Measure and Integration: Example Sheet 4 (Solutions)

Fall 2016 [G. Holzegel]

March 12, 2017

Independence of the representation for Lebesgue integral on
simple functions

. Preliminary remark: It is useful to first draw a picture to see what’s going on. We prove

Lemma 1.1. Given a finite collection of sets F1, Fs, ..., Fn there exists another collection FY, ..., F}y;
with M = 2N — 1 such that

N M

(@) Uney Fro = Ut i

(b) The F} are pairwise disjoint

(¢c) For any fived F,, (n € {1,...N}) and Ef, (m € {1,....2Y — 1}) we have either F* C F, or
Fr C (F,)°.

m

Note that the Lemma implies the statement on the problem sheet because fixing F,, the inclusion

U FicF,
FrCF,

holds trivially while assuming * ¢ Up. £}, and @ € F, leads to a contradiction: We then would
have x € F} ¢ F), for some k (as x has to be in some F} by (a)) and hence by (c) z € F} C (F,)°.

Proof. We use the hint and consider the 2V~1 — 1 sets F}%, given by F| N...N F’ where F is either F;
or (F;)¢ and we are omitting the set where all F] are given by the complement (otherwise there would
be 2V sets, obviously). We refer to the expression for F*, as an expansion and to the F! appearing in
the expansion as the it" entry below.

The F}, are clearly pairwise disjoint as any pair F)y, F% differs in at least one “entry” (one of them
being F; and the other (F;)¢) hence their intersection is empty. This shows (b). Item (c) is also
immediate since a given F), has it"-entry either F; or (F;)¢ and is hence a subset of either F; or its
complement. Finally, we prove (a). We clearly have Ui:[:l F, > U%ﬂ Fy, since being in F}, implies
being in at least one F), (since not all entries in the definition of F}, can be complements). On the
other hand, suppose = € F,,. Then we have

M
F,= |J Fn..nFn..nFycl]F,
F!i<N,i#n m=1

which proves the claim. [To see the last equality note again that the D-direction is trivial while
assuming x € F,, we must have for any i # n either x € F; or x € (F;)¢ and this expansion necessarily
appears in the union.] O



2. We consider a representation ¢ = Zivzl arXE, with the Fj disjoint but the aj not necessarily distinct.
We find its canonical form: Let af,...,al, be the distinct values of aj. For each a], we consider the

sets
/
E = U Ep.
k with ar=al,

The sets E/, are still disjoint (a set Ej can only appear in the union of one E! ) and we have

N
P = ZakXEk = Za/mXE;n .
k=1 m

We now observe

Z alm(E.) = Z a, Z Z Z axm (Ey) Z arm (Ey)

k with ap=al, m k with arp=al,

3. We finally consider an arbitrary representation ¢ = Zgzl aiRXE,, i-e. the E not necessarily disjoint
and the ax not necessarily distinct. The proof consists in finding a representation for <p considered in
2., le ¢ = Ej]\/ila xg: with the E; disjoint and showing that 3, axm (Ey) = 32, ajm (E). This
indeed establishes 1ndependence of the representation because by 2. the second sum 15 equal to the
integral of ¢ in its canonical representation.

To find the representation we use the Lemma. Given the collection Ej, we find a pairwise disjoint
collection E7 with the properties stated in the Lemma. Now for each aj, we define

* E
a/j— a/k;,

k| B} CEg

that is we are summing over all k£ such that Ej contains E¥ (again, draw a picture!). We have!

Za XEr = Z Z ARXEr = Z Z ARXEr = Zak Z XEr = Za/kXEk =

J=1 k|E;CEx k=1 j|E;CEk k=1 jlE;CEk

and we observe (using the reasoning of the previous line)

M
Zaj*ﬂn (E* Z Z akm E* Zakm Ey)
j=1

k=1 j|E}CEx

2 Tchebychev Inequality

/fz[EafZa/Ealza-m(Ea)

We have

for any a > 0.

3 The Borel Cantelli Lemma revisited

a) Define the sequence of measurable functions (fn) by

N
fn(@) =" ax(x)

k=1

1For the second equality, think of summing over all pairs (j, k) with the property that E; C Eg.



Since ay(x) > 0 the sequence fy is increasing and non-negative, and also fy — >, ax(z). The MCT
implies that

[ i sotaria = i [ sy

holds in the extended sense. This can be written as

N

/gak(m‘) dwzl\}grlm;/ak(x) dwzi/ak(az) dz | (1)

=1

which is what appears on the problem sheet. If the right hand side is finite, then so is the left hand
side, which implies that >"7- | ax(z) is integrable, which in turn implies that >~ ; ax(x) is finite almost
everywhere, which is equivalent to >_;- | ax(z) converging for a.e. z.

Recall that the Borel-Cantelli Lemma assumes a countable collection of sets (Ej) with Y r- ; m (Ej) < 0o
and concludes that the set of points contained in infinitely many Fj has measure zero. To prove this
statement we use the hint and apply the identity (1) with a = xg,. Then the right hand side is precisely
>one; m(Eg) < oo and from a) we conclude that the sum

Z XEj (1‘)
k=1

converges for a.e. x € R, i.e. for v € R4\ N with NV a measure zero set on which the sum diverges. Clearly
the sum converges if and only if x is in the complement of the set {z | x € Ej, for infinitely many k}.
Hence N = {z | z € E}, for infinitely many k} and we are done.



