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Abstract

Flow in an unba�ed stirred vessel agitated by a four-bladed radial impeller is inves-

tigated by using Direct Numerical Simulations (DNS) at Re = 320 and 1600. We

observe �uctuations in the power consumption with a peak frequency at ca. three

times the impeller rotational speed for both Reynolds numbers. It is discovered that

these �uctuations are associated with a periodic event in the wake of the blades,

which involves alternating growth and decay of the upper and lower cores of the

trailing vortex pair as well as up-and-down swinging motion of the radial jet. More-

over, the phase relation between the wakes of the di�erent blades is examined in

detail. Further studies using fractal-shaped blades show that the exact blade shape

does not have a strong in�uence on this phenomenon. However, the wake interac-

tion between the blades, hence the number of blades, has a direct in�uence on the

unsteadiness of trailing vortices.
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I. INTRODUCTION

Trailing vortices are observed in the wake of impeller blades used in stirred vessels. Pi-

oneering investigations on this subject date back to early 70's. Takashima and Mochizuki1

placed a camera rotating with the impeller below the tank, in order to visualize the �ow

�eld in the rotating reference frame around several impeller types where tracer particles

were injected. They provided a schematic diagram illustrating the radial jet on the suc-

tion side of a blade as well as the horizontal helical vortices at the upper and lower edges

of the blade which give rise to the trailing vortices in the discharge �ow. They stated that

these trailing vortices were �a kind of Kármán's vortex series�. This work was con�rmed

and improved by the more extensive studies2 where a similar measurement technique was

applied to examine the �ow around a Rushton turbine in a ba�ed tank. This con�g-

uration has been commonly employed for gas-liquid dispersion applications. According

to Van't Riet and Smith3, the power consumption and the dispersion performance are

mainly determined by the �ow in the impeller region. The prominent feature of this �ow

�eld is the trailing vortex pair, where gas bubbles are drawn due to low pressure and

pass through a region of high shear rate. Their vortex pair idealization slightly di�ered

from that of Takashima and Mochizuki1 mainly because of the di�erences in the impeller

geometry, e.g. the inner vertical edge of the Rushton turbine blades. It was observed

that the trailing vortices were initially formed at Reynolds number values in the range

150 < Re < 250 and it was claimed that the �ow around the impeller was turbulent even

at Re = 300, where Re = ND2/ν based on the rotational speed (N), impeller diameter

(D) and kinematic viscosity of the �uid (ν).

In addition to the determination of the vortex axis location at di�erent Reynolds

numbers, Van't Riet and Smith3 also derived analytical expressions for the velocity and

pressure pro�les within the vortex core and found them to be in qualitatively good agree-

ment with their experimental results. On the other hand, the unsteady behaviour of the

trailing vortices was only referred to as an �erratic movement�. In a later study, Van't

Riet et al.4 detected that the blade-passage frequency dominates the energy spectra of

the velocity �uctuations in the impeller region and these �uctuations were termed as
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pseudo-turbulence. Therefore, it was suggested to obtain the turbulence parameters like

the eddy size, turbulence intensity and energy spectra from the measurements acquired

in the rotating frame e.g. with probes rotating with the stirrer.

Numerous researchers5�9 continued the study of the turbulent �ow inside stirred ves-

sels with a focus on trailing vortices. Besides predicting the mean-velocity pro�les and

turbulence characteristics for the �ow around the impeller, they endeavoured to locate the

mean path of vortex cores, because many important �ow properties are associated with

the trailing vortex region. The various predictions of vortex trajectories were compared

by Escudié et al.9 and collapsed well near the impeller blade, however discrepancies in-

creased with growing distance from the blade. In order to visualise the vortex core, three

methods were listed by Escudié and Liné10. The �rst is the determination of the location

where the axial velocity is equal to zero. The second utilizes the isosurfaces of vorticity

with an arbitrary �xed value to visualise the coherent structures and their centreline can

be assumed as the vortex trajectory. A third option is to employ the vortex identi�cation

method suggested by Jeong and Hussain11, also known as λ2-criterion. Here λ2 is the

second eigenvalue of the symmetric tensor S2 +Ω2 (assuming λ3 ≥ λ2 ≥ λ1), where S and

Ω are the symmetric and antisymmetric parts of the velocity gradient tensor, respectively.

The region where λ2 is strictly negative corresponds to the vortex core and an arbitrarily

selected threshold can be avoided.

Trailing vortices are the source of turbulence energy inside stirred vessels9. Delafosse

et al.12 and Derksen and Van den Akker13 stated that these structures are associated

with high levels of turbulence, and emphasized their importance for mixing applications.

These aspects motivated extensive studies, mainly concerned with averaged properties

such as location and size of vortices, as cited above, or with turbulence properties like

anisotropy, time and length scales or dissipation rates14�18. On the other hand, the dy-

namical behaviour of the trailing vortices has received far less attention.

Besides the aforementioned cases with ba�ed tanks, trailing vortices were also stud-

ied in the context of unba�ed tanks19�22. Sharp et al.21 conducted PIV measurements

in an unba�ed tank stirred with a Rushton turbine, and Alcamo et al.22 performed
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Large Eddy Simulations (LES) using a similar setup. Both studies (independent from

each other) made a comparison between their predictions of trailing vortex trajectories

and the published results obtained in ba�ed tanks. They reported very good agreement

between ba�ed and unba�ed cases. Unba�ed stirred tanks are preferred in food and

pharmaceutical industries since vessel cleaning in place is necessary23, in bioreactor op-

erations where cell damage is a major concern24,25 or in crystallization processes where

the ba�es can lead to particle attrition26,27. When a suspended solid phase is present,

a higher mass transfer coe�cient between the solid and liquid phases can be obtained

in unba�ed vessels with the same power consumption28. Moreover, ba�es are usually

avoided in cases at low Reynolds numbers (in laminar regime) since they can lead to dead

zones and deteriorate the mixing performance29.

The purpose of the present study is to contribute to the dynamical analysis of the

vortex structures behind the impeller blades. To this end, Direct Numerical Simulations

(DNS) of the �ow �eld inside an unba�ed stirred vessel with a four-bladed radial impeller

have been performed at Re = 320 and Re = 1600. The DNS approach was previously

utilized to study the �ow �eld in a stirred tank by other authors30,31, but their focus was

di�erent from that of the present work. Our objective is to characterize the dynamical

behaviour, i.e. the periodic features of the trailing vortex structures, which have an

impact on the time dependence of the power consumption of a four-bladed radial impeller.

Periodic instabilities may also have an in�uence on the mixing performance32�34. However,

this study investigates the �ow �eld inside the stirred vessel from a rather fundamental

point of view focusing on the instabilities of trailing vortices, and does not target a speci�c

application case.

In this study, two di�erent types of impeller blades are employed, namely regular and

fractal-like blades, so that the impact of the blade shape on the trailing vortex dynamics

can be assessed. Moreover, in order to understand the role of blade number and wake

interaction during the creation of instabilities, cases with one-bladed and two-bladed

regular impellers are also investigated. Note that the simulation of the case with eight-

bladed impeller that was studied by Verzicco et al.30, is performed as well, but only for
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code validation purposes.

The remainder of this paper is organized as follows: in Section II we describe the

numerical methodology used in this work and present its validation; the �ow con�guration

is introduced in Section III; Section IV is dedicated to the grid convergence study; Sections

V and VI illustrate the examination of the integral balances of angular momentum and

kinetic energy, respectively; in Section VII we present the results related to the power

draw �uctuations and discuss the link with the trailing vortex structures. Finally Section

VIII closes the paper with conclusions.

II. NUMERICAL METHODOLOGY AND VALIDATION

The DNS results presented here were obtained with an incompressible in-house code

�Pantarhei� which is based on the �nite-volume method in unstructured grids, and was pre-

viously used for LES of the �ow in a stirred vessel35,36. The code was parallelized using the

PETSc library37 and MPI. The PISO algorithm was adopted for the pressure-velocity cou-

pling. Second-order central di�erencing scheme was selected for the spatial discretization,

and implicit second-order Euler method for time-marching. The Navier-Stokes equations

were solved in a reference frame rotating with the impeller. Consequently, the momentum

equations take the following form:

∂ρ~v

∂t
+∇ · (ρ~v ⊗ ~v) = −∇p+∇ · τ − ρ[ ~ω × (~ω × ~r) + 2~ω × ~v ], (1)

where ~v is the velocity vector in the relative frame, τ is the viscous stress tensor and

~ω denotes the angular velocity of the frame, in the present paper a vector in the axial

direction with the magnitude Ω = 2πN . ~r denotes the position vector with respect to

the origin of the coordinate system, which is in the axis of rotation, at the mid-height

of the vessel. The last two terms of this equation represent the centrifugal and Coriolis

accelerations, respectively, and were treated as source terms during the solution procedure.

Since the surrounding walls of the tank have a relative motion with respect to the impeller,

a moving wall boundary condition was imposed on the tank walls (i.e. top, bottom and
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side walls). All solid surfaces have a no-slip condition. There is an exception for the top

wall for the validation case only (see next paragraph). In all cases considered, the tank

is closed at the top, hence there is no free surface and we assume that a wall is present.

Also the vessels contain a single phase �uid. When the simulations started from scratch,

the �uid was assumed to be at rest in the absolute reference frame, which corresponds

to a solid-body rotation in the rotating reference frame. Hence the velocity �eld over the

�ow domain was initiated with solid-body rotation. The equations were solved in the

Cartesian coordinate system, where the z-axis is the axis of rotation, x- and y-axes are

parallel to the impeller blades (considering four-bladed impellers, as shown in Figure 3b).

The velocity components were transformed to a cylindrical coordinate system during the

post-processing stage when needed.

It was essential to validate that our approach is capable of successfully predicting the

�ow �eld inside a stirred vessel. To this end, the case studied by Verzicco et al.30 was

employed as a reference and recomputed using our in-house code for comparison of the

results. These authors performed DNS of the �ow �eld agitated by an eight-bladed radial

impeller inside an unba�ed stirred tank. The �ow Reynolds number was Re = 1042,

where Re = ND2/ν. The geometrical details of the tank are displayed in Figure 1.

In the top wall for the validation case, we implemented a free-slip boundary condition

(instead of no-slip) in order to match the boundary conditions of the reference work30.

The grid utilized here was generated to be as similar as possible to that described in

the aforementioned paper. The reference work used the immersed boundary method for

the modelling of the solid surfaces whereas we utilized a body-�tted mesh; this led to

di�erences in the shape of the cells around the impeller. However, the resolution was kept

the same with ca. 2 million cells discretising the domain.

The same paper provided time-averaged and root-mean-square velocity pro�les along

radial lines at di�erent axial positions which were compared with the experimental results

of Dong et al.38 who acquired data using the same con�guration. Figure 2 illustrates the

comparison between these two reference works and our DNS results. The experiments

were conducted with a free-surface �ow that leads to a certain surface deformation due
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FIG. 1. The con�guration investigated by Verzicco et al.30 All dimensions are normalized

with the impeller radius Lr: LS = 0.32, LB = 0.8, LC = LR = LH/2 = 4.
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(d) Rms tangential velocity.

FIG. 2. Pro�les of radial and tangential velocity components along a radial line in a

vertical plane in the middle of two blades, at z/LH = 0.2. The dashed red lines denote

the present DNS results, straight blue lines the DNS of Verzicco et al.30 and the square

symbols the experimental data of Dong et al.38 The velocities are normalized with the

blade tip speed Utip = ΩLr and radial distance with the impeller radius, Lr.

to the rotation of the �ow. This was neglected by both simulations, which may explain

the deviations between the DNS results and the experimental data. Some discrepancies

between the two DNS data sets probably stem from the di�erent methodologies used

for the modelling of solid surfaces (immersed boundary method vs. body-�tted �nite
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volume method). The conventional immersed boundary method as employed by the

reference work cannot enforce the no-slip condition exactly on solid surfaces39, hence the

viscous forces applied by the impeller and tank walls may not be precisely computed

leading to some di�erences in the pro�les. As a general conclusion, our DNS results are

in satisfactory agreement with the reference numerical predictions and the experimental

data. Nevertheless, in the following sections we present a more rigorous analysis of the

grid convergence, kinetic energy and momentum balances using the four-bladed impeller.

III. FLOW CONFIGURATIONS EXAMINED

The computational domain investigated in the present study has a cylindrical geometry

of equal height and diameter, with a four-bladed impeller located at mid-height of the

tank. The impeller clearance and diameter with respect to the tank size are shown in

Figure 3a and 3b. The blade height and blade thickness are 1/10 and 1/100 of the tank

height, respectively.

Flows agitated by two types of impeller blades with equal frontal area are examined

in this work; the two blade shapes are shown in Figure 3c. The one with the simple

rectangular shape is referred to as regular blade, and the other one as fractal blade. In

the past decade, the properties of turbulent �ows past fractal/multiscale objects have

been investigated in detail40�45. Many studies have explored their potential bene�ts in

a range of applications, such as the noise reduction46, vortex shedding suppression47�49,

heat transfer enhancement50, static mixing improvement51�54 and �ame control55�57 to

name a few. Steiros et al.58 measured the impeller torque drawn by regular and fractal

impellers, identical to the ones used in the present work, and found a torque reduction

when fractal blades were employed. Moreover, it was demonstrated by Nedi¢ et al.59 in

wind tunnel experiments that fractal plates generate higher turbulence intensities in their

wake compared to square plates. If accompanied by no increase (or even better by a

decrease in power input requirements), this property of fractal plates is potentially very

bene�cial for mixing applications. Although the analysis of mixing will be the subject of

future work, this paper demonstrates the impact of the fractal blades on the �ow �eld
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and the power consumption.

As seen in Figure 3c, the diameter of the fractal impeller is slightly larger or smaller

at di�erent heights compared to the regular impeller. Nevertheless, for normalization, the

dimensions of the regular impeller are used throughout the paper.

Although the main focus of this work is on four-bladed impellers, we also performed

simulations with regular two-bladed and one-bladed impellers to support and complement

the results of the four-bladed case. This provided us with the opportunity to assess the

e�ect of the interaction between the blades of the four-bladed impellers as was done in

the laboratory experiments of Steiros et al.58 In the case of the two-bladed impeller, the

angle between the blades is equal to 180◦. All the other dimensions remain unchanged.

T=H

H

H/2

z=0

(a)

R

D=T/2

r=
1
.2

7
R

45o

(b) (c)

FIG. 3. Tank geometry, dimensions and blade shapes. a) Vertical view along the axis, b)

horizontal view at the mid-height and the location of the probe-1 marked with the diamond

symbol (referred to in Section VII), c) regular (top) and fractal (bottom) blades.

Flows inside stirred vessels with both regular and fractal impellers were simulated

at two Reynolds numbers, Re = 320 and Re = 1600. Inspection of the power number

(Np) variation with Re shows the �ow regime in which our simulations are, see Figure

4. The power number stands for the nondimensional power consumption and is de�ned

as Np = P/(ρN3D5), where P denotes the time-averaged power draw. The empirical

correlation provided by Furukawa et al.60 which takes all the geometrical details of the

tank into account except the blade thickness, was employed to plot Np vs. Re. On the left

end of the curve, where Re is very low, there is inverse proportionality between Np and

Re, which is a characteristic of the laminar regime. Fully turbulent regime is observed
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on the right end of the curve and is distinguished by the Re independence of Np, i.e. a

plateau of the curve. Although a fully turbulent �ow throughout the tank requires very

high Reynolds number61, the �ow closer to the impeller can become turbulent even at

moderate Re31. The two Reynolds numbers considered in the present work are indicated

in Figure 4 with vertical dashed lines and correspond to the transitional regime. However,

some regions of the �ow �eld can still be locally turbulent, especially in the impeller

discharge region.
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FIG. 4. Power number as a function of Reynolds number based on the empirical corre-

lation given by Furukawa et al.60 The vertical dashed lines mark the Reynolds numbers

considered in the present work.

IV. GRID CONVERGENCE STUDY

A grid convergence study was performed for both types of impeller, for Re = 320.

For the regular impeller, the computational domain was discretized using two meshes

consisting of 4× 106 and 13× 106 hexahedral cells. The simulation was initially run with

the coarser grid. Afterwards, the grid was re�ned, especially near the surfaces and in

the impeller discharge region. The developed �ow �eld obtained with the coarse grid was

interpolated to the �ne grid and served as initial condition. The same procedure was

followed for the case of fractal impeller, using meshes with 9×106 and 21×106 cells. The

increased cell numbers for the case of fractal blades is a natural consequence of the more

complex blade shape compared to the regular blades. The �ne grids used for both cases

(13 × 106 or 21 × 106) resolve the blade thickness with 7 cells. The number of cells per
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blade height are 45 for regular and 66 for fractal blades. All four cases were run for a time

equivalent to 80 impeller revolutions. Each impeller revolution was resolved using 1500

time steps if one of the coarse grids was used (4×106 or 9×106) or 3000 time steps if one

of the �ne grids was used (13×106 or 21×106). This ensured that the maximum Courant

number did not exceed 0.5 in any cell throughout the domain. Figure 5 shows the coarser

one of the two grids used for the regular impeller case and the �ner one of the two grids

used for the fractal impeller case at Re = 320, in order to exhibit the body-�tted meshing

approach employed (only one quarter of the horizontal plane is shown).

(a) Grid with 4× 106 cells. (b) Grid with 21× 106 cells.

FIG. 5. Examples of the meshing approach for regular (a) and fractal (b) impellers.

Figure 6 exhibits pro�les of the mean and rms velocities, turbulence kinetic energy and

the dissipation of turbulence kinetic energy, taken from the tank with the fractal impeller.

Here, results computed using the grids with 9× 106 and 21× 106 cells are compared. The

data were extracted along a radial line from the shaft to the tank wall, at the mid-height

and at 45◦ behind a blade. Since there are four blades, the time-averaged pro�le was

obtained with the average of all four planes (at 45◦ behind the blades) to increase the

number of samples and improve the statistical convergence. The mean and rms velocities

were normalized with the blade tip speed (Utip = ΩR), the turbulence kinetic energy

with U2
tip, the dissipation of turbulence kinetic energy with U3

tip/T and the radial distance

with the blade radius (R). The same factors of normalization were also adopted wherever

needed in the remainder of the paper. The tangential velocity component was transformed

11



from the relative to the inertial reference frame by adding Ωr(x, y), where r(x, y) is the

distance from the axis of rotation. Since Ωr(x, y) is constant in time, the rms velocities

or turbulence properties did not require a similar transformation.

It can be clearly seen that the pro�les of mean velocities collapse very well. The other

pro�les are also in good agreement, including the pro�le of the dissipation of turbulence

kinetic energy which requires very high resolution to capture correctly. It can be concluded

that the re�nement from 9× 106 to 21× 106 cells did not lead to a signi�cant change in

the results and therefore no further re�nement was necessary.

Another criterion to assess grid resolution is the ratio of the cell size to the Kolmogorov

length scale (η). For both grids with 13 × 106 and 21 × 106 cells, this ratio is below 2

throughout the entire tank volume. Also, the wall resolution on the impeller surfaces for

these grids is such that the distance between the near-wall cell center and the surface is

less than unity in terms of wall units (y+ < 1). On the tank walls, the grids are even

�ner (y+ < 0.1). Considering the good agreement of the results obtained with the course

and �ne grids of the fractal impeller case (shown in Figure 6), we can deduce that the

mesh with 13 × 106 cells provides su�cient resolution for the regular impeller case. The

results of the cases at Re = 320 presented for the remainder of this paper belong to the

simulations performed using the �ner grids, unless otherwise stated.

For Re = 1600, we used grids with 60 × 106 and 70 × 106 cells for the regular and

fractal impellers, respectively. Both grids resolve the blade thickness with 13 cells. The

number of cells per blade height are 64 for regular and 96 for fractal blades. One impeller

revolution was resolved using 5000 time steps for both cases. To obtain a developed

�ow �eld, the simulations at Re = 1600 were initially run with the grids used at low

Re cases for 20 impeller revolutions. Afterwards, the �ow �eld was transferred to the

grids designed for the high Reynolds number and the computations were performed for a

further 100 impeller revolutions.

We could not a�ord to make a grid convergence study at this Reynolds number, due to

the larger grid sizes and smaller time steps. Nevertheless, the cell size to the Kolmogorov

length scale ratio was again kept below 2 for both types of impeller. Moreover, the same
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(b) Rms axial velocity.
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(c) Mean radial velocity.
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(d) Rms radial velocity.
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(e) Mean tangential velocity.
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(f) Rms tangential velocity.
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(g) Turbulence kinetic energy.
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(h) Dissipation of turbulence kinetic energy.

FIG. 6. Pro�les along a radial line at the mid-height of the tank with fractal impeller at

45◦ behind the blade. Black dashed lines denote results obtained with 9× 106 cells and

red lines with 21× 106 cells.

wall resolution as the one described above was achieved at the high Reynolds number

cases (i.e. y+ < 1 on the impeller surfaces and y+ < 0.1 on the tank walls).
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V. ANGULAR MOMENTUM BALANCE

Our incompressible Navier-Stokes �nite-volume solver satis�es the conservation of mo-

mentum and mass by construction. However, the angular momentum and the kinetic

energy balance must be examined separately. The angular momentum of a �uid particle

is di�erent for observers in the inertial and rotating reference frames. We evaluate the

global angular momentum balance with respect to the center of mass of the entire �uid

volume which is located on the axis of rotation. The corresponding conservation equation

can be derived by taking the cross product of the location vector (~r) with the Navier-

Stokes equations, already expressed in rotating reference frame (see Equation 1). The

integration of the resulting equation over the entire volume takes the following form:

∫
V

~r ×
[
∂ρ~v

∂t
+∇ · (ρ~v ⊗ ~v)

]
dV =

∫
V

~r × [−∇p+∇ · τ − ρ(~ω × (~ω × ~r) + 2~ω × ~v)] dV.

(2)

We focus on the balance of the axial component of the angular momentum, that is

parallel to the axis of impeller rotation, hence directly linked to the power draw. The

cross product of ~r with the Coriolis term is projected on the axial direction as follows:

−2 [~r × (~ω × ~v)] · êz = −2 [~ω(~r · ~v)− ~v(~r · ~ω)] · êz = −2 Ω vr(~r · êr). (3)

The �nal form on the right-hand side of Equation 3 when integrated over the tank volume

gives zero. The cross product of ~r with the centrifugal term becomes (~r × ~ω)(~r · ~ω) and

has no axial component. The advective term in Equation 2 integrates to zero, as well.

The terms related to the pressure gradient and the stress tensor can be reduced to surface

integrals. Moreover, the time derivative can be taken out of the integral since the control

volume is �xed. The �nal form (Equation 4) demonstrates that the time derivative of the

integrated angular momentum is equal to the net torque applied to the �uid by the solid

surfaces (i.e. the impeller, shaft and tank walls).

∂

∂t

∫
V

(~r × ρ~v) dV · êz =

[∫
S

−p (~r × ~dS) +

∫
S

~r × (τ · ~dS)

]
· êz. (4)
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Furthermore, we can show that the calculation of the torque applied to the �uid

by any surface gives the same result in inertial and rotating reference frames. This is

because the pressure �eld and the viscous stress tensor (τ ) are invariant with respect to

the transformation between these two frames. To prove this, the relations between the

velocities in both frames are written, where ~u and ~v are the velocities in the inertial and

the rotating frames, respectively:

ur = vr, uθ = vθ + Ωr, uz = vz. (5)

Consequently, the only velocity gradient that can be a�ected by the transformation is

the gradient of the tangential velocity component with respect to the radial direction.

There are only two components of the stress tensor associated with this velocity gradient,

namely τrθ and τθr. In fact, these are equal due to the symmetry of the tensor:

τrθ = τθr = µ

[
r
∂

∂r

(uθ
r

)
+

1

r

∂ur
∂θ

]
. (6)

When uθ is replaced with vθ + Ωr in Equation 6, it can be shown that τrθ computed

using the velocities in inertial or relative reference frames are equal, due to the following

equality:

∂

∂r

(uθ
r

)
=

∂

∂r

(
vθ + Ωr

r

)
=

∂

∂r

(vθ
r

+ Ω
)

=
∂

∂r

(vθ
r

)
. (7)

If averaged for long enough time, the unsteady term in Equation 4 goes to zero since

the system is closed and the angular momentum cannot increase inde�nitely. Therefore,

the net torque applied to the �uid must also be equal to zero in the time-average sense.

The blades and the shaft apply torque on the �uid in the positive sense of rotation (for

Ω > 0) and the tank walls in the negative sense due to the wall friction. The time-

derivative term being equal to zero, the torque applied by the impeller and the shaft must

balance the oppositely directed torque applied by the tank walls.

This balance was also mentioned by Gimbun et al.62 in their paper on the numerical

study of turbulent �ow in a stirred vessel agitated by a Rushton turbine. Their results

indicated an imbalance between the impeller torque and the wall torque of 11% and 2%
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obtained by means of Detached Eddy Simulation (DES) and LES methods, respectively.

The DES approach is based on LES, but makes use of a one-equation turbulence model

near the walls to avoid the high resolution required by LES in this region.

Here, we include the time-derivative term in our assessment of the instantaneous bal-

ance (4). The �uid angular momentum is integrated over the tank volume and its time

derivative is calculated using a second-order central di�erencing scheme. The impeller

torque is computed from the surface integrals of the pressure and the shear stress applied

on the �uid by the blades and the shaft. It is noted that the contribution of the shear

stress to the impeller torque for the regular impeller case is only 4% at Re = 320 and 0.4%

at Re = 1600 of the total. The torque applied by the tank walls is likewise calculated

with the surface integration of the shear stress. These quantities are normalized with

(ρN3D5)/Ω, giving rise to the nondimensional torque (NT ).
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FIG. 7. Torque balance for the regular impeller at Re = 320. Blue dashed line indicates

the impeller torque and red dashed line the sum of the time-derivative term and torque

applied by the tank walls.

In Figure 7 the normalized torque is plotted against the number of revolutions, for the

case of the regular impeller at Re = 320. To assess the balance, the torque applied by the

impeller is compared with the sum of the other two terms, namely the time-derivative term

and the torque applied by the tank walls. The two curves collapse very well indicating

that the balance is satis�ed instantaneously. The small discrepancy is equal to 0.15% and

is constant in time. All balance results are summarized in Table I.

As stated earlier, the spatial resolution at tank walls is ten times �ner in wall units

than on the impeller surfaces. This fact results in an accurate computation of the torque
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TABLE I. Torque imbalance for di�erent cases.

Re = 320 Re = 1600
Regular impeller 0.15% 0.32%
Fractal impeller 0.29% 1.5%

applied by the tank walls. Moreover, the resolution on the tank walls is identical for both

regular and fractal impeller cases, whereas the torque imbalance in the fractal impeller

case is higher than the regular impeller case, especially at Re = 1600. This suggests

that the small errors most probably stem from the computation of the impeller torque.

It is likely that the pressure computed at the edges of the blades include errors due to

the high velocity gradients emerging as the �uid particles turn around sharp corners.

These gradients increase as the Reynolds number gets higher; hence this conclusion is in

accordance with the increased errors at Re = 1600. It must be noted that the torque

applied by the impeller is higher than at the wall, for the fractal impeller at Re = 1600,

and this leads to the di�erence of 1.5%. Nevertheless, the imbalance is small for all cases.

This result gives us con�dence about the quality of our predictions of the power drawn

by the impeller.

VI. KINETIC ENERGY BALANCE

In order to examine the kinetic energy balance, the terms of the conservation equation

of the total kinetic energy must be evaluated. This equation is derived by taking the inner

product of the velocity vector with the incompressible momentum equations. Hence, the

aforementioned equation takes the following form (formulated in the inertial frame):

∂E

∂t
+ uj

∂E

∂xj
= −ui

ρ

∂p

∂xi
+ νui

∂2ui
∂x2j

, (8)

where E = 1
2
uiui. The last term of the equation, which represents the viscous e�ects, can

be decomposed into di�usive and dissipative parts as:

νui
∂2ui
∂x2j

= ν
∂2E

∂x2j
− ν ∂ui

∂xj

∂ui
∂xj︸ ︷︷ ︸

ε̃

. (9)
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The last term in Equation 9, i.e. the dissipative term, is called pseudo-dissipation and

is symbolized by ε̃. However, it is common practice to add ∂ui
∂xj
· ∂uj
∂xi

to the Laplace term

and subtract the same expression from the pseudo-dissipation term, in order to obtain

the following form:

νui
∂2ui
∂x2j

= 2ν
∂

∂xj
(uiSij)− 2ν(SijSij)︸ ︷︷ ︸

ε

. (10)

Sij is the strain-rate tensor de�ned as:

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (11)

The formulation of the dissipation (ε) in Equation 10 has the advantage of being the same

in both frames considered here, unlike the form referred to as pseudo-dissipation (ε̃). This

is because the strain-rate tensor takes the same values in the two frames considered here,

as explained in the previous section. It must be noted that the computed dissipation of

total kinetic energy includes not only the turbulence dissipation but also the contribution

of the mean velocity gradients. This contribution is insigni�cant at fully turbulent regime.

However, given that we deal with transitional Reynolds numbers, the contribution of the

mean velocity gradients may not be negligible in the present case.

The roles of the other terms can be summarized as follows: If the pressure term in

Equation 8 is evaluated in the inertial frame and integrated over the entire tank volume,

it is the major source of power input. The distribution of the work done by the pressure

term is normalized by the time and volume averaged power input (P/V ). This is shown

in Figure 8 displaying that most of the energy is injected in the impeller discharge region.

The red regions in this plot illustrate where the �ow is accelerated by a favourable pressure

gradient, hence the �ow kinetic energy is increased. We can see that the rate of energy

injection locally is as high as 300 times the volume average of the power input, especially

on the suction side of the blades. The blue regions indicate that the �ow is also decelerated

strongly due to adverse pressure gradient.

The volume integral of the pressure term can be reduced to a surface integral which

is non-zero only on the pressure and the suction sides of the impeller blades. The volume
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FIG. 8. Contour plot of the work done by the pressure term in the inertial frame at the

mid-height of the tank normalized by the time and volume averaged power input, for the

regular impeller at Re = 320. (Since this quantity is computed with time averaging in

the relative frame and transformation to the inertial frame, the contour plot is equivalent

to a phase-averaged �eld obtained in the inertial frame.)

integral of the di�usion term can also take the form of a surface integral that quanti�es

the work done by the viscous forces applied on the surfaces of the impeller and the shaft.

The sum of these two terms is equal to the product of the impeller torque with the angular

velocity of the impeller (Ω). The integral of the advective term is equal to zero since the

vessel is a closed volume and energy cannot be advected into or out of the tank. The

volume integral of the time-derivative term is non-zero at any instant when the power

input exceeds the dissipation or vice versa, but its time average converges to zero.

Recall that the Navier-Stokes equations are solved in the rotating reference frame

where the extra terms due to Coriolis and centrifugal accelerations are added. However,

the Coriolis term is by de�nition perpendicular to the velocity vector, hence cannot a�ect

the energy balance. The work done by the centrifugal force can locally become the largest

term of the equation, but its integral over the volume is equal to zero. Therefore, these

two terms do not play a role in the global energy balance. However, there are further

di�erences with respect to the energy balance in the inertial frame. Not only the advection,

but also the pressure term integrates to zero, since the blade surfaces are not moving in

the rotating frame. The only source of power is the shear stress applied by the moving

walls of the tank. As already mentioned, the moving walls apply equal torque to the

impeller in time-average sense, and after multiplication with the angular velocity Ω, this
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leads to the same power input as the impeller. In fact, this is in accordance with the earlier

determination about the invariance of the dissipation term (2νSijSij). In conclusion, the

energy balance is of course also satis�ed in the rotating reference frame. The remainder

of this section considers the energy balance computed in the inertial frame.

Figure 9 shows the time evolution of the integrated and normalized power input and

dissipation over a relatively short time interval. Since any instantaneous di�erence be-

tween the source and sink would lead to an increase or decrease of the total kinetic energy,

the time derivative of energy is also integrated over the volume and added to the dissipa-

tion, as shown with the green curve. When this is compared with the power injection of

the impeller, the two curves (shown with the blue and green lines) agree well, except for

a small discrepancy that remains constant in time. The same discrepancy also appears

when the time-averaged power input and the time-averaged dissipation are compared.

It is possibly due to the numerical dissipation and discussed later in this section. Fur-

thermore, both blue and green curves illustrate synchronized �uctuations with multiple

peaks per revolution, similar to that observed in the time evolution of the torque shown

in Figure 7. This high frequency �uctuation is less evident in the dissipation but the

addition of the time derivative of the energy brings this to the level of the impeller power.

Moreover, the plot demonstrates that there is an indication of a superimposed signal with

much lower frequency. These aspects are analysed and discussed in the following sections

of the present paper.
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FIG. 9. Power draw (P (t)) calculated using impeller torque (blue line),
∫
εdV i.e. integral

of dissipation in the whole domain (red line) and
∫

(ε + dE/dt)dV (green line), for the

regular impeller at Re = 320 (ε = 2νSijSij). Np(t) = P (t)/(ρN3D5).
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The statistical convergence of the running averaged power number is shown in Figure

10, for both regular and fractal impellers at Re = 320. It is observed that any change in

the running averaged values of Np in the period after 40 revolutions is less than ±0.16%

for the regular and ±0.30% for the fractal impeller, with respect to the �nal values of

averaging. Hence the averaging is �nalized after 80 revolutions and assumed su�ciently

converged.
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(a) Regular impeller.
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(b) Fractal impeller.

FIG. 10. Running average of the power number over number of revolutions at Re = 320,

based on impeller torque (blue line) and on dissipation (red line).

Table II provides the values of Np for the Re = 320 cases averaged for 80 revolutions

and compares the values based on the power input of the impeller and the volume integral

of dissipation. The results based on the impeller power and obtained with the �ne grids

suggest that the power consumption is not a�ected by the di�erence in the blade shape

for this Reynolds number. Also the relatively coarse grid of 9× 106 cells provides a good

prediction of Np, whereas the coarser grid used for the regular impeller slightly overshoots

the value of Np with respect to the �ner one. On the other hand, the computations based

on the dissipation provide an estimate for Np that is slightly lower than the impeller power

in all cases. This probably stems from the numerical dissipation of the computational

method. As expected, the �ner grids provide a more accurate energy balance. For the

regular impeller, the energy balance is better than the fractal impeller, when the results

of the �ne grids are compared, despite the higher number of cells used for the fractal

impeller. The reason may lie in the �ow �eld di�erences around the impeller. In contrast

to the two large trailing edge vortices observed behind the blades of the regular impeller,

a number of smaller vortices emerge in the wake of the ragged edges of the fractal blades.
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Since the energy containing structures are smaller in this case, this may require a �ner

grid to correctly capture the dissipative scales.

TABLE II. Averaged power numbers for the cases computed at Re = 320 and the balance

between energy injection and dissipation. Reg. stands for regular and Fra. for fractal.

Blade type, mesh size Reg., 4× 106 Reg., 13× 106 Fra., 9× 106 Fra., 21× 106

Impeller power 2.36 2.32 2.31 2.32
Dissipation 2.24 2.27 2.20 2.25
Di�erence 5.2% 2.2% 4.9% 3.1%

For the simulations at Re = 1600, the statistical convergence of the power number is

shown in Figure 11 and the �nal values are listed in Table III. Any change in the running

averaged values of Np in the period after 60 revolutions is less than ±0.37% for the regular

and ±0.48% for the fractal impeller, with respect to the �nal values of averaging. Hence,

the computations are ended after 100 revolutions and assumed statistically converged.
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(a) Regular impeller.
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FIG. 11. Running average of the power number over number of revolutions at Re = 1600,

based on impeller torque (blue line) and on dissipation (red line).

Unlike the simulations at the lower Re, the results at Re = 1600 demonstrate a notable

di�erence when the power numbers of the regular and fractal impellers are compared. This

di�erence is comparable to the one observed in the laboratory experiments of Steiros et

al.58 They measured the power draw using exactly the same two impeller shapes as

considered in the present study, in a hexagonal unba�ed tank. They observed 11− 12%

lower Np for the fractal impeller compared to the regular impeller at Re = 1 − 2 ×

105. The numerical estimates at Re = 1600 suggest a reduction of power consumption

of ca. 8% based on the impeller torque, when the fractal blades are utilized. This
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�nding is promising for the e�ciency improvement of industrial applications in case the

mixing performance of the impeller is also enhanced or remains unchanged. An e�ort to

understand this reduction in power has been made by Steiros et al.58 In the remainder

of this paper we concentrate in explaining the characteristic frequencies in the power

�uctuations.

TABLE III. Averaged power numbers for the cases computed at Re = 1600 and the

balance between energy injection and dissipation.

Blade type, mesh size Regular, 60× 106 Fractal, 70× 106

Impeller power 1.59 1.47
Dissipation 1.53 1.41
Di�erence 3.8% 4.2%

Note that the di�erence between the power draw and the integral dissipation is around

4% for the cases at Re = 1600. This corresponds to a slightly larger energy imbalance

compared to that achieved at Re = 320, yet still acceptably small.

Finally, numerically predicted power numbers are compared with the empirical corre-

lation employed to display the variation of Np vs. Re in Figure 4. This curve provides

the following estimates: Np = 2.18 at Re = 320 and Np = 1.41 at Re = 1600, for the

geometry of the regular impeller used in this work. These are in qualitative agreement

with our results but are lower than our estimates based on the impeller power, by 6% at

Re = 320 and 12% at Re = 1600. The details of the experiments or the uncertainty of the

correlation are not provided by Furukawa et al.60 However, considering the high number of

independent parameters such as the tank and impeller diameters, heights, clearance etc.,

a degree of discrepancy is inevitable. Moreover, the blade thickness is not considered by

this correlation, and is known to have a strong in�uence on the power number. For exam-

ple, Rutherford et al.63 suggested a correlation between the power number and the blade

thickness of a Rushton turbine under fully turbulent regime: Np = 6.405− 55.673(t/D),

where t/D is the blade thickness to impeller diameter ratio. For instance, if this ratio is

reduced from 2% to 1%, Np would have an increase of ca. 10% according to this corre-

lation. Although this equation is not directly applicable to our case, it emphasizes the

in�uence of the blade thickness. Taking this into account, we can consider the empirical
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correlation given by Furukawa et al.60 only for approximate comparison.

The DNS study conducted by Verzicco et al.30, which was already used for code val-

idation purposes, reported ca. 18% di�erence between the power input and the integral

energy dissipation. The DNS study by Gillissen and Van den Akker31 investigated the

�ow in a ba�ed tank stirred with a Rushton turbine at Re = 7300, using the lattice-

Boltzmann method and 2.9 × 109 grid cells. They reported an energy imbalance of 3%.

Considering the high resolution used in the above-mentioned work, having a similar qual-

ity in terms of energy balance is regarded as satisfactory. Note that their work employed a

uniform Cartesian grid, whereas our simulations utilized a body-�tted unstructured grid

which allows a much better cell distribution. This partly explains the smaller mesh sizes

in our cases, besides other important factors like the lower Re and lack of ba�es in the

tank.

VII. ANALYSIS IN THE FREQUENCY DOMAIN

To the best of authors' knowledge, the �uctuations in the power consumption and

their possible �uid mechanical origin have not been discussed in the literature for the

present con�guration. Labbé et al.64 and Bramwell et al.65 studied experimentally the

�uctuations of power injected into the turbulent �ow con�ned in the cylindrical space

between two coaxial counter-rotating disks with eight blades mounted vertically on the

surfaces of the disks. Both papers mainly focused on the PDF of the power �uctuations

and reported a non-Gaussian distribution skewed towards low values of power. They

emphasized the good collapse of PDF of the reduced variable (P (t)−P )/Prms for di�erent

Re. Labbé et al.64 evaluated the PSD of power �uctuations, where they observed only the

peaks related to the impeller rotation frequency and its harmonics, beside a �at region

at lower frequencies. They also mentioned that power �uctuations are related to the

dynamics of the large scale �ow, but did not provide a clear explanation of this relation.

The power �uctuations for the regular impeller are shown in Figure 9 over a short

period of time providing a close look at the signal. In Figure 12a, the variation of Np(t) for

80 revolutions is displayed, obtained at Re = 320 for both regular and fractal impellers.
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FIG. 12. Np(t) of regular (blue line) and fractal impellers (red line) compared at Re = 320,

over time and frequency domains.

It is observed that the fractal impeller results in higher extrema of Np(t), despite Np

being equal for both impellers (see Table II). Consequently, the standard deviation of

Np(t) normalized by its mean is equal to 3.7% in the fractal and 2.7% in the regular

impeller case. On the other hand, the power spectra of both cases collapse very well

for the frequencies in the range 2 < f ′ < 20, where f ′ is a nondimensional frequency,

normalized with the impeller rotational speed (f ′ = f/N). Considering that the signal at

the very high frequencies (f ′ > 20) contains very little energy, the main PSD di�erence

appears to be at the very low frequencies. This suggests that the extrema observed in the

Np(t) values of the fractal impeller are due to the low frequency �uctuations (f ′ < 0.2).

The PSD of Np(t) of the fractal impeller contains a peak at f ′ ≈ 0.12 and in the

regular impeller case a peak is detected at f ′ ≈ 0.24 (see Figure 12b). The low frequency

modulation of Np(t) of the regular impeller seen in Figure 9 has a period of ca. four

revolutions, possibly related to the aforementioned peak at f ′ ≈ 0.24. The same peaks

are also observed in the PSDs of the torque applied on regular and fractal blades, shown in

Figures 19 and 26, respectively. Moreover, the PSDs of axial velocity component acquired

in probe points in the discharge region of both regular and fractal impellers show a peak

at f ′ ≈ 0.12 (shown in Figures 15a and 16a for the regular impeller case). These low

frequency �uctuations may be related to macro-instabilities (MI), discussed at length by

many authors66�69. Galetti et al.70 reported that MIs are observed at f ′ = 0.106 for
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Re values in the range 400 < Re < 6300, based on experiments conducted in a ba�ed

tank stirred with a Rushton turbine with D/T = 1/3. This frequency agrees with the

results of further studies concerning pitched-blade turbines71,72 and Rushton turbines33,73

conducted in the aforementioned range of Re. Although the tank and impeller geometries

studied in the present paper are di�erent than the cited papers, the observed low frequency

peak in the PSD of axial velocity at f ′ ≈ 0.12 is close to the MI frequencies reported in the

literature. Note that in the regular impeller case the power input has a peak at f ′ ≈ 0.24,

whereas the axial velocity at f ′ ≈ 0.12, which might be explained as follows: MIs in

the upper and lower halves of the tank might be e�ecting the impeller with exactly the

same magnitude because of the symmetry with respect to the mid-height plane, making

an impact on the impeller torque with double the frequency of MIs, i.e. f ′ ≈ 0.24. On

the other hand, the fractal impeller does not have the same symmetry property, hence

f ′ ≈ 0.12 is directly re�ected in the torque and power �uctuations.

Furthermore, it is also evident in Figure 12b that the strong �uctuations appear at

the frequency f ′ ≈ 3 in both cases regardless of the di�erent blade shapes. Below we

attempt to explain the mechanism leading to this peak. To this end, the regular four-

bladed impeller at Re = 320 is considered as the baseline case. After a detailed analysis

of this case, the other ones are discussed in order to highlight similarities and di�erences

in the results.

A. Regular four-bladed impeller

The �uctuations in power are mainly a re�ection of the pressure �uctuations applied

on the blade surfaces, since it was determined previously that the viscous forces on the

blades have a very minor contribution to the impeller torque. These �uctuations are

directly linked to the unsteady motion of the trailing vortices. But before their dynamics is

analysed, we examine �rst the shape and position of the time-averaged coherent structures

using the mean velocity �eld.

As mentioned before, one way to illustrate the trailing vortices is to use the λ2-criterion

introduced by Jeong and Hussain11. Escudié and Liné10 simpli�ed this method so that the
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procedure can be applied on the planar PIV measurements obtained on the radial-axial

plane. They ignored the derivatives in the tangential direction as well as derivatives of the

tangential velocity component (except ∂vθ/∂θ which was estimated using conservation of

mass). This simpli�cation reduces the order of the polynomial equation from third to

second, which must be solved in order to calculate the eigenvalues of S2 + Ω2 tensor

and decreases the computational cost of this method signi�cantly. Escudié and Liné10

obtained the vortex size and location by means of this simpli�ed approach and found the

results to be in very good agreement with the original method introduced by Jeong and

Hussain11. We have utilized the simpli�ed method to visualise the trailing vortices, as

seen in Figure 13. Choosing lower values of λ2 provides smaller surfaces closer to the

vortex cores. Here the isosurfaces of λ2/Ω
2 = −0.5 are selected for a clearer illustration

of trailing vortices rather than λ2 < 0, where Ω is the impeller angular velocity.

(a) Top view. (b) Side view.

FIG. 13. Trailing vortices illustrated by means of simpli�ed λ2-criterion, λ2/Ω
2 = −0.5.

(a) Top view. (b) Side view.

FIG. 14. Trailing vortices illustrated with the isosurfaces of normalized tangential vortic-

ity, ωθ/Ω = 1.5 (red) and ωθ/Ω = −1.5 (blue).

In the literature, the mean path of the trailing vortices emerging form a six-bladed

Rushton turbine has been illustrated in many studies and a comparison between the results
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of some of them was carried out by Escudié et al.9 The structures we observe around

the four-bladed impeller are qualitatively in agreement with what was observed by these

authors (see Figure 13). Trailing vortices are formed right behind the edges of the blades,

initially propagate normal to the blade and then become curved as they are carried with

the �ow that circulates around the impeller. The side view of the vortices in Figure 13b

shows that the vortices are also displaced in the axial direction away from the mid-plane of

the tank while being carried in the tangential direction. Since the radial jets are directed

upwards or downwards after hitting the tank walls, the mean �ow carries the upper and

lower branches of trailing vortices along with their motion in the positive or negative

axial direction, respectively. Moreover, the time-resolved data shows simultaneous up-

and-down motion of the vortex pair as well as broken-up parts of isosurfaces impinging

on the tank walls.

As an alternative, the trailing vortices are also illustrated by means of the isosurfaces

of the tangential component of the vorticity displayed in Figure 14. This has delivered

similar structures to those obtained with the simpli�ed λ2-criterion. In addition to that,

the positive or negative values of tangential vorticity indicate the counter-rotation of

the vortex pair (positive tangential direction points towards counter-clockwise sense of

rotation, for an observer from the top as in Figures 13a and 14a).

In order to understand the relationship between the �uctuations in the power number

and the trailing vortices, we recorded the velocity signal at several probe points in the

impeller discharge region. It was noticed that the observed peak frequency in the velocity

�uctuations can vary with the probe location. Figure 15 shows the PSD of the axial

velocity �uctuations and the PSD of the radial velocity �uctuations recorded at probe-1

that lies between a vortex pair at the mid-height plane, hence equidistant from both cores

(r = 1.27R, θ = 45◦ and z = 0, as shown in Figure 3b). The strongest peak found in

the PSD of the radial velocity �uctuations at this point is at f ′ = 3.16 that is exactly

the same peak frequency seen in the PSD of the power number �uctuations. On the

other hand, the PSD of the axial velocity �uctuations has a peak frequency at f ′ = 1.58

that is exactly one half of the aforementioned value. Spectra obtained at probe-2 are
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shown in Figure 16. This point is slightly above the �rst probe so that it is placed in

the core of the upper trailing vortex (r = 1.27R, θ = 45◦ and z = 0.02H). At this

point, both axial and radial velocity components oscillate with a dominant frequency of

f ′ = 1.58. Moreover, the magnitude of the PSD of the radial component is almost an

order of magnitude higher in the vortex core as seen in Figure 16b. In fact, what we

capture at this point is the frequency at which the two cores of the vortex pair grow

and shrink in an alternating manner. Similar to the �uctuating lift force of an object

due to the vortex shedding in its wake, the axial velocity component �uctuates with the

same frequency as the unsteadiness. The radial velocity component at the mid-height is

e�ected by both vortices equally. Therefore this component oscillates with double the

instability frequency, like the drag of an object with vortex shedding. Note that the �ow

�eld does not contain the periodic �uctuations due to the blade passage that was termed

pseudo-turbulence4, since the probes have a �xed position with respect to the impeller.
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(b) Radial velocity component.

FIG. 15. PSD of velocity �uctuations at the probe-1 located at r = 1.27R, θ = 45◦ and

z = 0, as shown in Figure 3b.

The snapshots shown in Figure 17 cover half of the cycle of the unsteadiness at

frequency f ′ = 1.58. In other words, Figures 17a,c,e,g correspond to time instants

t = 0, T ∗/6, T ∗/3, T ∗/2, respectively, with steps of ∆t = T ∗/6, with T ∗ being the period

of the vortex unsteadiness. Figures 17a,c,e,g provide information about the generation

and evolution of the trailing vortices. The streamlines passing by the upper and lower

edges of the blade (shown with blue and red lines, respectively) initially turn towards

the suction side of the blade and then bend radially towards the blade tip, due to the
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(b) Radial velocity component.

FIG. 16. PSD of velocity �uctuations at the probe-2 located at r = 1.27R, θ = 45◦ and

z = 0.02H (slightly above the probe-1, inside the upper vortex core).

radial jet along the suction side of the blade (shown with green lines). Near the blade

corners, the blue and red streamlines start rolling around the trailing vortex cores, which

the radial jet joins as well, after passing between the vortex pair. We observe that the

upper and the lower vortex cores grow and attenuate in an alternating manner (shown

with yellow surfaces) while the radial jet swings up and down.

The data analysis also demonstrates that the pressure on the upper or lower half of the

suction side decreases while the radial jet is twisted upwards or downwards, respectively.

In other words, the radial jet is directed towards the region on the suction side where the

pressure is the lowest as illustrated in Figures 17b,d,f,h. This dynamic behaviour of the

low pressure region explains the connection between the cycle of vortex unsteadiness and

�uctuations in the torque applied on the blade.

So far we have gained some understanding of the phenomena occurring in the wake

of one blade. However, the total power consumption is determined by all blades and can

also be a�ected by the phase relation of the instabilities in the wakes of di�erent blades.

An instantaneous picture of the coherent structures of two consecutive blades is shown in

Figure 18 suggesting that the cycle of unsteadiness with the frequency f ′ = 1.58 occurs

in every blade with a phase shift of 180◦ with respect to the preceding (or succeeding)

blade. However, the drag force on blades appears with double the frequency (f ′ = 3.16),

which results in torque �uctuations at f ′ = 3.16. These are in the same phase for all

blades, which we analyse in the following paragraphs.

30



(a) Lower vortex core is at its strongest state. (b) Same instant as (a).

(c) Upper vortex core is growing, as lower core

is shrinking.

(d) Same instant as (c).

(e) Upper vortex core is growing, as lower core

is shrinking.

(f) Same instant as (e).

(g) Upper vortex core is at its strongest state. (h) Same instant as (g).

FIG. 17. (a),(c),(e),(g) Isosurfaces of normalized tangential vorticity of |ωθ/Ω| = 10

(yellow surfaces) used to illustrate vortex cores. The blue, red and green lines in the

images display the streamlines obtained by putting seed points along the upper, lower and

inner edges of the blade, respectively. The blade is shown with grey colour. (b),(d),(f),(h)

Suction side of the blade is coloured according to the pressure distribution. Red and blue

regions illustrate where the pressure is above and below a certain threshold, respectively.

31



To evaluate the phase shift between the torque �uctuations on di�erent blades, we

recorded the torque caused by each one of the four blades. We refer to the blades with

increasing numbers in clockwise direction such that blade 2 encounters the wake of blade

1 etc. Figure 19a displays the PSD of the torque signal of all blades evaluated separately.

As expected, all blades yield identical PSD spectra with a peak at f ′ = 3.16 due to

the above discussed phenomenon and another peak at a much lower frequency around

f ′ = 0.22. Nevertheless, the strongest peak of the PSD appears at f ′ = 1.70 which was

not observed in the PSD of the power draw. As seen in Figure 19b, when the torques

applied on each one of the four blades are added together, this peak disappears. This

suggests the existence of a di�erent instability frequency that is not re�ected in the power

�uctuations, since it cancels out as the signals from di�erent blades are superimposed.

FIG. 18. Streamlines and isosurfaces of normalized tangential vorticity are shown as in

Figure 17 for two blades with 90◦ angle. Note that the impeller has four blades, but the

shaft and the two other blades are removed from the �gure for clarity of visualisation.

To further investigate this aspect, the phase relation between the blades 1 and 2 is

analysed with the help of Figure 19c. The blue line in Figure 19c shows the PSD of the

sum of the torque signals applied on blades 1 and 2. It exhibits the same characteristics of

the sum of all blades. On the other hand, the red line represents the PSD of the di�erence

of the torques applied on blades 1 and 2 and demonstrates only the peak at the frequency

f ′ = 1.70. This points at a phase di�erence of 180◦ between the torque �uctuations on

blades 1 and 2 at the frequency f ′ = 1.70 and explains why they cancel each other out.

Furthermore, the phase relation between the blades 1 and 3 is examined in the same

way. Figure 19d is the same as Figure 19c but with torque data from blade 3 instead of
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blade 2. When the torque data from blades 1 and 3 are added, this ampli�es the signals at

all frequencies. Moreover, they cancel almost completely when subtracted (if the weaker

peaks are ignored). This means the signal component at f ′ = 1.70 on blade 3 is shifted

a further 180◦ with respect to blade 2. If the impeller had only the blades 1 and 3, the

unsteadiness at f ′ = 1.70 would dominate the �uctuations of the power consumption since

it has a much higher amplitude than frequency f ′ = 3.16.
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(c) Sum and di�erence of blades 1 and 2.
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(d) Sum and di�erence of blades 1 and 3.

FIG. 19. PSDs of the torque �uctuations applied on the regular blades.

The peak at the frequency f ′ = 1.70 is also present in the PSD of the radial velocity

�uctuations acquired at probe-1 on the mid-height plane, previously shown in Figure

15b. This is the second dominant peak in the PSD after f ′ = 3.16. However, the

other probe point located in the vortex core does not capture any �uctuation at the

frequency f ′ = 1.70. On the other hand, none of the power spectra of the axial velocity

�uctuations acquired at these probe points have this peak frequency. These �ndings

imply that there might be a di�erent phenomenon (besides the unsteadiness of the trailing

vortex pair), which mainly occurs on the radial-tangential plane around the mid-height

leading to an instability at the frequency f ′ = 1.70. This can be linked to the axial
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vortices in the wake of the blades. Previously, isosurfaces of tangential vorticity were

used to illustrate the trailing vortex pair. On the other hand, the isosurfaces of axial

vorticity have a quite di�erent shape, as shown in Figure 20. Using the mean velocity �eld,

their time-averaged structures are displayed in Figure 20a indicating an elongated part

of the isosurfaces behind the blade tip on the mid-height plane. When the instantaneous

structures are observed for several revolutions, it has been detected that this extended

part of the isosurfaces grow and detach with the frequency f ′ = 1.70. Moreover, this

occurs in the wake of blades 1 and 3 (or 2 and 4) simultaneously, which agrees with

the phase relations of the blades explained above. This can be seen in Figures 20b and

20c. These results suggest that the torque �uctuations at f ′ = 1.70 can stem from the

instabilities of the axial vortices generated on the blade tips. However, the frequency of

this mechanism is not re�ected in the power draw �uctuations of the four-bladed impeller,

which is the main focus this study. Therefore, a more elaborate analysis of this mechanism

is not pursued further at this stage.

(a) (b) (c)

FIG. 20. Isosurfaces of normalized axial vorticity; ωz/Ω = 3.5 shown with red surfaces and

ωz/Ω = −3.5 with blue surfaces. a) Time-averaged structures, b) and c) instantaneous

structures. The impeller is displayed only in the �gure on the left side with the grey

colour.

B. Regular one-bladed impeller

In the case of a regular four-bladed impeller, we observed two types of instability

mechanisms which are associated with the periodic deformation of the coherent vortical

structures. Moreover, we detected a speci�c phase relation between the wakes of consec-

utive blades. This may stem from an interaction between the structures emanating from
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di�erent blades. In order to examine whether the generation of instabilities depends on

such an interaction, we performed simulations using a regular one-bladed impeller.

The blue curve in Figure 21a displays the power number as a function of the number

of revolutions for a one-bladed impeller at Re = 320. The initial period with large values

of Np(t) is a common phenomenon observed with every type of impeller and is due to

the starting �ow conditions. After this jump, Np(t) decreases and exhibits a plateau. It

might have been expected that Np(t) �uctuates in time as observed in the four-bladed

case. However, this one-bladed case at Re = 320 returns a steady laminar �ow �eld

around the impeller. Trailing vortex structures emerge again in the wake of the blade but

remain static. After approximately 70 revolutions, we arti�cially superimposed randomly

distributed spatial �uctuations to the velocity �eld. Even though the magnitude of these

arti�cial �uctuations were up to 15% of the local velocity magnitude, they did not trigger

a self-sustaining instability. The absence of any unsteadiness in the one-bladed Re = 320

case strikingly contrasts the strong �uctuations present in four-bladed Re = 320 case and

implies that the wake interactions have a decisive role in the development of the unsteady

behaviour of the coherent structures.
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FIG. 21. Np(t) of the one-bladed impeller plotted against number of revolutions (a), and

its PSD for Re = 1600 (b).

The same simulation was also performed at an increased Reynolds number, i.e. atRe =

1600. As shown by the red curve in Figure 21a, the signal of the power number exhibits

strong �uctuations at this Reynolds number. The PSD of power number shows that the

dominant peak appears at f ′ = 1.74 (see Figure 21b). This might be a consequence of
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the same phenomenon at f ′ = 1.70 linked to axial vorticity which we discussed in the

context of the four-bladed impeller in the previous subsection. The slight increase in the

frequency (from f ′ = 1.70 to f ′ = 1.74) can be attributed to the slightly increased relative

velocity that the blade tip is exposed to because of the absence of the other blades.

On the other hand, up-and-down swinging motions of the radial jet do not arise in

this case, neither the frequency associated with this event (i.e. f ′ = 1.58). Figure 22

illustrates an instantaneous snapshot of the streamlines in the wake of the blade. Note

that the radial jet (shown with green lines) is divided into two streams, and these are

rolled around the upper and lower vortices. This is unlike the behaviour observed in the

four-bladed case where the radial jet swings between upper and lower vortices and rolls

around them in an alternating manner, as demonstrated in Figure 17. The lack of this

type of unsteadiness cannot be attributed to the increased Reynolds number since this

is observed in the case of four-bladed impeller also at Re = 1600, and is discussed later

in the corresponding section. This result supports the conclusion that the interaction

between the disturbances generated by multiple blades is essential for the onset of the

unsteadiness observed in the four-bladed case.

FIG. 22. Yellow surfaces indicate the instantaneous isosurfaces of normalized tangential

vorticity of |ωθ/Ω| = 15 in the wake of the one-bladed impeller at Re = 1600. The blade

and instantaneous streamlines are as in Figure 17.

C. Regular two-bladed impeller

At Re = 320, the �ow around the regular one-bladed impeller is steady without

�uctuations. In the tank stirred with a regular two-bladed impeller, the instabilities

emerge but grow gradually with a much longer transition time when compared to the
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four-bladed case. Indeed the axial velocity component recorded at probe-1 illustrates this

slow growth. As seen in Figure 23, the axial velocity �uctuations kick o� after about 60

revolutions and carry on increasing for another 30 revolutions or so.

Consequently, the power number undergoes a similar transition. In the period between

20 and 80 revolutions, Np(t) �uctuates only with the frequency f ′ = 1.74 with a weak

amplitude. However, this amplitude increases gradually during the mentioned period, as

shown in Figure 24a. After the axial velocity �uctuations have been ampli�ed after about

90 revolutions, the power number undergoes a transition, as shown in Figure 24b. Shortly

after 90 revolutions, additional frequencies are superimposed on the �uctuations of Np(t).

0 20 40 60 80 100 120
−0.06

−0.03

0

0.03

0.06

u
z
/
U

ti
p

Revolutions

FIG. 23. Instantaneous axial velocity normalized with blade tip speed and plotted against

number of impeller revolutions, acquired at probe-1 (r = 1.27R, θ = 45◦ and z = 0).

The trend of the power number is illustrated separately in Figure 25a for the time after

the advent of additional frequencies. It is observed that the low frequency modulation

of Np starts in an organized periodic manner and slowly becomes rather chaotic as the

simulation proceeds, as it is also seen in Np of four-bladed cases. The PSD of the signal,

which is obtained using only the part after 130 revolutions, is shown in Figure 25b. The

highest peak seen here is at f ′ = 1.74, the same frequency already detected before the

transition. The low frequency �uctuations are at f ′ = 0.18 and presumably emerge due

to the macro-instabilities. The third peak seen in the PSD is at f ′ = 1.58. We observed

that it is caused by the same phenomenon which lead to the �uctuations of Np(t) at

f ′ = 3.16 in the four-bladed impeller case. This was associated with the alternating

growth of trailing vortex pair and up-and-down swinging motion of the radial jet. This

event occurs in the two-bladed impeller case only with half the frequency (i.e. f ′ = 0.79)

when compared to the four-bladed case, which was detected with the help of the PSDs of
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the velocity components acquired in the trailing vortices. This suggests that the number

of blades has a direct in�uence on the frequency of this event. Moreover, it initiates

after ca. 100 revolutions simultaneously with the low frequency instabilities, suggesting

that this phenomenon might be triggered by the onset of macro-instabilities. On the other

hand, the unsteadiness linked to the axial vorticity appears at around f ′ = 1.70 regardless

of the number of impeller blades.
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FIG. 24. Np(t) plotted against number revolutions (a), closer look at the transition (b),

for the regular two-bladed impeller case.
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FIG. 25. Np(t) plotted against number revolutions after the transition (a), PSD of Np(t)

using the signal after 130 revolutions (b), for the regular two-bladed impeller case.

D. Fractal impeller

At Re = 320, the cases with the regular and fractal impellers display several common

features such as equal power numbers (in time-average sense) and the common peak fre-

quency of power �uctuations, despite di�erent blade geometries. The mechanism leading

to the �uctuations in power is already explained in the context of the regular impeller,

which is associated with the dynamical behaviour of the trailing vortex pair in the wake
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of the blades. We also observed an unsteadiness linked to the axial vorticity, which has

a footprint on the torque signal applied to the individual blades (with f ′ = 1.70) but

not on the total power draw, since this signal is cancelled out due to the phase di�erence

between the blades.

When the same analysis was conducted in the context of the fractal impeller, it revealed

several di�erences in the torque applied on the blades with respect to the regular impeller

case. The sum of the torque applied on the fractal blades displays �uctuations with a

sharp peak frequency at f ′ = 3.14 and a second peak at f ′ = 0.12, as indicated in Figure

26b.

10
0

10
1

0

3

6
x 10

−3

f ′

P
S
D

o
f
to
r
q
u
e

 

 

Blade1
Blade2
Blade3
Blade4

(a) Spectra of four blades.
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(b) Summation of all blades.
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(c) Sum and di�erence of blades 1 and 2.
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(d) Sum and di�erence of blades 1 and 3.

FIG. 26. PSDs of the torque �uctuations applied on the fractal blades.

The high frequency peak in the power draw �uctuations is f ′ = 3.16 in the regular

impeller case, and f ′ = 3.14 in the fractal impeller case. The di�erence of ∆f ′ = 0.02 is of

the order of magnitude of the frequency resolution of the PSD, hence it is negligible. The

mechanism leading to this peak frequency is discussed above in the context of regular

impeller. This phenomenon was also observed with the same frequency (in multiples

of N) in the fractal impeller case regardless of the fact that the multiple edges of the
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fractal blades generate a higher number of smaller vortices when compared to the regular

impeller. This can be seen in Figure 27a where the isosurfaces of tangential vorticity are

illustrated using a relatively high value of vorticity which makes it possible to detect the

vortex cores. Isosurfaces of lower vorticity levels are shown in Figures 27b and 27c. These

are suggesting that the multiple trailing vortices tend to interact and merge downstream

of the blade.

Figure 26a exhibits the PSD of the torque signal of four fractal blades evaluated

separately, focusing on the frequency range 1 < f ′ < 10 for clarity of illustration. Besides

the peak at f ′ = 3.14, there are three other peaks with comparable energy levels at

f ′ = 1.44, f ′ = 1.57 and f ′ = 1.70. The peak at f ′ = 1.57 stems from the same event

which gives rise to the peak at f ′ = 3.14. Unlike regular blades, fractal blades are not

symmetrical with respect to the mid-height plane. Consequently, the upper trailing vortex

grows larger than the lower one, as seen in Figure 27. Moreover, the upper half of the

blade has a larger radial extent than the lower half. Possibly due to these factors the

unsteadiness with the frequency f ′ = 1.57 has a stronger impact on the torque generated

on the upper half of the blade compared to the lower half. Therefore the PSD of the

torque applied to a blade has peaks at both frequencies f ′ = 1.57 and f ′ = 3.14.

Furthermore, we observed that adding the torque applied on two consecutive blades

cancels out the signal with f ′ = 1.57, as shown in Figure 26c with the blue line (considering

that blade 1 and blade 2 are any two blades with 90◦ angle between them). This stems

from the phase di�erence between the cycles of both blades. When the low pressure region

on the suction side of blade 1 is shifted towards the upper half of the blade, on blade 2

it is shifted towards the lower half. After a half cycle, the described roles of blade 1 and

blade 2 are exchanged. When these two instants are compared, the addition of the torque

applied on these two blades is equal. In other words, both half cycles apply equally strong

torque on the impeller. Therefore, the PSD of the sum of blade 1 and blade 2 presents

only the peak at f ′ = 3.14 and no peak at f ′ = 1.57.

The other peak at f ′ = 1.70 was already noted and discussed during the analysis of the

regular impeller case. The peak at f ′ = 1.44 is also associated with the same phenomenon
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as the one at f ′ = 1.70, namely linked to the instability of the axial vortices emanating

from the blade tip. As shown in Figure 28, upper and lower corners of the blade have two

separate structures of axial vorticity. Possibly due to di�erent length scales, these vortices

lead to �uctuations in torque with two di�erent frequencies. These are in anti-phase when

blade 1 and blade 2 are compared and cancel out after the torque applied to these two

blades are added, as seen in Figure 26c. However, when any two blades with 180◦ are

considered, as in Figure 26d, we detected that the signals with frequencies f ′ = 1.44 and

f ′ = 1.70 are in phase. This phase relation is also observed in the regular impeller case

for the unsteadiness caused by the axial vorticity.

(a) ωθ/Ω = ±7, (b) ωθ/Ω = ±5, (c) ωθ/Ω = ±4.

FIG. 27. Isosurfaces of tangential vorticity based on the time-averaged �ow �eld (positive

and negative values of vorticity are displayed with red and blue colours, respectively).

FIG. 28. Isosurfaces of axial vorticity equal to ωz/Ω = ±3.5 based on the time-averaged

�ow �eld (positive and negative values of vorticity are displayed with red and blue colours,

respectively).

E. E�ect of higher Reynolds number on four-bladed impellers

We already determined that the upper and lower trailing vortices grow in an alternat-

ing manner while the radial jet swings up and down at a frequency of f ′ = 1.57 − 1.58,

for the four-bladed cases at Re = 320. The results obtained at Re = 1600 using both
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regular and fractal four-bladed impellers illustrated that the same type of periodic mo-

tion of the trailing vortex pair is maintained for the higher Reynolds number. Moreover,

this phenomenon occurs at a very similar frequency to what was observed at Re = 320.

To be precise, the frequency is shifted slightly downwards to f ′ = 1.50 for the cases at

Re = 1600. Steiros et al.58 utilized exactly the same two impeller shapes as considered

in the present study and conducted time-resolved pressure measurements using pressure

transducers �xed on the blade surfaces at Re = 1 − 2 × 105. They reported that the

spectral analysis of the pressure signal has a peak around f ′ = 1.4 with a high magnitude

at blade corners and argued that trailing vortices account for this peak. Considering the

decreasing trend of the f ′-value with Re, the simulation and experimental results are

consistent.

Figures 29a and 29b illustrate the PSDs of the velocity �uctuations in radial and

tangential directions, respectively, acquired at probe-2 located inside the upper trailing

vortex in the wake of a fractal blade (r = 1.27R, θ = 45◦ and z = 0.02H). Especially the

radial component has a pronounced peak at both Reynolds numbers at the frequencies

mentioned above. In both �gures the green curve, which represents Re = 320, has a

more prominent peak compared to the blue curve standing for Re = 1600, with an energy

density more than twice as high as the case at Re = 1600. Although this di�erence is not

apparent due to the log-scaled ordinate of the �gure, the log-log plot is preferred in order

to illustrate the distribution of energy content over the higher frequencies.

It is clear that at Re = 320 the magnitude of PSD decreases steeply at higher frequen-

cies and only the large scale structures, namely the trailing vortices are energetic. When

the Reynolds number is raised, the energy density at higher frequencies is increased, i.e.

the energy of smaller scales. For instance, at f ′ = 15, which is one order of magnitude

greater than the peak frequency, the energy density is ca. four orders of magnitude higher

at Re = 1600 when compared with the case at Re = 320.

Moreover, the energy spectra of velocity �uctuations follow a slope of −5/3 in a small

extent of frequencies, which was predicted by Kolmogorov74 for homogeneous and isotropic

turbulence. This was also observed in the context of stirred vessels by other authors:
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(a) Radial component.
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(b) Tangential component.
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(c) Power draw.

FIG. 29. a) and b) PSDs of velocity �uctuations at probe-2 inside the upper trailing

vortex (r = 1.27R, θ = 45◦ and z = 0.02H), c) PSD of �uctuations of power draw, for

the fractal impeller case at Re = 320 (green line) and Re = 1600 (blue line). The red line

shows the slope of −5/3 for comparison.

Günkel and Weber75 studied the �ow in a ba�ed vessel agitated by a Rushton turbine

and captured the turbulent �uctuations in the impeller discharge region for the range of

Re = 1 − 3 × 104. Their work demonstrated energy spectra with a slope of −5/3 over

about 1.5 decades of the frequency space. Lee and Yianneskis7 also reported the same

observation for a similar con�guration at Re = 4 × 104, despite the lack of isotropy and

homogeneity in the studied cases. Taking these into account, the presented results imply

that the �ow in the wake of the blade may become locally turbulent already at Re = 1600.

If the part of the energy spectrum with a slope of −5/3 is considered as the cascade of

turbulence energy towards smaller scales, this cascade starts around the frequency which

is associated with the unsteadiness of trailing vortices. It was already emphasized that

the trailing vortices account for the turbulence kinetic energy inside stirred vessels9,12,13.

However, the process of turbulence production is not completely explained. Our �ndings

provide insights about how the velocity �uctuations are introduced by the trailing vortices

and can help to explain the mechanism of turbulence production inside stirred vessels.

Figure 29c compares the PSDs of the power draw �uctuations of the fractal impeller

at both Reynolds numbers. It can be noted that the same peak frequency is kept at

the increased Reynolds number beside the slight shift from f ′ = 3.14 to f ′ = 3.0 which

is exactly twice the frequency of the trailing vortex pair unsteadiness for the reasons
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explained earlier for the lower Re case. This demonstrates that the direct connection

between the power consumption and the motion of trailing vortices is not broken at the

increased Reynolds number while the impeller discharge �ow shows indications of local

turbulence. All the aspects discussed in this section are common for the regular and

fractal impeller cases. This implies that the results are not dependent on the speci�c

blade shape and may be observed even when di�erent types of impellers are employed.

VIII. CONCLUSION

We conducted DNS of the �ow inside an unba�ed tank stirred with a radial impeller

at Re = 320 and Re = 1600. Although we focus on the cases with four-bladed regular

and fractal impellers, additional simulations with one- and two-bladed impellers were

performed as well, for supporting arguments.

The reliability of the results dealing with four-bladed impellers were veri�ed using the

following criteria: (i) A grid convergence study showed that re�nement from 9 × 106 to

21 × 106 cells does not a�ect the quality of the results, for the case of fractal impeller

at Re = 320. (ii) The ratio of cell size to Kolmogorov length scale was kept less than 2

throughout the domain. (iii) The torque applied to the �uid by the impeller was found to

be in balance with the torque applied by the tank walls, with an error less than 0.3% at

Re = 320 and 1.5% at Re = 1600. (iv) The imbalance between the energy injection and

dissipation was less than 3.1% at Re = 320 and 4.2% at Re = 1600. Values of Np obtained

with DNS are somewhat lower than the estimates given by the empirical correlation of

Furukawa et al.60 (by 6% at Re = 320 and 12% at Re = 1600).

We detected strong �uctuations in the power draw of four-bladed impellers, at the

frequencies f ′ = 3.16 and f ′ = 3.14, for regular and fractal impellers, respectively, for the

cases at Re = 320. It was determined that these �uctuations are linked to an unsteadiness

in the wake of the blades which involves an up-and-down swinging motion of the radial jet

while the two cores of the trailing vortex pair grow and decay in an alternating manner.

It was also noted that the frequency of the power draw �uctuations is equal to the double

of the frequency of the described periodic event. This is because both of the semi-cycles
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of the unsteadiness have a similar impact on the torque applied to the blade. Moreover,

the �uctuations in torque applied to the separate blades are in the same phase, hence

they are superimposed linearly.

Even though the regular and fractal blades have quite di�erent shapes, the above

described unsteadiness occurs with almost the same frequency in both cases, implying

that it may appear in cases of other impeller geometries, as well. The frequency of power

�uctuations was shifted to f ′ = 3.0 for both cases at Re = 1600. Considering that Np

of the regular impeller decreases from 2.3 to 1.6 when Re increases from Re = 320 to

Re = 1600, we can conclude that the frequency of power �uctuations is not a�ected from

the change in Re as much as Np.

It was also observed that the blade number has a strong in�uence on the above de-

scribed unsteadiness. The �ow �eld around the one-bladed impeller remained steady at

Re = 320 with a constant power draw over time. Even though it become unsteady at

Re = 1600, the aforementioned phenomenon did not arise. In the two-bladed impeller

case at Re = 320, this motion initiated ca. after 100 revolutions, but this time the un-

steadiness frequency was exactly the half of the frequency seen in the four-bladed case.

Moreover, its advent occurred simultaneously with the advent of low frequency �uctua-

tions in power draw, possibly due to the so-called macro-instabilities. This implies that

macro-instabilities have the potential to trigger an unsteadiness a�ecting the radial jet

and trailing vortices, at a higher frequency than their own.
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