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Abstract An innovative approach which combines high order compact schemes,
Immersed Boundary Method and an efficient domain decomposition method is
used to perform high fidelity Direct Numerical Simulations (DNS) of four spatially
evolving turbulent flows, one generated by a regular grid and three generated by
fractal square grids. The main results which we have been able to obtain from
these simulations are the following: the vorticity field appears more clustered when
generated by fractal square grids compared to a regular grid; fractal square grids
generate higher vorticities and turbulence intensities than a regular grid; the flow
holds clear geometrical imprints of the fractal grids far downstream, a property
which could be used in the future for flow design, management and passive control;
the DNS obtained with fractal grids confirmed the existence of two turbulent
regions, one where the turbulence progressively amplifies closer to the grid (the
production region) followed by one where the turbulence decays; the energy spectra
of fluctuating turbulent velocities at various locations in the production region
of the flow provide some information on how the turbulence is generated at the
smallest scales first near the grid where the smallest wakes are dominant, followed by
progressively smaller turbulent frequencies further downstream where progressively
larger wakes interact.
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1 Introduction

Homogeneous isotropic turbulence has been widely studied both experimentally
in wind or water tunnels and numerically by Direct Numerical Simulations (DNS)
carried out with spectral methods in periodic boxes (e.g. the DNS with 4, 0963

of [5]. Recently, Hurst and Vassilicos [4] and Mazellier and Vassilicos [14] used
various multiscale (fractal) grids to generate turbulence in wind tunnels and found
that complex multiscale boundary/initial conditions can drastically influence the
behaviour of a turbulent flow, especially when a fractal square grid (see Figs. 1 and
3) is placed at the entry of a wind tunnel test section. For example, it is possible
to tune the shape and various parameters defining a fractal grid (see definitions in
Section 2.2) so as to design a very efficient static inline mixer with small pressure
drop for low power losses and thinner walls but also high turbulent intensities at a
desired location for good mixing within constrained space allocation [3].

Although the wind tunnel anemometry measurements have provided invaluable
time-resolved information on the unique properties of multiscale-generated turbu-
lent flows, it remains essential to investigate the full three-dimensional structure of
the turbulence in order to better understand its underlying physics. Chester et al. [2]
performed calculations of drag on fractal-like trees using Renormalized Numerical
Simulation (RNS) to model the drag of the unresolved branches of the fractal tree.
However, their approach did not allow them to investigate the actual turbulent
flow structure. Very recently, Nagata et al. [17, 18] performed DNS of full three-
dimensional turbulent flows generated by three different fractal grids but at relatively
small Reynolds numbers. They have been able to recover some of the experimental
results of [4, 14, 22], such as the higher turbulent intensities that fractal square
grids generate by comparison to regular grids of same or even larger blockage ratio.
Several simulations of multiscale-generated flows have already been performed by
[7, 9]. In these simulations the fractal stirrers were mainly based on a square pattern
with three multiscale iterations and with a relatively small computational domain in
the streamwise direction. There were also successfully performed DNS of turbulence
generated by a fractal cross grid at different spatial resolutions in order to validate
the numerical strategy [10, 11]. These authors are using an innovative numerical
tool, called Incompact3d, for DNS of multiscale-generated turbulent flows which
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Fig. 1 Construction of a planal fractal square grid based on three fractal iterations
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combines an Immersed Boundary Method (IBM) for the modelling of the grids with
high-order schemes for the spatial discretisation on a Cartesian mesh [6]. In order
to make the best use of the impressive advances in parallel platform architectures,
Laizet et al. [7] successfully adapted a 1D domain decomposition, compatible with
high-order compact schemes and the IBM used in the code.

Even if these preliminary results are very encouraging , there is a clear need for
bigger simulations with a longer computational domain in the streamwise direction
that can be undertaken with a decent wall clock time. Very recently, Laizet and
Li [8] developed a new version of Incompact3d which is based on a 2D domain
decomposition. It was shown [8] that this strategy can lead to excellent parallel
efficiency with up to 262,000 computational cores, as seen in Fig. 2.

Note that with the old version of the code, the simulations presented in this
paper would have taken several months in order to get well converged statistics.
With the new version of the code only few days were required on the state-of-the-
art supercomputer HECToR in the UK (www.hector.ac.uk), in order to obtain the
results presented in this numerical study.

In this paper, we use the new version of Incompact3d [8] to compare different
turbulent flows generated by three fractal square grids with different aspect ratios
and one regular grid. The organisation of the paper is as follows. In Section 2, we
present the main features of our DNS methodology, a brief description of the grids
and the numerical parameters of each simulation. Some suggestive flow visualisations
are presented and discussed in Section 3. Then, in order to better understand the
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Number of cores

HECToR 1024*256*256 4cores/proc
HECToR 2048*512*512 4cores/proc

HECToR 2048*2048*2048 4cores/proc
HECToR 4096*4096*4096 4cores/proc

JUGENE 2048*512*512 4cores/proc
JUGENE 2048*2048*2048 2cores/proc
JUGENE 4096*4096*2048 4cores/proc

Ideal

Fig. 2 Efficiency of the code on HECToR and on JUGENE. HECToR is a CRAY XT4 system
based on quad-core processors, with a total of 22,656 computational cores. The theoretical peak
performance of this system is 208 T flops. JUGENE is a IBM Blue Gene/ based on quad-core
processors, with a total of 294,912 computational cores. The theoretical peak performance of the
system is 1 Pflops

http://www.hector.ac.uk
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underlying properties of each flow, some statistical results are presented in Section 4,
followed by a conclusion in Section 5.

2 Flow parameters and numerical modelling

2.1 Numerical methods

To solve the incompressible Navier-Stokes equations, we use the in-house numer-
ical code Incompact3d which is based on sixth-order compact schemes for spatial
discretisation and a third-order Adams–Bashforth scheme for time advancement.
To treat the incompressibility condition, a fractional step method requires to solve
a Poisson equation. The main originality of this code is that this equation is fully
solved in spectral space via the use of relevant 3D Fast Fourier transforms (FFT)
which allows different sets of boundary conditions in each spatial direction: free-slip,
periodic, inflow/outflow or Dirichlet boundary conditions on the velocity field. With
the help of the concept of modified wavenumber introduced by [12], the divergence
free condition is ensured up to machine accuracy.

The modelling of the grids is performed by an Immersed Boundary Method
(IBM). Following the procedure proposed by [20], the present IBM is a direct forcing
approach that ensures the no-slip boundary condition at the wall of the grid. The idea
is to force the velocity to zero at the wall of the grids, as our particular Cartesian mesh
does conform with the geometries of the grids. Combined with a sixth-order compact
filtering of the convective terms, this specific IBM leads to a reduction of wiggles
in the neighbourhood of the grid while allowing better quantitative predictions at
marginal resolutions. A priori, the combination of a high-order scheme with the
IBM can be problematic because of the discontinuity in velocity derivatives locally
imposed by the artificial forcing term. However, even though the formal order of
the solution is reduced as a result, the code has been demonstrated to be far more
accurate with a 6th order scheme than with a 2nd order scheme both in statistics
and instantaneous field realisations (see [19, 20] for more details). Furthermore, the
Cartesian mesh does conform with the geometries of the fractal and regular grids of
Fig. 3 because they consist of right angles and they are placed normal to the mean
flow. Note finally that the pressure mesh is staggered from the velocity one by half
a mesh to avoid spurious pressure oscillations introduced by the IBM. More details
about the present code and its validation, especially the original treatment of the
pressure in spectral space, can be found in [6].

DNS being the simplest approach conceptually to investigate turbulence, featuring
the highest temporal and spatial accuracy with no modelling, it requires extraor-
dinary powerful resources. For this numerical work, the version of Incompact3d
based on a 2D domain decomposition has been used [8]. The code’s 2D domain
decomposition strategy offers three major advantages: the accuracy of the order
of its sixth-order schemes has been maintained, it is fully compatible with the fully
spectral solver for the Poisson equation and scalability is excellent up to hundreds of
thousands computational cores, because, even though compact schemes are implicit
in space, there is no data communication (overlapping) at the boundaries of each
subdomain. More details about this 2D domain decomposition and its performance
can be found in [8].
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Fig. 3 Scaled diagrams of the four different grids used in this numerical study. From left to right:
regular grid, fractal square grids with an aspect ratio of tr = 5, 6.5 and 8.5. tr is the ratio between
the biggest and smallest lateral thicknesses on the fractal grids. Note that the lateral thickness of the
smallest pattern is the same for all three fractal grids

2.2 Description of the grids

We use DNS to calculate the turbulent flows generated by one regular grid and three
different fractal square grids. The three different fractal grids consist of different
sized squares placed in a fractal-square-like pattern (see Fig. 3). These fractal grids
are completely characterised by

– the number of fractal iterations, here N = 3;
– the number 4 j of square patterns at iteration j ( j = 0, 1, 2 for N = 3);
– the lengths L j = R j

L L0 and lateral thicknesses t j = R j
t t0 (in the plane of the grid,

normal to the mean flow) of the bars making the squares at iteration j. Here,
RL = 1/2, L0 = 0.5Ly for all three grids, where Ly and Lz (with Ly = Lz) are
the lateral sizes of the computational domain (see Fig. 4). Note that Ly and Lz

are effectively equivalent to the lateral size T of the wind tunnel’s square test
section in the experimental measurements, though L0 + L1 + L2 is a bit smaller
than Ly in the present DNS. The three turbulence-generating grids differ by their
values of Rt: Rt = 0.447, 0.392, 0.343 respectively. By definition, L0 = Lmax,
LN−1 = Lmin, t0 = tmax and tN−1 = tmin;

Fig. 4 Schematic view of the
flow configuration for the
fractal square grid
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– the thickness ratio tr ≡ tmax/tmin, i.e. the ratio between the lateral thickness of
the bars making the largest square and the lateral thickness of the smallest. Note
that, in the present work, tmin is set to the same value for all three fractal grids
but that tr = 5, 6.5 and 8.5 for the Rt = 0.447, 0.392, 0.343 grids respectively.
Numerically, we set tmin = 1 and Lx = 460.8tmin where Lx is the longitudinal size
of the computational domain (see Fig. 4).

The blockage ratios σ of our fractal grids, defined as the ratio of their total area in
the lateral plane to the area T2 = Ly × Lz, are determined by our choices of these
parameters and turn out to be ≈23% for the tr = 5 grid, ≈27% for the tr = 6.5 grid
and ≈32% for the tr = 8.5 grid.

Unlike regular grids, multiscale/fractal grids, and in particular the fractal square
grids considered here, do not have a well-defined mesh size. This is why [4] intro-
duced an effective mesh size for multiscale grids, Meff = 4T2

P

√
1 − σ where P is the

perimeter length in the (y − z) plane of the zero-thickness fractal grid, i.e. where all
thicknesses t j have been artificially set to zero for the calculation of P. The multiscale
nature of multiscale/fractal grids influences Meff via the perimeter P which can be
extremely long in spite of being constrained to fit within the area T2 = Ly × Lz.
However, this definition of Meff also returns the regular mesh size M, when applied
to regular grids.

The effective mesh size is fully determined by our choices of parameters charac-
terising the fractal grids and it turns out that Meff = (43.5/3)tmin for the tr = 5 grid,
(42/3)tmin for the tr = 6.5 grid and (40/3)tmin for the tr = 8.5 grid. The regular grid
considered here has the same blockage ratio as the tr = 8.5 fractal grid and its mesh
size M is equal to the effective mesh size of the tr = 8.5 fractal grid. The lateral
thickness of the bars making the regular grid is uniquely determined by σ and M.
In terms of minimum lateral thickness tmin of the fractal grids it is 2.6tmin.

Note finally that the streamwise thickness of the bars is 2.4tmin for all four grids,
fractal and regular. In this numerical study, the only difference between each fractal
grid is their thickness ratio.

2.3 Numerical parameters

The computational domain is Lx × Ly × Lz = 460.8tmin × 115.2tmin × 115.2tmin dis-
cretized on a Cartesian mesh of nx × ny × nz = 2305 × 576 × 576 mesh nodes. It is
split in 3,456 computational cores. For each grid, the simulation is performed with
a Reynolds number Retmin = 300 (based on the smallest lateral thickness tmin of
the fractal grids and the streamwise upstream velocity U∞, this Reynolds number
value corresponds to a velocity of about 2.5 m/s in a wind tunnel at usual ambient
conditions). The Reynolds number ReM based on Meff (and the same upstream
velocity) is between 13 and 15 times larger than Retmin = 300 depending on the grid,
but the tr = 8.5 fractal and the regular grids share the same value of ReM. We have
conducted a small study to investigate the influence of the Reynolds number in our
flow configurations. We have run a DNS with a Reynolds number five time bigger
(i.e. Retmin = 1,500) than in the current work for the fractal grid with tr = 8.5. We did
not find any significant difference (less than 5%) on the quantities investigated in
this paper in agreement with wind tunnel experiments (see Fig. 6 of [14]).

Inflow/outflow boundary conditions are used in the x-direction and periodic
boundary conditions in the y direction for −Ly/2 and Ly/2 and in the z direction
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−Lz/2 and Lz/2. The time step �t = 0.015tmin/U∞ is low enough to have a CFL
condition of about 0.75. It is important to stress that the three fractal grids differ
only by their value of tr, which given that they have same lengths L j and same tmin,
determines all the differences. The streamwise position of the grid (10tmin from the
inflow boundary of the computational domain) has been carefully chosen to avoid
any spurious interactions between the modelling of the grid and the inflow boundary
condition (see Fig. 4 for a schematic view of the flow configuration). The inflow
profile is a uniform flow field U∞ equal to 1 without any turbulence perturbations.

The number of mesh nodes is of crucial importance because all the scales need to
be accurately represented. A preliminary study by [11] has shown that a discretisation
of five mesh nodes across a distance tmin is enough to resolve the flow around the
smallest bars of the fractal square grids at the Reynolds numbers considered here.
This same study also established that the collection time needed in the simulations
for well converged low order statistics is 750 tmin/U∞. Statistics are obtained by
exploiting the symmetries of the flow and by averaging over time at given spatial
locations. This way, we obtain mean flow and turbulence profiles as functions of
streamwise distance x/tmin and lateral coordinate y/tmin.

3 Instantaneous flow visualisations

3D enstrophy visualisations of the turbulent flows generated by the regular grid and
the three fractal square grids are shown in Figs. 5, 6, 7 and 8. In these figures we
plot isosurfaces of the absolute value of the vorticity in blue and isosurfaces of the
x-component of the vorticity in green. These isosurfaces are normalised in such a way
that the decay of the turbulence is not visible on these plots. This decay is however

Fig. 5 Turbulent flow generated by the regular grid. Specifically, 3D isosurfaces of (in blue) the
absolute value of the vorticity vector normalised by its maximum over the y-z plane at the x-position
considered, and of (in green) the x-component of the vorticity normalised by its maximum over the
y-z plane at the x-position considered. The value on both isosurfaces is 0.7
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Fig. 6 Turbulent flow generated by the fractal square grid with tr = 5. Same 3D plot as in Fig. 5

clearly visible in Fig. 9 where we plot the maximum of the enstrophy over every
(y − z) plane as a function of the streamwise coordinate x. Note that the turbulence-
generating grid is placed at x = 10tmin. It is clear from Fig. 9 that fractal grids generate
higher vorticity values than the regular grid; compare in particular the curves for the
regular grid and for the tr = 8.5 grid as these two grids have the same blockage ratio.

The one obvious difference in these visualisations between the turbulent flow
generated by the regular grid and the turbulent flows generated by the fractal square
grids is that the latter are clearly more intermittent. The fact is also that these two
different types of turbulent flows are generated in different ways. In the regular grid
case, same-size wakes interact within a couple of mesh sizes from the grid and mix

Fig. 7 Turbulent flow generated by the fractal square grid with tr = 6.5. Same 3D plot as in Fig. 5
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Fig. 8 Turbulent flow generated by the fractal square grid with tr = 8.5. Same 3D plot as in Fig. 5

together in a uniform fashion close to the grid. In the fractal grid case, Laizet and
Vassilicos [9] and Mazellier and Vassilicos [14] suggested that the smallest bars on
the grid generate the smallest wakes which meet and mix together at the smallest
distance from the grid, whereas larger bars generate larger wakes which meet and
mix at a further distance from the grid, and that this process repeats itself from the
smallest to the largest turbulent-generating scales on the grid in a way which causes
the turbulence to progressively intensify over a protracted distance from the grid.

In the wind tunnel experiments [4, 14, 22] where fractal square grids with N =
4 iterations were used, this multiscale mode of turbulence generation causes the
turbulence to progressively build up as it spatially homogenises at the same time.
Turbulence profiles become homogeneous much further downstream than in the
case of regular grids but turbulence intensities also amplify to much higher values

Fig. 9 Streamwise evolution
of the maximum of the
absolute value of the vorticity
vector. The maximum is over
the y − z plane at a given
x location
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where the turbulence becomes homogeneous. It may be interesting to note that [23]
suggest that fractal square grids can generate statistical homogeneous turbulence
with different small-scale intermittency properties than homogeneous turbulence
generated by regular grids.

We now provide some visual evidence for the multiscale wake interaction mech-
anism responsible for the turbulence generation by fractal square grids, and we then
report on statistical homogeneity and isotropy and various turbulence profiles in
Section 4.

Fig. 10 Instantaneous streamwise velocity of the flow in the (x − z) plane at y/tmin = 50.4. The
blue regions correspond to negative values for the streamwise velocity and the red ones to values
above 1.5U∞. From top to bottom: flow generated by the regular grid; tr = 5 grid; tr = 6.5 grid; and
tr = 8.5 grid
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Figures 10, 11 and 12 illustrate our four turbulent flows by showing snapshots
of instantaneous streamwise velocity fields at different y-z planes. These planes are
indicated in the inserts inside these figures by red dotted lines against the grids.
A very non-homogeneous turbulent field is obtained close to all grids, but in the
case of the regular grid, the turbulence does homogenise relatively close to the grid.
Instead, the turbulence remains non-homogeneous for a long distance downstream
of the fractal grids. There is a clear presence of wakes of three different sizes in these
figures, the smallest wakes being visible in Fig. 10, the intermediate size wakes being

Fig. 11 Instantaneous streamwise velocity of the flow in the (x − z) plane at y/tmin = 43.2. The blue
regions correspond to negative values for the streamwise velocity and the red ones to values above
1.5U∞. From top to bottom: flow generated by the regular grid; tr = 5 grid; tr = 6.5 grid; and tr = 8.5
grid
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Fig. 12 Instantaneous streamwise velocity of the flow in the (x − z) plane at y/tmin = 28.8. The blue
regions correspond to negative values for the streamwise velocity and the red ones to values above
1.5U∞. From top to bottom: flow generated by the regular grid; tr = 5 grid; tr = 6.5 grid; and tr = 8.5
grid

visible in Fig. 11 and the largest wakes being visible in Fig. 12. In Fig. 12, we observe
a large recirculation area (in blue) in the wake of the biggest square of the fractal
grids. However, as might have been expected, strong jet-like behaviours of various
sizes are also present (in red). It is interesting to note that the smallest wakes on each
side of the big one are oriented towards the lateral boundaries of the computational
domain.

We also performed animations of the instantaneous enstrophy using 1,000 flow
fields saved with a period of 0.3tmin/U∞ for a total duration of 300tmin/U∞. For the
fractal square grids, the observation of the animations suggests that the streamwise
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Fig. 13 From top to bottom: instantaneous streamwise velocity, its mean (U/U∞) and turbu-
lent ((u′2)1/2/U∞) components in the x − y plane at z = 0; streamwise evolution of U/U∞ and
(u′2)1/2/U∞ along the centreline (z = y = 0); streamwise evolution of (u′2)/U2∞ along the centreline
(z = y = 0) using log-log coordinates. Two power-law fits are used, one where x0 = 0 in u′2/U2∞ ∼
[(x − x0)/Meff]−n and one which is a non-linear fit and which determines n and x0 at the same time.
Both give values of n very close to 2. Results obtained for the regular grid
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locations where the different wakes interact are oscillating, following oscillations of
the wakes themselves which are sometimes in and sometimes out of phase with each
other.

4 Statistics

4.1 Mean flow and turbulence intensities

In Figs. 13, 14, 15 and 16, we plot the instantaneous streamwise velocity as well as
its normalised mean (U/U∞) and the normalised rms ((u′2)1/2/U∞) of the turbulent
fluctuations obtained by averaging in time. As expected from previously reported
wind tunnel measurements, the turbulent flow generated by a fractal grid is strongly

Fig. 14 From top to bottom: instantaneous streamwise velocity, its mean (U/U∞) and turbu-
lent ((u′2)1/2/U∞) components in the x − y plane at z = 0; streamwise evolution of U/U∞ and
(u′2)1/2/U∞ along the centreline (z = y = 0). Results obtained for the tr = 5 grid
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Fig. 15 From top to bottom: instantaneous streamwise velocity, its mean (U/U∞) and turbu-
lent ((u′2)1/2/U∞) components in the x − y plane at z = 0; streamwise evolution of U/U∞ and
(u′2)1/2/U∞ along the centreline (z = y = 0). Results obtained for the tr = 6.5 grid

influenced by the aspect ratio tr of the grid. For the mean component of the stream-
wise velocity, the main feature is that the red regions, corresponding to values above
1.5U∞ are more extended when tr, and therefore σ , is increased, especially near the
centreline of the grid. The increasing jet-like area contributes to an increase of the
values of the corresponding turbulent component in the domain of our simulations.
Indeed, for the tr = 8.5 grid, the area in green is much bigger than for the tr = 5 grid.
It should be noticed as well that the recirculation areas in blue in the mean flow
plots seem to be increasingly orientated towards the lateral boundary limits of the
computational domain for increasing tr, which is consistent with the increasingly high-
speed character of the flow near the centreline of the grid. Furthermore, it seems that
the flow is less homogeneous far downstream from the grid when tr, and therefore
σ in this context, are increased. In contrast, Hurst and Vassilicos [4] found that the
turbulence actually becomes more homogeneous far downstream when tr is increased
whilst keeping σ constant.
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Fig. 16 From top to bottom: instantaneous streamwise velocity, its mean (U/U∞) and turbu-
lent ((u′2)1/2/U∞) components in the x − y plane at z = 0; streamwise evolution of U/U∞ and
(u′2)1/2/U∞ along the centreline (z = y = 0). Results obtained for the tr = 8.5 grid

In the regular grid case, the centreline y = z = 0 cuts through the crossing of two
bars on the grid. As a result, close to the grid along this line, U/U∞ is found to
have a wake-like behaviour with a small recirculation bubble where U/U∞ takes
negative values up to x/tmin ≈ 25 (which corresponds to x/Meff ≈ 2, see fourth plot
from top in Fig. 13). The centreline y = z = 0 does not cross a bar in the case of our
three fractal square grids, so U/U∞ is found to have a jet-like behaviour with a peak
around x/tmin ≈ 20 followed by a smooth decay toward a value which remains larger
than 1 and tends towards 1.2 within our computational domain after x ≈ 200tmin, see
Figs. 14–16. In these figures one can also clearly see the influence of the aspect ratio
tr, or equivalently of the blockage ratio σ : the maximum value for U/U∞ is about 1.3
for the tr = 5 grid and about 1.75 for the tr = 8.5 grid.

In fact, both wake-like and jet-like behaviours can be observed at different lateral
locations in the lee of the three fractal grids, as evidenced by Figs. 10, 11 and 12.
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We find recirculation bubble-type x-dependencies of U/U∞ along lines orthogonal
to the y − z plane but crossing a bar on the fractal grid (not plotted here). Along
such lines, U/U∞ peaks at values above 1 after these recirculation bubbles and
subsequently decays towards values which remain below 1 with increasing x. These
observations suggest that the mean flow is not homogeneous downstream of the
fractal grids for the extent of our computational domain which is not longer than
about 35Meff (the wind tunnel experiments of [4] detected homogeneity at much
further distances downstream for the fractal square grids they used). Of course, we
checked that 1

Ly Lz

∫ Ly/2
−Ly/2

∫ Lz/2
−Lz/2 udydz = U∞ by integrating over many y − z planes

normal to the streamwise direction.
The presence of longitudinal gradients of U causes turbulence production, and

indeed, as seen in the bottom plots of Figs. 13–16, the fractal grids generate much
higher intensities than the regular grid, except very close to the grid where the regular
grid generates the highest intensities. As expected, the turbulence intensity increases
with increasing σ , i.e. with increasing tr in the case of the present fractal grids.
Perhaps more interesting may be the observation that the turbulence intensity peaks
at a large number of mesh sizes away from the fractal grids in qualitative agreement
with the wind tunnel experiments of [4] (see Fig. 35a of their paper), even though
low-blockage fractal square grids with N = 4 iterations were actually used in these
experiments.

Another interesting observation which we report at the bottom of Fig. 13 is

that u′2
U∞2

≈
(

x−x0
Meff

)−2
seems to be a good fit of the turbulence decay far enough

downstream of the regular grid used in our simulation. It is well known that
u′2

U∞2
≈

(
x−x0
Meff

)−2.5
in the final period of decay when the Reynolds number (based

on the Taylor microscale) has decayed to such a small value that the non-linearity
in the Navier-Stokes equations is negligible [1]. At high Reynolds numbers, u′2

U∞2
≈

(
x−x0
Meff

)−n
with an exponent n which is smaller or equal to 10/7 or about 1.5 in practice

[16]. The Reynolds number for the regular grid in the present simulation is low, too
low for such values of n, but not low enough for n = 2.5 as in the final period of decay.
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streamwise locations where z = 0
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In the regular grid case mean streamwise velocity and turbulence intensity profiles
along y become approximately homogeneous as one moves downstream and x
exceeds values about 20Meff or so, i.e. above about 300tmin (see Fig. 17). However,
the mean flow profiles are quite different in the lee of our three fractal square
grids. Figures 18, 19 and 20 show the streamwise evolutions of three mean velocity
profiles and three turbulence intensity profiles downstream of the fractal grids. It is
clear that the mean flow is not homogeneous for the entire downstream extent of
our simulations. It is also interesting to note that the lateral mean velocities V and
W are significantly non-zero and that their signs imply the existence of mean flow
away from the centreline along the y = 0 and z = 0 axes (by symmetry, V < 0 is
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Fig. 19 Lateral evolution of: a U/U∞, b V/U∞, c W/U∞, d (u′2)1/2/U∞, e (v′2)1/2/U∞,
f (w′2)1/2/U∞, for the tr = 6.5 grid at five different streamwise locations where z = 0

equivalent to W > 0). In agreement with mass conservation, we have checked that
there is mean flow towards the centreline along the y = z and y = −z intermediate
lines.

The turbulence intensities, whilst also inhomogeneous for much of the way down-
stream, may seem to approximately homogenise towards the end of the simulation
domain. However, Fig. 21 shows clearly that the Reynolds stresses remain highly
inhomogeneous all the way. In Fig. 22 we also plot isotropy indicators u′/v′, u′/w′
and v′/w′ of the large-scale turbulent fluctuations as they evolve downstream along
the centreline. These indicators lie approximately between 0.8 and 1.2. Note that our
values of u′/v′ agree with the experimental results of [4] who also found that, on the
centreline, u′/v′ is always above 1 with values between 1.2 and 1.3 for all the fractal
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Fig. 20 Lateral evolution of: a U/U∞, b V/U∞, c W/U∞, d (u′2)1/2/U∞, e (v′2)1/2/U∞,
f (w′2)1/2/U∞, for the tr = 8.5 grid at five different streamwise locations where z = 0

square grids they studied. Note also that the constant evolution of v′/w′ along the
centreline with a value very close to 1 reflects the symmetry of the flow.

A more complete picture can be obtained by plotting the three mean velocities
and a turbulence intensity on (y − z) planes placed at different streamwise distances
x, see Fig. 23 for the regular grid and Figs. 24, 25 and 26 which correspond to
the three fractal grids. The red regions correspond to large positive values and the
blue regions indicate negative values in the mean flow plots but zero values in the
turbulence intensity plots. The fractal grids have very distinct geometrical imprints
on the mean flow properties. So does the regular grid, but it loses its imprint quite
early on, i.e. a very dim imprint is left by x = 100tmin, whereas the imprints of
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Fig. 21 Lateral evolution of < u′v′ > /U2∞ (left) and < v′w′ > /U2∞ (right), for the tr = 8.5 grid at
five different streamwise locations where z = 0

the fractal grids are still visible and intense till x = 100tmin and beyond. Figure 27
shows the evolution of this geometrical imprint on the streamwise mean flow and
turbulence intensity beyond x = 100tmin for the case of the tr = 8.5 fractal square
grid. Even though the red to blue regions correspond to a smaller range of values
by comparison to the previous four figures, a clear geometrical imprint survives till

Fig. 22 Streamwise evolution of the large-scale isotropy indicators u′/v′, u′/w′ and v′/w′ for the four
simulations
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x / tmin = 1 x / tmin = 10 x /tmin = 30 x /tmin = 60 x /tmin = 100

Fig. 23 From top to bottom: Streamwise evolution of U/U∞ (−0.5 in blue, 1.25 in red), V/U∞ (−0.5
in blue, 0.5 in red), W/U∞ (−0.5 in blue, 0.5 in red) and (u′2)1/2/U∞ (0 in blue, 0.5 in red) for the
regular grid

the end of our simulation domain. Note that the turbulence intensity decays quite
fast and therefore the red colour corresponds to diminishing values for increasing
downstream positions.

The observation of such persistent geometrical imprints in the mean flow proper-
ties has quite an interesting consequence. The equation for the turbulent fluctuating
velocity field u′ is

∂

∂t
u′ + u′ · ∇u′ = − 1

ρ
∇ p′ + ν∇2u′ + 1

ρ
f (1)

where f acts, effectively, as a body forcing determined by mean turbulent flow profile
statistics as follows

1

ρ
f = ∂

∂x j
< u′

ju
′ > −U · ∇u′ − u′ · ∇U (2)

Similarly to the Coriolis force, f depends on u′, but unlike the Coriolis force, f can
actually do work on the turbulent fluctuating velocity u′. As this body force f is
determined, in part, by the one-point mean flow and Reynolds stress profiles of the
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x / tmin = 1 x / tmin = 10 x /tmin = 30 x /tmin = 60 x /tmin = 100

Fig. 24 From top to bottom: Streamwise evolution of U/U∞ (−0.5 in blue, 1.25 in red), V/U∞ (−0.5
in blue, 0.5 in red), W/U∞ (−0.5 in blue, 0.5 in red) and (u′2)1/2/U∞ (0 in blue, 0.5 in red) for the
tr = 5 grid

turbulence, and as these profiles bare a clear persistent imprint of the multiscale
geometry of the fractal grid which generates the turbulence, it may seem reasonable
to expect that the multiscale grid geometry could have a persistent effect on the two-
point statistics and interscale energy transfers of the turbulent fluctuating velocity
field. Mazzi and Vassilicos [15] showed how a persistent multiscale body forcing can
deeply alter the two-point and interscale transfer structures of the turbulence, but
in the idealised context of a periodic DNS of stationary, homogeneous and isotropic
turbulence. However, the length-scales operated by the forcing and the length-scales
of the turbulence overlap in their DNS. There may be some such overlap in some
fractal/multiscale-generated turbulence which may persist far downstream, in which
case one might expect quite unusual interscale turbulence dynamics, including the
possibility of effectively negative eddy viscosities as pointed out by [13].

There is also the possibility that some aspects of the unusual interscale dynamics
generated by the multiscale body forcing f on the turbulent fluctuations persist
further downstream than the body forcing itself. Such an effect could help explain
the unique turbulence decay properties observed by [4, 22] and [14] in the decay
region very far downstream. This is the region where the turbulence has become
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x / tmin = 1 x / tmin = 10 x /tmin = 30 x /tmin = 60 x /tmin = 100

Fig. 25 From top to bottom: Streamwise evolution of U/U∞ (−0.5 in blue, 1.25 in red), V/U∞ (−0.5
in blue, 0.5 in red), W/U∞ (−0.5 in blue, 0.5 in red) and (u′2)1/2/U∞ (0 in blue, 0.5 in red) for the
tr = 6.5 grid

homogeneous and the turbulence fluctuations decay freely. The results of the wind
tunnel experiments of these authors indicate that homogeneity is reached beyond
x = 800tmin with fractal square grids which, however, have N = 4, not N = 3, fractal
iterations.

In summary, our results open up possibilities for generating and investigating such
interscale dynamics but we must leave them for future study. In the next subsection
we investigate the nature of the turbulence intensity peak.

4.2 Turbulence intensity peak

Perhaps the most salient property of the turbulence generated by fractal square grids
is the protracted production region immediately after the grid where the turbulence
continuously intensifies reaching a turbulence intensity peak at a far point beyond
which the turbulence decays. This has been observed in wind tunnel experiments
[4, 14] for low blockage fractal square grids and along various straight lines in the
streamwise direction.
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x / tmin = 1 x / tmin = 10 x /tmin = 30 x /tmin = 60 x /tmin = 100

Fig. 26 From top to bottom: Streamwise evolution of U/U∞ (−0.5 in blue, 1.25 in red), V/U∞ (−0.5
in blue, 0.5 in red), W/U∞ (−0.5 in blue, 0.5 in red) and (u′2)1/2/U∞ (0 in blue, 0.5 in red) for the
tr = 8.5 grid

In particular, it was shown by these wind tunnel experiments that the furthest
peak point is the one on the centreline. As explained in [14], the furthermost
interaction between wakes will be that of the wakes generated by the largest bars
placed furthermost on the fractal grid, as shown in Fig. 28. Previous DNS of turbulent
flows generated by fractal square grids have also demonstrated this mechanism but
not on the centreline and for low blockage grids [7, 9]. Here we clearly confirm the
streamwise production of turbulence for low to moderate blockage fractal square
grids and on the centreline, which is important as it means that our DNS reaches
into some of the region beyond the peak where the turbulence decays along all
streamwise lines. One can see in Fig. 29 how, for all three of our fractal square grids,
u′/U∞ builds up along the centreline (y/ttmin = z/tmin = 0) until it reaches a point
xpeak where it peaks and then eventually decays beyond that point. One can also see
in Fig. 30 how u′/U∞ peaks at different streamwise locations along streamwise lines
crossing the grid at different lateral locations. There are clear wake-like behaviours
where this location is on a blocking bar and more jet-like behaviours where this
location is on an empty region of the grid. It is also clear from this picture that the
furthest peak point is the one on the centreline.
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x / tmin = 100 x / tmin = 200 x /tmin = 300 x /tmin = 400

Fig. 27 From top to bottom: Streamwise evolution of U/U∞ (0.85 in blue, 1.15 in red) and
(u′2)1/2/U∞ (0.06 in blue, and from left to right 0.4, 0.2, 0.15, 0.1 in red), for the tr = 8.5 grid in
the far downstream region from the grid

It may be interesting to constrast the streamwise turbulence intensity behaviours
in the lee of our fractal grids with our regular grid where the behaviour is almost
the same everywhere (with expected differences very near the grid depending on
whether the location probed is behind or between bars) and displays a marked decay
beyond about x ≈ 10tmin. At the end of the computational domain, the regular grid
returns (u′2)1/2/U∞ ≈2.5% whereas we have much larger turbulence intensities from
the fractal square grids even when their blockage ratio is smaller.

The wind tunnel experiments [4, 14] showed that xpeak differs for different fractal
grids and [14] proposed the formula

xpeak ≈ 0.45
L2

0

t0
(3)

Fig. 28 Schematic explanation
of wake interactions resulting
from the fractal grids bars
(from [14])
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Fig. 29 Streamwise evolution of (u′2)1/2/U∞ on the centreline of the three fractal grids

for the furthest xpeak, i.e. along the centreline. This is an important formula as it
shows how a salient bespoke feature of such turbulent flows can be manipulated and
designed at will. However, it was obtained for low blockage fractal square grids (σ =
25%) with N = 4 fractal iterations whereas our present grids have only N = 3 fractal
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iterations and blockage ratios which vary from σ = 23–32%. It is therefore important
to note that our simulations confirm the wind tunnel experiments concerning the
existence of xpeak even if the number of fractal iterations is smaller than in the
experiments and even if the values of σ differ. However, the formula for xpeak

proposed by [14] does not fit our results.
As explained and visually confirmed in the previous section, the turbulence

generated downstream of the fractal grids results from the interactions between
the wakes of the different-size bars. Because these bars have different sizes and
are placed at different distances from each other in accordance with their sizes,
their wakes interact at different distances from the grid. The furthest such distance
is for the largest bars and their wake size is proportional to

√
t0x at a distance x

from the grid [24]. However, the proportionality coefficient will be greater if the
turbulence surrounding the wake is more intense as one might expect if a wider
range of bar thicknesses, including larger ones, is present on the grid. In that case,
this proportionality coefficient will be smaller for N = 3 than for N = 4 thus giving

the first cause for a deviation from xpeak ≈ 0.45 L2
0

t0
. This deviation should be towards

a coefficient larger than 0.45 in the proportionality between xpeak and L2
0

t0
because

the wakes should be less wide (i.e. smaller size at a given x) for N = 3 and therefore
meet further downstream than for N = 4 (see argumentation surrounding the wake
interaction length-scale in [14]).

However, there is also a second cause for deviation, and this is the difference
in blockage ratio. One might expect an increased blockage ratio to increase and
accelerate the streamwise mean flow through the reduced large opening at the centre
of the fractal grid and thereby also accelerate the lateral mean flow towards the
centreline by incompressibility. This acceleration of the streamwise mean flow is
followed by a deceleration a little further downstream (see Figs. 13–16) where one
could expect the mean lateral flow to reverse away from the centreline and thereby
deflect the wakes of the largest bars away from the centre. This is confirmed in
Fig. 31 where we plot selected mean streamlines for each grid. As the blockage ratio
is increased, the recirculation regions behind the largest bars on the fractal square
grids increase in size and the mean streamlines upstream of them deviate towards the
lateral boundaries of the computational domain. This deviation adds to the tendency
for the wakes from the largest bars to meet further downstream with increasing
σ , and must therefore significantly contribute to the increase of the coefficient of

proportionality between xpeak and L2
0

t0
. Hence, we expect the position xpeak on the

centreline to be given by

xpeak = C(N, σ )x� = C(N, σ )
L2

0

t0
(4)

where the dimensionless coefficient C(N, σ ) is an increasing function of σ (because
of the above second cause for deviation) and, under the right conditions regarding
the distribution of length-scales on the fractal grid, a decreasing function of N
(because of the above first cause for deviation). In Fig. 29 (right), we plot (u′2)1/2/U∞
normalised by its value at xpeak as a function of x/(x�σ ). For our limited range of only
three fractal square grids, and the very limited resulting range of σ , C(3, σ ) ≈ 5

4σ

seems to give an ad hoc fit of the data. However, there is no strong reason to expect
that C(N, σ ) should be proportional to σ .
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Fig. 31 Mean velocity streamlines for each simulation in the (x − y) plane for z = 0. From top to
bottom: regular grid, tr = 5 grid, tr = 6.5 grid and tr = 8.5 grid

It must be noted that, unlike the wind tunnel experiments of [4, 14] where the
normalisation of x with xpeak returned a good collapse of the turbulence intensity’s
dependence on distance from the grid, such a collapse is not at all evident in Fig. 29
(right). There are many possible causes for this, including lack of sufficient homo-
geneity, lack of statistical convergence, etc. Further investigations (both wind tunnel
measurements and DNS simulations of turbulent flows generated by various fractal
grids with various values of N and σ ) are now necessary for fully understanding the
influence of the number of fractal iterations in the definition of xpeak.
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4.3 Energy spectra

The production region can be investigated further in terms of frequency power
spectra of the streamwise fluctuating velocity at various points in the flow (Fig. 32).
These power spectra, obtained on the centreline at six different streamwise locations
from x = 13tmin to 78tmin (all much smaller than xpeak), are calculated using the
periodogram technique (see [21] for more details about this technique). Eleven se-
quences are used here, corresponding to a global time duration equal to 380tmin/U∞
overlapped at 50%, with the use of a Hanning window. The protracted nature of a
fractal grid’s production region vis a vis that of the regular grid is clear in Fig. 32: the
entire energy spectrum jumps up to high values between x/tmin = 26 and x/tmin = 39
and then subsequently decays in the region x/tmin ≥ 40. However, the turbulence
Reynolds number is not high enough for a Kolmogorov-type f −5/3 power-law range
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Fig. 32 Power spectra of the streamwise velocity fluctuations in time for six different streamwise
locations from x = 13tmin to 78tmin on the centreline of the flow. These values of x are all smaller
than xpeak and therefore in the production region of the flow. The top left plot is for the regular grid,
the top right plot is for the tr = 5 fractal square grid, and the bottom plots are for the tr = 6.5 (left)
and tr = 8.5 (right) fractal square grids
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anywhere along the centreline. This behaviour is in stark contrast with that observed
in the lee of our fractal grids where the energy spectrum continuously increases in
magnitude over the range of centreline locations considered. The power spectra
in the lee of the tr = 6.5 and tr = 8.5 fractal square grids are perhaps the most
interesting: the energy fluctuations amplify at high frequencies near the grid followed
by the appearance of lower excited frequencies further downstream from the grid
till eventually a broad spectrum is developed with an approximate f −5/3 power-law
shape in an intermediate range. This f −5/3 power-law shape may be present because,
compared to the regular grid and the tr = 5 fractal square grid, these two fractal
square grids generate the highest turbulence intensities and therefore the highest
turbulence Reynolds numbers for a given value of U∞tmin/ν. Note also, however,
that this f −5/3 frequency spectrum appears where the flow is by no means spatially
homogeneous and isotropic.

5 Conclusion

Four spatially evolving turbulent flows generated by a regular and three fractal
square grids have been investigated by means of DNS. The main results which we
have been able to obtain from these simulations are the following:

1. Visualisations suggest that the vorticity field is more intermittent or more
clustered when generated by fractal square grids compared to regular grids of
same or even lower blockage ratios and at comparable U∞Meff/ν. There is a
need to quantify this qualitative observation in the future.

2. Fractal square grids generate protracted regions of higher vorticity and turbu-
lence intensity compared to regular grids of same or even lower blockage ratios
and at comparable U∞Meff/ν (which does not preclue the fact that regular grids
actually produce the highest turbulence intensities but only over a short region
very close to the grid).

3. We have visualised the multiscale wakes and their interactions in the lee of fractal
square grids.

4. We have also calculated various turbulence profiles. The streamwise extent of
the present simulations is not long enough and the number of fractal iterations
on the grids not large enough for fully homogeneous turbulence to develop. DNS
with a longer computational domain in the streamwise direction and with fractal
square grids that have N = 4 fractal iterations as in the wind tunnel experiments
of [4, 14, 22] are now possible with the present fully parallel code [8] on the latest
High Performance Computing facilities in Europe. These DNS will be able to
provide detailed and accurate comparisons with available wind tunnel data.

5. Our visualisations show that the flow holds clear geometrical imprints of the
fractal grids far downstream, a property which could be used in the future
for flow design, management and passive control. In particular, in our future
simulations, we are going to investigate the different terms of the forcing term f
in Eq. 2.

6. Our DNS confirmed the existence of two turbulent regions, one where the
turbulence progressively amplifies closer to the grid followed by one where the
turbulence decays. The location on the centreline of the peak turbulence value
can be evaluated as xpeak = C(N, σ )L2

0/t0. Future DNS with a fractal iteration
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number N = 4 and new experimental wind tunnel measurements with N = 3 will
help us to investigate the influence of N on the generated turbulence.

7. One-dimensional energy spectra of fluctuating turbulent velocities at various
locations in the production region of the flow reveal how the turbulence is
generated at the smallest scales first near the grid where the smallest wakes
are dominant, followed by the activation of progressively smaller turbulent
frequencies further downstream where progressively larger wakes interact.
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