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Abstract
Earlier studies1, 2 have shown that the power consumption of an unbaffled stirred
vessel decreases significantly when the regular blades are replaced by fractal ones.
In this paper, the physical explanation for this reduction is investigated using Direct
Numerical Simulations at Re = 1600. The gaps around the fractal blade perimeter
create jets that penetrate inside the recirculation zone in the wake and break up the
trailing vortices into smaller ones. This affects the time-average recirculation pattern
on the suction side. The volume of the separation region is 7% smaller in the wake
of the fractal blades. The lower torque of the fractal impeller is equivalent to a
decreased transport of angular momentum; this difference stems from the reduced
turbulent transport induced by the smaller trailing vortices. The major difference in
the turbulent dissipation is seen in the vicinity of trailing vortices, due to fluctuations
of velocity gradients at relatively low frequencies.
Keywords: DNS, trailing vortices, radial impeller, power consumption, pressure coefficient, unbaffled.
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Introduction
Stirred vessels are employed in a wide range of mixing applications in the chemical,
pharmaceutical and process industries.3 Reducing power consumption and/or increasing
mixing quality improves process efficiency. Modification of blade design has been considered as a means to achieve this objective. Indeed this has been the subject of extensive
research in the past decades,4–9 but these efforts yielded only modest improvements.8, 9
Steiros et al.1 continued work in this direction and proposed a promising new impeller
design. They introduced blades of fractal shape and compared their performance to that
of regular blades. The application of fractal geometry to blade design was inspired by
results obtained in other areas over the past ten years, summarized by the aforementioned
authors1 and in our previous paper.2 More specifically, Steiros et al.1 performed shaft
torque measurements to determine the power consumption of four-bladed radial impellers
in an unbaffled tank at Re = 1 − 2 × 105 , where Re = N D2 /ν is based on the rotational
speed (N ), impeller diameter (D) and kinematic viscosity of the fluid (ν). Their results
demonstrated that the fractal-1 impeller, that uses blades with one fractal iteration (seen
in Figure 3b) has 11 − 12% reduced power consumption compared to the impeller with
regular blades (seen in Figure 3a). When the fractal-2 impeller was employed (with two
fractal iterations, see Figure 2 in Steiros et al.1 ), this difference increased to 17 − 20%.
The authors also measured the pressure distribution on both sides of the blades using
pressure transducers. They found that the center of pressure for a fractal blade is located
radially further away from the shaft compared to a regular one. Consequently it was
shown that the decreased torque on the fractal blade is due to the lower net pressure force
applied onto the blade and not due to the reduced moment arm length. Since both types
of blades have equal frontal area by construction, it was concluded that the fractal blade
has a lower drag coefficient. Furthermore, they tested a two-bladed impeller, where one
regular and one fractal blade were mounted 90◦ apart. They conducted experiments for
both rotational directions, whereby the regular blade was immersed in the wake of the
fractal blade and vice versa. They measured exactly the same torque in both experiments.
This finding suggests that the wake interaction was not the reason for the reduced drag
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coefficient of a fractal blade. However, their results did not identify and explain clearly
the mechanism which leads to the reduced torque.
In the present study, we use Direct Numerical Simulations (DNS) to conduct a detailed
analysis of the flows around both impeller types. We aim to answer the following open
questions: Why does the fractal impeller require reduced torque and power consumption
with respect to a regular one with equal frontal area? How is this related to the flow
patterns in the wake? The physical understanding from such an investigation can lead to
further improvements in impeller design in the future.
We have performed DNS of the flow field inside an unbaffled stirred vessel with fourbladed radial impellers at Re = 320 and Re = 1600. The DNS approach produced high
fidelity, well-resolved data of velocity and pressure in space and time. Such time-accurate
and comprehensive database allows a detailed analysis of the wake flow patterns, and their
effect on the pressure field around the impeller and the distribution of energy dissipation
in the whole tank. There are few other DNS studies of the flow in baffled10 and unbaffled11
stirred tanks, but with different goals to those of the present work.
The remainder of this paper is organized as follows: In the following section, we introduce the flow configuration and describe briefly the numerical methodology employed.
This is followed by a comparison between experimental and numerical results for validation, and a comparative summary of the power consumption. The pressure distribution
on regular and fractal blades and its relation to the flow is presented and analysed. Differences in transport of angular momentum and in energy dissipation between the two
impeller types are investigated. We close the paper with a summary and main conclusions.

Flow configurations examined
The stirred tank used in the present study has a cylindrical geometry of equal height
and diameter, with a four-bladed impeller located at the mid-height. Figures 1a and
1b show vertical and horizontal views of the vessel and the impeller. The blade height
and blade thickness are 1/10 and 1/100 of the tank diameter, respectively. Two types
of impeller blades with equal frontal area were employed in the present work, referred to
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below as regular and fractal blades, illustrated in Figures 3a and 3b respectively. These
blades are the same ones used in our previous DNS study.2 They also match some of the
blades in the experimental study of Steiros et al.1
As seen in Figure 3, the radius of the fractal impeller is not uniform. The furthest
tip is located at r/R = 1.1, where R is the constant radius of the regular impeller. For
normalization purposes, the dimensions of the regular impeller are used throughout the
paper.
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FIG. 1. Tank geometry and dimensions. (a) Vertical view along the axis, (b) horizontal
(top) view at the mid-height.

Numerical methodology
The incompressible in-house code “Pantarhei” was used to obtain the DNS results
presented in the paper. The code is based on the finite-volume method and was previously
employed for DNS of the flow around an airfoil,12 the flow past a single square gridelement13 and the flow in an unbaffled stirred vessel.2 More details can be found in the
latter reference which deals with the same configuration as the present study.
The Navier-Stokes equations were solved in a rotating reference frame, fixed to the
impeller. Therefore, the flow field does not contain fluctuations due to the blade passage.
In this frame, the momentum equations take the form:
∂ρ~v
+ ∇ · (ρ~v ⊗ ~v ) = −∇p + ∇ · τ − ρ[ ω
~ × (~ω × ~r) + 2~ω × ~v ],
∂t
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(1)

where ~v is the instantaneous velocity vector in the rotating frame, τ is the viscous stress
tensor and ω
~ denotes the angular velocity of the frame. The origin of the coordinate
system is located on the impeller axis at the mid-height of the vessel. The position vector
with respect to the origin is denoted by ~r. Vector ω
~ points in the axial direction and
has magnitude Ω = 2πN . The last two terms of Equation 1 represent the centrifugal
and Coriolis forces respectively, and were treated as source terms. A prescribed velocity
(equal to ωrw , where rw is the radial distance of a wall point to the axis of the vessel)
was imposed on all external walls to represent the relative motion with respect to the
impeller. The top boundary was also treated as a solid wall, hence free-surface depression
was not considered. In Basbug et al.2 the results of the code in terms of mean and rms
velocities were validated against those of Verzicco et al.11 and Dong et al.14
The flow inside the vessel was simulated at two Reynolds numbers in the transitional
regime, Re = 320 and Re = 1600. For Re = 320, the grids consisted of 13 × 106 and
21 × 106 cells for the regular and fractal impellers, respectively. For Re = 1600, we used
60×106 and 70×106 cells, respectively. Details about the grid resolution and convergence
study can be found in Basbug et al.2

Comparison with experimental results
The numerical results at Re = 1600 are compared with data acquired by means of
phase-locked planar particle image velocimetry (PIV) in the turbulent regime at Re =
1.5×105 . The experiments were performed using blades of the same shape in an unbaffled
tank of the same dimensions. The only difference was that the tank was hexagonal instead
of cylindrical, but this difference is not expected to affect the results in the near impeller
region. More details on the stirred tank setup and experimental technique can be found
in Steiros et al.15
The instantaneous velocity vector in the absolute reference frame is denoted by ~u
~ + u~0 ;
(~u = ~v +~ω ×~r) and can be decomposed in mean and fluctuating components as ~u = U
the same decomposition is applied to ~v as well later in the text. The azimuthal velocity
component was not accessible in the aforementioned experiment. Using the radial and
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axial velocity fluctuations only, u0r and u0z respectively, the turbulence intensity (T I) is
defined as follows:
p
hu0r2 i + hu0z2 i
TI =
,
Utip

(2)

where angular brackets hi represent the time-averaging operation and Utip = ΩR is the
blade tip velocity. Profiles of T I obtained numerically and experimentally are compared
in Figure 2 along a radial line 30◦ behind the regular impeller, at an axial position where
the center of the upper trailing vortex core is located, where the mean azimuthal vorticity,
~ ) · êθ , is at its highest. This point is preferred to a fixed axial coordinate since
i.e. (∇ × U
the location of vortex cores depends on Re.
As seen in Figure 2, the two curves are in qualitative agreement despite the large
difference in Re (two orders of magnitude). The peaks of T I indicate the locations of
the vortex cores and their radial positions (between r/R = 1.1 − 1.2) are in agreement.
A second, but less prominent peak, appears around r/R = 1.7 due to the wake of the
preceding blade, and in this region the curves collapse. Yoon et al.16 investigated the
Reynolds number scaling of the flow in an unbaffled tank stirred with a Rushton turbine
using phase-locked stereoscopic PIV measurements for a range of Re values between 4×103
and 78 × 103 . They reported that the vortex core diameter decreases as Re rises. The
results shown in Figure 2 are in accordance with their observation, the peaks of T I become
sharper and narrower with increasing Re.
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FIG. 2. Profiles of turbulence intensity (T I) along a radial line 30◦ behind the regular
impeller, at the axial position where the mean azimuthal vorticity is highest in the upper
trailing vortex core.
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Raju et al.17 conducted a similar study (using the same configuration as Yoon et al.16 )
and measured the rms of the components of u~0 in a plane normal to the radial direction
close to a blade tip. They reported that the rms values (averaged over the measurement
plane) decrease slowly with increasing Re, from Re = 4 × 103 to ca. Re = 4 × 104 . For
larger Re, the rms values remained constant. The experimental results presented in Figure
2 were obtained for a Re higher than the aforementioned threshold for Re-independence.
The moderately higher level of T I at Re = 1600 is also in accordance with the findings of
Raju et al.17 In conclusion, the present numerical results are in qualitative agreement with
experimental findings. The observed discrepancies are attributed to the large difference
in Reynolds number.

Power consumption for the two blade types
The power, P , drawn by the impeller can be computed using two different approaches.
In the first approach, the torque of the pressure and skin friction forces applied on the
impeller and shaft surfaces is integrated to compute the total impeller torque, Timp , which
is then multiplied with the angular velocity, so P = Timp Ω. In the second approach, the
dissipation of the total kinetic energy, εK , is integrated over the tank volume. The dissi

∂uj
∂ui
+
.
pation is defined as εK = 2νsij sij , where sij is the strain-rate tensor, sij = 21 ∂x
∂xi
j
This definition includes the contributions of both the turbulent dissipation and the dissipation due to the mean velocity gradients. Since the tank is a closed volume, the source
and sink of energy must balance on average. Therefore, the power injected by the impeller
must equal the total dissipation, when both quantities are averaged over a long period of
time.
The power number is defined as Np = P/(ρN 3 D5 ). Table I provides the values of Np
based on the power input of the impeller and the volume integral of dissipation, averaged
over 80 revolutions for Re = 320 and over 120 revolutions for Re = 1600 (also the other
mean quantities presented in this paper were averaged for the same duration as stated
for Np at the corresponding Re). The statistical convergence of Np was already shown in
our previous paper.2 The observed imbalance between the two approaches varies between
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2.2% and 4.2% (see Table I). It was also shown in the previous study2 that the torque
applied by the impeller is in very good agreement with the integral torque applied by the
tank walls, with discrepancies between 0.15% and 1.5%. This suggests that the approach
based on the impeller torque is a more reliable method for the calculation of the power
consumption compared to the volume integration of dissipation.
TABLE I. Averaged power numbers (Np ) for Re = 320 and 1600, computed using the
impeller power (P ) and integral of dissipation. Reg. stands for regular and Fr. for fractal
impeller.
Blade type, Re
Impeller power
Integral dissipation
Imbalance

Reg., 320
2.32
2.27
2.2%

Fr., 320
2.32
2.25
3.1%

Reg., 1600
1.59
1.53
3.8%

Fr., 1600
1.47
1.41
4.2%

The results on the impeller power show that the power consumption is equal for both
types of impellers at Re = 320, with Np = 2.32 (see Table I). In fact, the contribution of
the shear stress to the impeller torque is only 4% for the regular impeller, whereas it is
8% for the fractal impeller at this Re. This difference is expected because a fractal blade
has ca. twice the perimeter length of a regular blade, as seen in Figure 3. If only pressure
forces were taken into account, we would obtain a lower Np with the fractal impeller by
ca. 4%, which is compensated by the increased skin friction drag.
At Re = 1600, the contribution of the shear stress is an order of magnitude lower
than at Re = 320, and it therefore has no significant influence on the power consumption.
Also at Re = 1600, the numerical results suggest a power reduction of ca. 8% when the
regular blades are replaced with fractal blades. This difference is in accordance with the
aforementioned experimental results1 obtained at much higher Re. In the following sections, we endeavour to provide a physical explanation for this behaviour, mainly focusing
on the results at Re = 1600. In order to arrive at a coherent picture, we consider the
pressure distribution over the blades, the transport of angular momentum and how it is
affected by vortical wake structures, the distribution of dissipation in the wake and the
whole vessel, as well as the frequency content of dissipation.
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Pressure distribution on blade surfaces
Considering that both regular and fractal impellers rotate with the same angular
velocity, any difference in the power is a consequence of a different torque on the impeller.
Therefore, we start the analysis with an investigation of pressure distribution on the blade
surfaces. The time-averaged pressure difference between the suction and pressure sides
(∆p) is computed and normalized to define a local pressure coefficient, Cp , as follows:

Cp =

∆p
.
2
0.5 ρ Utip

(3)

The distribution of Cp over the blades surface is illustrated in Figure 3, and qualitatively
it agrees well with the experimental results.1 The maximum value for the regular blade
is close to 1, whereas for the fractal blade it reaches up to 0.9. In the experiments1 with
Re = 1 − 2 × 105 , the maximum value was less than 0.75. It is expected that this quantity
will be lower at higher Re, because Np is lower as well. The radial positions of Cp maxima
are denoted with vertical dashed lines in Figure 3. These are located at r/R = 0.84 and
1.01 for the regular and fractal blades, respectively. From the Cp distributions reported in
the aforementioned experimental study, it appears that the maxima are located in similar
positions, but the exact locations were not stated.
max. at
r/R=1.01

max. at
r/R=0.84

(b)

(a)

FIG. 3. Cp distribution on the surface of (a) regular and (b) fractal blade at Re = 1600,
as defined in Equation 3. The radial positions of maximum Cp are indicated with vertical
dashed lines.

From the surface integral of Cp , the drag coefficient can be computed as CD =
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R
R
( Cp dA)/ dA. The values of CD from the present DNS study and the experiments1 at
Re = 105 are listed in Table II. Note that CD is based on pressure forces only, i.e. viscous
forces are excluded. The center of pressure, CoP , is also included in Table II. It is defined
as the net torque divided by the net force applied on a blade, and it is normalized with
the impeller radius, R. Using the definitions of Np , CD and CoP , the blade area (A),
and the equality P = T Ω, we can derive the ratio of the power number to the blade drag
coefficient (Np /CD ) as follows:
A π 3 CoP
Np
=
,
CD
2R3

(4)

As expected, CD decreases with the increasing Re (see Table II), a behaviour similar
to that of Np . Moreover, CoP moves radially further from the axis as Re rises. At every
Re, the fractal blade has a lower CD than the regular blade. At Re = 320, the larger
value of CoP and the more significant viscous forces on the fractal blade compensate for
the lower CD , so that both blades apply the same torque on the fluid. At the higher Re
numbers, the reduced pressure drag force on the fractal impeller is the dominant factor
that explains the lower torque with respect to the regular impeller.
TABLE II. Drag coefficients of both types of blades at Re = 320, 1600 and 105 . Reg.
stands for regular and Fr. for fractal impeller. CoP denotes the radial position of the
center of pressure. The values at Re = 105 are taken from Steiros et al.1
Blade type
Re
CD
CoP/R

Reg.
320
0.597
0.698

Fr.
320
0.538
0.728

Reg.
1600
0.406
0.735

Fr.
1600
0.363
0.736

Reg.
10 (exp.)
0.172
0.820
5

Fr.
10 (exp.)
0.153
0.844
5

Figure 4 shows the distributions of p∗ on pressure and suction sides for both blade
types at Re = 1600, which is defined as follows:

p∗ =

hpi − pref
,
2
0.5 ρ Utip

(5)

where hpi is the time-averaged pressure and pref denotes the pressure at the fixed reference
point that is at the midheight, on the pressure side, at the intersection of the blade and
the shaft (z = 0, r/R = 0.14). This reference point is common for all cases.
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(a) Regular blade, pressure side

(b) Regular blade, suction side

(c) Fractal blade, pressure side

(d) Fractal blade, suction side

FIG. 4. The distributions of p∗ on the pressure and suction sides for both blade types at
Re = 1600, as defined in Equation 5.
The impeller torque due to the distributions of p∗ on the pressure and suction sides
are separately evaluated for the cases at Re = 1600. The torque applied on the pressure
side of the fractal blade is almost equal to what is computed for the pressure side of the
regular blade, with a difference of less than 1%. On the other hand, the suction side of
the fractal blade has a much smaller contribution which accounts for the lower torque of
the fractal impeller.
In order to gain more insight on the observed pressure distributions, we turn our
attention to the velocity fields around the blades. Figure 5a shows the mean azimuthal
velocity profiles acquired along two radial lines, at 10◦ upstream of the pressure side
and 10◦ downstream of the suction side (as depicted in Figure 5b). These profiles were
obtained at the mid-height of the tank, in the relative reference frame, at Re = 1600.
Since the impeller rotation is in the positive azimuthal direction, as indicated with an
arrow in Figure 5b, the relative azimuthal velocities (Vθ ) will have negative values on the
pressure side along the entire profile. For the radial positions up to half of the blade
radius (r/R < 0.5), the velocity magnitudes are less than 10% of Utip for both types of

11

blades on both sides. This explains why Cp values are very low on the inner half of the
blades, as seen in Figure 3.
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FIG. 5. (a) Time-averaged azimuthal velocity profiles along a radial line 10◦ upstream of
the pressure side and 10◦ downstream of the suction side of regular and fractal blades, at
the tank mid-height in relative frame at Re = 1600. (b) Illustration of the radial lines
along which the profiles were acquired (shown here for a regular blade) and the direction
of rotation.

The profiles of Vθ on the pressure sides of both blades collapse (solid lines in Figure
5a). This is consistent with the results of experiments1 using a two bladed impeller, where
one regular and one fractal blade are mounted 90◦ apart. The measured torque was the
same when the impeller rotated in either direction, immersing the regular or fractal blade
in the wake of the other. This led to the conclusion that the wake interaction is not the
reason of the reduced drag coefficient of a fractal blade. Here we elaborate further and
show that this is because the upstream velocity profiles are almost independent of the
type of the preceding blade. On the other hand, the velocities downstream of the blades
are significantly different (dashed lines in figure 5a). This may seem contradictory if one
expects that the downstream profile of a blade must interact with the following blade.
In our observation, there is a strong radial jet along the suction side of the blades which
carries the fluid in the wake radially away. The part of the flow field immediately upstream
of the blade is mainly advected axially from the top and bottom of the tank towards the
mid-height along the shaft, before interacting with the pressure side. Therefore, the
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profiles on the pressure side are strongly affected by the angular momentum of the fluid
that is in the bulk of the flow far from the impeller. If the bulk flow had higher angular
momentum (i.e. higher positive azimuthal velocity in absolute frame, as it is observed at
increased Re18 ), then the profiles of Vθ on the pressure side would have a smaller magnitude
(i.e. lower velocity relative to the blade). This would lead to a weaker stagnation on the
pressure side and a lower drag coefficient, as it is seen in Table II for growing Re.
We define the flow separation zone in the wake of a blade as the region where Vθ
is positive, i.e. towards the blade suction side (see Figure 5b). This region extends
until about r/R = 1 in the wake of the regular impeller (blue dashed line in Figure 5a).
Moreover, the magnitude of Vθ reaches a maximum value of 0.34 Utip . On the other hand,
in the wake of the fractal impeller Vθ becomes negative again around r/R = 0.88 and the
maximum magnitude is only 0.16 Utip , indicating a smaller and weaker separation zone.

(a)

(c)

(b)

(d)

FIG. 6. Flow separation regions (where Vθ > 0) behind the blades at Re = 1600, (a) 3-D
view for regular impeller , (b) contours of Vθ in a cross section of the volume shown in
(a), (c) 3-D view for fractal impeller, (d) contours of Vθ in a cross section of the volume
shown in (c).
The separation zone as defined above is illustrated in Figures 6a and 6c in a three
dimensional view in the wakes of regular and fractal blades, respectively. Taking all four
blades into account, the size of the separated region is 14.1% and 13.2%, respectively,
of the impeller swept volume (πR2 H/10). The larger separating zone in the wake of a
regular blade (by about 7%) causes a lower pressure on the suction side as seen in Figure 4,
resulting in a higher form drag. At first sight, this finding seems to contradict the results
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of Nedić et al.19 who performed wind tunnel experiments with square and fractal plates
placed normal to an incoming flow. The shapes of the plates were similar to the blades
used in the present study. In this flow setting, they measured larger CD values for the
fractal plates compared to the orthogonal plates. However, this flow setting is different
to the one examined in the present paper. While the front stagnation flow patterns may
be qualitatively similar, the wakes have markedly different behaviour. The rotation of
the blade creates a strong radial jet, that is absent when the object is placed normal to
the flow. The presence of the radial jet changes entirely the wake properties, resulting in
different trends in the CD values.
Figures 6b and d illustrate contours of Vθ in a cross section of the separation zones
at the tank mid-height. The dark red colour indicates the location with the highest Vθ .
This location is radially further away from the axis for the regular blade compared to the
fractal blade, and matches with the radial location where the highest Cp was observed in
Figure 3a, at r/R = 0.84. On the other hand, the fractal blade has the highest Cp near
the tip of the blade, as seen in Figure 3b, which does not coincide with the location of
the strongest separation. This can be explained as follows: Since the tip of the fractal
blade extends radially further (up to r/R = 1.1) than the tip of the regular blade (up
to r/R = 1), the approaching relative velocity is higher, leading to higher stagnation
pressure on the pressure side. This is the dominant factor that determines the location
of highest Cp for the fractal blade.

(a)

(b)

FIG. 7. Recirculation zone behind the blades at Re = 1600, (a) regular (b) fractal blade.
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In order to analyse further the mechanism that leads to a smaller separation region
in the suction side of the fractal blades, the streamlines around both types of blades are
illustrated in Figure 7. To generate the streamlines, the radial velocity component is
subtracted from the mean flow field and only the mean axial and azimuthal components
are used. In other words, the effect of radial jet is not illustrated in these figures. The
streamlines are coloured according to Vθ . As seen in Figure 7 a), the flow passing along
the upper and lower edges of the regular blade recirculates in the wake and turns towards
the suction side. With the influence of the radial jet along the suction side of the blade,
the recirculating fluid is carried towards the blade tip, resulting in a spiraling motion that
gives rise to the trailing vortex pair.
In the case of the fractal impeller, the concave parts of the blade perimeter allow
the upcoming fluid with high azimuthal velocity, hence high momentum, to enter into
the recirculation region formed in the wake. The jets penetrate and brake the two large
recirculation zones, leading to multiple smaller recirculation zones.
This has a profound influence on the coherent trailing vortex structures present in
the wake of the blades. Vortex cores can be visualised with the help of the λ2 -criterion
introduced by Jeong and Hussein.20 In this criterion, λ2 is the second (intermediate)
eigenvalue of the symmetric tensor S2 + Ω2 (with λ3 ≥ λ2 ≥ λ1 ), where S and Ω are the
symmetric and antisymmetric parts of the velocity gradient tensor, respectively. This is
one of the widely used methods to illustrate trailing vortices, employed also by Escudié
and Liné21 and Sharp et al.22 Figure 8 shows the contours of normalized λ2 on a plane
15◦ behind the blades, at Re = 1600. The borders of the impeller swept volume are
marked with black lines and the blue regions indicate the vortex cores. In the wake of
the regular blade, there are two large trailing vortex cores, as expected. On the other
hand, five separate cores appear in the wake of the fractal blade (excluding the smaller
ones closer to the shaft), which are about half the size of the cores in the wake of the
regular blade. Since the recirculation region is penetrated by jets through the concave
edges of the fractal blade as shown in Figure 7b, the coherent structures are broken into
multiple trailing vortices. For improved clarity, the three dimensional structures are also
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illustrated in Figure 9 using the isosurfaces of λ2 /Ω2 = −2 at Re = 1600, for both impeller
types.
We can conclude that the pressure distribution on the suction side of blades is determined by the trailing vortex structures that emerge in the flow separated wake region.
The wake properties are therefore strongly affected by the blade design. This opens the
possibility to design blades with favourable characteristics that reduce the drag coefficient
and impeller torque, without changing the total area.

(a)

(b)

FIG. 8. Vortex cores are illustrated using the contours of λ2 /Ω2 on a plane 15◦ behind the
blades at Re = 1600, (a) regular blade, (b) fractal blade. The blue regions in the figures
display the vortex cores. Black lines indicate the borders of the impeller swept volume.

(a)

(b)

FIG. 9. Three dimensional illustration of the vortex cores using the isosurfaces of λ2 /Ω2 =
−2 at Re = 1600, (a) regular blade, (b) fractal blade.
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Transport of angular momentum
As a result of the above differences in the pressure distribution on the blade surfaces,
the regular impeller applies a higher torque to the volume of fluid in the vessel compared
to the fractal impeller at Re = 1600. Therefore, the flux of angular momentum away
from the impeller must be higher. Some questions naturally arise: Which differences in
the flow field around the impeller result in the higher angular momentum flux? How is
this related to the modification in the blade shape or in the trailing vortex system? In
this section we try to answer these questions.
To this end, we consider a control volume (CV) around the impeller as shown in Figure
10 and compute the angular momentum balance in this CV. The impeller can be thought
of as a source of angular momentum which is then transported through the borders of the
CV and is eventually lost at the tank walls due to viscous stresses.2
The general form of the angular momentum balance in this CV is:
Z
Timp =

~ −
(~r × ~u)ρ~u · dS

S=Sin +Sout

Z


~
~r × (τ · dS) · êz ,

(6)

S=Sin +Sout

where Timp is the impeller torque, obtained from integration of moment distribution due
pressure and viscous forces over the impeller blade (the major contributor is the pressure
force). The angular brackets hi represent time-averaging in the inertial frame, the first
term in the right hand side is the net angular momentum flux through the boundary S
of the CV, and the second term is the moment due to viscous stresses on S. Vector êz is
the unit vector along the impeller axis and Sin is the part of the CV’s surface normal to
êz (both planar surfaces) whereas Sout is the remaining cylindrical part. Using the DNS
data, both sides of Equation 6 are computed separately and balance up to three significant
digits. Although the viscous term is also taken into account during the evaluation of this
balance, it constitutes a small portion of the right-hand side. This term is about 2 − 4%
of the total transport at Re = 320 and this percentage is an order of magnitude smaller
at Re = 1600.
Equation 6 is very general and it contains the effects of spatial variation of velocity
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as well as turbulence (due to time averaging operation). Ignoring the viscous term and
assuming that the velocity is uniform and stationary, we get a simplified form, known as
the Euler’s turbine equation23

Timp = ρ Q (LSout − LSin ) ,

(7)

where Q is the volumetric flow rate through the CV (due to continuity QSin = QSout = Q),
while LSin and LSout stand for the angular momentum per unit mass at the inlet and outlet
of the CV, respectively. The product ρ Q (LSout −LSin ) denotes the net angular momentum
flux through the boundary of the CV and it is the simplified form of the first term on the
right hand side of Equation 6.

FIG. 10. Control volume around the fractal impeller.
Equation 7 indicates that, in order to examine in more detail the differences between
the standard and fractal impellers, it is instructive to investigate the net flow rate through
the CV. The dimensions of the CV are selected such that it has the smallest possible
volume that can contain the fractal impeller, allowing a small gap of 0.01 R between
edges of the blade and the CV borders, hence RCV = 1.11 R (see Figure 10). For a fair
comparison, the CV used for the regular impeller has exactly the same dimensions as the
one used for the fractal impeller. The flow rate Q can be computed by the integration
of Ur êr · ~n over the side surface of the CV (hereafter Sout ), where ~n is the unity vector
normal to the surface pointing outwards from the CV (equal to êr because the volume is
cylindrical). This gives the outflow from the CV, since strong radial jets generated by the
blades carry the fluid from the impeller towards the walls. Q can be also computed from
integration of Uax êz · ~n over the upper and lower flat surfaces of the CV (hereafter Sin );
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that would give the inflow which is equal to the outflow (with opposite sign).
TABLE III. Normalized flow rate, Nq = Q/(N D3 ), through the CV in Figure 10. The difference between the flow rates of regular and fractal impellers is presented in the rightmost
column.
Re = 320
Re = 1600

Regular
0.577
0.434

Fractal
0.621
0.481

Difference
7.3%
10.3%

The values of the normalized flow rate, Nq = Q/(N D3 ), are reported in Table III for
the four cases examined. It is noted that Nq decreases with Re, which is in agreement
with the trend presented by Nagata18 for an unbaffled tank with an eight-bladed paddle
impeller. He showed that Nq increases rapidly in the laminar regime and reaches a peak
at Re ≈ 90, where Nq ≈ 1. This is followed by a slow decrease over transitional and
turbulent regimes down to Nq ≈ 0.45 at Re = 106 . Since we employ a four-bladed
impeller, the values are expected to be somewhat lower compared to those of Nagata,
hence the quantities presented in Table III are reasonable.
On the other hand, it may be surprising that the fractal impeller has at Re = 320
ca. 7% higher Nq compared to the regular impeller with equal Np , and at Re = 1600
ca. 10% higher Nq despite having 8% lower Np . This difference in Nq in favour of the
fractal impeller is even larger at Re = 1.5 × 105 , according to the PIV study of Steiros et
al.15 This property of the fractal impeller has the potential to accelerate the stirring of a
scalar injected into the fluid, which is especially desirable for low to moderate Re, where
the macro-mixing plays an important role. The study of the mixing properties of fractal
impellers will be the subject of future research.
To evaluate the dependence of this result on the size of the CV, the mean radial velocity
averaged over Sout for varying CV-radius is plotted in Figure 11. Since this calculation
corresponds to averaging Ur in the azimuthal direction, it is the same in both absolute
and relative reference frames. The radial flow rate is consistently higher for the fractal
impeller over a broad range of CV radii (1 < RCV /R < 1.6). It is deduced therefore
that the higher power number of the regular impeller at Re = 1600 is not related to an
increased flow rate, but to a larger difference of the fluid angular momentum per unit
19
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FIG. 11. Radial velocity averaged over Sout and in time, for varying RCV .
mass between Sin and Sout . Therefore, the crucial quantity to evaluate is the transport
of angular momentum into and out of the CV per unit flow rate.
The aforementioned transport occurs via two mechanisms: advective transport and
viscous transport due to the shear stresses (refer to Equation 6), but the latter has a
negligible contribution. The advective transport of angular momentum over Sin and Sout
is normalized with the mass flow rate (ρ Q) and made nondimensional using the angular
momentum (per unit mass) at the blade tip (R Utip ), as follows:

lin =

|

R

~
ρr huθ uz i êz · dS|
Sin
ρ Q R Utip

R
,

lout =

Sout

~
ρr huθ ur i êr · dS
ρ Q R Utip

.

(8)

We define lin in terms of the absolute value of the integral in Equation 8, since this integral
results in a negative value indicating momentum entering into the CV. Therefore the net
normalized advective transport is ∆l = lout − lin . The values of lin , lout and ∆l are listed
in Table IV for both Re and impeller types.
TABLE IV. The values of lin and lout as defined by Equation 8. The values of ∆l obtained
with regular and fractal impellers are compared and the percentage difference is also
shown.
Reg.
Frac.

lin
0.159
0.177

lout
0.557
0.536

Re = 1600 Reg.
Frac.

0.288
0.283

0.656
0.589

Re = 320
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∆l = lout − lin
0.398
0.359
=> 10% difference
0.368
0.306
=> 18% difference

When we compare the two values of Re, we see that lin is significantly higher at
Re = 1600, meaning that the fluid enters the CV with a higher angular momentum.
This can be explained as follows: While the radially discharged flow circulates back to
the impeller, it loses part of its angular momentum due to shear stresses applied by tank
walls. This effect of the wall shear stress weakens with growing Re, leading to a higher lin .
If there were baffles on the tank walls, lin would be much smaller, since viscous forces on
the walls are strongly augmented by pressure forces on the baffle surfaces normal to the
azimuthal fluid motion. This would lead to a much larger ∆l, hence larger impeller torque
and Np . Moreover, Table IV shows that lout also increases with Re, but not as much as
lin , resulting in a lower ∆l at Re = 1600 for both types of impellers. Consequently, the
computed Np decreases with Re.
At both Reynolds numbers, the regular impeller yields a higher ∆l with respect to the
fractal impeller. However, at Re = 320 this difference is compensated mainly by the higher
flow rate of the fractal impeller, and also with the inclusion of the small contribution of
the viscous transport over Sout (since CV-borders are very close to the tip of the fractal
blade, the mean velocity gradients are high at Sout near the blade tip). Taking everything
into account, at the low Re cases both types of impeller have the same torque and Np . On
the other hand at Re = 1600, the 18% higher ∆l of the regular impeller is only partially
balanced by the 10% lower flow rate. Consequently, the regular impeller requires 8%
higher power consumption compared to the fractal impeller.
In order to provide more insight as to why ∆l is larger for the regular impeller and
why this difference grows with Re, the advective transport term is decomposed in two
parts, representing the contributions of the mean and fluctuating velocities. So the term
r huθ ur i is decomposed as follows:
r huθ ur i = rUθ Ur + r hu0θ u0r i .

(9)

Using this expression, we can evaluate separately lout,mean , which is the contribution due
to mean velocities (i.e. rUθ Ur ), and lout,turb , the contribution due to turbulent fluctuations
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(i.e. r hu0θ u0r i).
R
Sout

lout,mean =

~
rUθ Ur êr · dS
Q R Utip

R
,

lout,turb =

Sout

~
r hu0θ u0r i êr · dS
Q R Utip

.

(10)

Both terms are separately integrated over the surface Sout of the CV and normalized as
in Equation 10. The radial profiles of lout,mean and lout,turb are illustrated in Figure 12. A
similar decomposition is also performed for lin to evaluate lin,mean and lin,turb separately,
but it is not discussed here because the contribution of lin,turb is found to be ca. 1% or
less.
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FIG. 12. lout (Total), lout,mean (Mean) and lout,turb (Turb.) computed at Sout with varying
radial positions (RCV ) for regular and fractal impellers (a) at Re = 320, (b) at Re = 1600.

Figure 12 shows that for both impeller types and at both Re, lout,mean is larger than
lout,turb , therefore it determines the form of the lout profile. Since lout,mean has in the
denominator the flow rate for normalization, which is basically the integral of Ur over
Sout , it might have been assumed that the profile of lout,mean corresponds to the profile of
angular momentum (rUθ ) averaged over Sout . This would be correct if Ur and Uθ had a
homogeneous spatial distribution over Sout . To see if this is the case, angular momentum
(rUθ ) is averaged over Sout with varying radius (RCV ) and is normalized with RUtip . The
so-obtained radial profile of angular momentum is illustrated in Figure 13 with dashdotted lines and is compared with the profile of lout,mean . It is seen in Figures 13 a) and
b), that the angular momentum increases monotonically from the shaft until the blade tip
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FIG. 13. lout,mean shown with dots as in Figure 12 and compared with mean angular
momentum (rUθ ) averaged over Sout with varying radial positions (RCV ) for regular and
fractal impellers that is shown with dash-dotted lines (a) at Re = 320, (b) at Re = 1600.
(for RCV /R 6 1) as in the core of a forced vortex, then remains approximately constant
until the near-wall region (for 1 < RCV /R < 1.9) which is expected in a free vortex.
On the other hand, the curves of lout,mean have a higher slope until RCV /R ≈ 1, where
they reach their maxima and have a significant surplus compared to the average angular
momentum, for both impeller types and Re numbers. This surplus is due to the strong
spatial correlation between Ur and Uθ in the impeller discharge region. Especially on the
suction side of the blades near the blade tip (0.8 < RCV /R < 1), we observe the highest
radial and azimuthal velocities approximately in the same region. This spatial correlation
is stronger for the regular impeller, hence it has a higher lout,mean , despite the similar
angular momentum profiles of both impeller types. But the difference between the regular
and fractal impellers is observed only until a certain radial position, RCV /R ≈ 1.1 − 1.2,
where the profiles of lout,mean of both impellers merge. At Re = 1600, the profiles of
lout,mean also collapse with the profiles of angular momentum at RCV /R ≈ 1.2. This
indicates that the spatial distributions of Ur and Uθ over Sout are homogenized. This
happens approximately at the radial position where lout,turb completes its growth and
reaches a plateau (see Figure 12b). It can be deduced that the strong fluctuations (i.e.
hu0θ u0r i) enhance the homogenization of mean velocities. However, at Re = 320 this
homogenization occurs later, at RCV /R ≈ 1.6, possibly due to the lack of turbulent
23

mixing of momentum.
Focusing on Figure 12 and comparing the results at both Re numbers, several aspects
can be clarified. At Re = 320, the difference between the lout -profiles of regular and
fractal impellers is very small (except for the radial range of 0.7 < RCV /R < 1.1, that
is mainly due to lout,mean ). At Re = 1600, on the other hand, the difference between
the lout -profiles is larger for RCV /R > 0.6. Since lout,mean -profiles of regular and fractal
impellers collapse at RCV /R ≈ 1.2, any difference in the transport mechanism is due to
lout,turb for RCV /R > 1.2. Most importantly, lout,turb grows almost threefold when Re is
increased from 320 to 1600. Actually at both Re, regular impeller yields ca. 30% higher
lout,turb than the fractal impeller for the range of radial positions 1.1 < RCV /R < 1.6, but
at Re = 320 the influence of lout,turb is not crucial. In conclusion, at Re = 1600, lout,turb
accounts for the difference in the transport of the angular momentum away from the
impeller when the regular and fractal impellers are compared. The larger shaft torque of
regular impeller, hence the larger source of angular momentum inside the CV, is balanced
in this way with the larger transport over Sout .
The experiments of Steiros et. al1 demonstrated 11−12% higher torque for the regular
impeller compared to the fractal impeller at Re = 1−2×105 . Therefore, it can be expected
that hu0θ u0r i grows further with Re, hence the contribution of lout,turb grows as well, until
a fully turbulent regime is reached.
In addition to the radial range discussed above, where lout,turb plays an important
role, the exact location can be determined in the flow field, where the value of r hu0θ u0r i
reaches its maximum level.

This is illustrated in Figure 14 with the isosurfaces of

2
r hu0θ u0r i /(RUtip
) = 2%, for both impeller types and at both Re. In the volume con2
tained in these isosurfaces, the value of r hu0θ u0r i /(RUtip
) reaches a maximum of 14% for

the regular impeller and 6% for the fractal impeller, at Re = 1600. It is remarkable that
the regions indicated by these isosurfaces coincide exactly with the location of trailing
vortices in the wake of the blades. Therefore it is deduced that these coherent structures
account for the turbulent transport of the angular momentum radially away from the
impeller, quantified by lout,turb .

24

(a)

(b)

(c)

(d)

2
FIG. 14. The region in the flow field where r hu0θ u0r i /(RUtip
) > 2% for (a) regular impeller,
Re = 320, (b) fractal impeller, Re = 320, (c) regular impeller, Re = 1600, (b) fractal
impeller, Re = 1600.

The two large trailing vortices observed in the wake of the regular blades are replaced
with multiple and weaker vortices in the wake of the fractal blade, as shown earlier in
Figure 8. Still, the integral of turbulent kinetic energy, i.e. 0.5 hu0i u0i i, over the entire
volume is equal for both impellers at Re = 1600, but it is rather distributed in the fractal
impeller case. On the other hand, the correlation between the radial and azimuthal
velocity fluctuations, hence lout,turb , is lower around the fractal impeller, due to the breakdown of trailing vortices.
It was previously shown that the larger recirculation region in the wake of the regular
blade accounts for the lower pressure on the suction side, hence the higher form drag.
With the help of Figure 7 it was also illustrated that this recirculation leads to the
formation of the trailing vortices. Finally, it is shown that these coherent structures have
a strong influence on the transport of angular momentum. Taking these into account, we
can conclude that the differences in the form drag, impeller torque and transport of the
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angular momentum between the regular and fractal impellers are directly connected via
the modification of the trailing vortices.

Energy dissipation characteristics
The time-average of the power draw of the impeller must be balanced by the timeaverage of the total energy dissipation over the entire tank. Indeed, the total dissipation
in the tank is 8% lower when the fractal impeller is employed instead of the regular
impeller (see Table I). In the previous section we analysed the mechanism leading to
the differences in impeller torque and angular momentum transport. In this section we
untangle how, and in which part of the flow field, the dissipation of kinetic energy differs
between the two impellers. We focus mainly on Re = 1600 and we consider time-average
quantities. We stress the time-average aspect of this section’s study because, as we show
in the Appendix, both the power and the total energy dissipation fluctuate in time and
do not balance instantaneously as there is a cascade time-lag between them.
The dissipation of the total kinetic energy (εK ) can be decomposed in two parts: εK =
εT + εM , where εT = 2ν s0ij s0ij and εM = 2νSij Sij are the turbulent and mean velocity
 0



∂u0
∂u
∂Uj
i
are strain rate
+
dissipation, respectively (s0ij = 21 ∂xji + ∂xji and Sij = 12 ∂U
∂xj
∂xi
tensors based on fluctuating velocity gradients and mean velocity gradients, respectively).
At Re = 320, the share of εT in εK integrated over the tank is only around 32%, whereas
this value rises to 61% at Re = 1600. Figure 15 illustrates radial profiles of εK and εT
calculated by averaging over concentric cylindrical surfaces with varying radii, for both
impeller types at Re = 1600. The values are normalized with N 3 D2 . The calculation
is performed for the entire tank height (see Figure 15a) and for the middle one third of
the tank height (see Figure 15b). The latter part of the tank (−1/6 < z/H < 1/6) is
significant, because this is where ca. 66% of the total dissipation and 75% of the turbulent
dissipation occurs (for Re = 1600). In Figure 15 the radial profiles are weighted with r/R
to emphasize the increasing share of a cylindrical surface in the total volume as its radius
increases.
It can be seen that εK is dominated by εM between the shaft and the blade tip
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FIG. 15. Radial profiles of the total energy dissipation (εK ) and the turbulent energy
dissipation (εT ) obtained by averaging over concentric cylindrical surfaces with varying
radii at Re = 1600 for both regular (reg.) and fractal (frac.) impellers, (a) for the entire
height of tank, (b) only over the middle one third of the tank height. The averaged
dissipation is normalized with N 3 D2 and weighted with r/R.
(r/R 6 1). For the regular impeller, it increases monotonically until a sharp peak at
r/R = 1 while it presents multiple spikes for the fractal impeller, one spike for every axial
edge of the blade (refer to Figure 3b for the shape of the fractal blade). The turbulent
part of the dissipation grows significantly in the radial range between 0.8 < r/R < 1.3
where trailing vortices emerge. In the bulk of the flow, 1.3 < r/R < 1.9, εT accounts for
almost the entire dissipation. Especially in Figure 15b representing the middle one third
of the tank height, the difference between εK and εT is imperceptible. This is also the
part of the flow field where the blue curve (indicating the regular impeller) is consistently
higher than the red curve (denoting the fractal impeller). The maximum values of the
profiles of both εK and εT are observed at the tank wall r/R = 2, that is ca. twice as
high as the peak value seen at r/R = 1 (not visible in Figure 15). However, the high level
of dissipation near the wall is confined within a volume of very small radial extent.
Figure 15 suggests that the 8% difference in the total dissipation between the two
impeller types is mainly due to the turbulent dissipation observed in the radial range
1.3 < r/R < 1.9. In order to further substantiate this conclusion, the profiles of εK and
εT are volume-integrated. Figure 16 shows at every radial position (r/R) the volume-

27

integrated dissipation from 0 to this point for the entire height of the tank. The resulting
value is normalized with N 3 D5 so that it corresponds to the power numbers listed in
Table I, when the curves representing the integral of εK reach r/R = 2.
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FIG. 16. Cumulative radial integrals of the total energy dissipation (εK ) and the turbulent
energy dissipation (εT ) at Re = 1600 for both impeller types. At every radial position
(r/R), the curves show the volume-integrated dissipation from 0 to r/R for the entire
height of the tank, normalized with N 3 D5 .
Figure 16 shows that the cumulative integrals of εK are equal for both impeller types
up to ca. r/R = 1.1, i.e. the tip of the fractal blade. From this point until ca. r/R = 1.9
the straight and dashed lines continue almost parallel to each other, indicating that any
increase in the integral of εK is mainly due to εT . The integral of turbulent dissipation
until ca. r/R = 1.3 is higher for the fractal impeller case, which implies that the smaller
trailing vortices in the wake of the fractal blade dissipate over a shorter distance from the
impeller. From r/R = 1.3 to ca. r/R = 1.9, the blue dashed line has a higher slope than
the red dashed line and this is where the surplus of dissipation in the regular impeller case
is observed with respect to the fractal impeller case. Finally, the curves present a sharp
increase in the near-wall region, but the difference between the blue and red curves does
not change over this last part. It can be concluded that the two large coherent structures
in the wake of the regular blade dissipate further from the impeller, in other words survive
longer before decaying, and remove a higher amount of energy during this process.
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The above argument is made more clear when we examine contour plots of the turbulent dissipation εT in the vicinity of the trailing vortices. These are displayed in Figure
17 over a vertical cross-section of the entire domain at 30◦ downstream of the blades for
Re = 1600. The highest values are observed in the region where trailing vortices emerge.
The higher level of εT in the wake of the regular impeller is notable with the darker
red colour when compared to the fractal impeller case; the latter has a rather dispersed
distribution of εT . The intermediate values of εT between the wall and the vortex cores
mark the wake of the succeeding blades. This quantity drops quickly at least two orders
of magnitude as the fluid moves in the (positive or negative) axial direction further from
the mid-height of the tank.

(a)

(b)

FIG. 17. Contours of εT /(N 3 D2 ) at Re = 1600 at 30◦ downstream of the blade wakes for
(a) regular, (b) fractal impeller.
When εT (t) = 2νs0ij s0ij is analysed in the frequency domain, further differences are
observed in the wakes of regular and fractal blades. By dropping the averaging operation,
the εT (t) can be considered as a function of time. In order to evaluate this quantity, all
∂ui
nine velocity gradients ( ∂x
) are recorded at three probe points on-the-fly and used to
j

compute the components of the s0ij tensor. The locations of the aforementioned probes
are illustrated in Figure 18 with cross symbols, along with the paths of the vortex cores
at Re = 1600 for both impeller types. In order to show the vortex path, vortex cores are
determined based on the λ2 -criterion20 and the radial coordinate is averaged over their
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cross-section at various angles behind the blade. Also the schematic image of impeller
blades is illustrated in the same figure. The probe points will be referred to as Probe1,2,3; the numbering follows the increasing x-location displayed in Figure 18, i.e. with
the increasing downstream distance away from the blade. The locations of Probe-1,2,3
in cylindrical coordinates are ca. r/R = 1.1, 1.3, 1.8 at 30◦ , 45◦ and 90◦ behind the
blade, respectively. In order to obtain the power spectral density (PSD) of εT (t), the
nine components of the s0ij tensor are normalized with N , their PSDs are computed
separately and added in the frequency domain. These PSDs are illustrated in Figure 19
over a nondimensional frequency f 0 = f /N , for both impeller types and evaluated at the
aforementioned probe points.
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FIG. 18. Trailing vortex paths for both impeller types at Re = 1600 are shown with the
lines and the locations of probe points are marked with cross symbols. A sketch of the
impeller blades improves the clarity of the figure.

When any one of the spectra in Figure 19 is integrated over the frequency, the result
is proportional to the value of s0ij s0ij at this point. For instance, at Probe-2 shown in
Figure 19b, the values of εT of both cases are equal, hence the integrals of the blue and
red curves. On the other hand, it is notable that the red curve is higher than the blue
curve over frequencies in the range of ca. 3 < f 0 < 100, whereas it is lower over the range
of lower frequencies. This means that the flow field in the wake of a fractal blade has
at this point (Probe-2) a surplus of dissipation for the fluctuations at higher frequencies
with respect to the wake of a regular blade, which is balanced in the latter case with
a surplus of dissipation for the fluctuations at lower frequencies. Moreover, at Probe-3
30

the turbulent dissipation is ca. 40% higher for the regular impeller, mainly due to the
difference at low frequencies as seen in Figure 19c. This point is in the part of the flow,
where the radial profile of the dissipation illustrates a significant difference between the
regular and fractal impeller cases, as shown earlier in Figure 15. In addition to the region
in the flow field, which accounts for the surplus of dissipation in the regular impeller
case, it is also demonstrated now that this surplus is mainly due to the difference of the
fluctuations at low frequencies.
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FIG. 19. PSDs of εT (t) at the three probe points marked in Figure 18 with cross symbols,
for Re = 1600.
It can be also noted that the PSDs of εT (t) at Probe-1 and Probe-2 present a peak at
ca. f 0 = 1.5. The physical mechanism causing this peak was already discussed in length
in our previous paper.2 In brief, this is the frequency of trailing vortex instabilities, which
also involve up-and-down swinging motion of the radial jet.
In order to illustrate the change in spectra along the vortex paths, Figure 20 compares
the PSDs of εT (t) at the three probe points, separately for both impeller types. As the
fluid moves further from the blade, there is a substantial decay in the spectral density
at low frequencies (for ca. f 0 < 20) in both cases. Meanwhile for the regular impeller,
the spectral density increases for the part at high frequencies, i.e. f 0 > 20. This can
be a shift of the dissipation from lower frequencies partially to higher frequencies. If we
assume that the dissipation at higher frequencies is mainly due to vortical structures at
smaller scales, we may interpret that this shift is due to the cascade of the energy from
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large to small scales. It might be the case that the energy reaches down to smallest scales
only after a certain time and distance from the regular blade, due to the large initial size
of vortices. Hence, at Probe-3 there is an increased dissipation for f 0 > 20, compared
to Probe-1 and 2, see Figure 20a. On the other hand, for the fractal impeller this part
of spectra (f 0 > 20) does not change much along the vortex path, see Figure 20b, and
is very similar to what is seen at Probe-3 of the regular impeller. This part might have
developed much earlier in terms of time and distance for the fractal impeller, due to the
smaller length scale of vortices. Nevertheless, this interpretation requires the support of
spectra in the scale-space before drawing firm conclusions.
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FIG. 20. PSDs of εT (t) at the three probe points compared separately for regular and
fractal impeller.
Using the assumptions of the last paragraph, the difference at low frequencies seen in
Figure 19c, which leads to 40% higher dissipation for the regular impeller at Probe-3, can
be linked to the larger size of its trailing vortices. This would be in accordance with the
earlier observations, that the larger trailing vortices decay further from the impeller and
dissipate higher energy.
In conclusion, the same mechanism leading to a higher drag coefficient of the blades
and the higher transport of angular momentum, is also responsible for the dissipation of
the higher power drawn by the regular impeller. The modification in the blade shape is
able to significantly change the trailing vortex structures, hence alter the impeller power
as well the dissipation in the flow field. This result is a promising example of how such
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intrinsic properties might be tuned by means of modifications on the blade shape, for
instance to match specific process requirements.

Summary and Conclusions
Previous experiments1 have shown that the fractal impeller has 11 − 12% reduced
torque compared to the regular impeller at Re = 1 − 2 × 105 . A similar difference of 8%
was also found in the DNS results2 for a lower Reynolds number (Re = 1600). In order
to explain the origin of this difference, we conducted a detailed analysis of the flow inside
an unbaffled tank stirred with regular and fractal impellers using the DNS data.
Firstly, it is observed that the drag coefficient of the fractal blade is distinctly lower
than that of the regular blade at Re = 1600 (in agreement with experiments at higher
Re1 ), leading to the torque reduction. In order to analyse this outcome, the relation
between the pressure distribution on the blades and the velocity field around the blades
is investigated. It is demonstrated that profiles of Vθ upstream of both blade types are
close to each other; the main difference is in the wake of the blades. The volume of the
flow separation region is 7% smaller, and the maximum magnitude of Vθ towards the
suction side is ca. 50% lower in the wake of the fractal blade compared to the wake of
the regular blade. These differences emerge since the concave edges of the fractal blade
allow the upcoming fluid to penetrate into the separation region. It is also shown that
the recirculation pattern on the suction side is directly connected with the generation
of trailing vortices. While there are two coherent structures behind a regular blade, the
fractal blade has multiple and smaller trailing vortices.
Since any difference in the impeller torque is directly reflected in the transport of angular momentum from the impeller to the fluid, this quantity was also compared between the
two blade types at Re = 1600, using a control volume (CV) around the impeller. First, it
is noted that the fractal impeller yields a 10% higher mass flow rate through the borders
of the CV, despite having 8% lower Np . The net transport of angular momentum per
unit flow rate is 18% lower for the fractal impeller. This aspect outweighs its 10% higher
flow rate and explains the 8% lower transport of angular momentum with respect to the
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regular impeller. Elaborating further, the radial advective transport per unit flow rate out
of the CV is decomposed into mean and turbulent transport, i.e. lout,mean based on rUθ Ur
and lout,turb based on r hu0θ u0r i, respectively. Although lout,mean has a larger contribution
in the total lout , the difference between the regular and fractal impellers is mainly due
to the role of lout,turb which is ca. 30% higher for the regular impeller. Furthermore, the
three dimensional isosurfaces of r hu0θ u0r i coincide exactly with trailing vortices, showing
that these structures are responsible for the turbulent transport. It can be inferred that
the alteration of trailing vortices is the link between the reduction in the torque and the
reduction in the transport of angular momentum.
As the power draw is 8% lower for the fractal impeller, so must be the integral dissipation, as well. This quantity includes the contribution of mean velocity gradients (εM )
and the turbulent dissipation (εT ). It is noted that εT is concentrated in the vicinity
of trailing vortices and it makes up 61% of the total dissipation of the entire tank, at
Re = 1600. It is observed that the reduction of 8% in the total dissipation, when the
fractal impeller is compared to the regular impeller, is mainly due to the difference in εT
in the radial range of 1.3 < r/R < 1.9. The frequency distribution of the dissipation was
assessed at 3 probe points along the vortex paths. It is illustrated that the wake of the
regular impeller contains higher dissipation compared to the wake of the fractal impeller
due to fluctuations at low frequencies (f 0 < 20), which accounts for the difference in the
bulk of the flow (1.3 < r/R < 1.9).
It is concluded that by means of modifications in the blade shape it is possible to
influence crucially the trailing vortex structures. Consequently, the drag coefficient of the
blades, the impeller torque and the energy dissipation characteristics can be altered, in
order to tune these according to process requirements and optimise the impeller design.
In the case of fractal impeller, the reduction of Np , the increase in Nq and the equal level
of integrated turbulent kinetic energy with respect to the regular impeller are promising
findings for an improved process efficiency.
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Appendix: Time-lag of the energy dissipation
The time-average values of the impeller power and integral dissipation have been shown
to be in balance, except for a numerical dissipation of ca. 4% at Re = 1600 (see Table
I). The fluctuations in time of the power number, obtained from pressure integration on
the impeller surface (denoted by Np0 (t)), and of the volume integral of the instantaneous
dissipation (denoted by Nε0 (t)) are plotted in Figure A1 against the number of revolutions.
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FIG. A1. Fluctuations of power consumption are plotted for fractal impeller at Re = 1600.
Np0 (t) is based on the power drawn by the impeller and Nε0 (t) is based on the volume
integral of the total dissipation over the tank volume.
It is seen in Figure A1 that Np0 (t) presents strong fluctuations with multiple peaks per
revolution. As discussed in our previous paper,2 these fluctuations are directly linked to
the unsteady motion of trailing vortices and up-and-down swinging motion of the radial
jet, at a frequency f 0 = 3 at Re = 1600, for both regular and fractal impellers. The
amplitude of these fluctuations are weaker for Nε0 (t) (green curve). The instantaneous
difference between impeller power and integral dissipation is equal to the time derivative
of the kinetic energy integrated over the tank volume, as the energy balance dictates. A
detail, admittedly difficult to notice in Figure A1, is that there is a time-lag between the
peaks of the two quantities. In other words, the peaks in the dissipation follow the peaks
in the impeller power with a certain time delay. This delay can be evaluated with the
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help of the two-time cross-correlation function between the two signals:
Np0 (t) Nε0 (t + τ )
Cor(τ ) = q
,
Np0 (t)2 hNε0 (t)2 i

(11)

where angular brackets hi represent the time-averaging operation. The correlation Cor(τ )
is plotted in Figure A2a for both impeller types. The value of τ , at which Cor(τ ) attains
the global maximum value characterizes the time-lag between Np0 (t) and Nε0 (t). A closer
look at the peaks is provided in Figure A2b. These peaks appear at τr = 0.051 for the
regular impeller and τf = 0.026 for the fractal impeller. In Figure A2b, these are indicated
with vertical dashed lines in the same color as the corresponding curves. It is noteworthy
that τr is twice as large as τf .
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FIG. A2. Time-correlation Cor(τ ), defined in Equation 11, plotted against τ . a) Comparison between regular and fractal impellers, b) zoom on the peaks.
These time-lags characterise the time required for the kinetic energy to cascade from
the injection length-scales to the smallest scales where it dissipates. In our cases, highest
turbulence production is observed in trailing vortex cores and these represent the most
energetic scales in the flow. Taking this into account, the time-lag of the dissipation
may be longer for the regular impeller due to the larger scales at which the energy is
injected. It is also remarkable, though, that Cor(τ ) presents a much more distinct peak
for the fractal impeller than for the regular one. The fractal impeller seems to sharpen
the cascade time around a particular value whereas the range of cascade times appears
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to be quite wide for the regular impeller. This observation will require a dedicated future
study of its own.
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