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I present the mathematical structure of classical phonon theory in a general form, which
emphasizes the wave natures of phonons, and which can serve as a robust foundation
for further development of the theory of strongly interacting phonons. I also show that
the Fourier transform (FT) of the mass-weighted velocity-velocity correlation function
(mVVCF) is ezactly the distribution of the classical kinetic energy among frequencies
and wavevectors. Because this result is classically exact, it is general: It is as valid,
theoretically, for a liquid or a molecule in a non-thermal non-stationary state as it is
for a crystal at thermal equilibrium at a low temperature. Therefore, as well as being
of fundamental importance to physical theory, this result implies that calculating the
FT of the mVVCF from atomistic simulations is a much more powerful computational
tool than it is believed to be. Existing theory shows only that the FT of the mVVCEF is
proportional to the vibrational density of states at thermal equilibrium, and under the
simplifying assumption that the number of available vibrational states is equal to the
number of degrees of freedom.
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I. INTRODUCTION

One purpose of this article is to provide a careful ac-
count of how the microstate of a hot crystal can be ex-
pressed in mathematical forms that simplify the study
of vibrations in crystals by atomistic simulations. It
is surprisingly difficult to find a detailed and complete
account of the mathematical structure of phonon the-
ory in existing literature: Most introductory textbooks
make too many simplifying assumptions for the require-
ments of those simulating spectra atomistically, whereas
more advanced ones tend to build the theory with the
quantum-mechanical many body theory of phonons in
mind (Ashcroft and Mermin, 1976; Born and Huang,
1988; Cohen and Louie, 2016; Ibach and Liith, 2012;
Jones and March, 1973; Kittel, 2004; Wallace, 1998).

Quantum mechanical derivations of phonon theory
usually treat phonons as quasiparticles that scatter from
one another. However phonons can also be treated as lat-
tice waves whose interactions are continuous, with energy
and momentum being exchanged everywhere in space at
all times. These two approaches, or emphases, rest on
the same physical assumptions, and are therefore equiv-
alent; but for many purposes, such as interpreting the
results of atomistic simulations, the lattice wave picture
is more useful. Therefore, in order to relate the various
methods of atomistically simulating vibrational spectra
to one another, we need a classical description of the
crystal’s structure and dynamics, from which all of these
methods may be derived.

A second purpose of this article is to derive an expres-
sion for the distribution of a classical crystal’s kinetic
energy among wavevectors (k) and angular frequencies
(w). I refer to the set of all points (k,w), which specify
a wavevector and a frequency, as reciprocal spacetime. It
is well known that, at thermal equilibrium and in the
low temperature (7") limit, the distribution of kinetic

energy in reciprocal spacetime is the Fourier transform
of the atoms’ mass-weighted velocity-velocity correlation
function (mVVCF). However, all derivations of this re-
sult that I am aware of make use of the equipartition
theorem and assume that the number of available vibra-
tional states is equal to the total number of degrees of
freedom. For example, in a crystal it is usually assumed
that energy is localized at the points (k,w) that identify
the frequencies and wavevectors of the crystal’s normal
modes of vibration.

I prove that the Fourier transform of the mVVCEF is
exactly the distribution of kinetic energy in reciprocal
spacetime. I prove this result using basis sets that sim-
plify the study of crystals, because that is my focus. How-
ever, because these basis sets are complete, the result is
general. Therefore it is likely to useful in domains other
than materials science. In the context of atomistic sim-
ulations, this result means that the reciprocal spacetime
kinetic energy distribution can be calculated from the
mVVCF at any T, in any nonequilibrium state, and for
any ordered or disordered molecule or material.

Il. STRUCTURE OF A HOT CRYSTAL IN SPACETIME
AND RECIPROCAL SPACETIME

Throughout this work I use the convention that an
overbar on any index or variable denotes negation, e.g.,
w=—-w and k = —k.

A. The crystal’s structure

I begin by considering a perfect classical crystal, whose
primitive lattice vectors are {aj,as,az}. The crystal’s
perfection might be a consequence of it being at mechan-
ical equilibrium, or of it representing the time-averaged
structure of a hot crystal at thermal equilibrium.



I notionally partition the crystal into face-sharing
primitive unit cells of volume [Q] =la; - (az x a3)|,
where ) denotes the generic primitive cell, and
I choose the global origin to be in one of the
cells near the center of the crystal.  This means
that each cell in the bulk of the crystal contains
exactly one point R of the infinite Bravais lat-
tice B = {R'a; + R%ay + R3az: R',R? R® € Z}. This
point will identify it and serve as its local origin. The
specific cell whose origin is at position R € B is

Or = {R+r'a; +r’a; +1%a3 : R € B,
rtort et e [-1/2,1/2)},

and may also be identified simply as cell R. Rj will
identify the ;" atom in cell Qr; and Rja will identify
the at! lattice coordinate of atom Ryj.

If a large crystal is at mechanical equilibrium, all of
the cells deep within its bulk are identical and have iden-
tical environments, but the primitive cells near surfaces
will be strained relative to those in the bulk, and the
equilibrium lattice coordinates of the atoms in surface
cells will be different, in general. Therefore, let us ex-
press the displacement of atom Rj from equilibrium as
Zi:l w’®(R)uRi?a,,, where w/® : B — [0,1] is a func-
tion whose value is almost one in the bulk of the crys-
tal, almost zero at all points of B that are outside the
crystal, and only differs significantly from the values one
and zero near surfaces. In the bulk, the displacement
from equilibrium at time ¢ is almost exactly equal to
uld (1) = 370, uRIo(t) aq.

I denote a subset of Bravais lattice points, which only
contains local origins of bulk cells, by B,.. C B. For
simplicity, I choose B, to have the same shape and
orientation as the primitive cell, 2: it is a parallelpiped
with edges (2m + 1)ay, (2m + 1)ag, and (2m + 1)ag, and
with the origin at its center, such that there are m other
cells between the origin cell, Qg, and the boundary of
B, in the directions of each of the six vectors +aq,
+as, and ta3. I choose m to be the largest positive
integer for which the differences between the structures
of cells in B,,,, at both mechanical equilibrium and
when the structures are averaged over time, are negligi-
ble. Throughout this work, any sum ) g over an unspec-
ified set of lattice vectors denotes a sum over all lattice
vectors in By ..

Although there may be bulk-like cells in B\ By,
from this point forward the term bulk refers to the chunk
of the crystal’s interior, B = Jgcm, . R, Which com-
prises N, = (2m + 1)3 primitive cells, and I will restrict
my attention to the bulk. Therefore, for simplicity, I
will ignore the set of functions {w’/®} and focus on the
functions {u®9°}; T will sometimes refer to the set of all
bulk cells simply as the crystal; and I will sometimes re-
fer to their boundary with non-bulk cells simply as the
surface. However, it is important that we carry with us

the understanding that the structures and dynamics of
cells near surfaces may differ markedly from bulk cells,
and that to ignore them is to introduce an uncontrolled
approximation.

I will be expressing the deviation of the (bulk of the)
crystal from mechanical or thermal equilibrium as a su-
perposition of displacements of atoms along a set of vec-
tors, which I will refer to as the normal mode eigen-
vectors, or simply the eigenvectors. However, almost
all of the theory presented applies to other complete
sets of linearly-independent vectors, such as temperature-
renormalized sets of eigenvectors derived within statisti-
cal perturbation theories like the self-consistent phonon
approximation (Bianco et al., 2017; Hellman et al., 2013;
Hooton, 1955; Tadano and Tsuneyuki, 2015; Wallace,
1998; Werthamer, 1970).

To find a set of mutually-orthogonal normal mode
eigenvectors, such that in the 7" — 0 limit the free motion
along each eigenvector is an oscillation with a well-defined
frequency, it is necessary to work with R9* = | /mzuRie,
rather than u®/® where m; denotes the mass of the j*
atom in each primitive cell. Despite its \/mass weighting,
I will often refer to ¥/®9* as a displacement and its time
derivative, z/}Rjo‘, as a velocity.

B. Fourier transforming the crystal’s structure
YRI%(¢) can be regarded as the value of a function of
R and t, i.e., the function
PHIe s B X R — R; (R, ) — pRI%(1),

where [J is a place-holder for the argument of a function.
However, so that the theory that follows is applicable
when the continuum limit (|| — 0) is taken, let us first
define the continuous function

I R? xR = R; (xr, 1) = ¢)*(r, 1),

where

Gty = > PR )AP (r - R),

ReDBpuik

and A%B)(r) is a smooth function whose 1 — 0 limit is
the Dirac delta function, 6 (r). Therefore,

= I (1).
r=Re€Bpuk

Then, if 1)7*(k,w) denotes the  — 0 limit of the uni-
tary Fourier transform (§) of ¢ (r,t) with respect to
both space and time, ¥®/%(t) can be expressed as the
superposition of lattice waves,

ija(t) 20'4/(‘1(4)/ d3]€’(zja(k,w)€i(k'R7wt)
R R3
- ”4/ d“’/ EEY Pk + G w)el R (1)
R @ G

Jo — 1 Jjo
0 (R7 t) - %%wn (I',t)




where o = 1/v/27. Note that ¢7*(k,w)
follows from the fact that R ¢ R.

= ’(/;ja(_ku —LU)

In Eq. 1, each wavevector has been expressed as
the sum, k+ G, of a wavevector in the first Bril-
louin zone, k = 27 (k1b! + kyb? + k3b?), and a recipro-
cal lattice vector, G = 27 (G1b* + Gab? + G3b?), where

b!, b2, b3 are the primitive vectors of the recipro-
cal lattice, b*-ag=05%, ki, ko, k3 € (—0.5,0.5], and
Gl7 GQ, G3 € 7.

1. Imposing boundary conditions

Now let us define

W (W) = o dng@jo‘(k +G,w) = zﬁf—;a*(—w),
G

and let us use the ‘surface’ boundary conditions (the
conditions at the boundary of the designated bulk),
and the relation ik’ R = ¢2miki R o2miks R* o2miks Rs, to con-

strain the set of values of k at which 1;1](0‘ does not nec-
essarily vanish to a finite countable set 0O CU. For ex-
ample, it is straightforward to show that both the closed
boundary conditions,

w:l:mal Jjo q/}:i:maQ jou w:l:maa Jjoa _ 0, (2)

J

,(/}R]a _0_ Z / dw w]a

{1k}

= YR (1) =0
{1k R
dre) =i 3 |
{lcky 7

Now, if the boundary conditions imply that /B¢ is inde-
pendent of ¢ at one or more bulk lattice vectors, R, then

and the open boundary conditions

opy™Ie = gy
R=1+ma;

R=1mas

= Oy

R:imag

restrict the set 0 to wavevectors k for which k1, ko, and
k3 are integer multiples of (4m)~!. On the other hand,
the periodic Born-von Kdrmdn boundary conditions,

wRi(Qm-{-l)al Jjo wRi(2m+1)ag ja

_ wR:ﬁ:(Zerl)ag jo ¢Rja7 (4)
restrict O to wavevectors k for which k1, ko, and k3 are
integer multiples of (2m)~!

The instantaneous structure of the crystal can be spec-
ified by the values of three lattice coordinates () for each
of the N atoms (j) in each of the crystal’s N, primitive
cells (R). The fact that there are 3NN, degrees of free-
dom means that any complete linearly-independent basis
capable of specifying an arbitrary structure of the crystal
contains exactly 3NN, elements. Therefore, since each
lattice coordinate p®I® ‘can be expressed in terms of the
elements of the set {ﬁf(a}keﬁ, the number of elements
of U that are wavevectors of linearly-independent lattice
wave contributions to ¥®/* must be N, - the number of
bulk cells.

After forming set O, by imposing the constraints on U
implied by the boundary conditions, we have

,(/}R]a _ UZ esz/ dw,(/;{ca(w)e—iwt. (5)

ked

For any set of boundary conditions, time-reversal sym-

metry implies that —k € U if and only if k € . There-

fore, with > (x.K} denoting the sum over all distinct pairs

{k, =k} for which k € U, and using yPpRIox — yRi> and
1 (w) = 7,/)]“( w), Eq. 5 can be expressed as

ik R—wt) +1;ia<_w)ei(k~R+wt) _,'_,lz)f;{a(w)e—i(kR—&-wt) +1L§(“(—w)e"'(k'R—wt>}
Z / dw {(Nf;a(w) ik R ’I/JJQ( ) 7ik-R) et 4 (QLljza*( ) sz+¢]a*( ) 7ik~R) eiwt}

+dww [(~{‘(a( Jeik R Wa( Je —zk‘R) pmiwt _ (1213_:1*( Jelk R | i ()e _ik.R> 6th}.

(

1/}Rja must vanish at those lattice vectors at all times ¢.
This implies that the coefficients of e~** and e™? in the



integrand must both vanish, which can only be true at all
times if " (w) = ¥I%(w). It is straightforward to show
that ¢/{**(w) and 1/3{—(“ (w) would also be equal if y®* or
a higher-order time derivative of 1?7 was independent
of time.

If )% (w) is expressed in the polar form

H(w) = \zz?i“w)\ exp (wﬁiﬁi) :

SRI(p) —402/ dw‘¢

{k Xk}

where, to reach this expression, we have either assumed
that " (w) = 0, for all w € R, or we have redefined 93"
to correct for the factor of two that arose when ), 5
was replaced by (k)" Equation 6 implies that the

‘cos(k R+¢JO‘) coswt = 40

where ¢7% is a constant, then 9{**(w) = z/?lzca (w) implies
that, under either the closed boundary conditions of Eq. 2
or the open boundary conditions of Eq. 3, ¢ = —¢7,

and ’1/3{—(“(0.1)‘ = ‘1[){(0‘ (w)‘ Therefore, Eq. 5 can be ex-

pressed as

YRR

{k K}

‘ cos (k- R) cos (wt + ¢ ) (6)

(

wave, and that it is the same standing wave as the one
with wavevector —k and frequency w.

Under periodic boundary conditions, it is not true that

wave with wavevector k and frequency w is a standing f{a* = Nf{ , in general. Therefore,
J
PRI = 24 Z / dw ‘1# )cos (k-R—wt+¢ii)+‘1;i€a(w)’cos (k-R+wt+¢f£ﬂ ) (7)

{k,k}ch

which means that, for any given positive frequency w,
the contributions to ¥R’/ from any wavevector k and its
negative, —k, are counter-propagating travelling waves
whose amplitudes and phases differ, in general.

Note that the term k = 0 is independent of R and can
(w)‘ cos (wt + ¢)*). This term
describes a sinusoidally-varying relative displacement of
the sublattice of atoms j along primitive lattice vector a,,

and it can play important roles during phase transitions
of the crystal.

be expressed as 20‘1/%0‘

From now on I will assume that the crystal is finite and
bounded. Therefore, since not all elements of O identify
different contributions to ¢¥R7%, Gy, will denote the sub-
set of O containing only one wavevector from each pair
{k,—k} C 0. The number of elements of Oy is N, and
the number of elements of U is 2N, — 1, rather than 2N,
because k = 0 only appears once in 0.

Although we will not be using periodic boundary con-
ditions, and it is not strictly necessary, it will often
be useful to keep the complex exponential representa-
tion of waves and to use set O rather than set Opp.
In other words, I will sometimes describe the crystal’s
structure using more wavevectors than are necessary, by
including terms referenced to the negatives of wavevec-

(

tors in Umm in its description. To facilitate this, let
O_ = {-k:ke Omin, |k| > 0} and let Oy = Gmm uOl_.
From now on, ), will denote a sum over all k € Ui, but
with the k = 0 term appearing twice in the sum. There-
fore, there are 2N, terms in »°,. The sum Z{k,R} is

equivalent to a sum over all k € Ormin-

Finally, note that when the integral over 0 was dis-
cretized, the expression for ¢/*(w) in terms of ¥R (t) ac-
quired a factor of N ! and lost a factor of o3, to become

ja _ 9 dt pRI (1) e— ik R—wt)
=52 [ atvriee ®)

In Sec. II.F.2, when we perform an analogous discretiza-
tion of the integral over time, the origin of this factor will
become clear.

C. Vector notation

Appendix B contains a discussion of vectors, metrics,
metric duals of vectors, and products of vectors, as well as
a more detailed explanation of the vector notation used
in this work. Here I briefly describe this notation.

Boldface type (e.g., u) is used to denote a vector in
R3 or C?; |u) denotes a vector in R3N or C3¥; and |u)



denotes a vector in R3V¥e or C3VNe. The metric duals
of the vectors u, |u), and |u) are denoted by u', (u|, and
(ul, respectively.

In C3N the dual of |u) is the operator
(u| : C3N — C;Jv) = (ul|v) = (u|v); and in C3NNe
we have (u|:C3NNe — C;|v) = (ullv) = (ulv). T will

sometimes use T to denote the dualizing operation in
higher dimensions; for example |u>Jr = (ul.

The inner product of two vectors in R® is de-
noted by u-v=g(u,v), where g denotes the Eu-
clidean metric. The inner product in C? is
n(u,v) =Refu-v} =1[u*-v+v* - u]. In spaces of di-
mensions 3N and 3NN, the inner products are denoted
by n(|u),|v)) and n(|u),|v)), respectively, where, for
example, (), [v)) = Re{(ulo)} = 1 [(ulv) + (vju)]. As
discussed in Appendix B, (u|v) denotes a hybrid of an in-
ner product and a Clifford product (Doran and Lasenby,
2007; Hestenes, 1966).

1. Vectors specifying the crystal's structure

In every vector space, gop  Will  denote
a, -ag = g(ay,ag), where a, and ag are lattice
vectors.

Let »®i(t)=Y, yRi%(t)a, denote the /mass-
weighted displacement of atom Rj from equilibrium at
time ¢ and let the state of cell g at time ¢ be specified
by

[WR(t)) = Z PRI(t) [ja)

where the inner product of the (real) basis vectors |ja)
and |if) is (ja|iff) = 65 0ap.

The state, or microstructure, of the entire crystal at
time t can be specified by

(1) = D vRI(1)|Rja) € RAVN:,
Rja

where (Rja|R'if8) = drrr 0ij 0ap-
I will denote the vectors in C3 and C3N whose com-
ponents are the Fourier transforms, 1 (w), of the com-

ponents, YR (t), of %I (t) and |R(t)), by i (w) and
’&k(w)>, respectively. Therefore Eq. 5 can also be ex-

pressed in the following forms:

[0 0) =0 3 [ doiid)) et Q
k

_ O_ZeikR/ dw |:eiwt
k R*

4 eiwt

di(w))

)| ao

D. Eigenvectors, cell eigenvectors, and polarization vectors

In Sec. I1.D.1, as is traditional, I will begin the devel-
opment of phonon theory by Taylor expanding the po-
tential energy in atomic displacements from equilibrium,;
retaining only the lowest-order non-vanishing and non-
trivial terms, which are those at second order; and using
the second derivatives with respect to atomic positions
to define a matrix whose eigenvectors are the crystal’s
normal mode eigenvectors.

However, almost all of the theory that follows, except
that which is presented in Secs. I.D.1 and II.D.5, can
be derived without any discussion of energetics. It ap-
plies equally if the set of 3N N, eigenvectors, {|E,) i]iiv °,
is not the set of normal mode eigenvectors, but a com-
plete orthonormal basis of R*V¥e which is arbitrary
apart from the requirement that its lattice components
respect the periodicity of the crystal’s bulk, in the sense
described at the beginning of Sec. I1.D.3.

For familiarity, I will use the term eigenvector to refer
to an element of such a basis. Doing so is not a mathe-
matical crime because each element is an eigenvector of
any operator of the form ngf}” EulEL)(E,|, for any set
of 3NN, scalars, §,. I will also use language that sug-
gests that the eigenvectors are normal mode eigenvectors
and that the corresponding eigenvalues are the normal
mode frequencies. However, it is to be understood that
the theory has greater generality.

Pointing out its generality is important, because it
helps to clarify which aspects of phonon theory are deter-
mined by energetics, and which are mathematical arte-
facts of a crystal’s structure and symmetry.

1. Normal mode eigenvectors

For a given set of initial conditions, the dynamics of the
crystal in the 7" — 0 limit are defined by the set of normal
mode eigenvectors and their frequencies {w,, iﬁf' . Ini-
tial conditions determine the phases of the lattice waves
at t = 0 and their amplitudes. I will denote the set of
projections of the normal mode eigenvectors onto the
3N N,.-dimensional vector subspace whose elements spec-
ify structures of the crystal’s bulk by {|E,) iﬁiv‘

By doing this, I am cheating: There are more than
3N N. normal modes, because the crystal has more than
3NN, degrees of freedom when atoms outside the bulk
are counted. There are ways to mitigate this problem,
such as by expressing the vector space spanned by the
true eigenvectors as a direct sum or direct product of a
‘surface’ vector space and the bulk vector space R3VNe,
and transforming the set of eigenvectors into the union
of a bulk basis and a surface basis, in some optimal way.
The optimal transformation will depend on the bound-
ary conditions and I do not discuss it further because I
have not explored it further. However, it is important to



remember that these gaps exist in the logic of this work,
and in the mathematical infrastructure assembled within
it.

At small finite T it can be useful to approximate
the crystal’s dynamics as a superposition of harmonic
oscillations along the normal mode eigenvectors, but
this approximation becomes less accurate as T' increases.
However, because the set of eigenvectors is a complete
basis of the crystal’s 3N N.-dimensional configuration
space, it is always mathematically possible to express
the instantaneous structure of the crystal, relative to
its structure in the 7" — 0 limit, as a superposition of
normal mode eigenvectors. In this section I show how
to use the periodicity of the crystal’s bulk to express
the structure of each bulk primitive cell Qg in a basis
of cell eigenvectors, where each cell eigenvector is par-
allel to the projection of a different crystal eigenvector
onto the 3N-dimensional subspace of R3*¥Ne spanned by
{‘R]a) A {17 vN}v ac {17273}}

In the low T limit the equations of motion of the atoms
can be expressed as

m; uR](’(t) = — Z HPI:/JZ% R/ ’ﬂ (t)
R/if3
e DR )
R/if3
where HRR,JM = 32U/6uR30‘8uR 8 | o is an element of
the crystal’s lattice-coordinate Hessian matrix evaluated
at mechanical equilibrium; U is the potential energy; and

Ry Rja
Dylip = Hylip//mimn;.

Defining D = 3 zg Z]azﬁ D§71ﬁ|Rja)(R’iﬁ|, allows
Eq. 11 to be expressed as |1/J) —D|¢). Then, using the
fact that [¢)) = —w2|y) if and only if [¢) |E ), Eq. 11
leads to the equation D|E,) = w?|E,), whose solutions
are the eigenvectors. By deﬁmng the lattice compo-
nents RV = (Rja|E,) of eigenvector | E,,), it can be ex-
pressed as [E,) = > g, ER}i*|Rja), and the eigenvalue
equation can also be expressed as

Rja R’
> DRiGE: " =
R/if

2 nRja
W2ERI, (12)

2. Arbitrary ‘eigenvector’ basis

It will be convenient to express the lattice components
of |E,) in the Fourier-expanded form

Rja — ja _ik-R
17 = \/W Z Ckp® (13)
1
jo k'R JOt 7zk R
oA 3 {eku + el (14)

{k Xk}

where 617:; € C. If we multiply both sides of Eq. 13 by
cos(k’-R) = %(eik'-R + efikﬂR)
we get

ZE}:”O‘ cos (k' - R)
ZQﬁZ {Z e +Z () }

= \/>Z€ku 5kk/+5kk’);\/?(k’u+e )’

and since Ef® and cos(k’-R) are real for all R,
Jox

€ R and sum over all R

ek, + e ,, must be real. Therefore ¢, = 6, , for all
k e Umin It follows that, if the argument of Eku is de-
noted by ﬁf(‘z, Eq. 14 can be expressed as
ER]O‘ 1/ Z ef(z cos (k~R+19f:z) )
“ {kk}

3. Eigenvector symmetry

Let rll}j“(AR) EE}}W/EB‘*‘ARW denote the ratio
of the eigenvector coordinates of atoms Rja and
R + ARja. Then,

Jja ik R _
Zek“e

ll}ja(AR) Z G{Jzeik(R-Q-AR)7 (15)
k k

and, if we assume that r}}j *(AR) is approximately inde-
pendent of R within the crystal’s bulk, we can multiply
both sides by e~ R sum over R, and use orthogonality
to find

Z G{JZ [1 - Tllj'j(x (AR)@ik'AR] (5kk’ + (skf(') =0
k

= [cos ﬂf(u — r9%(AR) cos (k AR + 9 )} 0.

el p
This means that, for every k € Gmi,l, either ’ef(m =0, or
rRI*(AR) = cos 19{:;/ cos (k AR + 19{5) or both. How-

ever, r}}ja has a mode (1) dependence but no explicit
wavevector dependence. Therefore the fact that, when
does not vanish, TRJ @ depends on the wavevector k

that labels ei‘i, implies that only one wavevector pair
{k,k} contributes to each eigenvector |E,).

From this point forward, each mode will be labelled by
a pair of indices, ku, where p is now an index that runs
over all modes whose wavevector pair is {k, k}. For ex-
ample, the frequency and eigenvector of mode ky will be
denoted by wi, and |Exy) =3 g, Ega\Rja), respec-
tively, where

B

- ff(ii 'LkR+€7aefzk R) :E{{Hja' (16)

1
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As expected from the discussion in Sec. A.1, the eigenvec-
tors of modes kyu and ku are the same (|Ex,) = |Exu))s
because ku and kp are different labels for the same
mode. Obviously their eigenvalues are also equal, i.e.,
wf{# = w—ﬂ Therefore, when working with normal modes
of the crystal, there is no reason to distinguish between
modes kg and kyu, because each normal mode is a stand-
ing wave comprised of a counter-propagating pair of trav-
elling waves whose amplitudes are equal.

In the T'— 0 limit, we do not need to decompose the
standing wave into a pair of counterpropagating waves
labelled by ku and kyu, but at finite temperature this de-
composition is useful because finite-temperature phonons
are not standing waves but travelling wave packets, which
have a propagation direction. Therefore, in Sec. IL.E, we
will distinguish between them.

I will refer to p as the branch indexr or band in-
dex and I will refer to the quasiconnected set of points
{(k,wi,,) : k € O} as the ™ band. Note that Elljlfa can
also be expressed in the form

, 2
R
Epl® =)+

The potential energy, U, is a smooth real function of
J

]Ot
€yt

cos (k R+ 19{((;) = E}:fa (17)

(Bl Bacrw) =

C

[<€k;;,‘€k/u> Ok + <€1’m|€k'u> Ok

N | = 1\3

joax _ jo
If we use €y = €

ku = |€kN>T =
(exuléry) = <€k/u

<61‘(M|, which leads to

efm> and similar expressions, we can
simplify this to the form

(excplenv) o + (€xpl€iry) O = Ok Opun-

Now k = k’ implies that k # k’ and we are left with
<€k/l.|€kl/> = 5/1.1/' (19)

Equation 19 means that the set of all vectors |ex,) at the
same wavevector k is an orthonormal set.

4. Constraints of symmetry and the number of DOFs

Given a mode ky, and values of j and «, the function

EEJO‘ B wRR— E NJO‘ assigns a real number to

each of the N, elements of B, ,.; and the function EE ljﬁ ,
where i3 # ja, assigns a different set of N, real num-
bers to B,.u. Therefore |Ey,) is defined by the set of

+ (exul€rr) s

atomic positions. Therefore, DRJ % = DR 1ﬁ for all pairs

of components, Rja and R’ 8. It follows that D is Her-
mitian (symmetric, in fact) and that any two eigenvec-
tors, |Ei,) and |Eys,), with different ecigenvalues, wi,
and wi,y #* wiw are orthogonal. Multiple eigenvectors
can only have precisely the same eigenvalues if they are
equivalent by symmetry. When this is the case, they
can be chosen to be orthogonal. Therefore I choose the
set of eigenvectors to be orthonormal. By this I mean
that (B, |Bxu) = (Bxu|Pg,) = 1 and that if p # v or if
k' ¢ {k,k}, then (Fy,|Fx,)=0. We can express this,
as usual, in the form

=D Bl asEi,) = Sacu. (18)

Rj ap

(Exp|Exry)

For each pair ky that labels a wavevector and a branch,

let us define a vector |ex,) = Zaa eku lja) € C3N. The
inner product of two such vectors is
(exulewn) =Y e gapell, = (ernleru) -

japB

Therefore, inserting Eq. 16 into Eq. 18 and using orthog-
onality relations gives

Z [ erculerery) (i —K) R <€RH|€k’V> (i +)-R (el eI HRR <€1’<,¢|61’au> eﬂ*(kuk).R} 7
R

+ <€1’(#|€1’(/V> 5kk’] = 5kk/6p,y-

(

3N functions, {EE:“ :1<j<N,ae{l1,2,3}}, each of
which assigns N, real numbers to B,,,-

Equation 16 implies that if the function
D 0= Ck efi is known, the function EEJQ
can be calculated. Therefore the information possessed
by the function GD must be equivalent to the infor-

mation possessed by the function EEja, which means
that ejﬁau must assign exactly N, real numbers to the set
ZAjmin' )

However Eq. 17 suggests that, if each eff‘ is complex,

the function e]DaM assigns two numbers, eku and 19{(’;,
for every one of the N, numbers, {Efﬂm R € B,

Dga

assigned by K However, is positive, so this

e

ku
€ {0, 7}, which implies that
eﬁ is real. Therefore, from Eq. 17, we find that

; 2
Rjo
Bl® = £/

. Jjo
discrepancy is resolved if 9y M

ef{‘z cos(k-R) =

Ef}f”‘ (20)



Although this discussion establishes that each ef{Z is real,
it will be useful in later versions of this work to assume
that it is complex.

Since there must be 3N N, independent degrees of free-
dom, or eigenvectors, and since 3N N, real numbers are
required to express each one in terms of the displace-
ments from equilibrium, the set of all Ellz:f % must consist
of (3NN,)? real numbers. Therefore, there must be 3N
modes kyu for each of the N, elements k of 0.

5. Dynamical matrix

Another way to see that there are exactly 3N modes
whose wavevector is k, which means that the total num-
ber of modes is 3N V., is to take the more traditional en-
ergetic route. This involves showing that when {|FEi,)}
is the set of normal mode eigenvectors, {\eku>}zﬁl is the
set of eigenvectors of a Hermitian operator on a 3N-
dimensional vector space. This implies that it is either an
orthogonal set or can be made orthogonal, which makes
the proof of Eq. 19 redundant.

When studying vibrations in the bulk of the crystal,
the dimensionality of the problem can be reduced from
3NN, to 3N by expressing Eq. 12 as a set of N, equa-
tions, with one equation for each primitive cell R. Then,
because all bulk cells are identical in the T — 0 limit, or
when averaged over time, for most purposes it is only
necessary to study a single representative bulk cell. To
achieve this simplification, Eq. 16 can be inserted into
Eq. 12, with R’ = R + AR, to give

3> DR amis (clue™ TR 4 4f e AR))
i AR

= (ja|Dx(
i3

— wi# (ei{ﬁuelk'R + ef—ie_ik'R) (21)

R)|if) (efieik‘R + ei‘—ie_ik'R)

where simplification has been achieved by replacing the
sum over AR of one of the exponential terms on the
first line by a sum over —AR, and where the Hermitian
operator Dy (R) : R?N — R3N is defined as the operator
whose matrix elements are

GalDu(R)}i8) =3 <D§+AR1,3 - DﬁiaARw> AR,
AR
ik-R

Using the orthogonality of e and e~ R a5 functions

of R, Equation 21 can be recast into the form

ISk(R) |6ku> = WIQW lexu) »

which has exactly 3N solutions |ex,) of unit norm that
differ from one another by more than phase factor.
Therefore, |ex,) and |efm> must differ only by a phase,

which implies that 19{(2 is independent of both j and «

and we will denote it by Ui, = —v,,. Having already as-
sumed that all bulk cells are equivalent, we can ignore the
dependences of DR’ “aris and Di(R) on R and regard
each solution |ex,) as independent of R in the bulk.

6. Cell eigenvectors
There is a different set of 3N solutions for each pair

{k, R} c 0. Now, because the phase of each component
ek‘Z of |ex,,) is the same, it is simple to define a real vector

E1eu) Ze lja) =

which can easily be shown to satisfy the conditions

75 Do) + i) €,

|Exn) = ‘Eﬁu>
(expley) = O
Di(R) lexu) = wir,, lexp) -

Each vector |ek,) specifies how atoms in a single primi-
tive cell of the bulk move when only mode kyu is active.
The vectors {|ei,)}3Y, are known as the (primitive) cell
etgenvectors. It is important to note that, in general, and
depending on the boundary conditions, their coordinates,
E{:;, cannot be used in place of efi in Eq. 16.

It is often useful to know each mode’s pattern of dis-
placements, rather than its pattern of weighted displace-
ments. Therefore, let us define the real symmetric oper-

ator
Y=Y mibidas ljo)iBl = Y i lja)ial,
Jjaif ja

and denote its inverse by X ~!. The vector
i) Z i lja) =

which is known as the polarization vector of mode ki,
specifies the pattern of unweighted displacements in the
bulk of the crystal.

The set of eigenvalue equations can be used to deduce
a set of equations whose solutions are the polarization
vectors as follows,

r-1 lexy) € RN,

6k(R) lexu) = lew lexu)
= Di(R)YY ! exu) = wi, XY ey

~ l:lk(R) |7Tku> = w12(u |7Tk,u> ’ (22)

where Hi(R) = Y 'Di(R)Y. Note that, in general,
Hk(R) is not symmetric or Hermitian and the polariza-
tion vectors are not mutually orthogonal. The orthonor-
mality of the set {|ek,)}3Y, leads directly to the gener-
alized orthogonality relatlon

= o gaply = 0. (23)
japB

<T7rk#|‘r7rk,,>



When the masses of all atoms are equal, the polarization
vectors are mutually orthogonal and parallel to the cell
eigenvectors.

Note that the normal mode eigenvectors |Ey,, ) are real,
as are all of the other quantities mentioned in Sec. I11.D,
except complex exponentials and the vectors ek, ). How-
ever, we did not really need to introduce either those
vectors or the complex exponentials in this section. We
could have worked with real trigonometric functions in-
stead. Therefore, so far, we have not really needed to
work in complex vector spaces.

However, starting in Sec. III.B, it will become use-
ful to work with complex vectors. Therefore, from this
point forward each vector in R?, R3Y, or R3V¥e_ should
be regarded as a real-valued element of complex vector
space C? D R3, C3N 5 R3N, or C3VNe 5 R3NNe | respec-
tively. For example, ) € C3N, |Ey,) € C3¥Ne and
|Rja) € C*NNe. The domain and codomain of D are also
extended from R3VNe to C3NNe. The basis sets {aq},
{lic)}, and {|Rja)} of R3 R3N and R3*NNe respec-
tively, also span the complex counterparts C2, C>V, and
C3NNe of these spaces.

E. Expressing structure in a basis of eigenvectors

We are finally ready to express the microstructure |1))
of the crystal as a superposition of normal mode eigen-
vectors. I emphasize that doing so does not constitute an
approximation, because the eigenvectors are a complete
basis set. Therefore, let

Z Z Qku |Eku

{kk} »

Z Oxu |Bxp),  (24)

where the coefficient Qy,, = Q/, is known as the normal
mode coordinate of mode kyu; and, to reach the second ex-
pression, I used the fact that |Ey,) = [Fk,). The normal
mode coordinate is defined as Qx,, = (Fk,|1). Therefore,
using Eq. 16 it can be expressed as

k/t|¢R —ik'R 4 <67#|wR> ezk R}

(25)

Qku \/7 Z

or as
1
Oup = —= Y [{exu|t™)|cos (k- R+ k).  (26)
ku m; kup ku

Equation 24 is a simple mathematical statement. It
states that the structure of a crystal can be expressed as
a sum of vectors that are elements of a complete basis of
R3NNe and that this basis can be chosen to be a basis
of standing lattice waves |Fj,) which, deep within the
bulk, are almost exactly parallel to the crystal’s normal
mode eigenvectors.
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1. Time dependence of normal mode coordinates

In the T"— 0 limit, when the motion of the crystal’s
atoms is a superposition of harmonic motions along the
normal mode eigenvectors, Qi (t) has the simple form
Quu(t) = Axp cos(wiyt + Oxy), where Ay, and 6y, are
determined by initial conditions.

In general, at finite temperature the only constraints
on the set of observable frequencies of motions of the
crystal along |Ey,) are the two that will be discussed
in Sec. IL.F. Before those constraints have been imposed,
the most general expression for Qx,,(t) as a superposition
of motions with different frequencies is

Qku(t) = U/Rdw Qku(w)e_m (27)
— Y /]R o [Qun()e " + Qe !] (25)

=20 /R+ dw Re {Qku(w)e_iwt} _ QEM(t%

where I have used the fact that, because Qy, = Qy, is
real, its F'T with respect to time satisfies
Q) = Gueu(—w) = Q5 , (W) = Or(—w).
We can express the time derivative of Qy,, as
Qku(t) = —ia/ dw w@ku(w)e_i“’t (29)
R

_ —’L'O'/ dww [Qku( ) —iwt Q* ( ) zwt}
R+
= 20/ dww Im {Qku(w)e_“"t} . (30)
R+
Therefore its Fourier transform is
3 [Qku} (W) = —iw O, (w).
Let 7' denote the time-reversal operator, which means

that we can write the time reversed normal mode coor-
dinate of mode ku as

7Qus(1) = Qu(—1) = 7 [ dus G ()™
— & [mku} (@) = Quu(-w) = Q@) (31)
The FT of TQy,, is
8 [0 (@) = iwQiu(~w) = iwf, ()
— (w0, ) = (3¢ [Qu] @) -

To find an expression for Qy,(w), let us substitute
Eq. 9 into Eq. 25, as follows:



where I have simplified using orthogonality relations and
"(/Jlt(w)> = ‘1/)1-((@)>. After replacing (|eku> + ’€EM>) /\@

with |ex,) this becomes

Qu(t) = o/, [ | erainte)
+ (e ) [
Therefore,
Ou() = VI | (s ) + (e ) | 39
and

51 [ (@) = iV | (e )

+ (i) e

F. Discretizing the time/frequency Fourier transform

Let 7 denote the time for which the crystal is observed
or simulated, and I will refer to the interval during which
it is observed as the observation interval. Let us assume
that, for each kp, the function of time Oy, (t) has been
tapered smoothly and rapidly to zero at the boundaries
of the observation interval.

1. Finite observation/simulation time

The finite observation time means that the smallest
frequency that can be resolved is |dw| = (07)~!. This
finite resolution has consequences when evaluating the
time average (e’) , of €' when it appears in an in-
tegral over w. When it is not in an integrand, we can
simply note that the time average of a sinusoid vanishes
unless its argument is zero, in which case its value and its
time average are both one. However, when the average
appears inside an integral, the finite frequency resolution
can be accounted for by noting that, in the small-w limit,

11

TS [ (o R g ) e 0] e

Pi@)) + (e[ P(@) ) + e[ () )] e,

<ei“’t>t can be expressed as
ot 1 T/2
et = — 1+ dwt)dt
() =7 [ i
_ 1’ w e (—|dW|/2, |dw|/2)7
0, wé (—|dwl|/2,[dw]/2).

This implies that

/dw f(w) <ei“t>t = |dw|f(w).
R

2. Finite time resolution

Now suppose that the smallest time interval that can
be measured or simulated is |dt| = T /N;, where N; € Z.
Then the largest frequency that can be measured or sim-
ulated is W = (¢?|dt|)~! = N;/(0*T) = N;|dw]|. There-
fore the numbers of frequencies and times that are sam-
pled are equal.

Let us discretize the integral in the Fourier transform
of f(t) as follows.

f(w) = O'/Rf(t)eiwt dt = UNIt Z f(t)eiwt

1 iwt
= Nooldal zt: f(t)e (35)

To clear away unnecessary constants, let the discrete
transform of f(t) be defined as f(w) = o|dw|f(w), so that
we have the discrete Fourier transform pair,

flw) = 5 S FO and 7)) =3 fl)e

where the sums are over all sampled times and frequen-
cies, respectively. In particular, let ¢y (w) = o|dw|¢k(w)

and let Qku(w) = U|dw|Qk#(w) = \/Jvc<ekﬂ‘zﬁk(w)>.



I1l. DISTRIBUTION OF KINETIC ENERGY IN
RECIPROCAL SPACETIME

A. Kinetic energy expressed in of mode coordinates

The kinetic energy of the crystal is

5 7GR = Zw“ﬂ* U
RJOéﬁ
=;R<wa

(d)li/ﬂ) (36)

(%),

)= 2= [ awe (9

integral of
and using

- 7 [ awetuw) Gl

After replacing w by —w in the
the second term in the parentheses,
W (w) = 1/)Ja( ) = % (~w), this becomes

. 4N,

2 o c
<Qk“>t T
Then, since ), ey )(eky| is the identity in C3N, and

1/T = 0?|dw|, the time-averaged kinetic energy per
primitive unit cell can be expressed as

% = U/Rdwé’c(k,w),

X dw w? <1/~Jk(w) ‘5ku> <5ku ‘i’k(w)>

where

EX (K, w) = o|dw|w? <1/~Jk(w)‘1/~1k(w)>
: ).

w

= Sldw] < R (w)

Since £F(k, w) vanishes at values of w that are not integer
multiples of |dw| = 27 /T, we can replace the integral by
a sum and express Eq. 39 as

t)>t _ Z ZéK(k’w).
k w

(39)

(40)

where

éK(k,w) =2 <1ﬁk(w) 1;1(

(@)

Therefore £X(k,w) is the contribution of point (k,w) in
reciprocal spacetime to the average kinetic energy per
unit cell.

(41)

2
=7 [ ardur=-7 / o [ ' G () Q) [ 714t =
R
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By inserting Eq. 24 into Eq. 36, this can be expressed as

N=3 3 3 G

{k,k} n

(37)

which means that the time average of K divided by the
total number of bulk cells can be expressed as

§}¥<Qi“>t 4N, Z<Qkﬂ> (38)

t __
NC_ZNC{

Then Egs. 29 and Eq. 34 can be used to express < ku>
as

1 - -
o / 000 02 Oy (1) By (—0)

) 1) () ()]

(

B. Expressing structure in a basis of complex waves

In the previous section we expressed structure in terms
of a set of normal mode coordinates, Qy, = Qfm. How-
ever, at finite temperature each vibrational excitation
does not involve the motion of every atom in the crystal.
Therefore it has a finite size and is a travelling wave or,
more accurately, a travelling wave packet. This makes it
important to distinguish between the two counterpropa-
gating waves, ky and ky, that contribute to each stand-
ing wave Q. |Fk,).

In this section I introduce the complex mode coordi-
nates {Quu ), for which Qy,, # Qg,,, in general. As their
name suggests, and unlike the normal mode coordinates
Ok, they are not real, in general. Therefore it is in this
section that we truly begin to use complex vector spaces.

Let us begin with the definition

) 1 )
Rjoa __ ja —zk R _ gRjax
ka N k/l, Gf(u € C?
S Rj Rj Rja
which implies that Eklfa = [(’fklfa + (‘31—(:(’ /v/2. Now we
can define the complex mode eigenvector, or simply mode
eigenvector, of mode ku to be

€) = D X% Rja) €
Rja

(42)

C3NNe, (43)

which implies the following relations:

| Eu) = % [[€x,) + €k,
Qi = % — V2 (|G, [))

[(Exult) + (Eg,ulv)]



Note that Q, is a factor of v/2 larger than 7((|€x,), [¢))
because there are twice as many wavevectors contribut-
ing to the basis of complex mode eigenvectors as there
are wavevector pairs contributing to the basis of normal
mode eigenvectors.

Equation 24 can now be expressed as

9) = 1 3 [(@xulth) + (@x,l)] [1€0) + I€5,0)]
kp

= 23 [(@ralt) + ()] €5
kp

= (€, [19)) [€1) = D Queul€x),  (44)
kp

kp

where Qi = (€x,|t), which implies that Qi = Qips
and that

Re {Qup} = 1 (|8, [1) = Qﬂ

Let us use superscripts Re and Im to denote real and
imaginary parts, respectively, so that

_ Qku(t)
V2

The only constraint imposed, either implicitly or explic-
itly, on the imaginary part of Qx,, is Ql’iu = Qi There-
fore, it can be chosen to choose a useful purpose and we
will return to discussing useful choices of it in Sec.*.

Qup(t) = Qi (1) + Qi (2) +iQun(t),

1. Harmonic approximation

When the only active mode is kyu, each atom undergoes
simple harmonic motion with the same frequency, wy,.
Therefore, when the amplitude of mode ky is sufficiently
small, the potential energy is well approximated by the
harmonic expression,

1 2 2 1 2 RrR|2
HQ = §ijwk/t‘uR‘ = 5 Zwku‘w |
Rj R

_ 1 2 Q* Q _ 1 2 _ 45

= 2“’1{# kp"Wky = 2wkHQkkauv (45)
where a route similar to the one taken in Eq. 36 was
used to reach the final expression in terms of the mode
coordinates. When all modes are active, the harmonic
approximation to the energy is

1

HaK+Hy = 3 Z [QRMQkM + wi#QRquu}
ky

1
5 Z I:Pkl"Pf(/J, + wlzcyQRqu/_L] ) (46)
kp

where Py, = Ql’iu = QRM is the momentum conjugate to

Qkp. .
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Note that Eq. 46 simplifies to
K+He = Zku wﬁ#waQku when the system is har-
monic, because QY = —iw, QL. However, referring to
Eq. 25, we see that, in general (i.e., at finite T"), the os-
cillation along eigenvector |F,) has contributions from
a continuous range of frequencies. In the T'— 0 limit,
Eq. 25 must reduce to the form Qy, ~ coswy,t. There-
fore, the Fourier transform Qy,(w) of Qu,(t) must
become more and more sharply peaked at w = wy, as
the T' — 0 limit is approached.

2. Perturbation theory of interacting phonons

The expression for I does not change at finite T', but
the expression for the potential energy does. However,
the set of mode coordinates {Qx,} provides a complete
specification of the positions of all atoms in the crystal via
Eq. 44. Therefore the potential energy can be expressed
as a function of all mode coordinates and then Taylor ex-
panded about mechanical equilibrium (Qx, =0, Vku).
The harmonic term in this expansion must equal Hs,
because all other terms vanish as the )’s become vanish-
ingly small, which is the limit in which Eq. 46 becomes
exact.

When displacements from equilibrium are large enough
that anharmonic contributions to the energy are relevant,
the energy may be expressed as

H=K+Hs+ Z ©t}ﬁ§ﬁ§Qk1u1 kakasM

K123
+ 2

klkgkg
kikoksk 5
(I);LiuguguiQkuh Qk2H2Qk3H3Qk4M4 + O(Q )=
12 3 g
kiksoksky

(47)

where QP represents the product of any p mode coor-
dinates; and each coefficient ® with [ subscripts and [
superscripts is 1/I! times the I partial derivative of the
potential energy with respect to the mode coordinates
identified by those indices, and evaluated at equilibrium,
where all Q’s vanish. The anharmonic part of the po-
tential energy, which I will denote by AH, contains an
infinite number of terms, but is usually truncated after
the @3 or Q* terms in practical usage.

I will denote the sets of all mode coordinates
and momenta by Q= (Qx, u,Qxspus,---) and
P = (P, ;s Pxoopios -+ ), Tespectively. This allows
Eq. 47 to be expressed as

H(Q,P) =K(P) +H2(Q) + AH(Q).  (48)

It is important that A does not depend on P. If it did,
Rk, would cease to be the momentum conjugate to Qx,
at finite T whenever AH is not negligible.



3. Kinetic energy density in reciprocal spacetime from
correlation functions

The mass-weighted velocity-velocity correlation func-
tion (mVVCF) of the j*® atom in the primitive unit cell
is defined as

CI (R, t) = my (007 (tg) - aRoRI (¢, + t)>Ro,to ,
where ( >R07t0 denotes an average over all Ry € B, and

over all initial times #g. I will now derive a simple rela-
tionship between the discrete distribution of vibrational

J

O = D0 DTS e (e

to kw k'w’
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energy in reciprocal spacetime, & (k,w), and the discrete
Fourier transform, C(k,w), of C(R,t) = Ej CI(R, 1),
which can also be expressed as

C(R,t) = <<¢R0(to)‘¢Rg+R(to + t)>>

Ro.to

I begin by replacing <¢Ro (to)‘ and ‘z/}RﬁR(to + t)> with
their discrete Fourier transforms with respect to both
space and time, and I also make the averages over Ry
and to more explicit, as follows:

&k/ (w/)> iK' k) Ro ,—i(w' —w)to ,i(k' R—w't)

1/ h / 1 i(k’—k)-Rg 1 —i(w —w)to i(k' R—w’
=3 e’ ()|t ) ) (N;< k)R)(Nt%e ( >t>e<kR t>

kw k'w’

Note that the quantities in parentheses can be replaced
with dxxs and d,,,; therefore,

C(R,t) = sz <¢k(W)‘1/3k(w)> ik R—wt)
kw

— Z é(k, w)ei(kAwat)
kw

where C(k,w) = w? <1/A1k(w) ‘Ll}k(w)> is the discrete
Fourier transform of C'(R,t). It follows from Eq. 41 that

ER (K, w) = [é(k, W) + O(k,w)] . (49)

N | =

and, since <1ﬁk(w)‘1ﬁk(w)> = <1ﬁ;(w) @ﬁ(w)> implies
that C(k,o) = C(k,w) and C(k,w) = C(k,@), the av-
erage kinetic energy per unit cell can be expressed as

(K@) _ A
N = Ek: %:C(k, w), (50)

where the sum over w is not restricted to positive values.

4. Mode-projected correlation functions

By expressing the identity of C3V as > iy | €€ or
as > g, [wru{wry|, we can write C(R,t) in the follow-

(

ing forms.

C(R, 1)

= %; <<¢Ro (to) Ro.to
= Z <<¢Ro (to)’wa,L> <wR/u'7/.’Ro+R(t0 + t)>>Ro,to

R'p

ek#> <ek#‘1/}RO+R(t0 + t)>>

(51)

This means that, for example, we can calculate the con-
tribution to the reciprocal spacetime distribution of the
kinetic energy of motion parallel to each |ex,,) separately:
It is the Fourier transform, C’ku(k,w), of the mode pro-
jected correlation function,

Gk#>

URro+r(to + f)> > . (52)

Ro,to

Cun(Rt) = ( (i, (o)

X <€ku

Ci, (K, w) is non-zero at all wavevectors k’ #k, in
general, because cell eigenvectors at different wavevec-
tors are not orthogonal to one another. Therefore,
each cell eigenvector |ey,) is a superposition of the cell
eigenvectors, {|€k’u>}iji1a at any wavevector k’. This
means that, as a function of w at a fixed wavevec-
tor k', Ci,(k',w) has contributions from all modes
{K'pn:1<u<3N}. Therefore, we will usually focus
on the value of CA'kM (w) = C’ku(k’,w) 1y after suitably
normalizing it. In the low T limit, each mode-projected
spectrum CA’k# (w) is a single sharp peak at (k,wk,). AsT
increases these peaks are expected to broaden, to change
shape, and to shift in frequency.




IV. PHONON SIZES: FROM STANDING WAVES TO WAVE
PACKETS AND THE QUASIPARTICLE GAS

[This section is far from complete and under heavy
construction. |

The focus of the present work is on the classical wave
theory of phonons. Its purposes are to lay out this the-
ory’s mathematical foundations in a more general and
comprehensive form than can be found in most existing
literature, and to derive a classically-exact expression for
the decomposition of a crystal’s kinetic energy into con-
tributions £X(k,w) from a set of sampled points (k,w)
in reciprocal spacetime.

At each point (k,w) the energy can be decomposed
further by expressing it as the sum,

3N A
=D &)
pn=1

of as many contributions éfu(w) as there are degrees of
freedom in each primitive unit cell of the crystal. In
Sec. III.B.4 T chose to decompose it into contributions
from motions along the 7" — 0 normal mode cell eigen-
vectors, |ex,), but I could have chosen to decompose it
into contributions from motions along any set of 3N vec-
tors that spans R3V.

For example, at each temperature and each wavevec-
tor k, there must exist an orthonormal basis,
B= {\ek“>}i]il, of R®*N that minimizes the sum of the
second central moments of the 3N contributions to
EX(k,w), i.e., that minimizes

—\2 8K
ZNku /}R+ (W — @ip)” Egpy (W) dw

with respect to B, where Ny, is some chosen normaliza-
tion constant, such as unity, or

N = [l = [ &0

or any other judicious and appropriate choice, and

_1/ wEF (K, w)dw.
R+

Choosing basis B such that the functions éﬁi(w) are lo-
calized would reduce the degree of overlap between them.
Therefore it is likely to reduce the rate at which the mo-
tions along these vectors resonantly exchange energy with
one another. However, resonance is not necessary for in-
teractions to be strong, as discussed and demonstrated
in Ref. Coiana et al., 2023. Therefore the basis B that
minimizes C may not define a set of mutually-orthogonal
motions that exchange energy with one another more
slowly. Motions along different elements of B may in-
teract with one another more strongly, on average, than
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motions along vectors for which the set {51(“}
localized.

One can also decompose S"C(k,w) into contributions
from motions along the eigenvectors of a self-consistent
temperature-renormalized dynamical matrix. In other
words, along a set of mutually-orthogonal vectors that
have been chosen such that the time-averaged mean-field
interaction between small-amplitude motion along each
one, and the rest of the crystal’s vibrations, vanishes at
first order in its amplitude.

=, is less

A. Wave perspective versus scattering perspective

Whether it is most appropriate to treat phonons as
waves or as quasiparticles depends on their sizes. By
the ‘size’ of a phonon I mean its linear dimensions in
all directions. Along its axis of propagation its size is
quantified by its coherence length, which I will discuss
briefly in Sec. IV.A.1. In the planes perpendicular to its
wavevector, its size is quantified by the linear dimensions
of the part of the crystal that it perturbs as it passes by,
which can be quantified by its coherence radius.

At finite T, when the sizes of phonons are orders of
magnitude smaller than the size of the crystal, each
phonon can be regarded as a quasiparticle that is born
in a scattering event, travels until it collides with, and
scatters from, other phonon quasiparticles, and eventu-
ally dies. Put another way, when it is meaningful to
regard each phonon as having a well defined position at
any given instant within its lifetime, the scattering per-
spective is useful. When it is not, the wave perspective
is usually more appropriate.

1. Correlation and coherence lengths and times

Given a correlation function, such as C(R,t) or
Cxu (R, 1), I use the term correlation length to mean its
characteristic decay length, either at t = 0 or when it is
integrated over t. We will not need to be specific about
how a characteristic decay length is defined; it could be
the (direction-dependent) magnitude of R at which the
value of |Cx,, (R, t)/Ck,(0,t)| becomes lower than a speci-
fied value or, for an exponential decay, Cy, (R, t) ~ e "R,
it could be 1/7.

A correlation time is the characteristic decay time of
a correlation function at R = 0, or when it is summed
over all R € B, ..., and a coherence time is the correlation
time when R = (27/|k|) k, where k = k/|K|.

B. Inadequacy of mode coordinates within scattering picture
of phonon-phonon interactions

When phonons are small enough that it is appropri-
ate to describe their interactions as discrete spatially-



localized scattering events, neither the mode coordinate

Qxy nor the contribution % [QRMQkM + wﬁ“QRHQk“}, of
mode ky to the total energy, is a satisfactory measure
of the mode ku’s prevalence within the crystal. This
is because Qx| is the net amplitude of ky phonons in
the crystal as a whole. If there are many independent
kp phonons in different parts of the crystal, their phases
will all be different and almost all of their contributions
to Qxu will cancel one another out. Therefore, it might
be useful to build a scattering theory in which the posi-
tions and sizes/inertias of phonons are recognized.

1. Basis of Wannier vectors

Qx, is simply the overlap between the crystal’s dis-
placement from equilibrium and the eigenvector of mode
ku. By a slight manipulaton of Eq. 25, we can also ex-
press it as v/N, times the projection onto cell eigenvector
lex,) of the Fourier transform of g (t)) with respect to
R, ie.,

Qup(t) = V/Ne (6] ( Z [vm( —“"R> . (53)
By assumption, the cell eigenvectors do not vary in the
bulk; however, because they vary quasicontinuously with
wavevector k, we can Fourier transform them with re-
spect to k to find a set of vectors {|wry) : R € By}
that are localized in real space. I refer to these as Wan-
nier vectors because they are the phonon counterparts
of the Wannier functions that appear in the band the-
ory of electrons. Each one is defined with reference to a
particular cell Qg and a particular branch p as

Z‘Gku R |€1u) = Z|w

Kk
Substituting the expression for |ey,) into Eq. 53 gives

N, Z (\ﬁ Z (wrul e“"R'> g e KR

(wrtAR u[UR) ‘kAR> o (54)
<FZ R+ARu|YR .

where I have used the substitution R’ = R + AR.

Now let us define cell-normalized mode coordinate
Qxp = Quu/V/Ne, which allows us to express the energy
per unit cell of mode ku as %éﬁ,ﬁku = %Q;MQk#/NC.
Then Eq. 54 can be used to express its Fourier trans-
form with respect to k as

|wRu —ik-R

Qku

Ry = <<wRo+RM|¢R0>>RO = <<wR0M|¢R0+R>>RO :

This is simply the average overlap of the structures of
bulk cells with Wannier vectors referenced to cells dis-
placed from them by R, or the average overlap of Wan-
nier vectors with the structures of cells displaced from
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them by R. It is straightforward to show that the ki-
netic energy per unit cell can be expressed in either of
the following forms.
1 = -
= 5 Z QItuqku =
kup

(55)

1 RO
5 Z IRudRy
Ry

2. Suggestions for further development of phonon theory

One could define the local mode coordinate,
qxu(Ry 1) = (xR (1)) e R whose average over
all R is Gk, (t). From there one could try to identify
clusters of cells, Qr, in which the modulus of g, (R,t)
is large and all cells in each cluster are participants in
the same phonon’s motion. Then one could attempt
to characterize each cluster, which is a wave packet
of finite size, as a point particle with suitably-chosen
definitions of quantities such as its position, inertia, and
linear momentum. Its linear momentum is likely to be
proportional to the group velocity of the wave packet,
and is likely to differ from the sum, over all cells in the
cluster, of their contributions, ¢g,(R,?), to the mode
momentum.

After deducing an appropriate way to characterize each
phonon particle, a statistical theory of scattering could
be built, which acknowledges the localized nature of
phonons at finite 7', the inhomogeneity of their spatial
distribution, and the nonuniformity of their sizes and in-
ertias.

However, I am restricting the scope of the present work
to describing phonons when it is most appropriate to
treat them as waves, rather than particles. This is often
the case in the T'— 0 limit, or when studying lattice
waves in nanoscale or nanostructured materials, or when
analysing the results of atomistic simulations. It is the
case when one is studying phonon dynamics on length
scales small enough that the presence of a ku phonon in
the region of the crystal being studied implies that all of
the primitive cells in that region are participating in the
phonon’s vibration and propagation. When this is the
case, it follows that no more than one ku phonon exists
within the region of interest because the superposition
of two ku phonons would be equivalent to a single ku
phonon.

V. SUMMARY

This is a work-in-progress whose completion will be
gradual. Some sections are only partly written, and there
are likely to be mistakes throughout the manuscript. I
am placing it into the public domain at this time in the
hope that others will find mistakes in it and notify me of
them, and/or complete the theory themselves.



The purpose of this work is to present the theory of
vibrations in crystals in a more general form than is com-
monly found in textbooks and journals. It is hoped that,
when it eventually reaches completion, the many mis-
takes within it will have been fixed, and it can serve
as a self-contained general reference for those simulat-
ing vibrations in crystals and/or developing the theory
of vibrations in crystals further.

Appendices

Appendix A: Fourier transforms
1. Continuous Fourier transforms

My starting point is the unitary form of the Fourier
transform (FT), with ¢ =1/v/2n, and with different
signs in the imaginary exponents for the transforms with
respect to space and time, i.e., the FT of an arbitrary
function f(R,t) with respect to ¢ is

SfIR,w) = a/ dt f(r,t)e™?,

R

its F'T with respect to r is

Sl = [ e,

R3

and its FT with respect to both r and ¢ is

f(kvw) = S[f](k,w) =3 [gt[f” (kvw) =3 [%s[f]] (kaw)'

I adopt different conventions for the signs of the imag-
inary exponents in the integrands of §:[f] and §s[f] so
that the FT with respect to both r and ¢, f(k,w), is the
coefficient of a complex wave e!(¥T=%) that travels in the
direction of k when w is positive.

a. Orthogonality relations for continuous waves

Complex waves are mutually orthogonal functions of
(r,t), which means that they satisfy

/dw/ dSk (ei(krfwt))*ei(k-r'fwt')
R R3

= (2m)" 6@ (@ — )t —t),

The geometric reason for taking the complex conjugate
of one of the waves in the orthogonality relation will be
discussed in Sec. B.

Individually, the temporal and spatial parts of the com-
plex waves satisfy the following orthogonality relations,
which are proved in many undergraduate mathematics
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textbooks (Boas, 2006; Riley et al., 2002).

/R dw ==t = 275(t — t/), (A1)
/R dt e @0 = 976(w — '), (A2)
/R Ak eFile =) = (27)% 5®) (r — 1), (A3)
/]R PO = (27)7 6O (k- ). (Ad)

b. Orthogonality relations for lattice waves

I will make frequent use of the following orthogonality
relations.

1 . ,
7 TR = b (A5)
¢ R
1 . :
2B = 26, (A6)
¢k
1 IR
F Z €Lk (R-R') = 6RR’- (A7)
C

{k.k}

Appendix B: Real and complex vector spaces

The decision to work with complex vectors and expo-
nentials, instead of real vectors and real sinusoids, sim-
plifies calculations and makes it possible to work with
enough generality to describe, simultaneously, many pos-
sible sets of boundary conditions. However, it slightly
complicates any operation that involves the use of a met-
ric tensor, such as projecting one vector onto another or
calculating a vector’s norm.

1. Vector notation, inner products, metrics, and dual vectors

In a Euclidean vector space of arbitrary dimension,
with basis vectors e, the inner product of two vectors
v=7 0%, and w=> _ we, is

v-w=g(v,w)=g(w,v) = Zvag(ea,eﬂ)wﬁ
af

where ¢ is the Euclidean metric, which is symmet-
ric and bilinear and often denoted by a dot, i.e.,
g(eq,e3) = e, -es. However, when we double the di-
mension of a Euclidean space by extending each of its
dimensions into the complex plane, we must use a differ-
ent metric, 7, for the inner product.

For example, the complex plane C can be viewed as a
two dimensional vector space over the set of real numbers,
R. However, this space is only isometrically isomorphic



to the Euclidean space, R? = R x R, if the symmetric bi-
linear metric, n(a,b) = 3 (a*b+ ab*) = n*(a,b) = n(b,a),
is used in C. It is only with this metric that the ex-
pression for a can be expressed in a new basis, {u,v},
as a = n(u,a)u + n(v,a)v and the norm of @ can be ex-
pressed as |a| = v/n(a, a).

Similarly, the inner product of two vectors v,w € C"
is the n-dimensional version of this inner product
n(v,w) =n*(v,w) = n(w, v), which is related to the Eu-
clidean dot product as n(v,w) = 1 [g(v*,w) + g(w*,v)].

I will use the symbols n and g to denote the complex
symmetric metric and the Euclidean metric, respectively,
in spaces of all dimensions. I do this with the understand-
ing that they always denote the metrics of the space that
their vector arguments belong to.

I will continue to use boldface type (e.g., u) to denote
vectors in R? or C3, but I will use |u) to denote a vector
in R3N or C*V and |u) to denote a vector in R3VNe or
C3NN.

I will denote the duals of the vectors u, |u), and |u)
by uf, (u|, and (u|, respectively, where the dual, or
metric dual, of a vector is the unique linear map from
the vector space to its field of scalars (R or C) pro-
vided by the inner product. For example, in C3 we
have uf : C3 — C;v = ulv = g(u*,v), where u* is u af-
ter each taking the complex conjugate of each of its com-
ponents and the basis vectors in which it is expressed.
The difference between u* and u' is that u* is a vector
and u' is the operator u*- = g(u*, ), i.e., ufv =u*-v.

In c3N the dual of |u) is
(u| : C3N — C;Jv) = (u||v) = (u|v); and in C3NNe
we have (u|:C3NNe — C;|v) = (ullv) = (ulv). T will
sometimes use 7 to denote the duahzlng operation in
higher dimensions; for example |u> (u].

I will denote the inner product of two vectors in R? by
u-v=g(u,v) and in C3 I will denote the inner prod-
uct by n(u,v) = 1 [g(u*,v) + g(v*,u)]. In spaces of di-
mensions 3N and 3NN, I denote the inner products by
n(|u),|v)) and n(Ju),|v)), respectively, and I will also
use a hybrid of an inner product and a Clifford prod-
uct (Doran and Lasenby, 2007; Hestenes, 1966), denoted
by (ulv) = g(lu)”, v)) and (ulv) = g(|u)*,|v)), respec-
tively. The real parts of (u|v) and (u|v) are inner prod-
ucts of vectors in the real vector spaces RV and R6NNe
respectively, but the meanings of their imaginary parts
are less easy to interpret. I briefly discuss this further in
App. B.2.

2. Clifford product

A Clifford product of two vectors is the sum of their
inner and outer products. The inner product is a scalar
and the outer product is a bivector. For example, when
working in R? with orthonormal basis {e;, es}, the Clif-

18

ford product of u = u'e; + u2ey and v = vle; + v2ey is

uv=u-v-+uAv
= (ulv1 + u2v2) +ejeq (u11)2 u2v1)
where the Clifford product of bivector e;es with itself is
—1. Knowledge of Clifford algebra is not necessary to
understand the present work, but Doran and Lasenby,
2007 and Hestenes, 1966 are two of many good starting
points for readers interested in learning about it.
For the purposes of this work, it suffices to know that,
when complex numbers are used, and when I perform
multiplications like

u*v = (ub —iu?) (vt +iv?)

= (urv! + uv?) +i(ulv? — u?ol),

I am implicitly taking a Clifford product. Therefore
i(utv? —uv?) can be interpreted, geometrically, as a
bivector whose magnitude is the area of the parallelo-
gram with edges u and v and which is parallel to a plane
containing both u and v. That plane has two sides, one
of which is parallel to u A v and antiparallel to v A u,
and the other of which is parallel to v A u and antipar-
allel to u A v. Which is which is a matter of convention
and will not concern us.

3. Dual vectors in spaces of dimension 3, 3N, and 3NN,

In C? an arbitrary vector v; and its metric dual are
denoted as

Vi _Zvl a, <—>v1 _Zv galgb

In C*N an arbitrary vector |vy) and its metric dual are
denoted as

lvg) = nga l[ja) «—
Jjo

In C3NNe an arbitrary vector |v3) and its metric dual are

(vl = 3 05" gas (8.

jap

denoted as
Rj
vg) = Y 37" [Rja) «— (vs] = ) 37" gop (R B|.
Rjo Rjap

It follows that the square moduli of these vectors are

VIV1 =g V1’V1 Zvl gaﬂvl

=D 0" gagvs”

japB

z : Rjax RjB
(% GapUs
Rjap

(valvg) = g(lv2)", |v2))
(vslvg) = g(|v3)™, |v3))

The Clifford product of a vector with itself equals its
inner product with itself, because the outer product of a
vector with itself vanishes.



4. The imaginary part of an inner product in complex vector
spaces

At the end of App. B.1 I referred to (u|v) and (u|v) as
hybrids of inner and Clifford products. By this I mean,
for example, that if the orthnormal basis {|e;q)} spans
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space of dimension 6/N. The imaginary part is difficult to
interpret because the imaginary unit i = v/—1 plays the
role of a bivector whenever C is used as a substitute for
R?, but when ja # i3, the products u/**v?® and u*#*v"?
are products of pairs of vectors that belong to different
two dimensional vector spaces, identified by ja and i8,

R3N | and therefore also spans C*V, then any vector |u)
can be expressed as |u) =Y u’“|ejq), for some set of
coordinates u/* € C. Then,

respectively. Therefore, the imaginary part of (u|v) ap-

pears to be nonsensical.
However, let us momentarily abandon our notational
i conventions for vectors in spaces of dimension 3N and
) " 3, and let us express |ejo) as the tensor product

«@ 1,

Do leja) || D v Jeis) (BL)  |eja) = |5) ® |a), where [5) € {0, 1}, |a) € R3, and the
jo 8 orthogonality relations (i|j) = d;; and («|B8) = dqp hold,

Z Z uja*(gaﬁvjﬂ — Z wr e and imply the relation,
] af j o . . .-
’ ’ (ejaleis) = (] @ (]) (1) @ 18)) = (ilj) (@l B) = §;0as.

Then, for each term proportional to (e;q|e;g) = d;; (a|B)
in Eq. Bl, there is a term proportional to
(eileja) = 0ij (Bla).  Putting it another way, for
every imaginary term that represents a bivector par-
allel to |a) A |B), there is an imaginary term of equal
magnitude and opposite sign that represents a bivector
parallel to |58) Aja) = —|a) A|B). These terms cancel
one another in the nonsensical sum.

(ufv)

where uJ, = u/* because the basis is orthonormal. If (u|v)
was a true Clifford product, it would have a bivector part
consisting of a sum of terms proportional to the outer
products |ejq) A |e;g) of different basis vectors. However,
we take the inner product (ejn|eig) = 0i;0ap of the ba-
sis vectors and, implicitly, by using complex numbers,
we find the sum u7®*v7® of the inner and outer products
of the components along these basis vectors. Then we
add all these sums of inner and outer products together.
Therefore the real part of the result is a sum of real inner
products, which is an inner product of vectors in a vector
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