(r)0,¢)

Ao
8, (a_(r)0,9) + S¢
= —a, (r)0}¢ + %& Or ¢ + Matqb—i- Sa- (r)0r¢ + 0, (a—(r)0,0)
Ao
+ =%
where
1
Ag¢p = (@) (ag (sin(6)dg) + 0, (Sn( ) (pqs))

is the Laplacian on the 2-sphere. It must not be confused with that of the induced metric on a
sphere of radius r denoted A and for which A = Ar§2

We can now use our definition of v to find the explicit expression for [l by permuting through
the factor of r to get

Oy = —as (N2 + T 00.(r6) + g O+ 2 ()0, (r) + 0y (a_ (1), (r)
L Ae

r2

_ng¢+%8t¢+ia ()<z>+ ¢+2a (r)0r¢

— 0,0+ 4Tat¢ + % (2 - 2%) ¢ +2a_(r)0r

We can now use (5.1) to substitute (y¢ in order to find

Oyt = erph oy, <¢> + %aﬂ[} + i <2 — 2i\4> U+ 2a_(r)0, (1/1)

r
gr 2M 2
= O — o+ T ow + S+ 2 (o
In accordance with the definition of Py in [17], we see that in order to recover the same expres-
sion, we must have

2M 2
Pstp = =gy + 3:51/1 +(1- )73¢ + fa,(r)&aw

aAM 2M

Ag2
:a_‘_('r)agw— 8t 7«7,/1+ 8tw 6 ( ( ) rw) S 1/}

v 2 6
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As specified by Holzegel and Kauffman, s can take the values 0,1,2 and was introduced to set
similarities with the Regge-Wheeler operator. We nevertheless, recover for s = 0 our modified
perturbed wave equation

P = (Lo - 79,0 (5.5)

5.1.2 Asymptotics of 5 and the Cauchy problem

In order to derive a suitable estimate for 1 it will turn out that 8 must satisfy certain asymptotic
conditions. In particular, the components 5* as well as their derivatives 9;3, and 9, 8% must obey
certain decays.

In order to write down a proper condition on 3 rather than vague statements, we must first define
two new vector fields which will become essential in our analysis

R* = Tat +a_ (r)@r (56)

r . - 3M 6M
W = j (R* + f(r)oy) f(r)= (1 - > 1+ — (5.7)

The choice of f(r) and R* are not arbitrary. Indeed, the former satisfies certain asymptotic be-
haviours that make this choice of W particularly well suited for the problem at hand. Firstly

Foy 22 1 pr) 220 (5.8)
Of course other properties of f(r) and R* are essential for the derivations in this chapter. However,
we will make them explicit when they are needed.

We can now state that we require the components of 5 to decay inverse polynomially in r
and W (5*) to do the same. Overall, it turns out to be most convenient to formulate the proper
asymptotic conditions as the following inequality valid for all 2M <r < oo

1B 12187 4 12\ g BT 4 I (B W (8] + g, W B (BP) < C (5.9)

where (8 is the projection of the vector field 3 onto the hypersurface of constant ¢ and r and ¢ is
the induced metric of such a projection.

As a matter of fact, we could settle down and set our Cauchy problem using equation (5.5)
and X as the Cauchy surface of initial data. However, without compromising our analysis we can
simplify things by getting rid of the zero™ order term in (5.5). This is justified by the nature of
that term which, being a zero™ order term, can be dealt with in the various estimates we will
derive. Hence, following [17] and compensating for sign differences, we define our Cauchy problem
as

Pap=—ef" O Ply, =% |y, =t (5.10)

and look for finite energy smooth solutions .
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5.2 The energies

Undoubtedly, one must first define their energies before requiring finite energy solutions of the
Cauchy problem. Let us, nevertheless, do this a posteriori in this section. Contrary to the standard
spacial volume integral [, dQ = Jorgdr [ do fo% dor? sin(6) we will consider energies whose
volume form gives

‘t:r

0o L 27
/ :/ sin(6)drdfdy :/ dr/ d@/ dgosin(9)|t:T (5.11)
: : o Jo 0

As seen in Section 3.4, this still allows for valid energies to be constructed.

We first and foremost define the degenerate energies

E[y](r) = / ((W) a_(r)(0,9)* + |Y|* + )

(1 1—2M 1 1 2
Lieglt](71, ) / i | (1—) (rz@w)% K <arw>2+r|w\2> Ty
1 2M 2
Lualt](1,72) = [ “ar [ < R E— (&W%i!%hi@)

which see their 0, terms degenerate near the horizon. As we will see, we wish to bypass this
degeneracy as it doesn’t allow us to place any bound on 0,1 near the horizon. To do so, we also
define the non-degenerate energies

_ 2
E[y](r) = / ((M) + (0:0)” + |V * + )

Laeg[¥](71, 72) /dT/‘r((l_>2(;(6tw)2+:2(ar¢)2+i|v¢|2>+T|R*1/J|2 w2>
Tndeg[¥](T1,72) /dT/< (O)? ( ¥)? + WT/JF >

The keen eye will have noticed the degenerate terms at » = 3M in the above ILEDs. As discussed
at the end of Section 4.1, this property is tightly tied to the geometric wave operator on this back-
ground spacetime. Nevertheless, we will still need to find ways around this degeneracy if we wish
to properly bound our solutions.

5.3 Commuting the vector field

Sticking to what we learned in Section 3.4, after multiplying equation (5.10) by 91 we would like
to commute through the operators in order to be left with a total divergence. However, it turns out
that the results we seek can more easily be found by considering P (W[w]) to which 9, W [¢] will be
multiplied. In order to make this derivation more apparent, we first compute a few useful quantities.

23



5.3.1 Some useful commutation identities
Let h € C*([2M, co[; R), then
(W, h(r)] ¢ = W [h(r)] — h(r)W [¢]
= WI[h(r)]y
=1 (a-(r)"* W (r)y

From this identity we can write

(Wyas(r)] v = — (a_(r))/* 2Ly
(W, 42 ) 4 = — (a(r))/* 4Ly

Furthermore, we also have

=~ (a_(r))/? My
b= — (a_(r))"/* 4Ly

2M
W, 21

2M
W, 28

[W7 ar] =W [&"@H - oW ['(/)]
= % (a_(r))*3/2 ((2M +rf(r) O+ (r — 2M)8,«w>

— (a- () ((F0) + 77 () Ao+ 0,0)
(o) W — (0 ()™ (7)) B + 010

and

(W, 0 =0
[W>A52]¢ =0

5.3.2 Finding an expression for P, (W[¢])

We can focus on rearranging our expression for Py (W[¢]) in order to derive equation (12) of [17].
We use our definition of Pst) in equation(5.4) to write down

Py (W) = as GPW Y] — T 00, W) + 25 00V [ — 0, (a-(r)2,W[Y))

AW 2M
B - By
= a(r)\W[oX] — %&W{@ﬂﬁ] + i—]\fW[atw] — 0 (a—(r)o,Wy])
W{Ag2 2M
- [rf dia- ) =5 Wl (5.12)

And commute the derivatives through. For a detailed derivation the reader is invited to jump to
Section B.1. We thus have

Proposition 5.1. Given the definition of Ps (W [¢]) (5.4) it follows that

~1/2
Ps (WY]) = 2 (a_(r))_l (1 + 6]T\4> OW Y] + F1 + Fa (5.13)
Fi=—gWiPs 0] Fa=(a=(r)"""” (ha(r)0 + ha(r)dis + ha(r)0)
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This proposition corresponds to equation (12) of [17], up to a sign difference. Note how the
only terms that contain second order derivatives are either in 9,W[¢] or contain an e. We also note
the boundedness property of the h,(r) function

sup |r"ha(r)] < C(M) (5.14)
[2M,00[

5.3.3 Our first estimate

We are now ready to apply what we have learned in Section 3.4. Indeed, given our previous result
(5.13) and the original definition of Pj (W[q/}]) (5.12), we can construct an energy-type inequality
by multiplying by 9;W[¢)] and integrating over a spacetime region.

Let us first rearrange the following expression into a total divergence.

W UIP, (WIw]) = ar (WO 6] — “ 00, W elaW ] + 2 (007 [u)”

Ag2 W[Qb] 2M

= 0 (a= (o WY]) aW 4] — AW+ (1 - %)= 3 W]oWY]

= 50 (a0 @v)?) = 300 (2 v 1e)*) - 0 a0 W) AV o

- O + Ja e +ar (1 - 1 (wiel)?)
4M

o, (1 aw)?)

N | —

= 301 (00) @WI)? + [FWIIP + (1= 25 (W1u)?) -

= 0y (a- (oW [POW [¥]) + a (1) W [10,0, W [¢]
—Y - QWY )

_ %at <a+(7“) (3tW[1/1])2 Fa(r) (aTWWJ])Q FIYW)2 + (1 —s )27{\5 (WW}])2>
— o, <2M (@w[w)® + a_<r>aTW[w]8tW[wJ> ~Y - @WIYWY)

We can immediately see on of the advantages of having made the choice of W] as the field of
interest. Indeed, we are left with a total divergence and no polynomial terms (as opposed to what
we have seen in Section 3.4). This fact will allow us to apply our standard results of positivity
to the energy estimate we derive from this formula. We note, however, that we wish to build an
energy estimate using E[¢)] which contains some terms that are not in our 9, expression above,
and vice versa. This being said, we can simply construct the desired energy estimate and leave the
extra terms on the side. Let us now integrate the previous expression over the spacetime region
[0,7] x [2M, 0o x S%. We, again, leave the details to Section B.3 and jump to the conclusion of
that calculation. We indeed find the result

Proposition 5.2. Let €9 > 0 be small. Then, for all smooth solutions 1 of the Cauchy problem
(5.10) and for all ¢g > € > 0 we have

/ dT/Z ; W [e])” S EWIL(0) + Tnaeg[¥](0, 7) (5.15)
+ €lnacg W10, 7)

where we use < to denote < C.
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The reader might notice this is exactly equation (14) in [17].
This estimate is very powerful as it allows us to see the redshift in effect at the energy level.
Indeed, thanks to the favourable non-degenerate terms on the right hand side any finite energy
solution must display a finite fOT dr fx; % (a_(r))fl (8tW[w])2 term. Given the divergent term,

this condition forces a decay as r — 2M of the term (8,5W[1p])2 at least of the form a_(r).

5.4 A Lagrangian estimate

Following what we have done previously with equation (5.13), we can derive a second estimate using
a different multiplier. Recall that we used 9;W[v¢] as a multiplier of (5.13) to get our energy-type
estimate (5.15). Just as we did in Section 3.4, we can choose a different multiplier in order to
derive a different estimate. Indeed, in this section we will devote ourselves to the derivation of a
Lagrangian estimate by using the multiplier %W[@ZJ]

Let us first rewrite the following expression as a total divergence

WP, (WIY]) = ar (MWL W) — = 00, W] - WES] + 2y Qv ] s W

1 Ag W] 1 2M
-z T

=0, (a— (MO WIW]) “W[W] = =52 WL + (1= %)~ (Ww])”

= Lo (1) QW) + ~ar (12 (W UIWY]) — (szv‘[@rWW]WVﬂ)

—_ 3

+ t—]‘fatww]arww] i %at (W[w))® - o, (ia(r)@wmwm)

~ oMWW+ Ta_(r) (0.W])* ~ 1Y - (PWRIWY)

PP + (- ) 2 (Wy)?

As opposed to what we found in the previous section but also as expected from Section 3.4, we
cannot turn the expression into a total divergence only. Some polynomial terms remain. This is
not of any concern, however, as we will still be able to estimate them.

Leaving all the detailed to Section B.2 we see that we recover the estimate

Proposition 5.3. For all smooth solutions ¢ of the Cauchy problem the following estimate holds.

Loaes W10 7) S Taaali)0.7) + [ a7 [ Zatr) W10 + BV 10 + BVl
+E[](0) + E[g](7)

As illustrated in equation (15) of [17].

(5.16)

5.5 Combining the estimates

Our previous results are encouraging as the estimates are close to giving us full control on our
solutions. We would, however, like to remove the factor of a_(r) from these estimates, as it is
degenerate on the horizon H. To do so we can combine both our estimates (5.15) and (5.16) with
a standard result [17, 11, 9]

E[¥)(7) S E[](0) + € Lnaeg1] (0, 7) (5.17)
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For now, let Cj denote the constant in (5.15) and Cy denote the constant in (5.16). We first add
Cyx(5.15) to (5.16) in order to get

COE[W[S])(r) + Cs / i /E : T OW 1)) + Tnaeg W [])(0, 7)
< CngE[ ( + 01(3’2]Indeg[¢](() T) + C1C%¢ Hndeg[W['IﬂH(O, 7')
e / i /E : T@WR])® + Coluaeg[)(0,7) + CoE[W []](0) + CE[W [¢]])(7)

+ CoE[1h)(0) 4+ CoE[](7)

Which, for a certain constant C, and after using (5.15) again to bound the E[W[¢]](7), leads to

+ CE[](7)

Applying our, now familiar, trick of choosing e smaller than we can remove the first term on the
right hand side by subtraction to the left hand side. Note that we are not setting € to any specific
value. We are only restricting its range closer to 0. Then using (5.17) we get

EW[]](7) + Inaeg[W[2]](0, 7) < Clnacg[¢](0, 7) + CE[W [¢]](0) + CE[¢](0) + CE[¢](7)
< Tnaeg[¥](0, 7) + E[W[¥])(0) + E[¢](0) (5.18)

which is simply equation (16) in [17]. We start to notice the pattern in suppression degeneracies.
We have, so far, successfully removed the degenerate ;W [¢)] term. We would now like to have a
similar, non-degenerate, expression for ¢ (as opposed to W{i]).

5.6 Tackling the r = 3M degeneracy

To provide the appropriate estimate for 1) we will provide a bound on Inqeg[¥](0, 7). As shown with
equation (17) of [17], this bound can be partly provided by Igeg[t](0,7). Let us follow their steps
and derive the aforementioned estimate.

We first recall the definition of Tgeg[t)](0,7) for which the terms in (9,1))%, (8,40)* and |Y4|? are
degenerate at r = 3M.

baltirr) = [[r [ <(1‘)2(Q@@Mé(&@uhwr?) Lirup + 1"2)

If we can remove this degeneracy at r = 3M then we can easily bound Iygeg[t](0, 7). In such an
attempt, let us define x : [2M, co[ — R, a smooth radial cut-off function which is equal to 1 in the

region {%, %] and 0 in the region } 5]2\/‘[, ”2\/[

Thus, adding the quantity

{ Such a function would look like

[ a7 [ (0 + @+ 7o)
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to Laeg[1](0, 7) we can easily see that around r = 3M the integral doesn’t vanish (unless the various
derivatives of ¢ do). By scaling up by a suitable constant, we thus get

Lo 1(0,7) < Claol0,7) +.€ [ a7 [ 32 (000 + @) +190P) (519

This can further be illustrated by looking locally at the factors in front of r% (8t1/1)2 on both sides.
Indeed, around r = 3M we can sketch the rough behaviour of these factors as

From it we can clearly see that we have

3M\?
1§C’<1—> + 72y

r

A similar argument can be made for all other factors, thus, proving (5.19).

Furthermore, we can use the fact that

(a—(r))—l/a Wir —3M] = (& + W@t> (r—3M)=1

to rewrite the second term on the right in (5.19). Indeed, we can then integrate by parts to find a
suitable bound to that term.

1
r
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Let us recall that for X = X*0, a smooth vector field and f,g two smooth functions we have the
integration by parts formula

[ #x10= [ou0xnso) - [0.x059~ [ xir1g

Using this property for X = % ( _(T))—l/ 2 W, which is smooth on the black hole exterior, we find

[ a7 [ (@ + @+ 190) | (o 0) W s
[l at<2£2+(f)(”<r—3M>x2 ((atw>2+<atw>2+|wr?)>

+ 0, ((r — 3M)x? ((&:W + ()" + WW)) ]

T T e

By compact support of y we see that the 9, term must vanish. Additionally, defining n(r) =
(2M + f(r)) (1 - w) (a,(r))_l x2(r) we find that |n(r)| < Ca_(r). Using these, we can write

[ a7 [ (@ + @+ 190R) | (o 0) W s
= [ 20 (@ + @+ 1908) = [ nir) (@00 + (000)” + [90P)
- [ ar / ) 1/2W[X2]<(3t1/1) (0) + YY)

(1-*
/dT/ <1 ) 12 ey {((atw)%(@tw)QHWIQ)]
< CE[](7) + CE[¥](0) + Cﬂdeg[w]( 7)

Ly / i / - ) 22 QW] + O W (0,) + TOT W ])
< CE[¢(1) + CE[¢](0 +Cﬂdeg[¢]( 7)

+/0 d%/ < ) 2( (7«))*1%((atw)2+(6tw)2+|W!2)
+6 (@) + (W) + IYW?) )

< CB{UI(r) + CB{UI0) + (O + ) Taelt0,7) + Colaae W10,

We have, again, used the fact that W [0,1] breaks down into terms that can be bounded by energies
of ¥ and 0,W[¢)]. The above expression together with (5.19), for sufficiently small §, reduces to

1eg (0, 7) + STuaeg[ W] (0, 7) (5.20)

Tnaeg[¥](0,7) S E[W)() + E[](0) + &

as illustrated in [17].
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5.7 Towards our final estimate

We are now ready to combine the various estimates we have derived into what will become Theorem
4.1 of [17]. Let us first recall the estimates

E[6](r) < C1 (E[1(0) + e Tnaeg[](0, 7)) (5.17)
EW () + e W10, 7) < O (Tuaeslt£)(0,7) + EW [41](0) + E[](0)) (5.18)
Tnaeg [#)(0,7) < C (Em (1) + ERIO) + Tacal](0,7) + Sl W10, ﬂ) (5.20)

We will also make use of a standard estimate [9, 11, 17]

Licglt£)(0,7) < Cu (EW](0) + € Loaeg (0, 7)) (5.21)
and notice that by definition we have

E[y](r) < E[¥](7) (5.22)

Note that we have used different symbols for each constant involved in the above estimates. We
start by inserting (5.21) and (5.18) into (5.20) to get

Taaesl1(0,7) < CoCis (BI10) + eTaaegl)0,7)) + CoCad (EIVAI)0) + B[ 0) + Taaeal)0,7))

— COE[WIY]|(7) + C4E[Y]() + CLE[¢](0)

This expression is equivalent to

_ — 1

Hndeg[w] (0, 7') <1 - CQC4§ — C3C4(5> + C4(5E[W[¢H(T) < E[’lﬁ] (0) (CQC45 + 03045> + 0304(5E[W['¢H(0)
+ C4E[P](7) + C4E[4](0)

We can now choose § such that C3C4d < 1. If required, we can then further restrict the range of €

in order to make the first term on the left hand side positive. Together with (5.17) and a further
restriction in € we get

E[¢](7) + E[W[Y]](T) + Luaeg[#/](0,7) < E[](0) + E[W[2]](0)
and

Finally we can add to this inequality the estimate (5.18) use the previous estimate on the right

hand side in order to obtain

E[y](7) + E[W[$I](7) + Inaes[¥](0, 7) + Inacg[W [2]](0, 7)

< Tnaeg[¥](0,7) + E[$](0) + E[W[])(0)
S E[)(0) + E[W[2]](0)

This concludes the derivation as we have successfully recovered Theorem 4.1 of [17]. Indeed,
from our derivation we can express the following theorem.

Theorem 5.1 (Holzegel and Kauffman). Given the Cauchy problem (5.10) with 3 satisfying (5.9)
in the region {r > 2MY}, then there exists g > 0 such that for all eg > € > 0 all smooth solutions
to (5.10) satisfy for all T > 0

E[y]() + E[WLI(T) + Lnaeg[t](0, 7) + Lnaeg[W []](0, 7) < E[](0) + E[W [4]](0) (5.23)
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6 Conclusion

To conclude, this work presented multiple techniques to study the wave equation. We started by
presenting some elementary results one can easily derive for flat space homogeneous wave equation.
In a later treatment we looked at how the energy estimates can be derived and discussed how
they can be used to show the boundedness of solutions both in flat spacetime and in Schwarzschild
spacetime. In a final note we have applied these ideas to the paper by Holzegel and Kauffman [17].
We have indeed, successfully derived many results claimed in that work. We note, however, the
sudden increase in difficulty the curved background and perturbation term brought to the calcula-

tions.
Additionally, as discussed by Holzegel and Kauffman this treatment of the wave equation can be
extended to Kerr solutions by considering the Teukolsky equation [17]. It is without a doubt the a

direction on could take if they wished to continue on the work by Holzegel and Kauffman.
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A Some proofs

Proposition A.1. There is a one-to-one correspondence between C? solutions of (3.2) and C? solu-
tions of the same Cauchy problem with the speed of light constant inserted, i.e. of

—0%u(t,x) + %u(t,z) =0 wu(0,z) = f(z) Owu(0,z) = g(x)

Proof. Assuming we have such a solution to (3.2), denoted wug(t, z), we can performing a rescaling
of the time axis
pot
c
This leads to the equation
1
—02up(t, ) + Oug(t, z) = —gﬁﬁuo(t/c, x) + up(t'c,z) =0
—  —lup(t'c,x) + 2 up(t'c,x) =0

We see that u(t',z) = wug(t'c,r) is a C? solution of the new Cauchy problem. The one-to-one
correspondence is also made clear by the previous statement.

O
Proposition A.2. The general solution of —02u(t, z) + 02u(t,z) = 0 is of the form
u(t,x) = ¢l +t) +(xr —t).
Proof. Let us make the change of variables
E=x+t, n=x—t
The wave equation then becomes
—Ofu(t,x) + Q2u(t,z) = — (0 — Oy) (0 — 9y) u(t,x) + (O¢ + Oy) (Oc + Oy) ult, x)
= 40¢0yu(t, x)
=0
= OOyul(t,z) =0
It is well known that this equation has general solution
u(t, x) = (&) + ¥(n)
= ¢z + 1) +p(z — 1)
O
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Proposition A.3. Let 2 be an open subset of R”. For all f € LP(2,R) and all ¢ € D(2) we have

f(@)z/gfso<oo

Proof. By definition of LP(£2,R), we have

1/p
(f1r) "< = [il<x
Q Q
Since ¢ has compact support, we have
el <o
Q
Finally, using Holder’s inequality we get
£ =1 sl < [ I£el
Q Q

< [1s1 [ 1
< o0

Proposition A.4. Let f € D'(Q) be a distribution on €2, an open subset of R™. Also let o € N,
then D f is well defined and is also a distribution on Q.

Proof. As usual D®f is defined through its action on test functions ¢ € D(2). Since D(Q2) C
C*®(R™,R) then D%y is well defined. By compact support of ¢ and after integrating by parts ||
times, we have

D°f(e) = | D*ry
Q
= (! [ D7
Q
By compact support of ¢ we have that D%y is also of compact support and so D*f is well defined

and is also a distribution on €.
O

Proposition A.5. Given the representation formula

Fu)(t,€) = Ty snntle) + F(£)(€) coszrie]

then 9, (u)(t,§)[* + 4m2|€[* | F (u) (£, )] = |F(9)(€)| + 4x°[€]* |F(f)(€)]? holds for all £ € R™.
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Proof. We start by computing

L F(u)(t,€) = F(g)(§) cos(2mt[€]) — 2w [|F(f)(€) sin(2t[¢])
Then it follows that
|0:F (u) (¢, )% + 472 [  F (w) (£, &) = | F(9)(£)]? cos®(2mt|é]) + 4m?(€*| F(f) ()| sin® (27t € )

= 2m§|F(9) (€) F(f)(€) cos(2mt[E]) sin(2mt[€])
— 2m|¢|F(9)(€ ) (£)(€) cos(2mt[E]) sin(2mt[E])
OP .

2(2mtl€]) + |F(f)(€)]? cos®(2mte])

+4 2’52

F
(e |W
F0O) 777

| F(f)(€) cos(2mt|¢]) sin(2mt|€])

2n ¢
F9© » .
2E|(n@mwmm»<2mw
= IF()() + 4721 F (9) (©)?

Then integrating by parts, and using Plancherel theroem, we get

+

[ @€ (0 @)t OF +4n16PIF@EOF) = 100u(t )2y + [ Tult, ) s2ge
— llgllay + [Vl
O

Proposition A.6. For Q a quadratic form in the derivatives of u, whose coefficients are the derivatives
of the components of X, we have

1
O,uX[u] = —5(%
i—1 i=1

d d
X() (Z(&u)z + (8tu)2) + 26tu Z Xz@u

1 d
_§Zai
i=1

+Q

d d
X@' (z atu ) — 2X06tu81-u — QOiuZXjaju
=1 Jj=1
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Proof. The proof follows from a lengthy but simple calculation

d
O,uX [u] ( Z Pu ) (Xo&gu +)° Xjaju)
j=1
d d d
= —02uXoOu + Z DPuXoOpu — 0u Z X;0u + Z %u Z X;0;u

=1 =1 =1 Jj=1

i=1 =1 i=1

d d d
1 1
= 50 <X0(8tu)2) + 5a,fxo(atu)Q — 0, (Z Xi@-u(?tu) +) 0 Xiudu+ Y Xi0diudpu

d d d d d
+ Z 0; (OjuXoOpu) — Z 0iu0; Xo0yu — Z 0;uXo0;0u + Z 0; (&-u Z Xjf)ju)

i=1 i=1 =1 i=1 J=1

d d d d
— Z 8Zu Z Oinaju — Z &u Z Xjé?iaju
i=1 j=1 =1 j=1

d d d d
_ 1 2 2 1 2 1 2
= —iat (Xo(atu) + Xo E (8,u) + O E Xlazu) + iath E (@u) + B E 0; (Xz(étu) )

i=1 =1 i=1 i=1

i=1 j=1

d d p ] )
1
+ ; 0; (OjuXoOpu) + ; 0; (@u; Xjaju> - Z c%uZXjaiaju + §atX0(atU)2

i=1 i=1

d d d d d
+ Z 0 X;0;u0u — % Z 8ZXZ(815U)2 — Z 0;u0; XoO0ru — Z oju Z 8¢Xj8ju
i=1 i=1 =1

d
+ 201 Z X,;0;u

i=1

1 d

=1

d d d d d
1 1
_ 5 E 0; | X; ( E (aju)2 _ (atu)2) — 2X00:u0;u — 20;u E Xjf)ju + 5 ‘i 1 0; X; E (aju)Q

J=1 J=1 J=1

+ 8tXOZ (O5u)® + 8th(8tu +Z@tX8u8tu—fzaX (Opu)? Z@u@Xoatu

=1 =1

- Z aZ’LL Z alXjaju
i=1 j=1

d d
1
= —§at Xo (Z(@ZU)Q + (atu)2) + 204u Z X;0u

i=1 =1

d
_Z Za X; (Z )2 _ (8tu)2) — 2Xp0:ud;u — 28iuZXj8ju +Q

Jj=1 J=1
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B Derivation from Section 5

B.1 Details from Section 5.3.2
Proposition B.1. 8 Given the definition of Py (W[¢]) (5.4) it follows that

1/2
Ps (W]) === (a—(r))~ (1 + 6M> OW Y] + F1 + Fo (5.13)
Fi=—5WIPB" 0] Fo=(a-(r) """ (ha(r)Ou + ha(r)9rs + hs(r)0)

Proof. We recall

P (W) = (R WE) — 2 00, W] + 5 9V (] — 0, (a_ (r)a,W[w)
B ?)%WM
= 0y (W] ~ S0 W 0] + 25 WIow] ~ 0, (o (10, WT4)
[éfﬂ/’] +(1- 32)%W[¢] (5.12)

With the help of our results from Section 5.3.1 we can, therefore, determine the following commu-
tations of W with all the terms in the above expression.

1/2 2M

ar(rWIORE) = W [as(r)of] + (a-(r)* Z=07w
g wiow) =~ M wivow) + X w,o,jou
1/2 4M AM

_w [rat rw} (0 )” EE0,0,0 + S W00

%W[atw] [atw] M )2 oy
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0, (- (O W[Y]) = =0, (a_()W[D]) + 0y (a— ()W, 0,]0))
— 0 [a_ ()] + 0, (Qi‘f (a_(r) 20 T@b)
+ 0y (a—(r)[W, 0, ])
= =W [0, (a-(1)0) | + W, 8] (a—(r)0)

#0 (2 @) 00) +0, (- (7.0, 10)

- W [éASw] _ % (a_(r)"* Agat)

1/2 6M

B -

=]+ (a-()

As lengthy as it might seem, we must now place those identities back into equation (5.12)
regroup terms that are contained in Pg1).

1/2 2M

2ot w | Maou] - (a0 2 a0

P (WIY)) = W [as(noy] + (a- (1) 010,

+4M[Wa]atw+w{‘9t¢]+4M( -0 =W [0, (a-(r)20)]

+ (W, 0] (a-(r)0y0) + 0, (f (a-(r))*0 r@/}) Or (a-(r)W,0,)0)

-w [ ase] - 2 o) e w [Bla- ] + @)

— WP + (a <>)”22ﬁ483w (=) M a,0,6 + M. 0,100
4M

+ 5y () 0w+ (0,0, (a-(r)0rw) + 0, (M (a-(r)"0 m)

6M
= R L

6M
V2 ?(1 — )

0, (0 (W, 010) — 5 (a-(1)"> At + (a_ (1)

We can now expand out all terms in [W, 9,1 and all derivatives. We will also use our commutation
identities to rewrite W [Pst)] = %W[Psd)] = SW[r?Psy] — 2 (a,(r))l/2 Pstp. Finally, we will also
use the definition of our Cauchy problem (5.10) to replace all instances of Ps1p by —e3#0,1).

1/2 2M 1/2 4M

Py (W) = WPl — 2 (a-() > Por + (- (1) "> 22020 — (a(r)

2
e (o) Wlow,

) -1/2
A ) (( L. ) (1+6fﬂ”> afwwtaw)

r r

at rw

+
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+ 5 (0 0) 00+ 5 (a-() W o (19,0]

~1/2
o) (1 M 9M2) <1 + 654”) a_ (1))

~ (a0 - (00) 40, (2 (a-r) 00w ) 01 (S W)

-1/
_ 9, ((a(r))l/2 ((1 M 9M2> <1+65aw> 1 28tw+8r¢))

- S (@) A+ (o ()2 S -

= W] - 22 (a () ( + f(r)> o0+ 2 (a- ()
22 0 ) 2 0 - 2 (a-() 0y )P0+ 2 (o e >)”28tatw
I a0+ 2 (0 ()20, (0 ()3r0) + 3 (a () At
-0 (@ 0) e+ (0 ) 2 23— (0o () Y P a0y

2 2 —-1/2
B () o)) - 2 (o) 2 (1 . ) (1+20) ot

— == (=) 00 + —5 (a- () O
LM (a_(r)) " (2‘;\4 + f(r)) 0,0,1) + % (a_(r)) " 0, (a_(r)Dr1))

2 1/2
— (a_(r)"? (1 TN > <1 + 6M) 0

2 1/2
P )™ (1+ R ) (1+ 6M) oub + %( )0
(2 50)) 000+ 2 (au) 020

2 —1/2
M) (1 + 22 ) <1 + 6i”> o~ (a(r) ™ 00

2 —1/2
+ (a-(r)"? <3M + 718;\34 ) (1 + 6M> 230

72 r
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r

1/2
— (a_(r)"? (1+W+9%2> <1+6M) 0,0,p — (a_(r))"? 0%

1/2 6M

2 -3/2
_%(a_(r))l/2 <1+3M+ M ) <1+6M> o

=2 () B+ (0 ) 7 -

Given the length of the previous equation, we can simply pick out every term with common factors

021, 010p1), 021, Op1b, Oy and 1. This choice leads to the simplifications

OXp -2 (a_(r))1/2 ai(r) + (a_(r))1/2 ¥

9 —1/2
M (a_(r))—w( M o ) <1+6ﬂ4> + 2 e <2M +f<r>)

T T T

r r3

= (a(r)) ™" !—2 (a=(r)* as(r) + (a—(r))

1/2
+ (1 + W) (a_(r))_3/2 — %a_(r) <1 3M — 4+ 9M2>

o 2M 8M3]
g

T T

() ()

(oo [ S (14 5) o [

r r

= 2 (a ) <1 + 6M>_1/2 [qu” +f(r )]

r r

_ ~1/2
which is the 07¢ term in —2 (a_(r)) ! (1 + %) 0:W[]. On the other hand we also have

2
9,0, - %( _(r))1/2+ 4% (a_(r))fl/z—g (a_(r))fl/Q

2 ~1/2
+ 2% (a_(r))_1/2 <250\4 + f(r)) -2 (a_(r))1/2 (1 + M + 9% > <1 + W)

r T r

oo o) ()
—2(a_(r))” (1+3M+9M2>]

(o) <1+ 6i\4> 1/2 [ (21‘4 B 1)] r 2

—2 (a0 1+ 6M)/ ra_(r)

r

6M>1/2

r

= (a_(r)) """ (1 +
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-1/

2
which is the 8,0,4) term in —2 (a_ (1"))_1 (1 + %) O W t]. Furthermore, we also have

T

02 2 (a_(r)** + % (a_ (M) = (a_() " + ¥ (a—(r)"? + % (a_(r)"?
. (a_(r))1/2
= (a, (7"))1/2 [Qa(r) + g — 2]
=0
o= 2 (o) 4 B a0 = 2 (0 ) - 2 (o)
2M* - 2M M? - 2M? -
g () = T () = T () T (am )
= (a_(r) " [—322;\24@_(7“) P a5 - 2%2 + 2%2]
— (o) |22 00

— (a_ (r)) —1/2 ha(r)

Note that we have defined ha(r) such that sup[2M7W[|r2h2 (r)| = 2M s%. Pursuing our endeavour,

ot~ ()4 B 0 r) = 2 (o) <2i” + f(r))
= ]‘ﬁf (a_(r)) "% <2i” + f(r)) + (a(r)"? (37{‘24 + %) <1 + 61”) o
- o (14 20 2 (1420
= (0 ()" [_%lm - QM]

(o () (1 4 61”) o [?’j‘f (1 4 654”>2 (a_(r))’
-3 () (1+ 3M+9M> (S (1+6M)2a<r>

T
M? 3M 60\ 2
- (1= (1+—
T T T

_ 2 603 32 6M\ Y2 [2M (6M
S ]y (o
— (a_ (r))_1/2 ha(r)

e A
Note that we have, this time, defined ha(r) such that sup[2M7W[|r2h2(r)| = 2M. We do not mind
defining twice the function hg(r) as we will only interested in their boundedness. One can indeed
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see that they both obey Sup[QM’oo[|T2h2(T)| < C(M).
Finally, the last terms give us

W) 8227“7]3\4 (a_ (7‘))

— (o) | a0
= (a- ('r))_l/2 hs(r)

Similarly to the previous cases, we have defined hg(r) such that sup[QMyoo[|r3h3(r)| =2M.

/2 _AM

We are now able to write out our expression for Py (W [1]) using our definitions above.

¢ B ~1/2
P VI = - 5o - 2 () (14 50) awhl Gy
+ (a=(m) "2 (ha(r)0 + ha(1)0p) + ha(r)v)

~1/2
_ 2 (a_(r))_l (1 + W) W Y] + F1 + Fa

T T
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B.2 Details from Section 5.4

Proposition B.2. For all smooth solutions v of the Cauchy problem the following estimate holds.

Lnaee W0, ) S Taae10.) + [0 [ Za () (W 10)* + BOV(0) + EIW[01(7)

+E[9](0) + Blu(r) (516)
Proof. Recall that
WP, (W) = ar (oW gL WIY] — =L 00, W)L W] + S W [4] - Wy]

~ 0, (a_mo,wiu)) 2wl - 2 g -2 ()

r2

= Lo Qi) + Lar o @) - o (oW i)

R

+ AW WL+ 350 (W)° - 0 (La- )0, WiuIWiv))

1

7‘2

o (OWIAW] + a(r) (W)~ 1F - (PWIW )

FLPWRIP + (1 - )2 (W)?

Integrating over the spacetime region {r > 2M ‘ T >t >0} leads to
[ [ swp.ovw) = [Car [ [— Las(r) (QoVT))* + Sy 00V [0, Wy
o

e AW+ Ta(r) (0, W])” + VWP
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By analogy to the previous estimate and by using our expression for Pj (W[¢]) we write

[ ] [_M ) (0 1)” + 25 QW 1010, W) — o (), WEW Y]

a0 () (0 WI) + VWP + <1—s2>2f(ww1>2]

< Claaelt0.7) + [ [Lasmoaviuwiel - 2
- [ Pparawawl - o wiwie + 35 (W[w])ﬂ

oA G e [ [ (i)

Since we are interested in constructing an estimate of Ingeg[W[1]](0,7) we add and remove terms
on both sides to make that energy more apparent.

Loaeg W10, 7) < Cloegt1)(0, 7) /dT/E Yor(r / / [—at VO[]

bz @)+ (5 - ) () QW) + pa (DO WISW Y

(-2 ) + L+ L)
+ [ [Fermonviawt - Sowiwi + 2 vl
- [ [rarawtawia - Sawiwl + 35 (W)

- /0 7 /E r% (1 + 6f~\4> - (a-(r) " AW I [Y)

Now, we can further simplify this estimate by using similar elementary estimates to last time,
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namely 12 < 2Mr7 atr(r) < (a (7“))_1 (1—|— 6M) V2 <land1< (a (7‘))_1.

Lndeg W [¥]](0,7) < Clluaeg[¥](0, 7) / dT/E

+/0 d%/z% 2Ma_(r) CAUE +/0 d%/z% fQ (a=(r) " [BW W Y]]

- Sl Wi+ (5 - 1 ) a-0) @I+ a0 WWL

(=) (W) 4 AW + W)

+ /Z [ia+(r)atW[¢]W[w] - %@WW]WW] + % (W[w])z]
- [ [rarmowiowi - Sowtiwi + 3 wiv))]

We also apply the familiar Cauchy-Schwartz inequality to get

Lodeg W11 (0, 7) < Claaegif](0,7) + C / a7 /Z (r) (0[]

EIRT

LM (51 0. W[)” + 5 (@WW])Q) + Ca_(r) (,W[y))*

) (G @ww)*+ % )

1

+ o) (3 @)+ o

5, (VI)?) + O (Wlo)®

SWIRB W] + + (a-(r) ™ (hadets + hadys + h) Wm]

1 2M 1
+ /E M (63 (@We])* + 5, W [W) (64 (0, W[¥])* + 5 (WW1)2>
+%(W{¢])2 +/E 2M (65 (W [y])? +T4155(W[¢])2>

+ 2 (56 (O Wlw))* + 5 (W[w]f) + 5 (W[w])2]

With the perspective of recovering our energy formulae in the process, we set the various ¢ coeffi-
cients to

1
63:55:? (54:56261_(7")
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Leading to

W) + 2 a () (0, W )

Lodeg W11 (0, 7) < Claeglf](0,7) + C / a7 /Z (r) (B [))°
M ) (@W ) + Ca_(r) (0,W[))?

A dT/
1 -1 2 2M 2

+%( () (@) + 55 (a-(m) " (W)

SWEB0W ]+ (o () (rzaﬂ/’ TRovt r?fb) WW]

- Fff W) + 25 (W) + 2 a_(r) (0. W[v))’
+ B )T W) (W[w]f] /E 2 ) + 2 (wi)?
+ 20 ) @)+ 25 ()™ (VI + (W[w}f]

We can now use another identity that is straightforward to prove and is provided by [17]

2
[ L <Ewie)

We also recall the identity

2

T W 1 )
/0 dT/2 (1 [1/2)]5})4 T73 S Hndeghﬂ(@ﬂ')

s
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With them, we find

Lodeg W11 (0, 7) < Claeglf](0,7) + C / a7 /Z (r) (OW[$))° + CE[W[4])(0) + CE[W[]](r)

CE[](0) + CE[¢](7) + /0 d7 /E ]
5 (

W {r? 80,4 W [¥] + %é 7«17 (0)* + T% (0r9) + TM)

Ca_(r) (0, W[y])” + 0% (Wlw))?

3 (o) (wW]
< Cloaeglif](0,7) + C / 07 /Z (r) (OW[$))° + CE[W[4])(0) + CE[W[]](r)
CE[)(0) + CE[y](r)
/ dT/ Ca_ 24 C% (W) + ;W[ﬁﬁ“auw]wm]

< Claegl¥](0,7) +C / @7 / La_(r) (8tW[w])2+CE[W[¢H(0)+CE[W[w]](T)
CE[)(0) + CE[v +c/ dT/
+C/d7/mar_1 / W20, W (1]

< Cloaegl9](0,7) + C / @7 / La(r) (0 W[w) + CE[W [4])(0) + CE[W))(r)
CE[](0) + CE[v / & / W20, 4]

As a final step towards a satisfying estimate, we must determine a bound to the last term above.
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Expanding it out and applying our § estimates, we get

WIS oW ] = “WIB0WW Y] + W8 W]+ (a—(r) " "0, W ]
= SWp) (WS90 + WIB'10, + WIB")0gw + W(B]0,0)

+ WL (B W] + BWI0] + B 0sW [u] + B*0, W)

+ (0 () P WL (8000 + B0 + 00 + 50,0

€ 1 1 1 1
< C-WY (maﬂb + Mﬁﬂ/} + 72301/} + m

1 1

0,0+ AW + 5 W o]

1
r5/2|sin(0)|

ef o 2 1 2 1 0 2,1
<cs (; (W) + 5 @) + 5 (W) + 5 (00) + 5 (W) + 5 (@0’
+ 20 (wpy))? 50 s;zw) (000" + 2 (WIUI)" + 5= 0V [0))” + 52 (W)
1 9 0 2 1 2 0 2
* E (%WW}]) + % (WWJD 013 Sin2(9) ( QOWWJD * % (WWJD (0)
2+ 5 0+ 2 (W) + 5 (Gn)? + U (W)
1

+ 517 sin%(6) (6¢) ) OO

C&i (W)? + c% (D)) #cur(r) 1 C% ( M/))2 i +(r)+ C% (Dgp)? %M(T)

2 1
5( Op) 53 sin?(6)

€ 2 1
- 05 (0 W [¥1) orisin®(6)

€

a4(r) +C§ (5tWW]) 5 3 +C (W [W]) 5
€

+ W [0.Y)

We can now integrate this term over the spacetime region used previously. Using the fact that

W [0,] breaks down into 0, W 1] and lower order terms, we can easily see that the whole expression
is bounded by

[ o [ Swreramwi < ca [ ar [ +c€§indeg[w]<o,f>+c%ﬂndeg[wwn<o,f>

< oe( 5) Tocteg[t0)(0, 7) + Ce - Lneg[W[])(0, 7)

J

We can now choose ¢ such that Ce% is less than 1. In that case, we can then subtract the last term
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from the left of our inequality with Ihgeg[W[1]](0, 7). Using this, we thus conclude that

Lnaee W0, ) S Taae10.) + [0 [ 2o () (@W1))* + EOVI(0) + EIW01(7)
(5.16)

+E[](0) + E[¢](7)
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B.3 Details from Section 5.3.3

Proposition B.3. Let ¢y > 0 be small. Then, for all smooth solutions v of the Cauchy problem
(5.10) and for all g > € > 0 we have

[T [ (e0)7 OV S EIWIIO) + Tualel0.1) (519)
0 R
+ g W1)0,7)

where we use < to denote < C.

Proof. Starting from the expression

OVEIP. (Wlul) = 301 () W)’ + a- () @WIUL)* + IPWIIP + (1 = ) 257 (W1u))*)
0, ( — @We)’ + a_<r>arww]8tww]) ~V - (aW VW)

and integrating over the region {r > 2M |7 >t > 0}, we get

[ [ awiip. (wiv) = ; (EIWI])(r) - EWVI])(0))
0 Zz

s
+2/0 d%/zi O W [ Ps (W[Y])

Note that he second term on the right, either has the correct sign (in other words, is negative) or can
be estimated by Clhdeg[t](0,7). Also note that from now on we will use the symbol C' to represent
any strictly positive constant. This, of course, doesn’t affect the validity of our derivations as for
a < AB + By, defining C' = max(A, B) leads to a < C8 4+ Cy, where all quantities have suitable
signs.

Applying our formula (5.13) and further estimating we get

- ~1/2
EOVIull(r) < CEIWINO0) + Claael0.7) =4 [ 07 [ L) ™ (14 25) 7 @wiu)®

2 T

Lo /O " /E (@R + W )
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Taking the third term to the other side of the inequality and using the following bounds 2 <
—-1/2
4 (1 + %) < 4 we can write

)+ 2/OT d%/E~ % (a—(r) " (0W[y])? < CEW [4]])(0) + Clluaeg[¢](0, 7) (B.1)
42 /O e /E (OIVIIF 0V

To obtain estimate (14) from [17] all that is left for us to do is to estimate the two F-terms.
Starting with the /7 term, we expand

W[r2B o) = ———— <<2M +f(r )> 8, <r26”8u1/1) Y a_(r)d, (7«2&“8“1/;))

2M r
V-5

= (a_(r) " <<2i” + f(r )) OB +a_ (r)&ﬂ“) B,

413 (a_(r)) <(2i‘4 n f(r)> B0 + a_(r)araw> 3
+ 272 (a (r ))1/26“3 )
= P2 W[B4)9,0 + W [0, 8" + 2r% (a (1)) "/* 88,0

and use it in order to write

/(]Td%/z?atw ]-"1—6/ dT/ — W [Y]W[r?BH9,1)]

= [ar [ (@WRIW IR -+ AW W B0 + 2 (0-(0) 9119,

/ a7 / ( 61000 + WO 10, + WIB% )0 W [] g

+ W[BIW [0]0,0 + B (W [W])* + 870 W [W]W[0,4] + B0, W []W (D]
+ BEOW LW 0,0 + B2 (a_ () "/* O, W [1] O
+ 872 (a_(r)"? a,W )00 + 82 (a_(r))"? O W ]9

+ 62 (a—(r)) 2 6tWW]a<p¢)

We now would like to separate every term that contains derivatives of W] in such a way that we
are left with their squares. To make this more apparent and to illustrate how to perform such an
estimate, consider a,b € R and § > 0. In this case we can derive a Cauchy-Schwartz inequality

2
a a
—\/5b> >0 — = —2ab+d8b>0
<ﬁ - 5 -

1 )
<
<— ab_25a+ —b
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A similar computation can be done with the opposite sign

1 1)
—_ab < —
ab_25a+ —b

Keeping this method in mind, we can now expand all the terms in our JF; expression above, each
time using different d coefficients. This will allow us to set those values at a later stage and get
the correct estimate. Note that we can also commute trough all derivatives with W, adding the
corresponding commutator value afterwards.

/on%/z; W] F < e/ dT/ [(251 t])z (8tW[w])2+‘;1(8t¢)2>
+ (5, VD @D+ F 002 + (55 (W) @wlu)? +
+ (g5, VI @I+ 0p0)°) + 8" (W)’

8 M 0 ) T AWTAWI - 87 (a-() 2 (F) + () AW [

— 8" (a_(r)) PO Hrwwrat 4]0, W [¥]
6

191 (5 aviu)* + 3 @aviul)”) + 197 (5 @)’ + § @W1)?)

-+ |ﬂt‘ <a_(7’)517 (8tW[ + (57 8,51/1 2)
a_(r);g QW [])? + 65 (0,1)

o)
a,(r)éi(at [¥1)° + 69 (9p00) 2)
)

#19° (o015 @)’ + 610 0, )]

One can now see the motivation behind the asymptotic behaviour we enforced on the vector field
B. Indeed, from equation (5.9) we can deduce

. _C , _ C C
B8 <5 Bz B8 5 72lsin (0]
C C C

We can use these to further improve our estimate and get rid of all 5 terms. We also regroup all
term by their common factors and shift some ¢ coefficients by a sin(f) factor, i.e. 8, = d;|sin(6)|.
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This is allowed in the limit & — 0 as divergences cancel for those terms.

’ 2 1 2 2
< —_ =
/0 ar 8t Y] Fy eC’/ dT/ [ <r2 <2+ 57 —(r)+ 58(1(1"))
1 1 1 2 2
+7J>/2<55+5/+® ()‘1‘%@ (7“)>

1 /1 1 1 /1 1
Y o
+ @WR)? 5o + (@W )’ m <atw>2 ( 3+ 27}3>

) 5 1 5 5
+ (0r9)? T—i + 2:) GADK (5/2 + 2;’4) + CEO (51/02 - 2;}4>

sin?(0)

2 a0 (5 @)+ B ()

+ % <1 (8,5W[1l)]) + 012 (8, W [¢]) >

# o (1) 0700 (55 (0 () ™ @)+ %5 01w
+ o2 (g5 (@) @)+ 5 @) ]

In order to estimate the first term, we would like it to have an T% factor. That would allow us
to estimate it using Iqeg[W[¢]](0,7). To enforce this condition, we must thus set the various 0
coefficients to

1 1 1 1
01 =08y = — 3 =10, == 85 =0 = —> 7 =08 =a_(r) 59:5/10:a_(r)m

r r2

Using these values and using the fact that f(r) -+ f/(r) is bounded from above by 1 we get

/OTdT W }'1<eC/ dT/[ W) + glj(awm])

1 1
v (ﬂ QW [¥))” + 72 5in?(0)

()2 <:2a_(7«) 4 1905 14> + (0))? (12a_(7“) L oa 1)

16r2  2r

PO P GO

-1 2 M 1 19 1
+ (a-(r) (AW [¥]) <27«45n Fa-() 55, T o6, 2r2514)]

We can now finalize this estimate by dealing with the last term above. I clearly cannot be bounded
from above as it diverges at infinity. However, we can arrange for the coefficient in front to be less
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or equal to % so that we can inject it into the left-hand-side of (B.1). This can be done by choosing

M 1
(511 = 8760 512 = %a,(r)eC 513 = 7960 514 = ;60

As done previously, we substitute these values of § and use the elementary bounds & < s+~ and

r2 — 2Mr
a_(r) <1.

T T 8 2 4 2 1 9
/0 dT/Z% W) Fy SGC/O dr/ [7"2 (OW [Y]) +eCT—3a_(T) (8- W[y]) +§W7W[¢”

4M2

- 1 361 1
+eC—7 (a-(r)) P (WD) + () <r2+60163+ 2T4>

et (e ) 00 (5 i) + i @00 (3 g |

(=
+1 /0 " /Z %i(a_(r))l (@[]’
<ec/07d%/2% [; (atW[w})QJreCAfr ~(r) (0 W])” + *WW[ v
+GCM12T3 (a_ () " (Wl))?+ <atw>2:2( O 32M * 81\1/12)
. (aﬂ/))?r% < +EC + 8]\142) + <1+ 16]1\43) i,w,\?]

+ 411/07 d7 /Z% % (a=(r) " (@ [w])”

Given that all the terms are positive we can estimate the expression by taking the biggest constant
factor in front of the integral, which we call again C'. Note that since € is as small as we want, and
more importantly € < 1, we have that €2 < e. Thus, we arrive at the conclusion that

/0 d%/&@tW[ .7:1<eC/ dT/ [rz (oW ) —a (r) (0, W[ ]) *|Y7W[ ik
+*( ) (W) + (atw) 7( b)Y + |y7¢|2]

/dT/E : ! (@ww])®

We immediately recognise the terms from Inaeg[W[1]](0,7) and Lnaeg[t](0,7) which can, thus, be
estimated by

T ~ - ) » )
/0 d7 /Z OWIIF < CluegWI0,7) + Claaeg[$)(0,7) + eC /0 a7 /E () V)
/dr/i @)’
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As a final step and as pointed out by [17], the last term on the first line can be estimated by
T 1 -1 2 -
[ [ 5 o)™ (W)? < Cluawll(0.7)

This can easily be seen by replacing W] by its definition and applying the same type of estimates
as we have throughout this section.

We now place our focus on the second F-term. Applying the same method as for the first
F-term with the addition of the bounds on the h,, functions (5.14), we write

/OT d%/z% W [ Fy _/ dT/ T2 0,W ] (hadip + hadhab + hat))
:/ / (a-(r)) " 2 oWy ( 2h2 3t¢+r2h2 1/1+7'3h3:3¢)

|/\
\]:

I/Qawm( Ot + 50, + 3w)

[, -
/ [2r2 (515 —(r ))—1 (atW[¢])2 . (8t1/1)2>

IN
o

\]z

g%
Ji e

@) + b1 <arw>2)

o (5 @
i{,} < ()" (W)’ + 517¢2> ]

S dT/z;[ (@)? + 22 (@) + My

+(a_(r) ™! (51 gt 51) (@WM)Q]

Again, we choose the § coefficients such that the last term can be subtracted from the left of (B.1).

6 6
015 = 016 = C'— o7 =C—
r r
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With this choice we find

T (T T , 1 s 1,
[ o [ awwir <oc [Car [ 50w 5 0w) + 0]

1 T 1 -1 2
+4/0 dT/z = (a—(r))" (W [¥])

_T
~ T 1 2 1 2 1 2
§9C/0 dT/E% P (On) +W(3r¢) +4M2r3w]
i) o e v’
<c/ dT/ { (D) (&Wﬂ}gwﬂ
/ dT/ (o)™ atW[w])Q
s

< Clogeslts / d7 /2 ; W)

We are now ready to substitute back into (B.1) our results for the estimates of both F-terms.

[ar [ ) @) SEWIIO) + Ll 0.0 (5.15)
0 Do

+ € lnaeg[W[1](0, 7)

o7



	1 Introduction
	2 Background material
	2.1 Distributions
	2.2 Schwartz space and Fourier transform

	3 The wave equation in Minkowski space
	3.1 The 1+1-dimensional case and d'Alembert's formula
	3.2 The 1+3-dimensional case and Kirchoff's formula
	3.3 The frequency decomposition
	3.4 The energy estimates
	3.4.1 The standard estimate
	3.4.2 General Multipliers

	3.5 The integrated local energy decay (ILED) estimate

	4 The wave equation in Schwarzschild
	4.1 An energy estimate and the Kay-Wald theorem

	5 Application to a perturbed wave equation
	5.1 Setting the Cauchy problem
	5.1.1 Deriving an expression for Ps
	5.1.2 Asymptotics of  and the Cauchy problem

	5.2 The energies
	5.3 Commuting the vector field
	5.3.1 Some useful commutation identities
	5.3.2 Finding an expression for Ps(W[])
	5.3.3 Our first estimate

	5.4 A Lagrangian estimate
	5.5 Combining the estimates
	5.6 Tackling the r=3M degeneracy
	5.7 Towards our final estimate

	6 Conclusion
	7 Acknowledgements
	A Some proofs
	B Derivation from Section 5
	B.1 Details from Section 5.3.2
	B.2 Details from Section 5.4
	B.3 Details from Section 5.3.3


