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Zero acceleration points �ZAPs� and flow structures around them are studied in a direct numerical simulation
of two-dimensional energy-cascading stationary homogeneous isotropic turbulence with an extended k−5/3

energy spectrum. A well-defined classification of ZAPs in terms of the acceleration gradient tensor’s ��a�
invariants emerges naturally as a result of well-defined properties of and relations between these invariants at
ZAPs. About half of all ZAPs are anti-ZAPs �with det��a��0� and the number of vortical and straining ZAPs
�with det��a��0� is about the same. Vortical and straining ZAPs are swept by the local fluid velocity to a good
statistical approximation whereas anti-ZAPs, which are present in every vortical and straining ZAP’s creation
and destruction events, are not. The average lifetime of ZAPs seems to scale with the time scale of the smallest
eddies in the turbulence, though ZAPs �in particular vortical ones� are able to survive up to a few integral time
scales. Our ZAP classification can also be applied to extended flow regions and it turns out that vortical and
straining regions are mediated by regions containing anti-ZAPs. A discussion of the length scales and sizes
characterizing these regions and the distances between ZAPs is also given.
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I. INTRODUCTION

Since the discovery of both large-scale and small-scale
coherent structures in two-dimensional and three-
dimensional turbulence and the realization of their central
importance in understanding turbulent flow properties �1–7�,
much work has been devoted to characterizing and classify-
ing such structures. Much of this classification work has con-
centrated on velocity gradient and pressure properties �8,9�
because of the natural expectation that vorticity dynamics
underpins the evolution of suitably defined coherent struc-
tures.

Perhaps the first and most accessible goal in the general
study of how coherent structures might explain and help
model turbulence properties concerns turbulent mixing prop-
erties �10,11�. The application to mixing has motivated the
introduction of Lagrangian coherent structures �12� and of a
space-filling type of structures called dissipation elements
�13�. A particular aspect of turbulent mixing, namely, Rich-
ardson pair diffusion, has recently been explained in terms of
statistics of stagnation points �14–17�. These are critical
points of the instantaneous velocity field which Perry and his
coworkers �18–20� first used for their dynamical systems
classification of turbulent flow regions. More recent works
have uncovered the multiscale spatial skeleton of velocity
stagnation points in the bulk of the turbulence ��15,16,21�,
and references therein� and have also related them to zero-
acceleration points �ZAPs� which define their persistence
and that of streamlines during the evolution of the flow �22�.
Points where the fluid acceleration is zero �ZAPs� have also
turned out to be crucial in explaining the phenomenon of
preferential concentration �clustering� of heavy yet small in-
ertial particles in a turbulent carrier fluid, e.g. water droplets
in air as in clouds �23–26�.

To our knowledge, a first attempt at a classification of
different turbulent flow regions in terms of a criterion based
on the acceleration gradient tensor was made by Hua and
Klein in 1998 �27� who compared it to the Okubo-Weiss
criterion �9,28�. These authors introduced a criterion based
on the eigenvalues of the acceleration gradient tensor instead
of the velocity gradient tensor so as to relate turbulent stir-
ring to the local topography of the flow in a way that can
take some account of the unsteadiness in the equations of
motion.

All in all, a flow-region classification based on and de-
rived from zero-acceleration points promises to have an im-
pact on turbulent mixing of passive contaminants and turbu-
lent clustering of inertial particles; and use of the
acceleration gradient tensor for such a classification is likely
to take some account of the unsteadiness of the flow, an issue
central to the very concept of coherent structure which al-
ludes as much to the particular shape of the local flow pattern
as to the persistence of this shape’s identity during dynamic
flow evolution.

The first attempt at classifying ZAPs, which was in fact
incomplete, was made by Goto and Vassilicos �2004� �16�.
They used the divergence of the acceleration gradient tensor
which is equivalent to the Okubo-Weiss criterion. In this
paper we propose a classification of the vast majority of
ZAPs in two-dimensional energy cascading turbulence in
terms of a full description of the acceleration gradient tensor.
This description and classification also allows us to charac-
terize the persistence and lifetime of ZAPs, including their
related creation, sweeping, and destruction properties. Fi-
nally, it allows us to introduce a new classification of ex-
tended flow regions �ZAPs and their surroundings� which
incorporates some understanding of the size of these regions,
the inner flow structure of some of these regions and the way
they fit together in two-dimensional �2D� space.

This paper is organized as follows: After reminding the
reader of some basic ZAP properties, we document the nu-
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merical methods used in this work and we then introduce our
proposed classification. The remainder of the paper discusses
sweeping and lifetime properties of the various ZAP classes
and finally explores the local neighborhood of certain ZAP
types.

II. ZAP BASICS: VELOCITY, CREATION
AND DESTRUCTION

A. Definition of ZAPs and their velocity

A zero-acceleration point, xa, is defined as a point where
the fluid acceleration vector vanishes,

a�xa,t� = 0. �1�

The velocity of this ZAP, Va�t�, is then defined by �24�

�a�xa,t�
�t

+ Va�t� · �a�xa,t� = 0. �2�

Clearly, the ZAP velocity Va, and therefore the motion of the
ZAP, depends on the acceleration gradient tensor.

B. Creation and destruction of ZAPs

A ZAP is a topological object of the acceleration field, not
a physical one like a fluid element. In a turbulent flow, which
is not static but inherently fluctuating, the topologies of the
velocity and acceleration fields can and do change with time.
Thus, ZAPs in such flows do not exist forever, but are cre-
ated and destroyed in the course of a flow’s evolution.

The creation and destruction events take place when a
ZAP trajectory intersects a region where the determinant of
the acceleration gradient tensor vanishes, det��a�=0, as in
such a case it is generally not possible to invert Eq. �2� and
obtain a finite Va,

Va = −
1

det��a��det��ta,�ya�
det��xa,�ta� � . �3�

Whenever det��a��0, Va is well defined and the ZAP will
still exist an infinitesimal time later �and have existed an
infinitesimal time earlier�.

In a dynamical systems context, ZAPs would be critical
points of the acceleration vector field. It is well known that
such critical points in an unsteady two dimensional vector
field are created and destroyed in pairs. These events are
called saddle-node or fold bifurcations �29,30� and occur
when the determinant of the vector field’s Jacobian matrix
vanishes, e.g. for the purpose of this paper, when det��a�
=0 for ZAPs. They always involve one critical point with a
negative determinant of the Jacobian and one critical point
with a positive determinant. A classification of ZAPs which
complements that of Goto and Vassilicos �16� by taking into
account both � ·a and det��a� �instead of � ·a only� will be
able to account for creation and destruction events. If the
Jacobian’s eigenvalues do not have an imaginary part, bifur-
cations of this kind are the only possibility for critical points
to be created and destroyed. These observations come into
their own in Secs. IV–VI.

III. NUMERICAL METHODS

The flow investigated in this paper is a two-dimensional
stationary homogeneous isotropic turbulent flow in a peri-
odic box of length 2� with an inverse energy cascade giving
rise to an energy spectrum �k−5/3, as shown in Fig. 1. All
data in this paper were obtained from different runs of the
direct numerical simulation �DNS� scheme described in �16�
with the parameters defined and given in Table I. The DNS
scheme integrates in time �t� the modified vorticity ��� equa-
tion,

��

�t
= � � �u � �� + D̂� + f , �4�

using a fourth order Runge-Kutta scheme in wave number
�k-� space, with the nonlinear term being calculated in real
space. The fluid velocity is denoted u and f is the forcing.

The dissipation operator D̂ is defined as

D̂ = �− ��8 + 	�−1� , �5�

and allows the dissipation of large scales in two-dimensional
flows through hyperdrag �	 term� as well as narrows the
enstrophy cascade in spectral space by using an eighth order
Laplacian dissipation term. The resolutions employed for the
different runs are listed in Table I.

The acceleration a and its spatial derivatives, �a, are cal-
culated from the vorticity using spectral derivatives and the
right hand side of the modified Navier-Stokes without forc-
ing,
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FIG. 1. Energy spectra of all three unfiltered runs A2, B3, and
C4, top to bottom. The solid line is �k−5/3. The sharp peak close to
the highest wave numbers of each run is due to the forcing. Note the
sharp fall-off of the spectrum at these highest wave numbers which
is due to the eighth order hyper viscosity. The energy spectrum at
the highest wave number is several orders of magnitude smaller that
the energy in the inertial range, and hence, the resolution of the
DNS is deemed sufficient to resolve even the smallest features in
the flow.
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a = ��−1 � · �u · �u� + D̂u , �6�

where the first term is the pressure term written in terms of
the nonlinear velocity term, and the second term is represen-
tative of dissipation.

The temporal derivative of the acceleration is calculated
using second order central finite differences of the accelera-
tion fields calculated at previous time steps. The spatial and
temporal derivatives of a are needed to calculate the ZAP
velocity Va.

To investigate whether observations are dependent on the
ratio of outer and inner length scales, L /
, we employ a
low-pass filter with a cutoff wave number kcutoff by multiply-
ing the vorticity field with the Heaviside step function �� · �
before calculating all other derived quantities �37�,

�k,filtered = ��kcutoff − �k���k,DNS. �7�

The employed filtering wave numbers and names of the as-
sociated runs are detailed in Table II. Typical scales and
other characteristic properties of the different runs are listed
in Table III. Note that the highest filtering threshold kcutoff
=N /2 is equivalent to not filtering the vorticity field �unfil-
tered runs A2, B3, and C4�. All other runs have the enstrophy
cascade typical of two dimensional turbulence and the forc-
ing scale 2� /kf filtered out. Hence, aside from a varying
ratio of outer to inner length scale, L /
, there is a qualitative
difference between the filtered and unfiltered runs: the fil-
tered runs only contain the inverse energy cascade part of the
energy spectrum �and the large-scale dissipation�, while the
unfiltered runs also contain the forcing and enstrophy cas-
cade. We mainly focus on results relating to the inverse cas-

cade, and thus the filtered runs, but point out differences
between the filtered and unfiltered runs where appropriate.

We use third order Lagrange interpolation to calculate the
value of quantities at locations between grid points. In order
to correctly resolve all quantities examined in this work, we
make sure that the resolution we use for the interpolation and
all intermediate steps is sufficient to accommodate the high-
est wave number features possible in Fourier space. The
quantity with the highest possible nonvanishing wave num-
ber in this work is the determinant of the acceleration gradi-
ent tensor, which is of the order of square of ��u ·�u�, and
thus can have nonzero wave numbers up to four times as
high as the velocity u and hence the vorticity �, which is the
basic quantity integrated in the DNS and thus defining the
resolution N. Therefore, the resolution we employ to calcu-
late other quantities is Na

2= �4N�2. In the cases where the
vorticity is low-pass filtered, Na

2= �8kcutoff�2 is sufficient to
resolve the highest wave number features of the
det��a�-field.

The zero acceleration points at a given time step are found
by a combination of an Euler stepping �31� and the conven-
tional Newton-Raphson method. The acceleration vectors at
the corners of each grid cell are examined for a change of
sign within the cell. An indication for a zero point within a
cell is given when both vector components change sign in a
grid cell. The approximate position of this zero point is de-
termined by inverting a bilinear interpolation for the zero
value. This point will act as the starting point for the iterative
zero point-locating algorithm. The algorithm distinguishes
between stable and unstable critical points in the following
way; the former have a local acceleration field where all
vectors point towards the ZAP, whereas the latter do not.
Hence, if the zero point in question is stable, the actual ac-
celeration vector at this initial position will point into the
vicinity of the zero point, and subsequent iterations follow-
ing this acceleration vector at each iteration will bring the
current position closer to the actual zero point. If the zero
point is not stable, the point can be stabilized by multiplying
the acceleration field with a matrix whose elements are
��0, �1	, and each row and column contains only one non-
zero element �31�. All such matrices are applied to the accel-
eration field in order to find all ZAPs irrespective of their
stability. This procedure is repeated iteratively until the best
guess position is either �1� accelerating its trajectory three

TABLE I. Parameters used in the numerical scheme as described in �16�: the number of grid pointsa N2,
forcing wave number kf, ratio of forcing wave number range 
, magnitude of fixed Fourier component of
vorticity �̃0, time increment of temporal integration dt, and hyperviscosity coefficient �. The hyperdrag
coefficient 	 is identical for all runs: 	=2.5. “n” in An, Bn, and Cn enumerates the different cutoff wave
numbers employed in the different runs as detailed in Table II.

Run N2 kf 
 �̃0 dt �

An 2562 85 1.0118 1.05 4.9�10−4 5.00�10−31

Bn 5122 170 1.0059 0.83 2.5�10−4 1.54�10−35

Cn 10242 340 1.0029 0.66 1.2�10−4 4.90�10−40

aThe definition of N in this paper differs from the original use in �16�, which we shall denote N�. Here it is
the number of grid points for the vorticity field, whereas in �16� it is the number of grid points in the
dealiased scheme for calculating the nonlinear term. Hence, N= 2

3N� for comparison.

TABLE II. Labeling of DNS runs for different resolutions N and
low-pass filtering cutoff wave number kcutoff. Runs A2, B3, and C4
are essentially unfiltered as the cutoff wave number is equal to the
highest wave number in spectral space.

N=256 N=512 N=1024

kcutoff=64 A1 B1 C1

kcutoff=128 A2 B2 C2

kcutoff=256 B3 C3

kcutoff=512 C4
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consecutive times �“run-away”�, �2� leaving the grid cell, �3�
reaching the 100th iteration, or �4� reaching a value of accel-
eration which is equal to arms /20. In the former three cases,
the iteration is aborted and the next stabilizing matrix is tried
until all eight matrices have been tried. In the latter case, the
best guess is now sufficiently close to the ZAP to initiate a
Newton-Raphson search. Five Newton-Raphson iterations
are usually sufficient to bring the magnitude of acceleration
at the best guess ZAP down to arms /106. Only points that
satisfy this last criterion are being considered close enough
to zero value to pose as ZAPs for the purpose of this paper.

Once the ZAPs are found at individual time steps, we
need to match them at different time steps to create ZAP
trajectories. To achieve this, all ZAP positions, xa�t�, at a
certain time step, say t0, are advanced by their velocity which
is calculated from Eq. �3�,

xa,guess�t1� = xa�t0� + Va�t0�dt , �8�

to give a guess for the position at the next time step, t1,
where dt= t1− t0. We can then match the nearest neighbors
between all ZAPs at time t1 and the guessed positions from
the advanced t0-ZAPs, with a threshold of 2� / �10Na� �i.e., a
tenth of a grid cell� for the maximum distance between them.
Points that have a nearest neighbor belong to the same tra-
jectory. Points in the set of ZAPs at t1 which do not have a
nearest neighbor within this threshold are considered to be
newly created, and hence beginnings of new trajectories.
Neighborless points in the set of advanced guesses from t0
are considered destroyed and thus mark the end of a trajec-
tory.

The ZAP trajectories are then stored on the hard disk for
postprocessing along with the ZAP velocity Va, det��a�,
� ·a, and the fluid velocity u at every ZAP.

The various thresholds and parameters involved in finding
the ZAPs numerically have been adjusted to yield a high
number of ZAPs with the most restrictive threshold being the

upper limit of arms /106 for the absolute value of acceleration
at a ZAP. The remaining thresholds and parameters have
been chosen to be loose enough to gain the maximum
amount of ZAPs while being as restrictive as possible when
a loosening of the threshold did not increase the number of
ZAPs significantly. However, it is also unavoidable that a
small amount of ZAPs are not detected, which may lead to
gaps in trajectories, or undetected trajectories altogether. Fur-
thermore, false positives, i.e., points that have an absolute
value of acceleration smaller than arms /106, but not exactly
zero, are probably also present in the data, most likely mani-
fested in very short trajectories or singular ZAPs �“blips”�.

Aside from choosing suitable parameters and thresholds,
we have taken some additional measures to address these
issues. Very short trajectories with a length of one or two
time steps are excluded from the statistics and obvious gaps
in the trajectories are filled with linear interpolations of ZAP
positions and other recorded quantities. The method we em-
ploy to identify gaps is outlined in the appendix.

The basic tool we employ for statistical analysis is the
conditional �and joint� probability density function �PDF�.
The relationship of two quantities is explored by recording
the PDFs of one quantity for a set of given values of the
second �conditional� quantity along with the first few mo-
ments of the PDF.

IV. CLASSIFICATION OF ZAPS

We find that the two-dimensional turbulence used in this
work exhibits the same characteristic relation between the
rms pressure gradient and dissipation term of the entire fluid
as found in three-dimensional turbulence �32,33�, see Fig. 2
�38�,

��p�rms � �D̂u�rms. �9�

TABLE III. Typical scales of all DNS runs. L and 
 are the outer �i.e., integral� and inner length scale, respectively. 
=2� /kcutoff for
filtered runs and 
=5� /2kcutoff for the unfiltered runs A2, B3, and C4. �=u� / ��u1 /�x�rms and �a=a� / ��a1 /�x�rms are the Taylor microscale
of the velocity and acceleration field, with u�=
�u1� and a�=
�a1� being the root mean squared velocity and acceleration 1-component of
the flow. Note that �a
0.3
. Throughout the paper, primes on quantities or the subscript “rms” denote the rms of that quantity over the
entire flow. u
= �
��1/3 is the characteristic small-scale velocity, where � is the mean energy dissipation of the unfiltered flow. �� ·a�rms and
det��a�rms are the rms of the two invariants of the acceleration gradient tensor and #ZAPs denotes the typical number of ZAPs to be found
in the flow at an instant in time. The ratio between #ZAPs of different classes, as defined in Sec. IV B, is 26:24:50 for vortical, straining and
anti-ZAPs in the filtered runs and 25:22:53 in the unfiltered runs A2, B3, and C4. All numbers are in DNS units and given with two
significant figures.

Run L 
 � �a u� u
 a� � L /
 � ·arms det��a�rms #ZAPs

A1 0.40 0.098 0.12 0.030 3.2 0.67 87 3.1 4.0 4800 22�106 5500

A2 0.38 0.061 0.089 0.019 3.3 0.57 120 3.1 6.2 9900 110�106 14000

B1 0.37 0.098 0.13 0.030 2.4 0.51 50 1.4 3.7 2800 6.7�106 5700

B2 0.35 0.049 0.078 0.015 2.5 0.41 70 1.4 7.1 7600 57�106 21000

B3 0.34 0.031 0.055 0.0095 2.5 0.35 91 1.4 11 15000 280�106 52000

C1 0.33 0.098 0.12 0.029 1.7 0.37 26 0.50 3.4 1400 1.7�106 5900

C2 0.31 0.049 0.075 0.015 1.7 0.29 36 0.50 6.4 3800 13�106 22000

C3 0.30 0.025 0.046 0.0074 1.8 0.23 50 0.50 12 11000 130�106 83000

C4 0.30 0.015 0.032 0.0047 1.8 0.20 67 0.50 19 23000 640�106 200000
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However, this does not imply that �p dominates over D̂u at

ZAPs because ZAPs are points where the balance �p= D̂u
holds.

In fact, the PDF of ��p�xa��, taken at all ZAPs xa only
�Fig. 3�, shows clearly that none of the ZAPs are pressure
extrema. In particular, the peak of this distribution is suffi-
ciently well represented by the rms pressure gradient condi-
tioned on ZAPs only, ��p�xa��rms, which is found to equal

the rms dissipation term of the entire flow, �D̂u�x��rms, i.e.,

��p�xa��rms

�D̂u�x��rms

= �0.997 � 0.014� = 1, �10�

where the position vector xa indicates that the rms value is
obtained at ZAPs only, while x refers to values sampled from
the entire flow �see Fig. 3�.

In summary, using �p�xa�= D̂u�xa�,

��p�xa��rms = �D̂u�xa��rms 
 �D̂u�x��rms � ��p�x��rms,

�11�

for both filtered and unfiltered runs, despite the vastly differ-

ent values of the ratio ��p�x��rms / �D̂u�x��rms plotted in Fig.
2, suggesting that Eq. �11� is universally true for flows with
arbitrary such ratios.

Thus, ZAPs are not only different from pressure extrema,

they are also points where the value of D̂u is nonzero and in
fact fluctuates as much as over the entire flow. It is

�D̂u�x��rms which determines the strength of these fluctua-
tions and of those of �p on ZAPs.

A. Observations of the acceleration gradient tensor

Our classification of ZAPs and their neighborhoods relies
on the following three observations concerning the accelera-
tion gradient tensor at and in the neighborhood of ZAPs.

�i� The asymmetric part of the acceleration gradient tensor
is very small compared to the symmetric part for sufficiently
large determinants of �a, and small in general.

In this 2D turbulence, the symmetric and antisymmetric
gradient tensors are given by

��iaj�
= − �ijp + D̂sij , �12�

��iaj�
=

1

2
�ijlD̂�l, �13�

where we employed the Einstein summation convention, the
round and square brackets denote symmetrization and anti-
symmetrization, sij =��iuj�

is the strain tensor, �ijl is the Levi-
Civita symbol and �l is the vorticity.

Knowing Eq. �9�, it is not surprising that the pressure
Hessian, �ijp, should on average dominate the gradient of the

viscous term, �iD̂uj, and thus,

���iaj�
�rms � ���iaj�

�rms, �14�

as shown in Fig. 5 where we used the Frobenius norm for
matrices to calculate the rms values.

Consequently,

det��a� 
 det��a�s�� , �15�

where now the superscript “�s�” denotes the symmetric part
of the tensor. Note that in the low-pass filtered runs, the
antisymmetric part essentially vanishes completely, and in
the unfiltered runs A2, B3, and C4, it is still small with 60%
of all ZAPs having �det��a�as�� /det��a�s����0.1, see Fig. 4.

The difference between the filtered and unfiltered runs in
Figs. 4 and 5, is due to the fact that the high-wave number
part of the spectrum contains almost all contributions to the
viscous term and hence, filtering that part out implies by Eq.
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�13� that ��iaj�

0. This effect is further amplified by the

hyperviscous term in the dissipation operator D̂, which is of
order �8 �or k16 in Fourier space�.

The classification of ZAPs which we introduce in the fol-
lowing subsection Sec. IV B relies on Eq. �15�. It is therefore
a nearly complete classification of those ZAPs which are not
directly influenced by the dissipative high wave number part
of the spectrum, so that the antisymmetric part of �a is neg-
ligible and thus, the imaginary part of the eigenvalues of �a

is also negligible. The eigenvalues � of the two-dimensional
acceleration gradient tensor are therefore approximately real
in that case and given by

� 

1

2
�� · a � 
�� · a�2 − 4 det��a�s��	 . �16�

The following two observations are given in the context
where Eq. �15� holds in preparation for the ZAP classifica-
tion in Sec. IV B.

�ii� The PDF of � ·a conditioned on �c/o� det��a�s�� is
peaked at zero for det��a�s���0, see Fig. 6.

�iii� The eigenvectors � are approximately degenerate for
positive det��a�s��,

det��a�s�� �
1

4
�� · a�2. �17�
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FIG. 5. Ratio of symmetric to antisymmetric rms acceleration
gradient tensor, ��a�s��rms / ��a�as��rms, of entire DNS flow. The su-
perscripts “�s�” and “�as�” denote the symmetric and antisymmetric
part of the tensor, respectively. The Frobenius norm for matrices is
used to calculate the rms values. The unfiltered runs A2, B3, and C4
are marked with a square ���, the remaining filtered runs with a
circle ���. In all cases ��a�s��rms� ��a�as��rms.

−5 0 5
−5

0

5

det(∇a)/detrms

∇
·a

/
di

v r
m

s

0

0.1

0.2

0.3

0.4

0.5

−5 0 5
−5

0

5

det(∇a)/detrms

∇
·a

/
di

v r
m

s

0

0.1

0.2

0.3

0.4

0.5

FIG. 6. Pitchfork diagram: �Top� This is a conditional PDF of
� ·a conditioned on det��a� for all ZAPs of run C3. Every column
in the diagram is a normalized PDF conditioned on �c/o� the value
of det��a� given on the x axis. The color gives the height of the
PDF. The PDFs are peaked at � ·a=0 for negative det��a� and
exhibit two peaks for det��a��0. The position of the peaks implies
that the eigenvalues of ZAPs with det��a��0 are approximately
degenerate. �Bottom� This is the same conditional PDF as shown on
top, now for all grid points in run C3. It is very similar to the top
figure, with less pronounced peaks in the PDFs. Both figures are
qualitatively the same in all runs, filtered and unfiltered.
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That is, det��a�s��
�� ·a�2 /4 throughout the right hand
branches seen in Fig. 6, and deviations from this approxi-
mate equality are always such that det��a�s��� �� ·a�2 /4.
This is clearly illustrated in Fig. 7. As a consequence,

� · a = 0 ⇒ det��a�s�� � 0, �18�

which establishes the separation of the two peaks in the PDF
of � ·a c/o det��a�s���0 as seen in Fig. 6.

These observations apply to acceleration gradient tensors
at ZAPs, and also to the entire flow field, albeit with less
degenerate eigenvalues, as shown in Fig. 6.

B. Proposed classification

To understand the different branches in Fig. 6, let us con-
sider the relation between the acceleration and the velocity
field of incompressible fluids. Taking the divergence of the
Navier-Stokes equation and using incompressibility, one ar-
rives at

�iai = ��iuj��� jui� = − 2Q , �19�

where Q is the second invariant of the velocity gradient ten-
sor. In two dimensions, Eq. �19� is also equal to the determi-
nant of the velocity gradient tensor. Furthermore, for
divergence-free velocity fields, the eigenvalues of the veloc-
ity gradient tensor are either real or imaginary. Hence, the
sign of the divergence of the acceleration field is directly
linked to the nature of the eigenvalues of the velocity gradi-
ent tensor.

The three distinct branches in Fig. 6 prompt the following
classification given by the value of the acceleration gradient
tensor at a ZAP,

Vortical ZAPs:det��a�s�� � 0; � · a � 0.

Due to the degenerate nature of the eigenvalues of �a, the
local acceleration field around the ZAP is isotropic and the
negative divergence indicates that the acceleration vectors

point towards the ZAP. By Eq. �19� this implies that the
velocity gradient tensor has imaginary eigenvalues which
corresponds to solid body rotation of the flow field in the
immediate neighborhood of the ZAP.

Straining ZAPs:det��a�s�� � 0; � · a � 0.

Following the same arguments, the acceleration field is
locally isotropic with vectors pointing away from the ZAP.
The velocity gradient tensor has real eigenvalues and thus,
the flow field is locally straining.

Anti-ZAPs:det��a�s�� � 0.

The square root in Eq. �16� cannot vanish and hence, the
eigenvalues of �a are not degenerate. We cannot make a
definitive statement about the nature of the velocity field in
this case. The name anti-ZAP is chosen in analogy to el-
ementary particles, because ZAPs �in this context meaning
vortical and straining only� and anti-ZAPs are created and
annihilated in pairs, similar to, e.g., electrons and their anti-
particles, positrons. Furthermore, anti-ZAPs exhibit behavior
which is qualitatively distinct from that of vortical and
straining ZAPs as will become clear throughout the remain-
der of this paper.

There is about the same number of vortical and straining
ZAPs and about 50% of all ZAPs are anti-ZAPs �see caption
of Table III�. These proportions are consistent with the fact
that ZAPs are created and destroyed in pairs of one vortical
or straining ZAP and one anti-ZAP.

The classification in terms of vortical, straining and anti-
ZAPs is nearly exhaustive in the case of filtered runs where
Eq. �15� holds at the vast majority of ZAPs. An exhaustive
classification of ZAPs in the unfiltered runs would need to
account for the remaining minority of ZAPs which are di-
rectly related to the high-wave number dissipation range of
the energy spectrum and which are characterized by complex
eigenvalues of the acceleration gradient tensor. This issue is
beyond this paper’s scope and we leave it for future study.

V. SWEEPING OF ZAPS

A ZAP is perfectly swept by the fluid flow when its ve-
locity Va equals the fluid velocity u at its location xa,

��xa� � u�xa� − Va�xa� = 0, �20�

where we also defined the local fluid velocity in the ZAP
frame, ��xa�. However, perfect sweeping cannot be sustained
for a prolonged time as the only motion admitted by perfect
sweeping is that the ZAP �and hence the fluid element at the
ZAP� moves in a straight line with constant speed �39�.

We therefore consider sweeping in a statistical sense to be
observed when there are statistical correlations between u
and Va such that the absolute value of � is much smaller than
u�.

A. Correlation and decorrelation of u, Va, and �

Following the ways data were presented in �34� we ex-
plore the correlation between the fluid velocity u, ZAP ve-
locity Va and the local fluid velocity � using joint PDFs of
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FIG. 7. Positive det��a�s�� part of pitchfork diagram �fig. 6�,
compensated for Eq. �17�: shown is a conditional PDF of
4 det��a�s�� / �� ·a�2 c/o � ·a and det��a�s���0 for all ZAPs of run
C3. This figure is qualitatively the same in all runs, filtered and
unfiltered.
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the vectors’ one-component. Since the flow is isotropic and
no preferential direction is singled out by the vanishing ac-
celeration at ZAPs, these joint PDFs give a good indication
of the correlation between the actual vectors.

In addition to the analysis carried out by �34�, we will also
present joint PDFs of different ZAP classes to highlight their
differences. The strong direct correlation of u and Va visible
in the plot of all ZAPs in Fig. 8 is even more pronounced in
the joint PDFs of vortical and straining ZAPs, suggesting
better sweeping for these ZAP classes. The plot for the anti-
ZAPs shows a weaker correlation of u and Va.

Fig. 9 shows the decorrelation between � and u for vorti-
cal and straining ZAPs, and a weak correlation for anti-
ZAPs. Note also that in the former two cases, the width of
the PDF is much smaller for � than it is for u, thus indicating
further evidence of sweeping for these ZAPs.

The decorrelation between � and Va is approximately vis-
ible in all three classes, as shown in Fig. 10. Again, the better

sweeping of the vortical and straining ZAPs is indicated by a
narrower peak of the PDF along the �1 axis. The anticorre-
lation which is faintly visible for large values of �Va1�, and
best seen for anti-ZAPs, must exist when �u�� �Va� due to the
definition of �, Eq. �20�. This is expected to occur near cre-
ation or destruction events �see Sec. II B�.

The observations made by �34� for all ZAPs can now be
confirmed for the vortical and straining ZAPs. However, the
anti-ZAPs show a slightly different behavior, most notably
that anti-ZAPs exhibit a weak correlation between � and u
and furthermore, are not swept as well as vortical and strain-
ing ZAPs.

B. rms of � along ZAP trajectories

Sweeping is persistence in the Lagrangian frame, and as
such it is not an instantaneous phenomenon. Hence, we now
want to explore the sweeping behavior not just at instanta-
neous ZAPs, but in relation to whole ZAP trajectories, which
have been obtained as described in Sec. III.

As a measure of sweeping of a ZAP over its entire life-
time, we consider the root mean squared �rms� � at a ZAP,
averaged over its lifetime, sampled at every recorded time
step of its trajectory. There are a few caveats that need to be
considered.

Firstly, as detailed in Sec. II B, the creations and destruc-
tions of ZAPs happen when det��a�=0, which means that at
these events, �Va�→� and thus also ���→�. We define the
rms of � averaged over a ZAP’s trajectory,

�traj� � 
��2�traj =
 1

Tlife
�

0

Tlife

�2�t��dt�, �21�

with Tlife being the lifetime of the particular ZAP trajectory
considered, and � · �traj indicating the average over that single
trajectory �the subscript “traj” indicates that a quantity refers
to a single trajectory�. �traj� is not necessarily well defined, as
the boundaries of the averaging domain are singularities and
we do not have sufficient knowledge about the behavior of

FIG. 8. Joint PDFs of u1 and Va1 at ZAPs of run C3. The strong
direct correlation visible in the plot of all ZAPs �top left� is even
more pronounced in the joint PDFs of vortical �top right� and strain-
ing ZAPs �bottom left�. The plot for the anti-ZAPs �bottom right�
shows a weaker correlation. All plots in Figs. 8–10 are representa-
tive of all runs.

FIG. 9. Joint PDFs of �1 and u1 at ZAPs of run C3. The deco-
rrelation visible in the plot of all ZAPs �top left� is clearer in the
joint PDFs of vortical �top right� and straining ZAPs �bottom left�.
The plot for the anti-ZAPs �bottom right� shows a weak correlation
instead.

FIG. 10. Joint PDFs of �1 and Va1 at ZAPs of run C3. The
decorrelation is visible in all plots �clockwise from top left: all
ZAPs, vortical, anti-ZAPs and straining�. There is a faint anticorre-
lation noticeable for large values of �Va1�, most visible for anti-ZAP
�bottom right�. This is expected from �20�.
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��� near these singularities. However, if one assumes that the
singularity is well behaved in the sense that Eq. �21� is finite,
this average can be calculated using a finite amount of sam-
pling points.

Secondly, since we want to use Eq. �21� as a measure of
sweeping for a ZAP trajectory, we are not primarily inter-
ested in the contribution of the singularities to the average,
but in the typical value of �2 at the ZAP when it is not being
created or destroyed. As before, we expect typically ���x��
�u� at positions x where sweeping takes place along a tra-
jectory. However, it is difficult to select and disregard the
contributions of the creation and destruction events to the
average. Thus, we average over the entire trajectory �where
this is possible, see next paragraph� and acknowledge that
the singularities at the beginning and end of a trajectory will
introduce a “lifetime-bias” that gives higher values to �traj� for
shorter lived trajectories. Taking this into account, the values
arising from this kind of averaging can only be used for
qualitative comparisons of sweeping.

Lastly, the numerical method employed to find the trajec-
tories cannot guarantee that the trajectory will contain the
singularity at the beginning and the end. This might be either
because the ZAP was created in the flow before we started to
record trajectories �or is destroyed only after we stop record-
ing� or because the trajectory tracking is interrupted due to
numerical issues �see Sec. III�. This means that the lifetime-
bias might not be present for some trajectories at random.

Taking these issues into account, in Fig. 11 we plot �traj� , a
mean �traj� over particular sets of trajectories in a run. In the

top row of Fig. 11 we calculate this mean by conditioning
these trajectories on �det��a��traj and see that, generally,
�traj� �u� for positive �det��a��traj. That is, sweeping is
present for vortical and straining ZAP trajectories. However,
�traj� �u� for negative �det��a��traj, i.e. no evidence of sweep-
ing can be found for anti-ZAP trajectories.

Furthermore, the bottom row of plots in Fig. 11 clearly
shows the lifetime-bias of �traj� for short-lived trajectories,
which are dominated by creation and destruction events. In
these cases when the lifetime is short, we expect sweeping to
only take place for a small fraction of the ZAP’s lifetime, if
at all. Moreover, the bottom row of plots in Fig. 11 also
shows that the long-lived vortical and straining trajectories
are well swept, with the vortical ones having the lowest �traj� .

Summarizing, we found evidence for sweeping of long-
lived vortical and straining ZAPs and no indication that anti-
ZAPs are swept, irrespective of their lifetime. Sweeping of
short-lived �vortical and straining� ZAPs cannot be observed;
however a very short period of sweeping cannot be ruled out
completely.

C. Reynolds number dependence of sweeping

Chen et al. �24� presented a scaling argument for �rms
which we repeat and discuss within the context of our own
different results. Equation �2� can easily be transformed into

Da

Dt
= � · �a , �22�

where D /Dt denotes the Lagrangian derivative following the
fluid velocity u. Assuming statistical independence of � and
�a as well as Kolmogorov scaling at ZAPs, that is all La-
grangian and spatial derivatives of a at ZAPs scale as small-
scale quantities, Chen et al. �24� argued that

�� � 
��2� �
�Da/Dt�rms

��a�rms
�




�


� u
, �23�

where � · � is the average over all ZAPs at an instant in time
and 
 and �
 are, respectively, the length- and time-scale of
the smallest eddies in the flow. For the filtered data we ex-
pect u
�u��L /
�−1/3 by virtue of its well-defined energy
spectrum �k−5/3 �16�.

The conclusion is that ZAPs move on average like a
small-scale quantity proportional to the small-scale velocity
u
. However, our filtered data are best fitted with the scaling

�� � u��L


�−�0.257�0.008�


 u��L


�−1/4

, �24�

as can be seen in Fig. 12. While this might initially seem
contrary to the scaling suggested by Chen et al. �24�, let us
apply the discussion of �traj� in Sec. V B.

ZAPs which are sufficiently close to creation or destruc-
tion will have a very large �instantaneous� ���. Let us refer to
such ZAPs as being in a near-singular state. Following the
arguments in Sec. V B, ZAPs with short trajectories are pre-
dominantly in a near-singular state. On the other hand, we
shall define ZAPs which have a very small ��� as being in a
swept state. In Sec. V B, we have seen that sufficiently long-
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FIG. 11. �Color online� Means of �traj� from all trajectories in run
C3 �left column� and their standard deviation �right column�. The
top row is conditioned on the trajectory average of the determinant
of the acceleration gradient tensor, �det��a��traj. The bottom row is
conditioned on the trajectories’ lifetimes. Shown are vortical ZAPs
only �solid blue line�, straining ZAPs only �dashed green� and anti-
ZAPs only �dash-dotted red�. The means are sampled from all re-
corded ZAP trajectories in a simulation run. The standard deviation
�̄ is the square root of the variance of all �traj� contributing to a PDF
�Var�, divided by the number �n� of sampled �traj� : �̄=
Var /n. Ex-
treme trajectories with �traj� �5u� have been disregarded for these
plots to avoid cluttering peaks. These plots are qualitatively repre-
sentative of all runs.
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lived vortical and straining ZAPs are mostly in this state.
With regards to our scaling argument, ZAPs which are not

in a near-singular state should scale as ���u
 Eq. �23�. For
ZAPs in a singular state, i.e., at creation and destruction, we
know that ���
�Va�→� and hence, it is not feasible to sug-
gest a meaningful scaling for singular or near-singular ZAPs.

However, it is clear that �near−singular� , which is obtained by
sampling only near-singular ZAPs, should always be larger
than �swept� sampled at swept ZAPs only. When considering
sweeping of all ZAPs irrespective of their state, one would
expect �all� ��� to lie in between the extreme cases,

�swept� � �all� � �near−singular� . �25�

These inequalities are valid for all L /
 and hence, the scal-
ing exponents must follow the inequalities

pswept � pall � pnear−singular, �26�

if a power-law of the form

�state� � �L


�pstate

�27�

is a reasonable approximation for all states, swept, near-
singular or mixed together �all�. Otherwise, Eq. �25� would
be violated as L /
→�.

To verify these scalings, we estimate each �state� by aver-
aging over many appropriate �traj� samples. To sample ZAPs
in a predominantly near-singular state, we average over tra-
jectories of all ZAP classes with 0�Tlife�0.05TL, i.e.,

�near−singular� 
 ��traj� �Tlife��Tlife��0,0.05�TL
. �28�

To sample ZAPs in a predominantly swept state we average
over vortical ZAP trajectories with 2TL�Tlife�4TL, i.e.,

�swept� 
 ��traj� �Tlife��Tlife��2,4�TL
. �29�

In the latter case, we choose vortical ZAPs only as they are
the only class of ZAP which provide statistics of sufficient
quality for this scaling analysis at such long lifetimes. TL
=L /u� is the integral timescale.

Figure 12 shows that the best fit power laws for all filtered
runs are

�near−singular� � u��L


�−�0.158�0.075�


 u��L


�−1/8

, �30�

obtained from the very short-lived trajectories and

�swept� � u��L


�−�0.371�0.074�


 u��L


�−1/3

, �31�

from the long-lived vortical trajectories. The best fit slope in
Eq. �30� is sensitive to the upper lifetime limit chosen for the
approximating average; the current upper limit has been em-
pirically chosen to minimize the uncertainty in the fit param-
eters. The best fit slope of Eq. �31� is robust with respect to
small changes of the lifetime limits.

Given the uncertainty in the data and the arbitrariness of
the chosen lifetime limits for averaging, we feel that these
results offer a satisfactory confirmation of our arguments and
the scaling behavior of local ZAP velocities � in the various
ZAP states.

Our arguments, thus confirmed, show how �� of ZAPs in
all states can scale with an exponent of L /
 which is shal-
lower than the initially expected −1 /3. Indeed, we have seen
that pswept
−1 /3, which is a confirmation that �swept� �u
.

The difference between Eq. �24� and the results presented
in �24� is most likely due to the different algorithms em-
ployed to numerically find the ZAPs in the acceleration field,
possibly introducing a different bias toward ZAPs in differ-
ent states.

Aside from the subtle issues concerning the precise nu-
merical value of the scaling exponent, the most important
result is consistently found,

��

u�
→ 0 as

L



→ � , �32�

which states that for increasing Reynolds numbers, ZAPs are
on average more and more closely swept with the local fluid
velocity u, thus quantifying the Tennekes sweeping hypoth-
esis �24,34,35�.

VI. LIFETIME OF ZAP TRAJECTORIES

The effects that ZAPs may have on scalar mixing, veloc-
ity field dynamics and preferential concentration of inertial
particles will surely depend on their lifetime. The PDF of
trajectory lifetimes takes the same basic form in all runs. The
histograms of lifetimes for the three ZAP classes also show
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FIG. 12. Reynolds number dependence of �� at ZAPs and tra-
jectories. Shown are: the average �traj� of all trajectories in a run
sampled over trajectories of all ZAPs with a lifetime Tlife

� �0,0.05�TL �squares �� and sampled over trajectories of vortical
ZAPs with Tlife� �2,4�TL �circles �� as well as �� at all ZAPs
�bullets ��. Extreme values with ����5u� have been filtered out to
reduce the noise; 
=2� /kcutoff in all cases. The solid lines are the
best fit power law ��L /
�p in every case and the dashed lines
indicate the 1� confidence interval of each fit. The best fit expo-
nents are p�� �=−�0.158�0.075�, p�� �=−�0.371�0.074�, and
p�� �=−�0.257�0.008�. Filtered runs �A1, B1, B2, C1, C2, and
C3� only.
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the same behavior in all runs. A representative plot is shown
in Fig. 13. It is apparent that the majority of ZAPs have a
very short lifetime less than the time scale of the smallest
eddies, �
�
 /u
�TL�L /
�−2/3.

However, it is also immediately noticeable that the long-
est lived ZAPs are of the vortical kind, with lifetimes ob-
served up to the length of the simulation run, e.g., 
7TL for
run C3 �Fig. 13� �40�, which is extremely long.

The histograms of the straining and anti-ZAP trajectory
lifetimes are qualitatively similar to each other, with the anti-
ZAP trajectories being roughly twice as abundant throughout
�see also caption of Table III�.

While the qualitative shapes of the PDF and histograms
are very similar in all runs, the ratios of the mean lifetimes of
different ZAP classes are different for the filtered and unfil-
tered runs as detailed in Table IV. The mean lifetimes of
vortical, straining and anti-ZAPs exhibit on average ratios of
100:75:80 for the low-pass filtered runs without enstrophy

cascade and 100:65:74 for the unfiltered runs which include
the enstrophy cascade range and forcing scale.

Reynolds number dependence of ZAP lifetimes

As the lifetime of a ZAP depends on the likelihood of two
ZAPs meeting and annihilating, an estimate of the scaling
behavior of average ZAP lifetimes can be obtained from con-
sidering a ZAP pair’s relative velocity and distance. The Tay-
lor microscale of the acceleration field, �a, is characteristic
of the average distance between ZAPs �41�, and is found to
scale with 
, specifically �a
0.3
 �see Table III for the
detailed results and its caption for the definition of �a and 
�.
Given �a and the rms relative velocity of ZAP pairs, �̂�, the
average lifetime might be estimated as

�Tlife� �
�a

�̂�
, �33�

under the assumption that �a and �̂� are statistically indepen-
dent.

Let x1 and x2 be the positions of two neighboring ZAPs
which are a typical distance 
�a�
 apart from each other.
The fluid velocities at both positions can be related by the
approximation

u�x1� 
 u�x2� + �x · �u�x2� + O��x2� , �34�

where �x=x1−x2. The relative velocity between the two
ZAPs is then given by

�̂ = �Va�x1� − Va�x2�� ·
�x

��x�

= �x · �u2 ·
�x

��x�
− �� ·

�x

��x�
+ O��x2� , �35�

where u2=u�x2� and ��=��x1�−��x2�. The scaling behavior
of the first term is given by Kolmogorov scaling under the
usual assumption of statistical independence, i.e.,

��x · �u�x2� ·
�x

��x��rms

� �a ·
u




� u
, �36�

and �� ·�x / ��x� is also expected to scale with u
, albeit with
possible minor deviations which matter if the mix of states
which is present when considering the set of all ZAPs �as
discussed in Sec. V C� is relevant in the calculation of �Tlife�.
Thus, in the absence of such deviations, the average ZAP
lifetime �Tlife� may be estimated to scale as �
=
 /u
, i.e.,

�Tlife� � �
. �37�

The best fit exponent from scaling the average lifetimes of
all ZAP trajectories, as shown in Fig. 14, is

�Tlife� � �
�L


�−�0.093�0.016�

. �38�

and thus is in agreement with the expectation that the aver-
age lifetime scales ��
 with a minor correction. The scaling
behavior of the different ZAP classes is identical, as indi-
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FIG. 13. �Color online� PDF and histograms of trajectory life-
times. The solid black line is the PDF of all ZAP trajectory life-
times. The blue ���, green �+�, and red ��� symbols represent
vortical, straining, and anti-ZAP histograms, respectively. The his-
tograms are normalized so that the sum adds up to the PDF of all
ZAPs. Note that the ratio of anti- to straining ZAP trajectory life-
times is roughly constant throughout the graph, whereas the vortical
ZAP lifetime histogram is tilted towards longer lifetimes, crossing
the straining, and anti-ZAP histograms at ��
 and �2�
, respec-
tively. Almost all trajectories with a lifetime of 3�
 or longer are of
the vortical kind. Run C3.

TABLE IV. Ratios of mean lifetimes of ZAP classes for differ-
ent runs, normalized to mean lifetime of vortical ZAPs:
vortical:straining:anti-ZAP. The average ratios for the filtered runs
are 100:75:80 and for the unfiltered runs A2, B3, and C4,
100:65:74.

N=256 N=512 N=1024

kcutoff=64 100:74:76 100:75:81 100:75:83

kcutoff=128 100:63:71 100:75:79 100:75:82

kcutoff=256 100:65:75 100:76:81

kcutoff=512 100:66:77
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cated by the approximately constant ratio of mean ZAP life-
times given in Table IV.

Following Sec. V C and assuming that the contribution
from the �� term dominates the scaling Eq. �33�, the average
lifetime of ZAP trajectories is expected to scale as

�Tlife� � �
�L


�−�0.076�0.008�

, �39�

where we used pall=−�0.257�0.008� from Eq. �24� as the
scaling exponent for �̂� and u��u
�L /
�1/3 to obtain the
numerical value of the exponent expected from the results in
Sec. V C.

While the numerical values of the exponents in Eqs. �38�
and �39� agree with each other, note that this observation is
only valid within the range of values of L /
 presented in
this paper. There are in particular two circumstances which
demand further investigation if one was to attempt to ex-
trapolate the average lifetime scalings Eqs. �38� and �39� to
higher L /
.

Firstly, consider the PDF of trajectory lifetimes shown for
different L /
 in Fig. 15. In the figure, two qualitatively dif-
ferent regions are indicated which could be identified with
short- and long-lived trajectories. The PDF in the domain of
long-lived ZAPs collapse well under the normalization
Tlife /�
. However, the trendlines in Fig. 15 indicate that the
slope of the PDFs increases with L /
 in the domain of short-
lived ZAPs, approaching the slope which is present near
longer lifetimes. This change of slope causes the minor cor-
rection to the scaling exponent. It is conceivable that this
slope near short lifetimes asymptotes towards the value of
the slope near longer lifetimes, implying that the PDF of Tlife
fully collapses with the time scale �
 as L /
→�, and there-
fore that the scaling of ZAP lifetimes approaches

�Tlife� � �
 as
L



→ � . �40�

Secondly, as discussed in Sec. III, numerical gaps might still
be present in the trajectories, thus increasing the slope of the

lifetime PDF, i.e., the occurrence of a �broken� long trajec-
tory is shifted towards short trajectories in the PDF, where it
now contributes as two �or more� trajectory fragments.
Hence, the algorithm employed to find the trajectories intro-
duces its own bias, and thus is likely to influence the PDF of
ZAP lifetimes �Fig. 15� and therefore also �Tlife�. In particu-
lar, this bias may itself differ with varying L /
 and therefore
introduce its own spurious L /
 scaling in �Tlife�, hence re-
turning Eqs. �38� and �39� instead of Eq. �40�. A numerical
method similar to the one described in �30� might be better
suited to obtain gap-free trajectories, and thus, more confi-
dence in the scaling of lifetime PDFs. Furthermore, trajecto-
ries at the very short end of the lifetime PDF only travel a
very short distance during their existence, which can be as
small as a grid cell of the interpolation grid with resolution
Na �see Sec. III�, or even smaller. Thus, the detection of such
short trajectories is more prone to numerical errors than that
of long-lived trajectories, deteriorating the quality of the life-
time PDF at the short-lived end.

Hence, we conclude that �Tlife���
 to a good approxima-
tion and that further work is needed to settle any small cor-
rection that there may be to this scaling. Future studies aimed
at this issue will require higher L /
 and a different numeri-
cal algorithm to obtain ZAP trajectories.

VII. LOCAL NEIGHBORHOOD OF ZAPS

After investigating properties of ZAPs themselves, we
now turn our attention to the local flow field surrounding
different classes of ZAPs.

A. Flow classification

The pitchfork diagram in Fig. 6 is very similar for all
points in the flow to what it is for all ZAPs. It is therefore
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FIG. 14. Reynolds number dependence of mean ZAP trajectory
lifetime. The circles ��� are data points from all �i.e., vortical,
straining, and anti-� ZAP trajectories from the filtered runs and the
squares ��� represent all ZAP trajectories from the unfiltered runs.
The solid line is ��L /
�−�0.093�0.016�, the dashed lines indicate the
1� confidence interval of the fit.
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FIG. 15. �Color online� PDF of trajectory lifetimes for all
classes of ZAPs, for different ratios L /
. The PDF with the lowest
L /
 is marked with the symbol �, the PDF with the highest with +.
Note that the steepness of the indicated trendlines changes sharply
between the extremal ratios L /
 for short-lived trajectories and
hardly at all for the long-lived ones. All filtered and unfiltered runs
are included.
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tempting to apply our ZAP classification to any point in the
flow. Preempting this section’s conclusion, it turns out that
the flow is split into regions of typical size �a which are
either of vortical, straining, or mediating �term related to
anti-ZAPs and explained in the next paragraph� kind.

Vortical regions are such that det��a��0 and � ·a�0
whereas straining regions are such that det��a��0 and
� ·a�0. It is clear from Fig. 6 that the probability to find a
point in the flow where det��a��0 and � ·a=0 is essentially
zero. Consequently, vortical and straining regions cannot be
adjacent to each other; they must be separated by a mediat-
ing region, where det��a��0, hence the term “mediating.”

This separation of regions is clearly seen in Fig. 16, where
vortical and straining regions are surrounded by mediating
regions and not directly adjacent to each other. Furthermore,
this observation is consistent with Fig. 17 which shows PDFs
of the distance between points in the flow and their respec-
tive nearest ZAP. The nine PDFs shown arise from the nine
possible combinations of the three types of flow point and
ZAP classes.

There are three distinct positions for the peaks of the
PDFs in Fig. 17: the peak at the smallest distance d��a
occurs when the flow point and ZAP are of the same class,
which can be understood as being representative of the im-
mediate neighborhood of a ZAP. The peak at intermediate
distances 1�d /�a�2 occurs when one of the flow point or
ZAP is vortical or straining and the other is mediating or
Anti-ZAP. Lastly, the peak at the largest distance d�2�a
occurs for the two cases when flow point and ZAP are vor-
tical and straining, thus confirming that the distance between
a flow point in a vortical region and a ZAP in a straining
region must be on average larger than in the other cases
because vortical and straining regions cannot be adjacent.

B. Local flow patterns around ZAPs

The degenerate nature of the eigenvalues of �a at vortical
and straining ZAPs implies, as explained in Sec. IV B, that

the acceleration at a point near to such a ZAP is aligned with
the distance vector of that point to the ZAP.

We thus expect that the acceleration vector a at a point x
in the flow near enough a vortical ZAP at xa to be approxi-
mately parallel to the vector n�xa−x. Furthermore, for a
straining ZAP, we expect these vectors to be approximately
antiparallel. However, no such alignment is expected in the
close neighborhood of an anti-ZAP �see Sec. IV B�.

Figure 18 confirms these expected alignments for vortical
and straining ZAPs while no predominant alignment is vis-
ible for anti-ZAPs. Note that the alignment is best at flow
points close to the ZAP, i.e., from the same kind of region as

FIG. 16. ZAPs and flow regions for run A1. The size of the
domain plotted is 3� /4�3� /4 which corresponds to 192
�192 grid points or 5.9�5.9 integral length scales L. Vortical
ZAPs and regions are shown as circles ��� and dark gray patches,
straining ZAPs and regions as crosses �+� and light gray patches
and anti-ZAPS and mediating regions as squares ��� and white
regions. Streamlines of the velocity field are shown as solid black
lines.
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FIG. 17. PDF of distance between arbitrary points in the flow
and nearest ZAP. Shown are vortical �solid line�, straining �dashed
line�, and mediating �dash-dotted line� points in the flow, grouped
together �by shifting along the vertical axis� according to the class
of the nearest neighbor ZAP �vortical, straining and anti-ZAP, top to
bottom�. Run C3.
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FIG. 18. PDF of angles between the acceleration vector, a, and
the vector connecting arbitrary points in the flow with their respec-
tive nearest ZAP, n. Shown are vortical �solid line�, straining
�dashed line� and mediating �dash-dotted line� points in the flow,
grouped together �by shifting along the vertical axis� according to
the class of the nearest neighbor ZAP �vortical, straining, and anti-
ZAP, top to bottom�. Run C3.
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the ZAP, but it is still significant at flow points further away
as indicated by the PDFs for the cases where the type of the
region containing the flow point is different from the ZAP
class. Moreover, when conditioning these PDFs on the dis-
tance d between flow point and ZAP, the shape of the PDF
remains approximately the same for 0�d�5�a and even
beyond.

The degenerate nature of the eigenvalues of �a at, and the
good sweeping properties of, vortical ZAPs suggest that the
local flow velocity at points close to the nearest ZAP is ap-
proximately perpendicular to the acceleration vector a and
thus also to the vector n=xa−x, if the ZAP is vortical and if
this flow velocity �zf is measured in the frame moving with
that ZAP, i.e.,

�zf�x� � u�x� − Va�xa� � n , �41�

where xa is the position of the ZAP nearest to x. The impli-
cation behind the sweeping property is that the flow velocity
at x is effectively frozen in the frame moving with Va�xa�.

As illustrated by Fig. 19, this prediction is approximately
satisfied, thus demonstrating how powerful Va can be in tak-
ing into account the time dependence of local flow patterns
in some cases. Note that the sharpest peak around ���zf ,n�
=� /2 for vortical ZAPs is for mediating flow points. This
behavior is likely due to the prevailing deviations from
�zf�xa�=0 �see Sec. V�, thus spoiling the alignment of �zf and
n at very small distances d= �n�, i.e., in the very near neigh-
borhood where the flow region is also of the vortical kind. As
for the alignment of a and n, the shapes of these PDFs for
vortical ZAPs �Fig. 19, top� remain approximately similar
for 0�d�5�a and beyond. The PDFs for other ZAPs seem
to show some weak preferred alignments, but they are not
very clear and we leave them for future study.

C. Estimating the size of vortical flow structures

As we have shown, the influence of a ZAP on the flow
field stretches at least as far as 5�a in run C3. We now try to
estimate how large the observed flow patterns and associated
coherent structures surrounding ZAPs can be. In Sec. VII B,
we found a noticeable signature of coherent eddies surround-
ing vortical ZAPs in the observable flow velocity and accel-
eration fields. Thus, we now attempt to find this signature in
a larger neighborhood of vortical ZAPs.

Since the expected size of the structures is larger than the
average distance between ZAPs, using the nearest ZAP as a
point of reference for the local velocity frame is not recom-
mended as the nearest ZAP might not be the one defining the
effectively frozen flow pattern at the point x in the region
under investigation.

Instead, we make the assumption that the velocity of the
reference frame in which the coherent eddy appears to be
approximately frozen �see Sec. VII B� varies only by a neg-
ligible amount throughout the frozen flow pattern,

Va�x� 
 Va�xa,ref� , �42�

where Va�xa,ref� is the velocity of the ZAP that defines the
reference frame and Va�x� is the constant acceleration point
�CAP� velocity of a point belonging to the flow structure.

Note that the CAP velocity Va�x� is defined by Eq. �2� in
the same way as for ZAPs, but for any point in the flow, i.e.,
also where �a��0. A CAP follows the trajectory of an accel-
eration vector which is constant in magnitude and direction,
and thus its existence is more sensitive to fluctuations in the
acceleration field than a ZAP. In particular, we expect points
with det��a�=0 to occur in areas of size �a, and hence, a
frozen flow pattern, which we have seen to extend to several
�a in size, is very likely to have points where det��a�=0,
and thus Va→�. However, the majority of CAPs have non-
singular velocities and thus, we assume that Eq. �42� is a
suitable approximation when considering statistics of entire
flow patterns.

The local fluid velocity in the CAP frame of reference can
also be defined as

��x� � u�x� − Va�x� , �43�

similar to Eq. �41�, but for CAPs as well as for ZAPs. It was
first pointed out by Schwander et al. �34� that the PDF of �1
transverse to the acceleration component a2 is bimodal for
accelerations �a��a�, likely due to the presence of intense
vortices in the isotropic turbulent flow. We now confirm this
finding �Fig. 20� and use it to estimate the size of vortical
flow structures.

Assuming circular flow patterns in the reference frames of
coherent eddies, we expect

��x� = u�x� − Va�x� � a�x� �44�

to be approximately satisfied for regions in which vortical
flow structures exist. Thus, the relation between the perpen-
dicular components �1 and a2 for circular motion, i.e.,
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FIG. 19. PDF of angles between the velocity vector in the near-
est ZAP frame, �zf, and the vector connecting arbitrary points in the
flow with their respective nearest ZAP, n. Shown are vortical �solid
line�, straining �dashed line�, and mediating �dash-dotted line�
points in the flow, grouped together �by shifting along the vertical
axis� according to the class of the nearest neighbor ZAP �vortical,
straining, and anti-ZAP, top to bottom�. Run C3.
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�a2� =
�1

2

rcurv
⇒ �1 = � 
rcurv�a2� , �45�

can be used for an approximate determination of a curvature
radius, rcurv. This can be done by tracing how the peak of the
a2-conditioned PDF of �1 depends on a2. Figure 20 is a plot
of this conditional PDF as well as of Eq. �45� and is repre-
sentative of the similar plots for vortical, mediating and all
combined regions of all runs. �This last case is the one stud-
ied in �34�.� However, this plot is very different for straining
regions, where circular structures are not to be expected, and
where Eqs. �44� and �45� cannot hold.

The most probable rcurv from all runs and suitable kinds of
regions are shown in Fig. 21. First of all, note how rcurv is
much larger than �a
0.3
 in all cases �e.g. rcurv
11�a in
run C3, see caption of Fig. 20� and thus considerably larger
than the average distance between ZAPs. Secondly, the ob-
served scaling exponent indicates that the size of the vortical
flow patterns does not scale with the average distance be-
tween ZAPs, rcurv��a�
, but with a length-scale between

 and L.

The Taylor microscale ��
�L /
�1/3 is the expected
length-scale which characterizes the size of flow structures in
the velocity field �16,36�. However, the scaling exponent
found in Fig. 21 is steeper than 1/3. Given the uncertainty
arising from the approximations made in obtaining rcurv, we
feel that it is not viable to conclude whether the observed
scaling is in agreement with � or not.

We do conclude, however, that structures centered around
ZAPs can be significantly larger than the distance between
ZAPs. The characteristic size of these vortical structures is
found to scale with a length-scale larger than 
, and thus also
larger than �a.

VIII. SUMMARY OF CONCLUSIONS

We now draw all our observations together into a consis-
tent picture of ZAPs in two-dimensional stationary homoge-
neous isotropic turbulence.

ZAPs are not pressure extrema. They are points where a
nonzero pressure gradient balances a nonzero dissipative
force. The range of values taken by this dissipative force at
ZAPs is indicative of the range of its values over the entire
flow.

The antisymmetric part of the tensor �a is generally neg-
ligible compared to the symmetric part �Fig. 4�. Furthermore,
the distribution of ZAPs in the space spanned by the two
invariants of the acceleration gradient tensor, � ·a and
det��a�, exhibits three distinct branches in all simulation
runs �Fig. 6�. This pitchfork structure with three distinct
branches is not limited to ZAPs, but also holds when all flow
points are sampled.

The three branches suggest a classification of three ZAP
types: vortical and straining ZAPs, both with a positive de-
terminant of �a, and anti-ZAPs with a negative determinant.
Topological constraints on the acceleration field imply that
ZAPs are created and destroyed in pairs, where a pair always
consists of a ZAP with positive determinant and an anti-ZAP.
As a result, 50% of all ZAPs are anti-ZAPs. The number of
vortical and straining ZAPs is about the same.

Note that vortical and straining velocity stagnation points
�VSPs� annihilate pairwise directly without the need for a
mediating “anti-VSP” �which, in fact, does not exist�. The
vortical VSPs have a positive determinant of �u and the
straining ones a negative determinant, and thus, by virtue of
the usual bifurcations of vector fields referred to in Sec. II B,
these two kinds of critical points of the velocity field can
annihiliate directly.

Aside from the ZAP class, which is fixed throughout the
lifetime of a ZAP, a ZAP can be in different states which
change during its lifetime. Near creation or destruction,
where �Va�→�, ZAPs are in a near-singular state where no
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FIG. 20. Conditional PDF of �1 along vertical axis, conditioned
on a2 �horizontal axis�. Data from vortical flow regions of run C3.
Grey lines indicate expected velocity profiles �1= �
rcirc�a2� from
circular motion with highest probability averaged along the shown
lines. In this case rcurv
11�a. This plot is qualitatively the same for
vortical, mediating, and all regions combined in all runs, but not for
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FIG. 21. Reynolds number dependence of most probable rcurv of
vortical flow patterns across all runs. The bullets ���, circles ���,
and squares ��� are data points from all, vortical and mediating
regions, respectively. The solid line indicates a fit of rcurv /

� �L /
�p, the dashed lines indicate the 1� confidence intervals of
the fits. The best fit exponents found are p�� �= �0.448�0.033�,
p�� �= �0.473�0.045�, and p�� �= �0.509�0.036�. Note that the
quoted confidence intervals represent only the scatter of the indi-
vidual data points, not the uncertainty in obtaining the data points.
The total confidence interval, combining all uncertainties, is likely
to be a multiple of the quote one �see text�.
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sweeping can be observed. When ZAPs are not in this state,
vortical and straining ZAPs are typically swept by the local
fluid velocity, a state which is characterized by ����u�.

Vortical and straining ZAPs are different in their sweeping
behavior compared to anti-ZAPs. While the former are gen-
erally swept by the local fluid velocity to an acceptable sta-
tistical approximation, we find no clear evidence that anti-
ZAPs are swept. Instead, a positive correlation between �
and u exists for Anti-ZAPs. Long-lived vortical and straining
ZAPs are on average swept, and short-lived ZAPs of these
kinds are dominated by the creation and destruction events
where the ZAP velocity �Va�→�. Long-lived ZAP trajecto-
ries show a better sweeping behavior with increasing Rey-
nolds number, thus underpinning Tennekes’ sweeping hy-
pothesis �24,34,35�.

Vortical ZAPs are on average the longest lived, straining
ones on average the shortest. However, irrespective of ZAP
class, the vast majority of ZAPs are short-lived with life-
times smaller than the time scale of the smallest eddies, and
therefore in a near-singular state. Nevertheless, the average
ZAP lifetime seems to scale with that time scale. The longest
lived ZAPs are of vortical kind, suggesting that the associ-
ated flow configuration is the most stable, capable of surviv-
ing for times as long as a few integral time scales.

Hence, out of the many ZAPs in a flow, only a small
number lives sufficiently long to be associated with persis-
tent coherent structures. It is these few points that have the
potential to characterize the mixing and transport properties
of a flow through their relation to coherent structures. The
short-lived majority of ZAPs is unlikely to influence coher-
ent structures, but can still have an important physical sig-
nificance in other areas such as clustering of inertial par-
ticles. Indeed, the clear spatial correlation which exists
between clusters of inertial particles and clusters of ZAPs
and which has recently been reported in �24–26� is not in
disagreement with short-lived ZAPs. The relevant time scale
for this clustering correlation is that of the ZAP cluster, less
so that of the ZAPs themselves which in fact live long
enough within the cluster for the sweep-stik mechanism to
take hold and for particles to bounce from ZAP to ZAP
within the cluster �24–26�. It is important to note that the
higher density of ZAPs in a cluster implies a higher prob-
ability of collisions and thus destructions, and hence, it
should come as no surprise that ZAPs in a dense cluster have
a shorter lifetime than their more isolated peers.

The application of the proposed classification to the entire
flow shows that vortical and straining regions cannot be ad-
jacent and thus, are always separated by a mediating flow
region, which contains anti-ZAPs.

Moreover, structures around vortical ZAPs can be signifi-
cantly larger than �a. Hence, it is possible that several ZAPs
occur within the area belonging to one structure, with one
ZAP near the center dominating the whole structure. An al-

ternative �or additional� explanation might be that there are
big voids around dominant vortical ZAPs, which contain no
ZAPs at all. Voids like these have been observed in a study
of clustering of inertial particles �24�.

The size of these structures typically scales with a length
scale larger than the characteristic distance �a between
ZAPs, and �a�
. There is not enough evidence in the cur-
rent data analysis to link this size to the Taylor microscale �
of the velocity field, but a relation between the size of these
structures and � can also not be excluded.
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APPENDIX: GAP FINDING METHOD

To identify potential gaps in the numerically determined
trajectories of ZAPs, we first examine all beginnings and
endings of trajectories. As discussed in Sec. II B, ZAPs are
necessarily created and destroyed in pairs. Thus, we shall use
the presence of a suitable creation or destruction partner ZAP
as an indicator for a trajectory having an orderly beginning
or end. If a suitable partner ZAP cannot be located, we as-
sume that the trajectory-beginning or -ending is due to nu-
merical issues and thus, bordering a gap.

We further assume a suitable partner ZAP to be present if
it is within a temporal threshold of one time step and a spa-
tial threshold of 2dx=� /N �i.e. two grid points’ distance�. If
no matching partner ZAP for a trajectory’s ending can be
found, we carry out a search for a suitable partnerless
trajectory-beginning within a cone in space time originating
at the position of the trajectory-ending bordering a gap, xend.
That is, the 25 following time steps are examined to look for
a suitable trajectory-beginning within a circle of radius idx /2
around the position xend+ iVa�xend�dt, where i is enumerating
the number of time steps into the future. I.e., the expected
position of the missing ZAPs is extrapolated from Va�xend�
and the search radius increases linearly with the temporal
distance from the trajectory-ending which is bordering the
gap.

If one or more suitable trajectory-beginnings are found
within the search cone, the closest in time �and then in space�
is taken to be the match for the trajectory-ending at which
the search originated. The thus identified gap is closed by
linearly interpolating all recorded quantities �xa, Va, �,
det��a� and � ·a� and fusing the trajectory fragments. This
search is carried out for all trajectory-endings which are sus-
pected to border a gap at all time steps, excluding the first
and last time step.
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